CARNEGIE  INSTITUTE 

OF  TECHNOLOGY 

LIBRARY 


PRESENTED  BY 

A»  H»  Blfusci^Ll 


Publishing  by  Lea  fy  JBlanchard,  Philadelphia. 
LIBRARY  OF  ILLUSTRATED  SCIENTIFIC  BOOKS. 

Under  this  head  it  is  the.  intention  of  the  subscribers  to  republish,  at  intervals,  a  series  of  works  of 
merit  in  the  various  branches  of  science,  now  preparing1  in  London.  No  expense  nor  pains  will  be 
spared  to  make  them  equal  to  the  London  editions  in  point  of  execution  and  g-eneral  appearance,  while 
their  value  will  be  greater  from  the  additions  of  American  editors,  and  the  correction  of  such  errors  in 
the  text  as  may  have  escaped  the  press  in  London.  In  addition,  their  price  will  be  found  to  be  much 
less  than  the  English  editions. 

From  the  specimens  now  submitted,  some  idea  may  be  formed  of  the  finish  of  the  wood  engraving's, 


THE  FIRST  VOLUME, 

MULLENS    PHYSICS, 

IS  NOW  READY. 

PRINCIPLES 

OF 

PHYSICS   AND   METEOROLOGY, 

BY    PROFESSOR    J.    MULLER. 

WITH  ALTERATIONS  AND  ADDITIONS, 

BT    THE    AMERICAN    EDITOR. 

In  one  large  octavo  volume,  of  about  600  pages,  beautifully  printed,  and 

illustrated  with  nearly  five  hundred  and  fifty  wood 

engravings,  and  two  colored  plates. 

FOR  SPECIMENS  OF  THE  WOOD-CUTS,  SEE  NEXT  PAGE. 
TRANSLATOR'S     PREFACE. 


to  iiiirouuut;  eui  LIAC  juiuai.  AIU^/VALCM."  *«*-WVK 

dynamics,  Pneumatics,  the_  Laws  of  th 


jviagnetism.  Electricity  and  Galvanism 
le  of  an  ordinary  middle-sized  volume, 
t  behooves  him  to  say  nothing;  he  has 


Of  the  manSeHn  ^h  oh  the  Translatorhas  lieouted  his  task;,  it  behooves  him  to  say  nothing;  he  has 

snr«rs»isg55^ajrj^ 

in  which  the  Publishers  have  illustrated  this  volume. 


SPECIMENS   OP  THE  ENGRAVINGS 

IN 

MULLER'S     PHYSICS. 


NEARLY  READY, 

WEISBACH'S     ENGINEERING. 

WITH    ABOUT     1000    SPLENDID    "WOOD    E  NO-RAVINGS. 

PRINCIPLES 

OF 

THE      MECHANICS 

or 

MACHINERY    AND    E  IS'  GI  N  E  ERIN  G 
BY  PROF.  JULIUS  WEISBACH. 

EIMTED   BY 

PROFESSOR  W.  R.  JOHNSON,  OF  PHILADELPHIA. 

Volume  I.  contains  about  550  pages. 

Volume  II.,  completing  the  work,  will  be  shortly  ready. 

SPECIMENS    OF    WOOD -CUTS. 


TECHNOLOGY;    OH,    CHEMISTRY 

AS  APPLIED    TO   THE  ARTS  AND   TO  MANUFACTURES. 

BY  F.  KNAPP. 

TRANSLATED  AND  EDITED  BY 

DR.  EDMUND  RONALDS,  AND  DR.  THOMAS  RICHARDSON, 

[LECTTTHEE  ON  CHEMISTRY  AT  THE  MIDDLESEX  HOSPITAL.]  [OF  NEWCASTLE  ] 

REVISED,   WITH  AMERICAN  ADDITIONS,  BY 

PROFESSOR  WALTER  R.  JOHNSON,  OF  PHILADELPHIA. 

WITH    IIUMEIIOUS    BEAUTIFUL    WOOD-CUTS. 

SPECIMENS    OF    THE    WOOD    ENGRAVINGS. 


To  be  followed  by  works  on  Pharmacy,  Chemistry,  Astronomy,  Heat,  Hy- 
draulics, Metallurgy,  Pathological  Anatomy,  Rural  Economy,  &c. 


PEINCIPLES 


OF 


THE  MECHANICS 


OF 


MACHINERY    AND   ENGINEERING. 


BY  JULIUS  WEISBACH, 

PROFESSOR  OF  MECHANICS  AND  APPLIED-MATHEMATICS  IN  THE  ROYAL  MINING 
ACADEMY  OF  FREIBURG. 

FIRST  AMERJCAIST  EDITION. 

EDITED 
BY  WALTER  R.  JOHNSON,  A.M.,  CIV.  &  MIN.  ENG. 

FORMERLY  PROFESSOR  OF  MECHANICS  AND  NATURAL  PHILOSOPHY  IN  THE  FRANKLIN  INSTI- 
TUTE, AND  OF  CHEMISTRY  AND  NATURAL  PHILOSOPHY  IN  THE  MEDICAL 
DEPARTMENT  OF  PENNSYLVANIA   COLLEGE.       AUTHOR  OF  A 
REPORT  TO  THE  UNITED   STATES  NAVY  DEPART- 
MENT ON  AMERICAN  COALS,  &C.  &C. 


IN  TWO  VOLUMES. 

ILLUSTRATED  WITH  ONE  THOUSAND  E NO-HAVINGS  ON.  WOOD. 

VOL.  I. 
THEORETICAL    MECHANICS. 


PHILADELPHIA: 
LEA    AND    BLANCHARD. 

1848. 


ENTERED  according  to  the  Act  of  Congress,  in  the  year  1848,  by 

LEA  AND  BLANCHABD, 
in  the  Clerk's  Office  of  the  District  Court  of  the  Eastern  District  of  Pennsylvania. 


PHILADELPHIA : 
T.  K.  AND  P.  0.  COLLINS,  PRINTERS, 


TABLE    OF    CONTENTS. 


PAGE 

PREFACE  TO  THE  AMERICAN  EDITION vii 

AUTHOR'S  PREFACE xi 

COMPARATIVE  TABLES  OF  ENGLISH,  FRENCH,  AND  GERMAN  MEASURES 

AND  WEIGHTS xv 


SECTION    I. 

PHORONOMY;  OR  THE  PURE  MATHEMATICAL  SCIENCE  OF  MOTION. 

CHAPTER  L 
§  1 — 25.     Simple  motion 25 

CHAPTER  II. 
§  26 — 43.     Compound  motion 37 

SECTION    II. 

MECHANICS  IN  THE  PHYSICAL  SCIENCE  OF  MOTION  IN  GENERAL. 

CHAPTER  L 

§  44 — 63.    Fundamental  ideas  and  fundamental  laws  of  mechanics       50 

CHAPTER  IL 

§64 — 82.     The  mechanics  of  material  point  58 


V  CONTENTS. 

SECTION     III. 

STATICS     OF     RIGID     BODIES. 

CHAPTER  I. 

83 — 97.      General  laws  of  the  statics  of  rigid  bodies  76 


PAGE 


CHAPTER  II, 
§  98 — 120.      Centre  of  gravity 88 

CHAPTER  III. 
§  121  — 137.    Equilibrium  of  bodies  rigidly  connected  and  supported      109 

CHAPTER  IV. 
§  138 — 153.     Equilibrium  in  funicular  machines    ....      127 

CHAPTER  V. 

§  154 — 180.     On  the  resistances  of  friction  and  rigidity  .  145 

CHAPTER  VI. 

§181 — 211.     Elasticity  and  rigidity 182 

SECTION     IV. 

DYNAMICS    OF     RIGID    BODIES. 

CHAPTER  I. 
§  212 — 229.     Doctrine  of  the  moment  of  inertia    ....     225 

CHAPTER  II. 
§  230 — 238.     Centrifugal  force 245 

CHAPTER  III. 

§  239 — 252,    Of  the  action  of  gravity  on  motions  along  constrained 

paths 259 


CONTENTS.  v 

CHAPTER  IV. 

PAGE 

§  253 — 271.      The  doctrine  of  impact   ......      228 


SECTIONV. 

STATICS   OF   FLUID  BODIES. 

CHAPTER  I. 
§  272 — 283.      On  the  equilibrium  and  pressure  of  water  in  vessels  .      309 

CHAPTER  II. 
§  284 — 294.      On  the  equilibrium  of  water  with  other  bodies  .      322 

CHAPTER  III. 

§  295 — 302.      On  the  equilibrium  and  pressure  of  air      .  .          .      338 


SECTION    VI. 

DYNAMICS     OF     FLUID     BODIES. 

CHAPTER  I. 
§  303 — 311.      The  general  laws  of  the  efflux  of  water  from  vessels      350 

CHAPTER  II. 

§  312 — 322.      On  the  contraction  of  the  fluid  vein  by  the   efflux  of 

water  through  orifices  in  a  thin  plate      .          .          .364 

CHAPTER  III. 
§  323 — 336.     On  the  efflux  of  water  through  tubes          .          .          .     382 

CHAPTER  IV. 

§  337 — 344.      On  the  resistances  of  water  in  passing  through  con- 
traction        .          .          »          .          *          .    ,  ,    .          .     401 
1* 


VI  CONTENTS. 

CHAPTER  V. 

PAGE 

§  345 — 353      .On  the  efflux  of  water  under  variable  pressure  .      415 

CHAPTER  VI. 
§  354 — 359.     On  the  efflux  of  air  from  vessels  and  tubes        .  .     428 

CHAPTER  VIL 
§  360 — 371.      On  the  motion  of  water  in  canals  and  rivers      .          .      438 

CHAPTER  VIII. 

§  372 — 382.     Hydrometry  or  the  doctrine  of  the   measurement  of 

water  ........      453 

CHAPTER  IX. 

§  383 — 394.     On  the  impulse  and  resistance  of  fluids    .          .          .     466 


PBEFACE  BY  THE  AMEEICAN  EDITOR 


THE  want  of  a  good  standard  work  on  those  branches  of  Mechanics 
which  pertain  to  Machinery  and  Engineering,  has  long  been  felt  as  a 
deficiency  in  our  means  of  instruction  in  the  higher  institutions,  as 
well  as  in  the  office  of  the  practical  engineer.  Any  one  who  has  had 
occasion  to  direct  the  study  of  young  men  preparing  for  the  duties  of 
the  profession,  must,  in  the  course  of  his  practice,  have  encountered 
the  difficulty,  on  the  one  hand,  of  inducing  students  to  extend  their 
researches  after  the  principles  of  their  profession  into  the  intricacies 
of  the  higher  calculus,  and,  on  the  other  hand,  of  contenting  himself 
with  the  very  limited  discussion  of  principles,  found  in  many  works 
which  have  been  hitherto  employed  to  give  the  desired  basis  for  pro- 
fessional knowledge.  The  difficulty  has,  of  necessity,  been  met  by  the 
expedient  of  recommending  detached  parts  of  several  distinct  works. 

The  treatises  on  Natural  Philosophy  were  a  very  inadequate  substi- 
tute for  a  practical  work  on  the  Mechanics  of  Engineering.  Many  of 
the  topics  requisite  to  be  handled  in  a  work  of  this  nature,  are,  in  the 
books  now  in  use,  either  wholly  omitted,  or  so  slightly  passed  over, 
as  to  be  of  little  service  beyond  the  general  statement  of  certain  laws, 
and  perhaps  a  few  illustrations,  indifferently  applied,  and  furnishing 
but  feeble  helps  to  the  exact  understanding  of  the  laws  applicable  to 
the  subject, 

In  presenting  the  claims  of  Prof.  Weisbach's  treatise  to  the  con- 
sideration of  Engineers  and  Machinists  of  the  United  States,  we  can- 
not do  better  than  adopt  the  remarks  of  the  English  translator. 

"From  the  well  earned  reputation  of  Professor  Weisbach  as  a 
teacher  and  original  investigator,  from  the  interest  which  attaches 
itself,  especially  at  the  present  moment,  to  all  that  pertains  to  Me- 
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chanics  or  Engineering,  from  the  able  manner  in  which  he  has  treated 
both  the  theoretical  and  practical  portion  of  his  subject.,  and  from  the 
variety  and  abundance  of  examples  which  illustrate  the  principles  and 
formula^  it  is  presumed  that  a  translation  of  his  excellent  work  may 
not  be  unacceptable  to  the  English  reader.  'The  Mechanics  of  Ma- 
chinery and  Engineering'  has  met  with  deserved  favor  in  Germany, 
and  is  not  unknown  to  many  of  the  profession  in  our  own  country. 
The  aim  and  objects  of  the  undertaking  are  fully  explained  by  the 
Author  in  his  Preface ;  and  it  is  hoped  that  the  same  end  may  be  ob- 
tained here,  by  affording,  through  the  medium  of  a  translation,  valua- 
ble aid  to  the  acquirement  of  professional  knowledge." 

In  the  course  of  this  volume,  six  great  divisions  of  the  science  will 
be  found  to  be  embraced.  Of  these,  the  pure  mathematical  science 
of  motion,  including  simple  and  compound,  rectilinear  and  curvilinear 
motions,  and  the  laws  and  expressions  relating  to  the  free  descent  of 
bodies,  have,  of  course,  claimed  the  first  attention. 

The  Physical  Science  of  Motion  has  next  been  treated ;  then  the 
division  of  forces ,  and  their  measure, — the  density  and  the  state  of 
aggregation  of  bodies  have  been  duly  presented.  In  the  third  section, 
the  statics  of  rigid  bodies  claim  a  careful  investigation,  and  are  fol- 
lowed, in  the  fourth,  by  the  dynamics  of  the  same  class  of  bodies; 
while,  in  the  fifth,  the  statics,  and  in  the  sixth,  the  dynamics  of  fluid 
bodies  are  treated  with  marked  ability ;  and  in  several  parts  with  an 
originality  and  freshness  which  indicate  that  the  author  is  here  in  his 
peculiar  domain — the  scene  of  his  chosen  labors,  and  that  on  which 
his  energies,  as  an  original  inquirer,  have  been  very  successfully 
employed.  In  this  branch  of  his  subject,  Prof.  Weisbach  has  included 
the  discussion  of  the  mechanics  of  elastic  as  well  as  of  non-elastic 
fluids.  We  are  indebted  to  him  for  several  new  formulas  and  valuable 
tables  of  constants, 

As  students  of  this  work  are,  from  the  wide  diffusion  of  French  and 
German  science,  likely  to  meet,  in  other  treatises,  frequent  references 
to  French  and  German  weights  and  measures,  it  has  been  deemed 
useful  not  only  to  present,  as  in  the  English  edition,  the  annexed  com- 
parative table  of  weights  and  measures,  but  also  to  retain  from  the 


PREFACE    BY    THE    AMERICAN    EDITOR.  jx 

original  a  few  examples  completely  worked  out  as  exercises  in  com- 
putation under  the  different  systems.  The  same  has  been  done  in 
respect  to  temperatures  measured  by  the  Centigrade  thermometer. 
The  facility  afforded  by  the  decimal  divisions  of  all  the  French 
weights  and  measures  strongly  recommend  them  both  for  scientific 
and  practical  purposes. 

The  additions  of  the  American  Editor  are  generally  thrown  into 
notes  suitably  designated,  or,  when  embraced  in  the  text,  are  usually 
enclosed  in  brackets.  A  number  of  new  illustrations  have  been  added, 
particularly  such  as  relate  to  the  principles  of  the  "  toggle  joint/7 
of  rolling  and  dragging  friction,  of  carriage  wheels,  and  of  float- 
ing docks.  A  table  of  co-efficients  for  the  f  ow  of  water  through 
wiers,  the  result  of  some  recent  experiments,  not  heretofore  published, 
will  be  found  in  the  sixth  section. 

It  has  been  found  necessary  to  make  a  Tery  considerable  number 
of  corrections  of  the  English  copy,  especially  in  the  working  of 
examples  by  the  translator,  where  a  departure  from  the  original 
had  been  made,  on  account  of  a  change  of  weights  and  measures. 
Should  some  few  errors  still  have  escaped  notice,  it  will  be  no  matter 
of  surprise,  and  of  the  less  importance,  perhaps,  since  the  principle  of 
computation  is  in  all  cases  pointed  out,  the  steps  severally  indicated, 
and  the  general  law,  therefore,  readily  applied  to  each  particular 
illustration. 

A  comparison  with  the  original  work  in  German  has  been  made, 
and  the  great  care  exercised  by  the  learned  author  in  its  preparation 
and  publication  has  been  rendered  abundantly  evident. 

Justice  to  the  artisans  engaged  in  getting  out  the  present  edition 
requires  us  to  say,  that  the  illustrations  here  presented  will  not  suffer 
in  comparison  with  those  of  either  the  German  or  the  English  edition. 
In  some  instances  they  are  decidedly  superior  to  either. 

PHILADELPHIA,  March,  1848. 

NOTE. — In  regard  to  a  matter  of  minor  importance,  that  of  the 
notation  used  in  this  work,  a  few  words  may  be, proper,  in  order  to 
apprize  the  reader,  in  advance,  that  the  use  of  the  simple  point  ( . ) 
as  the  sign  of  multiplication  has  required  the  adoption  of  the  comma 
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(,)  to  mark  the  decimal  division  of  numbers.  Should  any  departures 
from  this  application  be  observed^  they  will  be  such  as  are  readily 
understood. 

In  using  the  Italian  (a),  and  the  Greek  alpha  (a)?  the  latter  is  most 
commonly  applied  to  arcs  and  angles,  and  the  former  to  lines  or  other 
quantities.  This  distinction,  which  is  important  to  avoid  confusion, 
and  which  is  strictly  observed  in  the  original,  has  been  sometimes  lost 
sight  of  in  the  English  edition. 


AUTHOR'S    PREFACE. 


IN  giving  to  the  public  the  First  Volume  of  my  Elementary  Treatise 
on  Mechanics,  for  Engineers  and  Machinists,  I  feel  some  degree  of 
diffidence.  Although  I  am  conscious  that,  in  composing  the  book,  I 
have  proceeded  with  the  greatest  care  and  circumspection;  I  am, 
nevertheless,  apprehensive  that  it  cannot  satisfy  all,  since  the  views, 
wishes  and  requirements  of  different  individuals  differ  so  widely* 
One  reader  may  probably  consider  this  or  that  chapter  too  long  and 
too  minutely  treated,  which  another  may  find  too  short.  Some  will 
miss  higher  science  in  the  treatment  of  certain  subjects,  which  others 
would  have  wished  to  see  treated  in  a  still  more  popular  manner. 
But  many  years  of  study,  much  experience  in  teaching,  and  con- 
tinued observation,  have  led  me  to  the  method,  according  to  which  I 
have  composed  the  present  work,  and  I  consider  it  the  most  appro- 
priate for  the  intended  purpose, 

My  chief  aim  in  writing  this  work  was  the  attainment  of  the  greatest 
simplicity  in  enunciation  and  proof;  and  with  this  to  give  the  demon- 
stration of  all  problems,  important  in  their  practical  application,  by 
the  lower  mathematics  only.  If  we  consider  the  great  variety  of 
knowledge  which  the  Engineer  and  Machinist  have  to  acquire,  who 
wish  to  do  credit  to  their  profession,  we,  their  instructors,  should 
make  it  our  duty  to  render  well- grounded  study  of  science  easy  by 
simplicity  of  explanation,  by  the  use  of  only  the  best  known  and 
easiest  auxiliary  sciences,  and  by  eschewing  everything  that  is  un- 
necessary. 

I  have  therefore  avoided,  in  the  present  work,  the  use  of  the  dif- 
ferential and  integral  calculus;  for  although  there  exist  now  more 
frequent  opportunities,  than  formerly,  for  learning  these  methods,  it  is 
still  unquestionable,  that  without  constant  practice,  the  readiness  of 
using  them  is  very  soon  lost;  and  that  there  are,  consequently,  many 
excellent  practical  men  who  have  entirely  forgotten  how  to  apply 
them.  Some  popular  authors  give  the  results  of  the  more  difficult 
problems  without  proofs.  I  cannot  approve  of  this,  and  have  pre- 
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ferred  to  give  the  proofs  of  practically  important  problems  in  an 
elementary  way,  although  this  may  sometimes  appear  rather  long  and 
tedious.  There  are,  therefore,  but  few  formulae  in  the  work  unac- 
companied by  their  derivation.  A  general  acquaintance  with  some 
doctrines  of  natural  philosophy,  but  especially  an  intimate  knowledge 
of  pure  elementary  mathematics,  are  of  course  necessary  for  the 
understanding  of  the  present  work, 

I  have  taken  especial  pains  to  preserve  the  right  medium  between 
generalizing  and  individualizing;  for,  although  I  am  fully  aware  of 
the  advantages  of  generalization,  I  must  still  adhere  to  the  opinion, 
that  in  an  elementary  work,  too  much  generalizing  is  to  be  avoided. 
Simple  cases  are,  in  practice,  of  more  frequent  occurrence  than  com- 
plicated. It  is  also  undeniable,  that  in  treating  a  general  case,  the 
knowledge  which  might  be  gained  by  the  treatment  of  a  specific 
case,  is  frequently  lost,  and  that  it  is  not  unfrequently  easier  to  deduce 
the  compound  from  the  simple,  than  to  eliminate  the  special  from  the 
general. 

The  "Mechanics  of  Engineering  and  Machinery"  must  not  be 
mistaken  for  a  work  on  the  construction  of  machines,  but  it  is  to  be 
considered  merely  as  an  introduction  to  or  preparatory  science  for  this. 
This  Treatise  of  Mechanics  is  to  stand  in  the  same  relation  to  the 
construction  of  machines,  as  descriptive  geometry  stands  to  the 
drawing  of  machines.  After  mechanics  and  descriptive  geometry 
have  been  learned,  the  instructions  on  the  construction  and  the  draw- 
ing of  machines  may  with  advantage  be  united  in  one  course. 

The  propriety  of  dividing  the  Mechanics  of  Engineering  into  a 
theoretical  and  practical  part,  may  perhaps  be  doubted.  If  it  be 
borne  in  mind,  that  this  work  is  to  furnish  instructions  on  all  me- 
chanical relations,  in  architecture  and  the  science  of  machines,  the 
utility,  or  rather  necessity  of  this  division  must  be  apparent*  In 
order  to  form  a  complete  opinion  of  a  building  or  machine,  the  most 
various  doctrines  of  mechanics  (i.  e.  the  doctrines  of  friction,  strength 
of  materials,  inertia,  impact,  efflux,  &c.),  must  be  taken  into  con- 
sideration; the  material  for  the  study  of  the  mechanics  of  a  building 
or  machine  must,  therefore,  be  collected  from  all  parts  of  mechanics. 
Now,  as  it  is  much  more  useful  practically  to  be  able  to  study  the 
doctrines  relative  to  ev^ry  individual  machine  in  connection,  than  to 
have  to  collect  them  from  all  departments  of  mechanical  science,  the 
utility  of  the  adopted  division  seems  to  be  beyond  all  doubt, 

Having  practical  application  always  in  view,  I  have  endeavored 
to  illustrate  each  doctrine,  as  much  as  possible,  with  appropriate 
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examples,  taken  from  practice  *  and  I  can  truly  assert,  that  this  book 
excels  most  works  of  a  similar  nature,  in  the  great  number  and 
appropriate  choice  of  worked  out  examples.  The  large  number  of 
carefully  executed  figures  will,  no  doubt,  likewise  assist  the  attain- 
ment of  the  above-mentioned  object;  and  I  cannot  omit  here  to 
express  how  greatly  satisfied  I  feel  with  the  manner  in  which  the 
publishers  have  performed  their  part  in  the  getting  up.  of  the  book. 

Finally,  it  is  necessary  to  point  out  to  the  reader  of  the  work,  that 
he  will  find  much  that  is  new  and  peculiar  to  the  author.  Passing 
over  smaller  matters,  which  occur  in  almost  every  chapter,  I  will 
mention  only  the  following  more  comprehensive  subjects.  A  general 
and  easy  method  of  determining  the  centre  of  gravity  of  plane  sur- 
faces and  even-sided  polyhedra,  will  be  found  in  the  paragraphs, 
107,  112,  and  113;  an  approximate  formula  for  the  catenary  in  the 
paragraphs  147  and  148;  supplements  to  the  theory  of  the  friction  of 
axes  in  the  paragraphs  167,  168,  169,  172,  and  173.  The  doctrine 
of  impact  especially  has -received  essential  additions  by  the  para- 
graphs 262  and  263,  since  the  impact  of  imperfectly  elastic  bodies 
has  been  hitherto  insufficiently  treated  ;  and  the  case,  where  a  per- 
fectly elastic  body  comes  in  contact  with  a  partially  elastic  body,  has 
been  passed  over  entirely.  The  largest  number  of  additions,  and 
some  entirely  new  laws  will  be  found  in  the  hydraulics,  the  author 
having  made  this  branch  of  the  sciences  his  particular  study  during 
a  number  of  years.  The  laws  of  the  incomplete  contraction  of  the 
fluid  vein,  discovered  by  the  author,  appear  here  for  the  first  time  in 
a  course  of  mechanics.  The  chief  results  of  the  author's  experiments 
on  the  flow  of  water  through  slides,  cocks,  clacks  and  valves,  are 
likewise  given,  as  well  as  his  principal  observations  made  during  bis 
latest  experiments  on  the  flow  of  water  through  prolonged  oblique 
tubes,  and  through  angular,  curved-,  and  long  straight  tubes,  though 
he  has  not  yet  been  able  to  publish  the  third  number  of  his  "Unter- 
suchungen  im  Gebiete  der  Mechanik  und  Hydraulik,"  which  is  to 
contain  the  results  of  these  experiments.  The  chapters  on  flowing 
water  and  the  gauging  and  impulse  of  water  have  likewise  received 
additional  matter  from  the  author. 

But  now,  after  completion  of  the  first  volume,  I  cannot  refrain  from 
wishing  that  several  subjects  had  been  treated  in  a  different  manner, 
although  I  have  not  been  able  to  discover  any  essential  errors  or  im- 
perfections in  it.  Should  the  reader  here  and  there  fin4  omissions,  I 
must  refer  him  to  the  second  volume,  which  will  contain  supplements, 
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most  of  which  have  been  intentionally  reserved  for  that  volume,  as 
has  been  mentioned  in  several  passages  of  that  now  published. 

It  will  give  me  great  satisfaction  and  pleasure,  if  the  purpose  which 
I  had  in  view  in  writing  this  work  has  been  attained  in  some  measure. 
I  wished  to  supply  the  practical  man  with  useful  advice,  the  in- 
structor in  mechanics  with  a  guide  for  teaching,  and  the  young 
engineer  and  machinist  with  a  welcome  auxiliary  for  the  acquirement 
of  the  science  of  mechanics. 

JULIUS  WEISBACH. 

FREIBERG,  March,  1846. 
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PRINCIPLES 


THE    MECHANICS 


OF 


MACHINERY  AND  ENGINEERING. 


SECTION  L 

PHORONOMYj   OR,  THE  PURE  MATHEMATICAL  SCIENCE  OF  MOTION. 


CHAPTER  I. 

SIMPLE    MOTION. 

§  1.  Rest  and  Motion. — Every  body  occupies  a  certain  position 
in  space ;  a  body  is  at  rest  "when  it  does  not  change  its  position ;  and 
is  in  motion,  on  the  other  hand,  when  it  successively  passes  from  one 
position  into  others.  The  rest  and  motion  of  a  body  are  either  abso- 
lute or  relative,  according  as  we  refer  its  position  to  a  space  which 
itself  is  at  rest  or  in  motion,  or  considered  to  be  in  either  state. 

Upon  the  earth  there  is  no  rest,  for  all  bodies  upon  the  earth  share 
in  its  motion  about  the  sun,  and  about  its  own  axis ;  but  if  we  suppose 
the  earth  to  be  at  rest,  then  all  those  terrestrial  bodies  are  at  rest  which, 
with  reference  to  the  earth,  do  not  change  their  position. 

§  2.  Kinds  of  Motion. — The  continual  succession  of  positions  which 
a  body  in  its  motion  gradually  occupies,  forms  a  space  which  is  called 
the  trajectory,  or  path  of  the  moving  body.  The  path  of  a  moving 
point  is  a  line;  *that  of  a  geometrical  body,  is  another  body;  but  by 
this  latter  is  generally  understood  that  line  which  a  certain  point  of 
the  body,  viz,  the  centre,  describes  in  its  motion. 

When  the  path  is  a  straight  line,  the  motion  is  rectilinear;  when  a 
curved  line,  the  motion  is  curvilinear. 

With  reference  to  time,  motion  is  uniform  or  variable. 
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§  3.  A  motion  is  uniform,  when  equal  spaces  are  described  by  it 
in  equal  and  arbitrarily  small  times;  and  variable,  when  this  equality 
does  not  take  place.  When  the  spaces,  described  in  equal  times, 
increase  continuously  with  the  time,  a  variable  motion  is  called — 
accelerated;  and  when  the  spaces  decrease, — retarded. 

Periodic  differs  from  uniform  motion  in  this,  that  equal  spaces  are 
described  within  certain  intervals  only,  which  are  called  periods. 

The  apparent  diurnal  revolution  of  the  fixed  stars,  and  the  progres- 
sive motion  of  the  hands  of  a  watch  are  instances  of  uniform  motion. 
Falling  and  upwardly  projected  bodies,  the  sinking  of  the  surface  of 
water  by  its  flow  from  vessels  are  instances  of  variable  motion.  The 
oscillations  of  a  pendulum,  the  play  of  the  piston  of  a  steam  engine, 
&c.,  are  illustrations  of  periodic  motion. 

§  4.  Uniform  Motion. — Velocity  is  the  rapidity  or  magnitude  of  a 
motion.  The  greater  the  space  is  which  a  body  describes  in  a  given 
time,  the  more  rapid  is  its  motion,  and  the  greater  is  its  velocity. 
In  uniform  motion,  the  velocity  is  invariable;  and  in  a  variable  one, 
it  changes  at  every  instant.  The  measure  of  the  velocity  at  any  de- 
terminate point  of  time,  is  the  path  which  a  body  actually  describes, 
or  would  describe  in  a  unit  of  time  or  second,  if  from  that  moment  the 
motion  were  to  become  uniform,  and  the  velocity  to  remain  invariable. 
In  general  this  measure  is  called  simply — velocity. 

§  5.  When  a  body  describes  the  path  c  at  each  particle  of  time, 
and  a  second  consists  of  very  many  (ri)  such  particles;  the  path  dur- 
ing one  second  is  the  velocity,  or  rather  the  measure  of  the  velocity : 

c  =  n.  a. 

After  a  time,  t  (seconds)  n  .  t  particles  have  elapsed,  but  in  each 
a  space  <t  has  been  described ;  the  whole  space,  therefore,  which  cor- 
responds to  the  time  t  is : 

$  =  n  .  t .  a  =  n  .  a  .  t,  i.  e. 
I.  s  ==  ct. 

so  that  in  uniform  motion,  the  space  (s)  is  a  product  of ,  the  velocity 
(c)  and  the  time  (t). 

Inversely 

H.  c  =  4  and  HI.  t  =  -. 
t  c 

Example.  1.  A  locomotive,  going  with  a  velocity  of  30  feet  per  second,  passes  over  in  2 
hours  =  120  min.  =  7200  seconds,  a  space  0)  30  X  7200  =  216000  feet. — 2.  If  a  time, 
3J  minutes  =  210  seconds,  be  required  to  raise  up  a  ton  weight  from  a  shaft  1200  feet 

deep,  its  mean  velocity  (v)  must  be  taken  = =s  —  s=s  5£  =  5,714  .  .  .  feet. — 3. 

A  horse,  moving  with  a  velocity  of  6  feet  per  second,  requires  to  perform  24,000  feet,  a 

time  — - —  =  4000  seconds, 
o 

§  6.  If  two  different  uniform  motions  be  compared  with  each  other, 
the  following  is  arrived  at: 

The  spaces  are.  s  =  c  t  and  s:  =  cj^  therefore  their  ratio  is  — 
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— - —    If  £x  =  t,  then  —  =  — ,  or  if  cx  ==  c,  then  —  =  — -,  lastly 


T          T,-.-  *• 

The  spaces  described  in  different  uniform  motions  in  equal  times 
are  to  each  other  as  the  velocities;  the  spaces  described  with  equal 
velocities  are  as  the  times ;  and  lastly,  the  velocities  corresponding  to 
equal  spaces  are  inversely  proportional  to  the  times. 

§  7.  Uniformly  variable  Motion. — -A  motion  is  uniformly  variable 
•when  its  velocity  either  increases  or  diminishes  by  a  certain  amount 
in  equal  and  arbitrarily  small  times.  It  is  either  uniformly  accele- 
rated or  uniformly  retarded,  according  as  in  the  first  a  gradual  increase, 
or  in  the  second  a  gradual  diminution  of  velocity  takes  place. 

In  vacuOy  the  motion  of  a  falling  body  is  uniformly  accelerated; 
were  the  air  to  exert  no  influence  upon  it,  the  motion  of  a  body  verti- 
cally projected  would  be  uniformly  retarded, 

J8.  Any  change  in  the  strength  or  magnitude  of  the  velocity  of  a 
y  is  called  acceleration ;  it  is  either  positive  or  negative,  accord- 
ing as  there  is  increase  or  diminution  of  the  velocity.  The  greater 
this  increase  or  diminution  within  a  given  time,  the  greater  is  the 
acceleration.  In  uniformly  variable  motion,  the  acceleration  is  inva- 
riable, and  may  be  measured  by  the  increase  or  diminution  of  velo- 
city which  takes  place  in  a  second  of  time.  In  every  other  motion, 
the  measure  of  the  acceleration  is  the  increase  or  diminution  which 
a  body  would  acquire  if,  from  the  moment  in  which  the  acceleration 
begins,  it  lose  its  variability  and  the  motion  pass  into  a  uniformly 
variable  one.  Diminution  of  velocity  is  termed  retardation. 

The  measure  is  very  commonly  called  the  velocity. 

§  9.  If  the  velocity  of  a  uniformly  accelerated  motion  increase  («) 
in  infinitely  small  particles  of  time,  and  a  second  of  time  is  made  up 
of  such  particles,  the  increment  of  velocity,  or  the  acceleration,  in 
one  second  is :  p  =  n  *, 

and  the  increment  after  t  seconds  =  n  t.  x  =  n  x.  t  =  pt+ 

If  the  initial  velocity  (the  moment  from  which  the  time  is  counted) 
=  c,  the  terminal  velocity,  x,  e.  the  velocity  acquired  after  the  time 
(£)  is :  v  =  c  +  pt. 

For  motion,  commencing  without  velocity,  c  =  0,  therefore  v  =  p  t , 
and  for  uniformly  retarded  motion,  having  a  negative  acceleration  ' 
v  =  c  —  p  t. 


1.  The  acceleration  of  a  body  falling  freely  in  vacuo  =  32  .  2  feet ;  it  ac 
quires,  therefore,  after  3  seconds,  a  velocity  v  =pt  =  32  .  2  X3  =  96.6  feet. — 2.  A 
sphere  rolling  down  an  inclined  plane,  with  an  initial  velocity  c  =  25  feet,  acquires  in 
its  course,  at  each  second,  5  feet  additional  velocity  5  its  velocity,  thereforcy  after  2^ 
seconds:  v  =  25  -f-  5  X  2.5  =  25  +  12.5  =  37.5  feet,  &c.;  proceeding  from  the  last 
point  uniformly,  it  "will  pass  over  3*7.5  feet  in  every  second. — 3.  A  loconaottve  going 
-with  a  30  feet  velocity  is  so  retarded,  that  in  each,  second  it  loses  3.5  feet  of  velocity ;  its 
acceleration  is  —  5.5 ;  its  velocity,  therefore,  after  6  seconds  is  v  =  3®  ^^  &&  +X  6  = 
30  —  21  ssss  9  feet. 

§  10.  Uniformly  accelerated  Motion* — The  velocity  of  evBry  motion 
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may  be  regarded  as  invariable  within  a  small  particle  of  time  *.  We 
may,  therefore,  put  the  space  described  in  such  time  c  =  v  .  *  ,  and 
we  obtain  the  whole  space  in  the  finite  time  t,  by  the  measurement 
of  these  small  spaces.  Now  for  all  these  small  spaces,  the  time  *  is 
one  and  the  same  ;  this  sum,  therefore,  may  be  put  equal  to  the  pro- 
duct of  these  particles  of  time,  and  the  sum  of  the  velocities  corre- 
sponding to  equal  intervals. 

In  uniformly  accelerated  motion,  the  sum  (0  +  v)  of  the  velocities, 
in  the  first  and  last  moment,  is  as  great  as  the  sump*  +  (v  —  p  *)  of 
the  velocities  in  the  second  and  last  but  one;  also,  equal  to  the  sum 
2p  *  +  (v  _  2  p  *)  of  the  velocities  in  the  third  and  last  but  two; 
and  this  sum  is  equal  to  the  terminal  velocity  v.  Here,  therefore, 

the  sum  of  all  the  velocities  is  equal  to  the  product  (v  .  |j  of  the 
terminal  velocity  v,  and  half  the  number  of  all  the  particles  of  time, 
The  space  described  is  the  product  (  v  .  ~  .  <?\  of  the  terminal  velocity 

•y,  and  half  the  number  and  magnitude  of  the  particles.  Now  the 
magnitude  (*)  of  such  a  particle,  multiplied  by  the  number,  gives  the 
time  t;  the  space,  therefore,  described  in  the  time  tfwith  a  uniformly 

t         -  *>  * 

accelerated  motion  is   s  =  —  . 

The  space,  therefore,  described  in  uniformly  accelerated  motion  is 
as  in  uniform  motion  when,  in  the  latter  case,  its  velocity  is  half  as 
great  as  the  terminal  velocity  of  the  former. 

Example  1.  If  a  body  in  10  seconds  has  acquired  a  velocity  v  by  uniformly  accelerated 

motion  of  26  feet,  the  space  described  in  that  time  is  a^  -  5i-_?=130  feet.  —  2.  A 

2 
carriage  which,  in  its  accelerated  motion,  goes  over  25  feet  in  2j  seconds,  proceeds  at 

2  v  25      50  X  4 

the  end  with  a  velocity  v  =  •  /I     •  =  —  ——  =  22.22. 

y 


§  11.  The  two  fundamental  formulae  of  uniformly  accelerated  mo- 

tion : 

vt 
I.  ^  =  p  t  and  II.  5  =  -|r-» 

which  express  that  the  velocity  is  a  product  of  the  acceleration  and 
the  time  ;  and  the  space,  half  the  velocity  and  the  time  ;  include  two 
other  principal  formulae  which  are  obtained,  if  from  both  equations  v 
be  eliminated  once,  and  t  twice.  It  follows  that: 


From  this,  the  space  described  is  a  product  of  half  the  acceleration, 
and  the  square  of  the  time  ;  and  it  is  also  the  quotient  of  the  square 
of  the  velocity  by  twice  the  acceleration. 

These  four  formulae  give,  by  inversion,  after  one  or  other  of  the 
magnitudes  contained  have  been  separated,  eight  other  formulae. 

Example  1.  A  body  moving  with  an  acceleration  of  15,625  feet,  describes  in  1  J  second 
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a  space  l5'625  *  (1'5)2  =  15.625  X  -|-  ~  1^78  feet—  2.    A  body  transported  with 

2  8 

an  acceleration  p  =  4.5  into  a  velocity  t?  =  16.5  feet,   has  described  a  space  s  = 

111^1'  =  30.25  feet. 
2.4,5 

§  12.  By  a  comparison  of  two  uniformly  accelerated  motions,  we 
arrive  at  the  following  : 

The  velocities   are  v  =  p  t  and  v1  =  p^  the  spaces  on  the  other 

hand  are  s  =  ^—  and  sx  =  •£!_*-  ;   from  this  it  follows  : 
2  >& 

—  =  £L  and  1  =  pt*    =    v  t   =  *ffii 


PA 

If  we  put  £-  ==  3?,  we  have  —  —  —  -—  •?-—  ;  the  spaces  described  are 

*i         vi      Pi 
to  each  other  as  the  terminal  velocities;  or,  as  the  accelerations. 


If  further,  we  take  p±  =  p,  it  gives  —  _  —  and  —  .-=  —^  _  —  -  ;    so 

that,  in  like  accelerations,  and  also  in  one  and  the  same  uniformly 
accelerated  motion,  the  terminal  velocities  are  proportional  to  the  times 
and  the  spaces  described  to  the  squares  of  the  times,  as  also  to  the 
squares  of  the  terminal  velocities. 

Further,  if  v,  =  v  gives  •?-  =  ^-,  and  -1-=  —  ;  in  equal  velocities 

Pi         t  si        *i 

the  accelerations  are  inversely,  and  the  spaces  directly  proportional 

to  the  times. 

Lastly,  s:  =  s  gives  ^—  =  -|-  =  —  -  ;  with  equal  spaces,  the  ac- 

celerations are  inversely  as  the  squares  of  the  times,  and  directly  as 
the  squares  of  the  terminal  velocities. 

§  13.  For  a  uniformly  accelerated  motion  commencing  with  a  velo- 
city (c)  we  have  §  9  : 

I.    -y 


and  as  the  space  c  t  belongs  to  the  invariable  velocity  (c),  and  the 
space  ?—  to  the  acceleration  p  : 


H.  s=ct 


If  we  eliminate  p  from  both  equations,  we  have  : 

III.  5 

and  substituting  the  value  of  ty 


TTT     *          C  + 
III.  3=- 


Example  1.  A  body  propelled  with,  an  initial  velocity  c*=  3  feet,  and  witn  ain^  accele- 
ration p  =  5  feet,  describes  in  7  seconds,  a  space  *  =  3  .  ^  +  5*  —  ss»  4l  ;-|-^  122.5  = 
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143.5  feet.— 2.  Another  body  winch  in  3  minutes  =  ISO  seconds, ^changesjts  velocity 
from  2}  feet  into  7*  feet,  performs  in   this  time  a  distance  -  '     g          .180  =  ^OO  feet. 

§  14.  For  a  uniformly  retarded  motion  "with  an  initial  velocity  c, 
these  formulae  are  applicable: 

I.  v  =  c  — p  t, 


iv.  5 


Jr 

they  are  derived  from  the  former  §,  when  p  is  made  negative.  Whilst 
in  uniformly  accelerated  motion,  the  velocity  increases  without  limit, 
in  a  uniformly  retarded  one,  the  velocity  at  a  certain  point  of  time 
becomes  null,  and  afterwards  negative,  i.  e.  it  goes  on  in  an  inverse 
direction.  .  1-11 

If  in  the  first  formula  we  put  v  ==  Q,pt  —  c,  the  time  at  which  the 

velocity  becomes  null  is,  £  =  -;  if  we  substitute  this  value  of  t  in 
the  second  equation,  we  have  the  space  which  the  body  has  described 
at  the  point  of  time  ==— . 

2 

If  the  time  be  greater  than  -,  the  space  is  less  than  — - ;    if  it  be 

p  jP 

=  — ,  the   space  becomes  null,  and  the   body  returns    to    the  point 

P 
from  which  it  set  out.    If  the  time  be  greater  than  —  ,then  5  becomes 

negative,  and  the  body  is  on  the  opposite  side  of  its  initial  point. 

Example.  A  body  which  rolls  up  an  inclined  plane  with  an  initial  velocity  of  40  ft,  by 
which  it  suffers  a  retardation  of  8  feet  per  second,  ascends  only  _  =  5   seconds  and  _ 

=  100  feet  in  height,  then  rolls  back  and  returns  after  10  seconds  with  a  velocity  of  40 
'  feet  to  its  initial  point;  and  after  12  seconds,  arrives  at  a  distance  40  X  12  — 4  X  (12)* 
—  96  feet  below  this  point  if  the  plane  extend  itself  backwards. 

J15.  Free  Descent  of  Sadies. — The  free   or  vertical    descent  of 
ies  in  vacuo,  offers  the  most  important  example  of  uniformly  ac- 
celerated motion.     The  acceleration  of  this  motion  brought  aboiit  by 
gravity  is  designated  by  the  letter  gy  and  has  the  mean  value  of: 

9,81  metres 
30,20  Paris  feet. 
32,22  English  feet. 
31,03  Vienna  feet. 
31,25  Prussian  fe^t. 
If  either  of  these  values  of  g  be  substituted  in  the  formula: 

*>  —  gt,  $  —  g  ~  and  s  =  J,  v  «   ^ 
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all  questions,  with  reference  to  the  free  descent  of  bodies,  may  he 
answered.     For  the  English  measure  : 

v  =  32,2  .  t  =  8,02  v"  s;  s  «~  16,1  .  t2  ™  .0155  v* 
and  t  =  03031  w  =  0,249  *S  $. 

Example  1.  A  body  acquires  in  its  free  descent  of  4  seconds  a  velocity  v  =  32.2  X  4 
=  128.8  feet,  and  describes  in  this  time  a  space  s  =  15.625  X  42  =  250  feet. — 2.  A 
body  falling  from  a  height  s  =  9  feet,  has  a  velocity  T;  =  8.02  ^/  9  =  24.06  feet. — 3.  A 
body  projected  vertically  with  a  velocity  of  10  feet  ascends  to  a  height  s  =  0.01 6  X  102 
=  1.6  feet,  and  requires  for  it  a  time  t  =  0.031  X  10  =  0.3,  or  about  one-third  of  a  second. 

§  16.  The  following  table  will  show  the  relations  of  the  motion  to 
the  time  in  the  free  descent  of  bodies. 


Time  in 
seconds. 


Velocity. 
Space. 

Difference. 


0 

0 
0 

0 


4sr 


2 


6 


49-. 


8 


64^1 8l£- 


10 


The  last  horizontal  column  of  this  table  gives  the  spaces  which  the 
freely  falling  body  describes  in  the  single  seconds.  We  see  that  these 
spaces  are  to  each  other  as  the  odd  numbers  1,  3,  5,  7,  &c«,  whilst 
the  times  and  velocities  are  as  the  natural  numbers  1,2,  3,  4,  &c., 
and  the  spaces  fallen  through  as  their  squares  1,4,  9,  16,  &c.  For 
example,  the  velocity  after  six  seconds,  is  6g  —  193,2  feet,  that  is, 
the  body  would,  if  it  proceeded  from  this  time  uniformly  upon  an 
horizontal  plane,  offering  no  impediment,  pass  over  in  each  second  a 
space  6g-=  193,2  feet.  This  space  it  describes  in  the  course  of  the 
following  and  seventh  second,  but  not  in  reality,  for  according  to  the 

last  column  it  amounts  to  13.|=13   x  16,1  =  209,3  feet,  in  the 
eighth  second  it  is  15.  € ,__  15 .  16,1  =  241  feet,  &c. 

Remark* — Many  writers  designate  the  space  of  16  feet,  which  a  body  freely  desceodt 
ing  will  describe  in  one  second,  by  g",  and  term  it  properly  the  acceleration  of  gravity. 
They  have  tnen  for  the  free  descent  of  bodies,  the  following  formula : 


*—  —  —      / 

%S    ~~  8 

This  custom,  which  is  met  with  in  Germany  only,  is  disappearing  by 
consequence  of  its  being  frequently  misunderstood,  and  the  many  ^ 
therefrom,  this  is  much  to  be  desired. 


in 
whksh  arise 
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§  17.  If  the  free  descent  of  a  body  go  on  with  a  certain  initial  Telo- 
city (c)  the  formulae  are  of  the  following  kind  : 


32,2  zf;  alsoz>=«  V  c2  +  2  gs  =  V  c*  +64,4.5; 
s  =  ct  +  g~  «*  ct  +  16.1  *2,alsos  «  ^~C*    —  0,0155  (^—  c2). 


~  «*  .       , 

If,  on  the  other  hand,  the  body  be  projected  vertically  to  a  height 
with  the  velocity  c,  then  :  _  _  __ 

v==  c  —  gt=  c—  32,2£;  also  «  «  </  c2  —  2  g  s  =  *S  c2  —  64,4s; 

5  =  c*  —  g  J  =  c^—  16,1  Z2;  also  5  •  ^T^--  =  0,0155  (<?—  v2}. 

2  ^g 

If  we  consider  a  given  velocity  c  as  the  terminal  velocity  acquired 

f\2r 

by  a  free  descent,  then  the  corresponding  space   fallen  through  — 

=  0,0155  .  c2  is  called  the  height  due  to  the  velocity.    By  the  introduc- 
tion of  this  quantity,  some  of  the  foregoing  formula?  may  be  expressed 

more  simply.     If  the  height  (  —  )  due  to  the  initial  velocity  c  be  put 

v2 
=  A,  and  that  due  to  the  terminal  velocity  ^-=  h^  we  have  the  fol- 

lowing for  falling  bodies  : 

h^  =  h  +  5,  $  =  Ax  —  Ti  ; 
and  for  ascending  :        h1  =  h  —  s,  $  =  h  —  hr 

The  space  of  fall  or  ascent  is,  therefore,  equal  to  the  difference  of 
the  heights  due  to  velocity. 


The  velocities  are  5  and  11  feet,  the  heights  due  to  velocity  =  0,0155-  (5)2  =, 
0,3875  feet,  and  0,0155  .  II2  =1,875  feet;  the  space  which  is  described  during  the  pas- 
sage from  one  velocity  to  the  other:  s  =  1,8755  —  0,3875  =  1,4880  feet. 

§  18.  From  the  formula  s  =  h  —  \  it  also  follows  that  a  body  ver- 
tically projected  has  at  each  point  that  velocity  which  it  would  have, 
but  in  an  inverse  direction,  were  it  to  have  fallen  from  the  height  still 
remaining  to  that  point,  and  which  it  then  actually  possesses  in  its 
following  descent. 

JSxample.  A  body  is  thrown  up  with  a  15  feet  velocity,  and  strikes  in  its  rise  against 
an  elastic  impediment,  which  for  the  moment  throws  it  back  with  the  same  velocity  with 
which  it  struck.  How  great  then  is  this  velocity,  and  the  time  of  ascending  and  de- 
scending? To  the  velocity  (c  =  15  ft)  corresponds  the  height  of  ascent  h  =  3,49  ft.  j 
the  height  due  to  velocity  at  the  moment  of  impact  is  Aj  =  3,49  —  2,00  =  1,49,  and  con- 
sequently this  velocity  =  8,02  ^/  1,49  =  9,652  ft.  The  time  to  attain  the  whole  height  , 
(3,49  ft.)  is  t  =  0,032.  v  rs=  0,032  .  15  =  0,480",  for  the  height  1,49  ft.  tl  =  0,032  .  10 
=  0,32(//;  there  remains  then  for  the  time  required  to  rise  to  the  height  of  2  ft.,  or  the 
time  from  the  commencement  to  impact:  t  —  t.  =  0.480  —  0.320  =  0,160'',  and  the 

0  320 
whole  time  of  rising  and  falling  =  2  .  0,160  =  0,320".     This  is  also  but  the  n*     n  th 


,o 

=  3d  part  of  the  time,  which  would  be  necessary  for  rising  and  falling  if  the  body  were 
to  rise  and  fell  unimpeded.  This  fall  finds  its  application  in  the  forging  of  hot  iron, 
because  in  the  gradual  cooling  of  that  metal  it  is  desirable  that  the  blows  of  the  hammer 
follow  as  quickly  as  possible  in  a  short  time*  When  the  hammer  is  thrown  back  by  an 
elastic  arrangement,  it  will  give  in  the  same  time,  in  the  proportions  above  laid  down, 
thrice  the  number  of  blows  to  what  it  would  give  were  its  rise  umimpeded. 

JR&nark  1.  The  transformation  of  the  velocity  into  height  due  to  velocity,  and  the  reverse 
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is  very  often  required  in  practical  mechanics,  and  especially  in  hydraulics.  A  table 
•where  this  is  set  down  is  of"  great  use  to  the  practical  man. 

Remark  2.  The  foregoing  formulas  are  only  strictly  correct  for  a  free  descent  in  vacuo  ; 
they  may  be  used  with  tolerable  accuracy  for  a  fall  in  air,  if  the  falling  bodies  have  a 
weight  great  in  proportion  to  their  volume,  and  if  the  velocities  do  not  come  out  very 
great.  For  the  rest,  they  are  also  used  under  other  circumstances  and  relations  in  many 
other  descents,  as  will  hereafter  be  shown. 

§  19.    Variable  Motions  in  Particular.  —  For  variable  motions  espe- 
cially, in  which  the  periodic  are  also  included,  the  formulae 

1  .  x  =  p  *,  and 

2.  a  =  v  * 

hold  good:  —  the  increment  of  velocity  (#)  acquired  in  a  very  small 
time  t  (element  of  time),  is  a  product  of  the  acceleration  p  and  this 
time;  and  the  space  a  described  in  the  element  of  time  f  is  a  pro- 
duct of  the  velocity  (v)  and  the  time  *.  By  inversion  : 

3.  p  =  —  and 

f 


Acceleration  is  the  quotient  of  the  increment  of  velocity  by  the 
element  of  the  time  *  in  which  it  is  acquired.  Velocity  is  the  ratio 
of  the  element  of  space  to  that  of  the  time, 

The  two  last  formulae  may  be  used  for  the  measurement  of  the  ac- 
celeration and  velocity.  Ex.  From  the  motion  given  by  the  formula 
s  =  atz  when  a  is  the  space  described  after  the  first  second,  it  follows: 
if  t  increase  by  t  and  s  by  0,  5  +  G  =  a  (t  +  *)2.  Now  (t  +  -r-)2  =  tz 
+  2  1  *  +  *2,  or  because  if  is  small  =  t2  +  2  t  *  ,  it  therefore  follows 

s  +  cr  =  at2  +  2  at  *,  or  0  =  2  at  *  ;  lastly,  v  =  —  =  2  at.      By 

1? 

the  same  hypotheses,  we  learn  from  the  last  formula  v  4-  x  =  2  a 
(t  +  *)  =  2  a  t  -f-  2  a  *,  so  that  *  =  2  a  *  and  the  acceleration  p  = 

JL  a  2  a.     We  have,  therefore,  in  this  way  found  from  the  formulae 

<c* 

for  the  spaces,  formulae  for  the  velocity  and  acceleration. 

§  20.  The  velocity  c  =  —  differs  from  the  velocity  v  =  —  of  an 

t  f 

element  of  time,  and  is  given  when  the  space,  which  in  a  certain  time 
or  period  of  a  periodic  motion  is  described,  is  divided  by  the  time 
itself,  This  is  called  the  mean  velocity,  and  may  be  also  regarded  as 
that  velocity  which  a  body  must  have  in  order  to  describe  uniformly 
in  a  given  time  (t)  a  given  space  (s),  which,  in  reality,  is  described 
variably.  So,  for  example,  in  uniformly  variable  motion,  the  velocity 

is  equal  to  half  the  sum  (c  "*"  £\  of  the  initial  and  terminal  velocities: 

\     2      /  '•  .f    « 

for,  according  to  §  13,  the  space  is  equal  to  this  sum  /  -  _1_  Vikfulti- 

plied  by  the  time  (t).  ! 

While  a  handle  turns  uniformly  in  a  circle,  the  lo&d  atMehedl  to  it, 
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the  piston  of  an  air  or  water-pump,  for  instance,  moves  variably  up 
and  down ;  the  velocity  of  this  at  its  lowest  and  highest  point  is  at  a 
minimum,  viz.,  null ;  at  half  the  height  a  maximum,  viz.,  equal  to 
the  velocity  of  the  handle.  In  half  a  revolution,  the  mean  velocity 
equals  the  whole  height  of  ascent,  i.  <?.,  the  diameter  of  the  circle 
which  the  handle  describes,  divided  by  the  time  of  half  a  revolution. 
The  diameter  =  2  r  and  the  time  =  t,  then  the  mean  velocity  of  the 

load  =  — •    The  handle  in  this  time  describes  the  semicircle  m  r ;  its 
t 

velocity,  therefore,  =  y-,  and  consequently  the  mean  velocity  of  the 


load  =  —  = 


0,6366  times  as  great  as  the  invariable  velo- 


rig.  i. 


JJ 
JL 

• 

tt 

2 
3.141 

city  of  the  handle. 

§  21.  Graphical  Representation. — The  laws  of  motion  found  above 
may  be  expressed  by  geometrical  figures,  or,  as  it  is  said,  graphically 
represented.  Graphical  representations  especially  facilitate  the  con- 
ception, sustain  the  thoughts,  prevent  mistakes,  and  serve  not  unfre- 
quently  for  the  discovery  of  a  quantity,  and  on  that  account  are  of 
great  use  in  mechanics. 

In  uniform  motion  the  space  (s)  is  the  product  (cf)  of  the  velocity 

and  the  time,  and  in  geometry  the  area  of  a 
rectangular  figure  is  the  product  of  the 
height  and  base.  We  can,  therefore,  repre- 
sent the  space  (s]  uniformly  described  by  a 
rectangle  Ji B  CD,  Fig.  1,  whose  base  Jl  B 
is  the  time  (£)  and  whose  height  (Jl  D  =  _B 
C]  is  the  velocity  (c),  provided  that  the  time 
be  expressed  in  the  same  unit  of  length  as 
the  velocity,  and  that  the  second  of  time 
and  the  foot  be  represented  by  one  and  the  same  line. 

§  22.  Whilst,  in  uniform  motion,  the  velocity  (MJ\T)  at  any  other 
time  (Jl  M)  of  the  motion  is  one  and  the  same,  it  differs  at  every  in- 
stant in  a  variable  one  5  this  motion,  there- 
fore, can  only  be  represented  by  a  quadri- 
lateral figure  JIB  CD,  Fig.  2,  which  has 
^J5the  time  for  base,  and  for  the  other 
limits,  three  lines  Jl  D,  B  C,  CD,  of  which 
the  first  two  are  equal  to  the  initial  and  ter- 
minal velocities,  and  the  last  is  determined 
by  the  extremity  (JV)  of  the  different  velo- 
cities at  the  intervals  (M).  The  line  C  D 
is  either  straight  or  curved,  according  to  the  different  kinds  of  varia- 
ble motion  from  the  commencement,  ascending  or  descending,  or  lastly 
concave  or  convex  towards  the  base.  But  in  every  case  the  area  of 
this  figure  must  be  put  equal  to  the  variably  described  space  (s);  for 
each  area  of  space  Jl  B  C  D,  Fig.  3,  may  be  considered  as  decom- 


Fig.  2. 


IS 
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posable  into  many  small  rectangular  strips,  rig<  3. 

like  MOP  JV,  of  which  each  is  a  product 
of  a  part  (M  O)  of  the  base,  and  its  corre- 
sponding height  (M  JV  or  O  P),  and  the 
spaces  described  in  a  certain  time  com- 
posed of  particles  of  which  each  is  a  pro- 
duct of  that  particle  and  its  corresponding 
velocity. 

§  23.  In  uniformly  variable   motion,  the 
increase   or  diminution  (v — c)  of  the  velocity  (=~p£,  §  13)  is  propor- 
tional to  the  time.     If  in  the  Figures  4  and  5,  the  line  D  E  be  drawn 


JkC  O 


Fig.  4. 


Fig.  5. 


parallel  to  the  base  A  B,  and  B  E  and  M  O  =  to  the  initial  velocity 
Ji  D  be  cut  off  from  the  lines  M  JV  and  B  C,  there  remain  the  lines 
C  E  and  JV*  O  for  the  increase  or  diminution  of  the  velocity,  for  which 
from  the  above  we  have  the  proportion 

JVO  :  C  E  =*  D  O  :  D  E. 

Such  a  proportion  requires  that  JV"  as  well  as  each  point  of  the  line 
C  D  lie  in  the  straight  line  connecting  C  and  Z>,  and  also  that  the 
line  C  D  limiting  the  different  velocities  (Jkf  JV)  be  a  right  line. 

In  consequence  of  this,  the  uniformly  accelerated  and  uniformly 
retarded  space  described  may  be  represented  by  the  area  of  a  trape- 
zium Ji  B  C  D,  which  has  for  the  height  Jl  By  the  time  (£),  and  for 
the  parallel  bases  the  initial  and  terminal  velocities  Ji  I)  and  B  C. 

The  formula  of  §  13,  s  —  c        .  t  is  in  perfect  accordance  with  this. 

In  uniformly  accelerated  motion,  the  fourth  side  D  C  ascends  from  its 
initial  point,  and  in  uniformly  retarded  motion  descends.  In  a  uni- 
formly accelerated  motion  beginning  with  a  velocity  null,  the  trape- 
zium becomes  a  triangle  whose  area  is  %  B  C  x  Ji  B  =  ^  ct. 

§  24.  The  mean  velocity  of  a  variable  motion  is  the  quotient  of  the 
space  divided  by  the  time;  multiplied,  there- 
fore by  the  time,  it  gives  as  a  product  the 
trajectory,  and  consequently  may  be  also 
considered  as  the  height  Ji  F  =  B  E  of  the 
parallelogram  Jl  B  E  F  Fig.  6,  which  has 
tte  time  (£)  for  the  base  Jl  B,  and  an  area 
equal  to  the  four-sided  figure  *>2  B  C  JV  D 
which  measures  the  trajectory  or  space 


Fig.  a. 
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passed  through.  The  mean  velocity  is,  therefore,  likewise  obtained 
by  transforming  the  four-sided  figure  A  B  C  W  D  into  _  a  parallelo- 
gram JlEEFofthe  same  length.  Its  determination^  is  of  import- 
Ince,  particularly  in  periodic  motions,which  occur  m  nearly  all 
machines.  The  law  for  these  motions  is  represented  by  a  curved 
line  C  D  E  F  G  H  K,  Fig.  7.  If  the  line  L  M  running  parallel 

Fig.  7. 
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with  Jl  B  cuts  off  the  same  space  "as  the  curved  line,  and  is,  as 
it  were,  the  axis  round  which  C  D  E  F  .  .  .  .  coils  itself,  then  the 
distance  Jl  L  =  B  M  between  the  two  parallel  lines  Jl  B  and  L  M 
is  the  mean  velocity  of  the  periodic  motion,  whilst  Jl  C,  O  E,  B  K, 
&c.,  is  the  maximum,  and  JV  D,  P  F,  &c.,  the  minimum  velocity  of  a 
period  Jl  O,  O  Q,  Q  B,  &c.  .  . 

§  25.  The  acceleration  also,  or  the  increase  of  velocity  during  a 
second  of  time  maybe  easily  shown  in  the  figure.  In  the  case  of 
uniformly  variable  motion  it  remains  unchangeable ;  it  is  hence  the 
difference  P  Q,  Figs.  8  and  9,  between  two  velocities  O  P  and  M  JV, 


Tig.  8- 


Fig.  9. 


the  one  of  which  appertains  to  a  longer  time  by  one  second  (M  O)  than 
the  other.  If  the  motion  is  not  uniformly  variable,  and  the  line  of 
velocity  C  D  therefore  a  curve,  then  for  each  second  of  time  (M)  the 
acceleration  varies,  and  is,  consequently,  not  the  real  difference  P  Q 
between  the  two  velocities  O  P  and  M  JV*  =  O  Q  Figs.  10  and  11 ; 
but  it  is  the  increase  R  Q  of  the  velocity  M  JV,  Vhich  would  occur  if 
commencing  at  the  moment  Jlf  the  motion  became  uniformly  accele- 
rated, and  the  curved  line  of  velocity  JV*  C  passed  into  the  straight 
line  JV"  jB.  Now  the  tangent  or  line  of  contact  JV"  E,  is  that  straight 
line  in  the  direction  of  which  a  curve  D  JV*  proceeds,  when  from  a 
certain  point  (JV*)  it  ceases  to  change  its  direction ;  hence  the  new 
line  of  velocity  coincides  with  the  tangent,  and  the  perpendicular  line 
O  R  which  cuts  it,  is  accordingly  the  velocity  which  would  take  place 
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after  the  lapse  of  a  second,  supposing  the  motion  to  have  become  uni- 
formly accelerated  from  the  commencement  of  that  period,  and  lastly, 


Fig.  11. 


the  difference  R  Q  between  this  velocity  and  the  primary  velocity 
(M  JV)  is  the  acceleration  for  that  moment  which  is  determined  by 
the  point  M  in  the  time  line  Ji  B. 


CHAPTER    II. 


COMPOUND     MOTION. 

§  26.  Compound  Motion. — One  and  the  same  body  may  at  the 
same  time  have  two  or  more  motions;  every  (relative)  motion  con- 
sists of  the  motion  within  a  certain  space,  and  of  the  motion  of  this 
space  within,  or  in  relation  to,  a  second  space.  Each  point  upon  the 
surface  of  the  earth  has  thus  two  motions,  for  it  revolves  daily  once 
round  the  axis  of  the  earth,  and  simultaneously  with  the  earth  once 
yearly  round  the  sun.  A  person  walking  on  board  a  ship  has  two 
motions  in  relation  to  the  shore,  his  own  motion  and  that  of  the  water ; 
water  flowing  from  a  bole  in  the  bottom  or  side  of  a  vessel,  whilst 
the  latter  is  moving  along  in  a  carriage,  has  two  motions,  the  motion 
from  the  vessel  and  the  motion  with  the  vessel,  &c. 

Hence  we  distinguish  simple  and  compound  motion.  Those  recti- 
linear motions  are  called  simple,  of  which  other  rectilinear  or  curvili- 
near motions,  consequently  called  compound,  are  made  up,  or  may  be 
imagined  to  be  made  up.  ? 

The  combination  of  several  simple  motions  to  form  one  single  mo- 
tion, and  the  resolution  of  a  compound  motion  into  sevgnal*  simple 
motions,  will  be  treated  of  in  the  sequel.  H  v-* 

§  27.  When  simple  motions  occur  in  the  direction  ^  *>tee  arid  the 
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same  straight  line,  their  sum  or  difference  gives  the  resulting  com- 
pound motion,  the  former,  when  the  motions  take  place  in  the  same 
direction  ;  the  latter,  when  their  directions  are  opposite.  The  truth 
of  this  axiom  becomes  directly  obvious,  when  the  contemporary  spaces 
of  the  simple  motions  are  united  into  one.  The  contemporary  spaces 
ct  t  and  c2  t  correspond  with  the  uniform  motions  and  their  velocities 
ci  and  cz  ;  if  these  motions  go  on  in  the  same  direction,  then  after  t 
seconds  the  space  becomes  $  =  ca  t  +  c2  t  =  (c±  +  cz]  t,  and  conse- 
quently the  resulting  velocity  with  which  the  compound  motion  pro- 
ceeds is  the  sum  of  the  velocities  of  the  simple  motions.  When  the 
directions  of  both  motions  are  opposite,  then  s  =  clt  —  c3  t  =  (Cj  —  c2) 
£,  here,  therefore,  the  resulting  velocity  is  equal  to  the  difference  of 
the  simple  velocities. 

Example  1.  To  a  person  moving  with  a  velocity  of  four  feet  upon  the  deck  of  a  ship, 
in  the  same  direction  with  the  motion  of  the  ship  itself,  which  has  a  velocity  of  six  feet, 
the  objects  on  the  shore  appear  to  pass  by  with  a  velocity  of  4  +  6  =  10  feet,  —  2.  The 
water  which  flows  from  the  lateral  opening  of  a  vessel  with  a  velocity  of  25  feet,  whilst 
the  vessel  containing  it  is  moved  in  an  opposite  direction  with  a  velocity  of  10  feet,  has, 
in  relation  to  the  other  objects  at  rest,  only  a  velocity  of  25  —  10  =  15  feet. 

§  28.  The  same  relations  obtain  with  variable  motions.  If  one 
and  the  same  body  have,  in  addition  to  the  primary  velocities,  cx  and 
c2  the  constant  accelerations  p:  andjp2,  then  the  corresponding  spaces 

tz        tz  .  * 

are  ct  ti9  cz  £1?  p:  —  ,  p2  -,  if  the  velocities  and  the  accelerations  are  in 
2          2f 

the  same  direction,  the  whole  space  corresponding  to  these  simple 
motions,  will  be  : 


+2 

If  cx  +  c2  ss  c  and  p1  +  pz  =  p,  we  then  obtain  s  =  ct  +  p  _,  and 

£ 

it  follows,  consequently,  that  not  only  the  velocity  of  the  resulting  or 
compound  motion  is  made  up  of  the  sum  of  the  simple  velocities,  but 
that  also  the  sum  of  the  accelerations  of  the  simple  motions  gives  the 
resulting  acceleration. 

Example.  A  magnet  falls  more  quickly  to  the  earth  than  another  body,  when  a  mass 
of  iron  is  immediately  below  it.  The  acceleration  which  the  magnet  experiences,  in 
consequence  of  this  iron,  may  be  considered  invariable  when  the  height  from  which  it 
falls  is  small  and  the  mass  of  iron  very  considerable,  viz.,  an  extensive  layer  of  mag- 
netic iron  ore.  If  this  acceleration  were  5  feet,  then  the  magnet  would  fall  with  an 
increased  velocity  of  31,25  +  5  =  36,25  feet  in  the  first  second,  therefore  it  would  fall 
18£  feet  instead  of  15f  feet. 

§  29.  Parallelogram  of  the  Velocities.  —  If  a  body  has  at  the  same 
time  two  motions  differing  from  each  other  in  direction,  it  will  assume 
a  medium  direction  between  them;  and  if  these  motions  are  of  differ- 
ent kinds,  viz.,  the  one,  uniform,  and  ihe  other  uniformly  increasing, 
thenjfche  direction  will  vary  in  every  part  of  the  motion,  and  the  mo- 
tion itself  become  curvilinear. 

The  place  O,  Fig.  12,  which  a  body  moving  simultaneously  in  the 
directions  A  X  and  A  Y  will  occupy  after  a  certain  time  (Z),  is  found 
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M  O  JV,  determined 

Fis-  12« 


when  the  fourth  corner  of  the  parallelogram 
by  the  contemporaneous  trajectories  Ji  J\f 
=  x  and  A  JV"  =  y,  as  well  as  by  the 
angle  X  j2  F,  or  the  distance  by  which 
the  directions  of  motion  deviate  from  each 
other,  is  known.  The  correctness  of  this 
mode  of  procedure  becomes  evident  when 
the  trajectories  x  and  y  are  supposed  de- 
scribed one  after  the  other,  and  not  at  the 
same  time.  In  compliance  with  the  one 
motion,  the  body  describes  the  trajectory 
Ji  M  =  #;  and  in  compliance  with  the 
other,  the  trajectory  proceeding  from  J\f  in 
the  direction  of  Ji  F,  therefore  in  a  line  M.  Z  parallel  to  Ji  F,  or  the 
trajectory  Ji  JV*  ==  y.  If  M  O  =  Ji  J\Ty  then  O  is  the  position  of  the 
body  corresponding  to  both  motions  x  and  y  simultaneously,  which,  in 
accordance  with  the  construction,  is  the  fourth  corner  of  the  parallelo- 
gram Ji  M  O  J\T.  We  may  likewise  imagine  that  the  space  A  M  =  x 
is  passed  over  in  a  line  Ji  X,  which  with  all  its  points  proceeds  at 
the  same  time  in  the  direction  Ji  F,  and  therefore  carries  with  it  M 
in  a  parallel  direction  to  Ji  F,  and  causes  this  point  to  perform  the 
trajectory  M  O  =  JI  JY '^=  y. 

§  30.  If  both  the  motions  in  the  directions  JI  X  and  Ji  Ftake  place 
uniformly  and  with  the  velocities  cx  and  cs,  then  the  spaces  will  be- 
come after  a  certain  time  (£)  :  x  =  c:L  t  and  y  =  c2  t;  their  relationship 

^  ==  -^-  is,  therefore,  the  same  at  all  times,  a  peculiarity  which  is  only 
x         c., 

proper  to  the  straight  line  Ji  O,  Fig.  13.     Hence  it  follows  that  the 
compound  motion   proceeds   in  a  straight 
line.     If,  with  the  velocities  Ji  B  =  cn  and 


Fis*  13* 


Ji  C  =  c2,  the  parallelogram  Ji  B  C  D  is 
constructed,  its  fourth  corner  gives  the  po- 
sition D,  in  which  the  body  will  be  placed 
after  the  lapse  of  one  second.  But  as  the 
resulting  motion  is  rectilinear,  it  follows 
that  it  must  always  occur  in  the  direction 
of  the  diagonal  of  that  parallelogram  which 
is  constructed  by  the  velocities.  If  the 
trajectory  A  O  which  is  actually  passed 
through  in  the  time  t  be  ==  s,  then,  on 
account  of  the  similarity  of  the  triangles  JIM  O  and  Jl  B  D,  we  have : 

a  p,  and  it  consequently  follows  that  this  trajectory  s  =     '^  ^ 
Jt  Jj  *ft-  •*-* 


X 


__  £* — : =  jj  D  .  t.     In  accordance  with  the  last  equation*  the 

trajectory  ia  the  diagonal  is  proportional  to  the  time  (/),  ftKe  motion 
itself  consequently  uniform,  and  the  diagonal  A  D  itjs  i^sloeity:. 

The  diagonal,  therefore,  of  a  parallelogram  formed  6&two  velocities, 
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and  the  angle  which  they  make  with  each  other,  gives  the  direction  and 
magnitude  of  the  actually  resulting  motion.  This  parallelogram  is 
called  the  parallelogram  of  velocities,  the  simple  velocities  are  called 
the  components,  and  the  compound  velocity  the  resultant.^ 

§  31.  By  the  use  of  trigonometrical  formulae,  the  direction  and  mag- 
nitude of  the  mean  velocity  may  be  ascertained  by  calculation.  The 
resolution  of  one  of  the  equal  triangles,  viz.,  Ji  B  D,  of  which  the 
parallelogram  of  velocities  ABDC  (Fig.  14)  is  composed,  gives  the 

mean  velocity  Ji  D  =  c  by  means  of  the  corn- 
Fig.  14.  ponents  Ji  B  =  q  and  A   C  =  cz>  and  the 

angle  B  JI  C  =  a  formed  by  their  directions  by 
the  formula  :  c  «=  V  c*  +  c22^  +  2  cIc2  cos.  a, 
and  the  angle  B  JI  D  =  $,  included  by  the 
mean  velocity,  and  the  velocity  c^  is  expressed 

c  sin.  a, 

by  the  formula   sin.  $   =  -^  -  ?    or   tang. 

c 

_     A  =   -  2  -  —  —  .     If  the  velocities  c.,   and 

M  -  ci  +  cz  cos'  a 

c2  are  equal,  and  their  parallelogram  conse- 

quently a  rhombus,  then  we  obtain  in  a  more  simple  form,  in  con- 
sequence of  the  diagonals  being  at  right  angles  to  each  other: 

c  =  2  q  cos.  ^  a  and  $  =  Ja. 

Lastly,  if  the  velocities  enclose  a  right  angle,  then  likewise  we  ob- 
tain more  simply: 

c  =  -v/c  an(1 


Example  1.  The  water  flowing  from  a  vessel  or  a  machine  has  a  velocity  q  =  25  ft, 
whilst  the  vessel  is  moved  with  a  velocity  c2  =  19  feet  in  a  direction  forming  an  angle 
a°  =  130°  with  the  direction  of  the  flowing  water.  What  is  the  direction  and  magni- 
tude of  the  resultant,  or  as  it  is  also  called,  the  absolute  velocity?  _ 

The  required  resulting  velocity  is  c  =  y/252  +  192  +  2  .  25  .  19  cos.  130°  = 
V/625+  361-^50.19  cos.  50°  =^986—  950  cos,  50°  =  v/986—  610,7  =  <v/3~75^3'  = 
19,37  feet. 

19  sin.  130° 

Moreover,  sin.  <j>  =  -  IQ^J  -  ==  O^SOS   sin.  50°  =  057513,  and  consequently  the 

angle   by  which  the  resultant  differs  from,  the  velocity  c:  <*>  =  43°,  42'  and  the  angle 
which  it  makes  with  the  direction  of  motion  of  the  vessel:   a.  —  <f>  ==81°18/. 

2.  If  the  former  velocities  -were  acting  at  right  angles  to  each  other,  then  cos.  *  =cos. 
9o°  =  0,  thence  the  mean  velocity  c  =  \/986  =  31,40  feet;  for  its  direction  we  should 

19 
have  tang.  <£  =  -^  =  0.76,  and  consequentlys  its  deviation   from   the  first  velocity  :   $ 

=  37°,14/. 

§  32.  Any  given  velocity  may  be  supposed  to  consist  of  two  com- 
ponents, and  can  consequently  be  resolved  into  them,  in  accordance 
with  certain  conditions.  If,  for  instance,  the  angles  D  Ji  B  =  $  and 
D  Ji  C  =  4,  Fig,  14,  are  given,  and  enclose  the  velocities  required 
together  with  the  mean  velocity  J3.  D  =  c,  then  draw  through  the  ter- 
minal point  JD  other  lines  which  represent  the  degrees  corresponding 
to  c,  parallel  to  the  directions  Ji  X  and  Ji  Y:  the  points  of  section 
wiU  then  cut  off  the  required  velocities  Ji  JS=  cx  and  Ji  C~c2. 
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Trigonometry 
c  sin.  4 


expresses 
c  sin.  A 


sin. 


these    velocities    by   the    formula   c2   = 
In  the  usual  practical  cases,  the  two 

=  90°,  sin. 


velocities  are  at  right  angles  to  each  other,  and  then  $  + 
($  +  4,)=  1,  and  it  follows : 

cx  =  c  cos*  $  and  c2  =  c  sin.  $. 

Therefore,  with  one  component  (cx)  and  its  angle  of  direction  ($), 
the  direction  and  magnitude  of  the  other  component  may  be  estimated. 
Lastly,  from  the  velocities  c,  cx  and  c2  alone  their  angles  of  direction 
may  be  determined,  as  the  three  angles  of  a  triangle  may  be  com- 
puted by  the  three  sides. 

Example.  Suppose  velocity  c  =  10  feet  is  to  be  resolved  into  two  components  which 
deviate  from  its  direction  by  the  angle  <j>  =  65°  and  ^  =  70°.  These  velocities  "will  be: 

30  sin.  70°  9,397  10  sin.  65°          9,063 

c,  =  — : — ,-^_  =  =  13,29  feet  and  c2  =    ^    ,^Q-  =  n^nr?1  ==  12;81  ft. 


sin.  135° 


sin.  135° 


'  0,7071 


Fi£* 15- 


§  33.  Composition  and  Resolution  of  Velocities. — By  repeated  ap- 
plication of  the  parallelogram  of  velocities,  any  number  of  velocities 
may  be  reduced  to  one.  By  constructing  the  parallelogram  J3.B  D  C, 
Fig.  15,  the  mean  velocity  Ji  D  to  ca  and  c2  is  obtained;  by  con- 
structing the  parallelogram  Ji  D  F  E, 
we  get  the  mean  velocity  Ji  F  to  Ji  D 
and  Ji  E  =  c3;  and  in  like  manner  by 
constructing  the  parallelogram  Ji  FH  Gr, 
the  mean  velocity  JI  H  =  c  to  Ji  F  and 
Ji  G  =  c4  is  obtained,  and  thus  the 
mean  of  c1?  c3,  c3,  and  c4. 

The  simplest  method  of  obtaining  the 
mean  velocity  in  question,  is  by  the  con- 
struction of  a  polygon  Ji  B  D  F  H,  the 
sides  of  which  Ji  JB,  B  D,  D  F,  and  F  H, 
are  drawn  parallel  and  equal  to  the  given 
velocities  cl9  cz,  c3,  and  c4 ;  the  last  side 
^Jjffisthen  always  the  resultant  velocity. 

In  the  case,  also,  in  which  the  velocities  are  not  in  the  same  plane, 
the  mean  velocity  may  be  ascertained  by  repeated  application  of  the 
parallelogram  of  velocities.  The  mean  velocity  Ji  F  =  c  (Fig.  16)  of 
three  velocities  Ji  B  =  c1?  Ji  C  =  c2  and 
Ji  E  s=»  c3,  which  are  not  in  the  same  plane, 
is  the  diagonal  of  a  parallelepipedon  -B  C 
G  H,  the  sides  of  which  are  equal  to  these 
velocities,  The  parallelepipedon  of  velo- 
cities is,  therefore,  also  a  term  in  general 
use. 

§34.  Composition  of  the  Accelerations. — 
Two  unifornily  accelerated  motions,  begin- 
ning with  null  velocity^  produce,  when 
combined,  a  uniformly  accelerated  motion 
in  a  straight  line.  If  the  accelerations  of  these  niotio|^  proceeding 


Fig,  16, 


42 


COMBINATION    OF    VELOCITY    AND    ACCELERATION. 


in  the  directions  Ji  X  and  Jl  F(Fig.  17)  are  p^  and  pz,  then,  at  the 

close  of  the  time  t,  the  spaces  will  be  Jl  M 

Pjg- 17-  -Pi*2    ~v,^  /?  7V=^v=  — — ^  and  their 


relation  — • 


i  _ 


.  Z2;  therefore, 


^-1  is  in  no  way  dep end- 
s'     A r*       #2 

ent  upon  the  time ;  and,  consequently,  the 
trajectory  Jl  O  of  the  compound  motion  is 
rectilinear.  If  Jl  B  is  made  =s=_p1  and  JB  D 
—jl  C==jt?2,  we  obtain  a  parallelogram  ^2jB 
D  C,  which  is  similar  to  the  parallelogram 

x>     s~i  xl      n  >r 

J1MON,   and  from  which 

I      yv  JL         /J 


£2. 


~ 
Jl  JJ       Ji  13 

From  this  equation  it  ap- 


pears  that  the  trajectory  Jl  O  of  the  compound  motion  is  proportional 
to  the  square  of  the  time  ;  the  motion  itself,  therefore,  uniformly  accele- 
rated, and  its  acceleration  is  the  diagonal  Jl  D  of  the  parallelogram 
constructed  by  the  simple  accelerations  p1  and  py 

In  the  same  manner,  therefore,  as  velocities  can  be  composed  or 
resolved  by  the  parallelogram  of  velocities,  and,  according  to  pre- 
cisely the  same  rules,  accelerations  may  be  united  into  one,  or  broken 
up  into  several  others  by  a  parallelogram,  which  is  called  the  paral- 
lelogram of  accelerations. 

§  35.  Combination  of  Velocity  and  Acceleration. — By  the  combina- 
tion of  a  uniform  with  a  uniformly  accelerated  motion,  an  entirely 
variable  motion  is  produced  when  the  directions  of  the  motions  do  not 
coincide.  In  a  certain  time  t9  with  the  velocity  c  in  the  direction 
Jl  F,  (Fig.  18,)  the  trajectory*/?  JV"=y=c  £will  be  described,  and  in 

the  same  time  with  an  unchange- 

Fig.  is.  able  acceleration,  and  a  direction 

_N Y  Jl  X  at  right  angles  to  the  former, 

the  trajectory  Jl  M=&=  -^— —  will 

be  described,  and  the  body  arrives 
at  the  terminal  point  O  of  the  pa- 
rallelogram composed  of  y  =  c  t 

and  x=£ — .     With  the    aid   of 

these  formulse,  the  position  of  the 
body  can  be  determined  for  any 
given  time,  but  it  is  not  always  in  one  and  the  same  straight  line,  for 

if  from  the  first  equation  we  take  £=^,  and  place  this  value  in  the 

c 

second,  we  obtain  the  equation  x=  ^  ^  .  In  accordance  with  this, 
the  trajectories  (or)  in  the  direction  of  the  second  motion  do  not  cor- 
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respond  with  those  in  the  first,  but  with  the  squares  (y2)  of  those  in 
the  first;  and,  consequently,  the  trajectory  of  the  body  is  not  rectili- 
near, but  is  a  certain  curved  line,  known  in  geometry  by  the  name  of 
parabola. 

Remark.  Let  A  B  C,  Fig.  19,  be  a  cone  with  a  circular  base  JL  JE  B  JF,  let  D  JE  F  be  a 
section  of  it  parallel  to  the  side  B  C  and  at 

right  angles  to  the  section  jS.  B  C,  and  let  O  P  Fig,  19. 

N  Q  be  a  second  section  parallel  to  the  base, 
and,  consequently,  also  circular.  Then  let  JE  F 
be  the  line  of  section  between  the  base  and  the 
first  section,  and  O  N  that  between  both  sec- 
tions; imagine,  then,  in  the  triangular  section 
Jl  B  C,  the  parallel  diameters  d  B  and  P  Q,  and 
in  the  section  JDJEJF,  the  axis  D  G.  Then,  for 
the  half  chord  of  the  circle,  M  N  =  M  0,  the 
equation  applies  M  N*==P  M  X  M  Qj  but 
M  Q  =  B  G  and  for  P  M  we  have  the  propor- 
tion P  M:M  D  =  ~d  G:D  G:  hence,  it  follows 

1  C* 

— .    But,  in  like  man- 


Fig.  20. 


ner,  G  Et  =  B  C?  X  ^  <3;  if  one  equation  is 
divided  by  the  other,  we  obtain,  therefore, 

—-  ;  the  portions  cut  off  from  the 

jj   G       G  jE2 

axis  (^absdssez)  bear,  therefore,  the  same  pro- 
portion to  each  other  as  the  squares  of  the  cor- 
responding perpendiculars  (prdinates^.  This 
law  agrees  completely  with  the  law  for  motion 

found  above ;  this  motion,  therefore,  takes  place  in  a  curved  line  D  N  J£}  which  can  be 
shown  to  be  a  section  of  the  cone  (Conic  Section). 

§  36.  Parabolic  Motion. — In  order  thoroughly  to  comprehend  mo- 
tion produced  by  the  combination  of  velocity  and  acceleration,  we 
must  be  able  also  to  indicate  the  direction,  velocity  and  the  space  passed 
through  during  any  length  of  time  (£).  The  velocity  parallel  to  Ji  Y 
is  invariable  and  =  c,  that  which 
is  parallel  to  Ji  X  is  variable  and 
==  pt.  If  with  these  velocities, 
O  Q  =  c  and  O  P  =  p  t,  the 
parallelogram  O  P  R  Q  is  con- 
structed, Fig.  20,  we  obtain  in 
its  diagonal  O  R  the  mean,  or 
that  velocity  with  which  the  body 
at  O  follows  the  parabolic  curve 
Ji  O  U.  This  velocity  itself  is 
v  =  v/c2+^2. 

In  like  manner,  O  R  is  the 
tangent  or  direction  in  which  the 
body  at  O  proceeds  for  a  single 
instant,  and  we  obtain  for  the 
angle  P  O  R=  XTO  =  $  which  it  makes  with  the  second  direction 

(axis)  Ji  X,  the  formula  tang.     $  —  -^  w  =  -~y 

O  P        pt 

In  order,  lastly,  to  find  the  space  passed  tjhrough,  or  the  curve  A  O 
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=  s  we  can  apply  the  equation  a=v*  (§  19)  ;  according^  which  we 
can  calculate  minute  portions  of  it,  which  may  be  considered  as  its 
elements.  The  higher  branches  of  geometry  supply  us  with  a  com- 
plicated formula  for  calculating  the  parabolic  curve. 

§  37.  As  yet  we  have  assumed  that  the  primary  directions  of  mo- 
tion formed  a  right  angle  with  each  other,  and  we  must  now  study 
more  closely  that  case  in  which  the  direction  of  the  acceleration  makes 
a  certain  angle  with  that  of  the  velocity.  If  the  body  (Fig.  21)  has 
in  the  direction  Ji  Y^  the  velocity  c,  and  in  the  direction  Ji  Xiy  which 
makes  with  the  first  the  angle  X^  Ji  Y1  =  a  the  velocity  p,  then  Ji  is 
no  longer  the  vertex,  and  Ji  X^  no  longer  the  axis,  but  only  the  direc- 
tion of  the  axis  of  the  parabola.  The  vertex  C  is  much  more  de- 
pendent upon  the  co-ordinates  JI  .5  =  a  and  B  C  =  b,  the  latter  of 

which  coincides  with  the 
axis,  and  the  former  is  at 
right  angles  to  it,  beginning 
at  the  commencing  point  of 
the  motion  Ji.  The  velocity 
Ji  D  =  c  is  made  up  of  the 
components  Ji  F  =  c  sin.  & 
and  JiE  =  c.  cos.  a.  The  for- 
mer of  these  remains  always 
the  same,  but  the  latter  must 
be  made  equal  to  the  variable 
velocity  p  £,  supposing  that 
the  body  has  required  the  tim  e 
t  to  move  from  the  vertex  C  to 
the  real  commencing  point  Ji. 

£f£lA  and 


21. 


We  have,  therefore,  c.  cos.  a=p  t,  consequently  t  = 


1*  Ji 


i  =  a  =  c  sin.  a.  £=- 


P 
and 


2.  JB  C=  b 


2    ""       2p 

If  by  these  distances  we  have  found  the  vertex  of  the  parabola  C, 
then,  beginning  from  thence  we  can  find  for  any  required  time  the 
position  O  of  the  body.  Moreover  we  have :  making  C  M—  x  and 

M  O  =  y  the  general  formula  x  = 


-,  also  y  =  c  sin. 


'  X 


P 


Itemarks.  The  theory  of  parabolic  motion  produced  by  an  invariable  velocity  and  a 
constant  acceleration,  which  we  have  just  been  considering,  finds  its  application  in  the 
doctrine  of  Projectiles.  The  bodies  projected  either  upwards  or  downwards  would 
describe  a  parabolic  curve  as  the  result  of  their  primary  velocity  (c)  and  the  acceleration 
of  gravity  (#=  32.2  feet),  if  the  resistance  of  the  air  could  be  prevented,  or  the  motion 
could  take  place  in  a  vacuum.  If  the  projectile  velocity  is  not  great,  and  the  body  is 
very  heavy  as  compared  with  its  volume,  then  the  deviation  from  the  parabola  is  small 
enough  to  be  altogether  neglected.  The  most  perfect  instance  of  the  parabolic  course  is 
witnessed  in  columns  of  water  flowing  from  vessels  or  from  jets,  &c.  Bodies  shot  off, 
viz,,  bullets,  describe  curves  which  deviate  considerably  from  the  parabola  in  conse- 
~"~ — ~  ~f  the  great  resistance  of  the  air. 
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§  38.  A  body  projected  at  an  angle  of  elevation  Y  Jl  D  =  tt  (Fig, 
),  rises  to  a  certain  height  B  C,  which  is  called  the  height  of  projec- 
tion, and  it  attains  the  horizontal  plane,  from  which  it  departed  at  J2, 


Pig.  22. 


at  a  distance  j2J>,  which  is  called  the  range  of  projection.  It  follows, 
according  to  §  37,  from  the  velocity  c,  the  acceleration  g-,  and  the  angle 
of  elevation,  that  when  p  is  replaced  by  g  and  a°  by  90°  +  «°,  there- 
fore cos.  a  by  sin.  a: 


the  height  of  projection  is  B  C  =  b 


-,  and, 


the  half  of  the  range  of  projection  Jl  B  =  a 


On  the  contrary,  the  height  corresponding  to  any  horizontal  distance 
>4JV—  JIB  —  JVB  =  0 —  y  becomes  .TV  O  =  BM=  CB  —  CM= 

gy2 „  _  _    ,___, 

4  h  cos.a? 


when  h  represents  the  height  due  to  velocity  — -. 

It  is  evident  from  the  formula  for  the  range  of  projection,  that  this 
will  be  greatest  when  sin.  2  a  =  1,  therefore  2  a  =  90°,  i  e  a  =  45°. 
A  body  ascending,  therefore,  at  an  angle  of  elevation  of  45°  attains 
the  greatest  range  of  projection. 

Example  1.  A  jet  of  water  ascending  at  an  angle  of  elevation  of  66°  with  a  velocity 
of  20  feet,  which  has  therefore  a  height  due  to  velocity  h  =  0,01 6.202s=  6,4  feet,  attains 
the  height  b  =  A  sin.  «2  =  6,4  (sin.  66°)2  =  5,34  feet,  and  has  a  range  of  projection 
a  ==  2.  6,4  sin.  132°  =  2.6,4  sin.  48°  =  9,51  feet.  The  time  which  each  particle  of 

requires   to    perform    the  whole    parabolic    curve  J%  C  JD  is   == T  = 

1.17  seconds.     The  height  corresponding  to  the  hori^ontpl 
9,51 


2  .  20  .  sin.  66° 
31,25 

Jl  &=  3  feet,  is,  as  y 
0,73  =  4,61  feet. 


•  —  3  =  1,755,  NO  =  5,34  — 


4.6,4 


5,34  — 
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2    The  jet  of  water  flowing  from  a  horizontal  tube  has  at  a  height  of  If  feet  a  range 
(half  a  range  of  projection)  of  5£  feet,  what  is  the   velocity  of  the  water  ? 

From  the   formula  x  =  -U£-  =  j£,  it  follows  A  =  &    if  x  in  this  case  =  1,75  and  y  = 
2  c2        4h  4x 

.5?252_  _-.  3^37  feet,  and  the  velocity  corresponding  to  this  height  is  c  === 


'4,1,75 


5,25,  then  h  • 
15,6  8  feet. 

§  39.  Curved  Motions  in  General. — By  the  combination  of  several 
velocities  and  several  invariable  accelerations,  a  parabolic  motion  is 
likewise  produced,  for  not  only  the  velocities  but  the  accelerations 
also  may  be  united  into  a  single  one  ;  the  result  is,  therefore,  the 
same  as  if  there  were  only  one  velocity  and  on e^ acceleration,  i.  e.  only 
one  uniform  and  one  uniformly  accelerated  motion. 

If  the  accelerations  are  variable,  they  can  just  as ^ well  be  united 
into  a  mean  as  if  they  were  constant,  for  it  is  admissible  to  consider 
them  invariable  within  the  limits  of  an  infinitely  small  space  of  time 
(*)  ;  and  the  corresponding  motions,  therefore,  during  that  space  of 
time,  as  uniformly  accelerated.  Of  course  the  resulting  acceleration 
is  variable,  as  are  its  components  themselves.  If  this  resulting  ac- 
celeration be  combined  with  the  given  velocity,  it  is  possible  to  deduce 
a  small  parabolic  curve,  according  to  which  the  motion  is  effected 
during  the  small  portion  of  time.  If  again  the  velocity  and  mean 
acceleration  are  determined  in  the  same  manner  for  the  next  small 
portion  of  time,  we  are  enabled  to  obtain  a  new  curve  belonging  to 
another  parabola;  and  if  this  be  farther  repeated,  we  at  last  obtain 
the  whole  course. 

§  40.  Any  minute  portion  of  any  curve  may  be  considered  as  the 
arc  of  a  circle.  The  circle  to  which  this  arc  belongs  is  called  the 
circle  of  curvature,  the  radius  pertaining  to  it  is  the  radius  of  curva- 
ture. The  course  of  a  moving  body  may,  in  the  same  manner,  be 
composed  of  the  arcs  of  circles,  and  thus  a  formula  for  its  radius 
established. 

Let  JiM(Fig.   23)  be  a  very  small   trajectory  described  with  a 

uniformly    accelerated   motion    x 

-rji._      0O  2 

=  /- — in  the   direction  JiX,   and 

let  JI  JY  be  a  very  small  uniform- 
ly described  trajectory  y  =  cv, 
and  O  the  fourth  terminating  point 
of  the  parallelogram  constructed 
from  x  and  y,  i.  e.  the  point  which 
a  body  proceeding  from  Ji  would 
occupy  at  the  end  of  the  short 
time  (T-).  Let  ^3  C  be  drawn  at 
right  angles  to  Ji  Y,  and  let  us 
observe  from  what  point  C  iri  this  line,  a  small  arc  of  a  circle  through 
Ji  and  O  can  be  drawn.  On  account  of  the  smallness  of  the  arc  Ji  O, 
we  may  assume  that  not  only  C  Jiy  but  also  C  O  P  is  at  right  angles 
to  Ji  Y ;  that,  therefore,  in  the  small  triangle  JV  O  P  the  angle  JVP  O 
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is  a  right   angle.      The  solution  of  this   triangle  gives  us  O  P=  O  JV 

2 

sin.  ONP=rfMsin.  XJ1Y  =  JLL-  sin,  a,  and  the  tangent  J1P  = 


co$.  a)*,  maybe  made  =  c*, 
because  l-£  cos.  a,  on  account  of  the  infinitely  small  factor  *,  is  inap- 

x^ 

preciable  with  respect  to  c.  But  now  according  to  the  property  of  the 
circle  JlP2=POx(P  O  +  2  C  O),  or,  as  P  O  vanishes  when  com- 
pared with  2  CO,  J1P*=PO  x  2  CO;  we  have,  therefore,  the  de- 
sired radius  of  curvature., 

a  p2  ,&  _,2  rz 

CA  =  C  O  =  r  =  £L±L   =  -  £4  -  „  —^  -- 

2  P  O         p  <r2  ^7i.  a  ^?  SZtt.  a 

By  the  aid  of  the  same  formula,  the  radii  of  curvature  of  all  the  ele- 
ments of  curves  may  be  found,  when  the  respective  velocities  (c)  and 
the  acceleration  (p}  are  inserted,  and  also  the  angle  a  which  the  acce- 
leration makes  with  the  velocity,  or  with  the  direction  of  motion  indi- 
cated by  the  line  of  contact. 

Example.  For  the  parabolic  path,  caused  by  the  acceleration,  of  gravity,  we  have  r  = 

c2 
0,031—:  -  ,  and  in  the  vertex  of  these  curves,  where  «  =  90°,  therefore,  sin.  a,*=,l. 

SWl.   Q, 

it  results  that  r  =:  0,031  c2.  With  a  velocity  of  20  feet,  it  would  therefore  be  found  that 
r  =  12,4  feet;  the  further,  however,  the  body  is  removed  from  the  vertex,  so  much  the 
smaller  &  becomes,  and  so  much  the  greater,  therefore,  the  radius  of  curvature. 

§  41.  Proceeding  from  a  point  J3.  (Fig.  24),  where  the  acceleration 
is  effected  at  right  angles  to  the  direction  of  motion  Jl  Y,  if,  therefore, 


a  =  90°,  we  obtain  the  radius  of  curvature  C  Jl  —  r  =  — ,  and  the 

P 
velocity  at  the  following  point  O  is  composed  of  c  and  of  p  •*,  hence 

v  =s  v/  c2  +  _p2  *s  =  c  4-  ^  *  -,  because  *  is  infinitely  small  compared 

792  -n2  ^ 

with  c.     If  we  make  v  =  c  4-  -±—  * .  *,  we  may  then  consider  -±- as 

^  2c  J  2c 

the  acceleration,  and  -^- — .  *  as  the  corresponding  increase  of  velo- 

2 

city.     But   as  t  is  infinitely   small,  the  acceleration  -^- —   becomes 

also  infinitely  small,  and  in  one  second  of  time  we  have  an  infinitely 
small  increase  of  velocity,  and  may  therefore  consider  the  motion  uni- 
form, and  consequently  make  v  =  c. 

If,  with  the  direction  of  motion,  the  direction  of  acceleration  also 
changes,  and  if  these  remain  constantly  at  right  angles  to  each  other, 
then  we  shall  always  have  v  =  c ;  the  velocity  of  motion,  therefore, 
remains  invariably  the  same  as  it  was  at  the  commencement,  namely 
=  c.  An  acceleration  such  as  this,  which  is  always  at  riglit  angles 
to  the  motion,  or  causes  the  body  to  deviate  at  rigbt  angles  from  the 
motional  direction,  is  called  normal  acceleration*  avid  we  hence  know 
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P 


Fig.  24. 


that  It  alone  never  causes  a  change  of  velocity,  but  only  a  deviation 
from  the  straight  direction.  According  to  the  formula  above,  r  = 
£L  we  must  make  the  normal  acceleration^  =  —  ==  the  square  of  the 

velocity  divided  by  the  respective  radius 
of  curvature. 

In  the  circle  AOD  (Fig.  24)  the  ra- 
dius of  curvature  (r)  is  the  radius  of  the 
circle  C  Ji  =  C  O  itself;  hence,  when 
motion  occurs  in  it,  the  acceleration  p 

a-  .£-  is  invariable.     An  invariable  ac- 

r 

celeration,  therefore,  which  constantly 
causes  the  body  to  deviate  at  right  Ban- 
gles from  its  motional  direction,  obliges 
it  to  revolve  in  a  circle, 

Exam-pie   A  body  which  rotates  in  a  circle  of  5  feet  diameter,  in  such  a  manner,  that, 

*    '  ,  ,.  2  wr          2  wr  .  5 

for  each  revolution,  it  requires  5  seconds  of  time,  has  a  velocity  c  — 


2  .  n  SSBB  6,283  feet,  and  a  normal  acceleration  p  — 
second  it  will  deviate  from  a  straight  line  by  £  p 

Fig.  25. 


>j  in  every 


t       ~        5 
(6,283)2    _  7jgg6  f         Ti 

5 
—  i  X  7,896  =  3,948  feet. 

§  42.  In  the  simultaneous 
motions  of  two  bodies,  a  con- 
stant change  is  taking  place 
in  their  relative  position,  dis- 
tance, &c.,  but  with  the  aid 
of  the  foregoing  formulae  it 
may  be  found  for  any  given 
moment  of  time. 

In  Fig.  25,  let  J%  be  the 
point  of  application  of  the  one 

body,  JB  that  of  the  other;  the  first  advances  in  the  direction  Ji  X  in 
a  certain  time  (*)  to  JW,  the  second  in  the  direction  JSTin  the  same 
time  to  JV;  we  then  have  in  this  line  the  relative  position  and  distance 
of  the  bodies  Jl  and  B  at  the  end  of  this  time.  If  we  draw  J1O  pa- 
rallel with  MJ\T,  and  also  make  JIG  =  MN,  then  will  the  line  AQ 
likewise  give  the  opposite  position  of  the  bodies  Ji  and  S. 

If  further  we  draw  OJV,  we  obtain  a  parallelogram  in  which  OJV* 
is  also  a*  J3.M.  If  finally  we  make  BQ  parallel  and  equal  to  JV*O, 
and  draw  OQ,  we  have  then  another  parallelogram  JBJVOQ,  in  which 
one  side  J3JV"  is  the  absolute  path  (y}  of  the  second  body,  and  the 
other  side  BQ  the  path  (x)  of  the  first  body,  described  in  the  opposite 
direction.  The  fourth  corner  O  is  the  relative  position  of  the  second 
body,  in  so  far  as  it  is  referred  to  the  position  of  the  first  body,  which 
is  considered  as  invariable. 

The  relative  position  O  of  a  body  (1?)  in  motion  is  also  found  if 
we  add  to  the  body,  besides  its  own  proper  motion  (J5JV),  that  J1JM  of 
the  body  (Jl}  to  which  we  refer  its  position  J?Q,  but  in  an  inverse 
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Fig.  26. 


direction,  and  then  resolve  these  motions  by  the  parallelogram  BNOQ 
in  the  usual  manner. 

§  43.  If  the  motions  of  the  bodies  A  and  B  are  uniform,  we  may 
substitute  for  JIM  and  JSJVthe  velocities  c  and  cv  i.  e.  the  spaces  de- 
scribed in  one  second.  We  obtain,  therefore,  the  relative  velocity  of 
the  one  body,  when  we  add  to  the  same  in  an  opposite  direction, 
besides  its  own  absolute  velocity,  that  of  the  body  to  which  the  first 
velocity  is  referred.  The  same  re- 
lation takes  place  with  the  accelera- 
tions. 

Example.  A  locomotive  train  sets  out 
upon  the  line  Jl  JT,  Fig.  26,  from  A  with  a 
velocity  of  35  feet;  another  simultaneously 
from  JB  upon  the  line  J5  PJ  which  makes  with 
the  former  the  angle  B  D  X  =  56°  with  a 
velocity  of  20  feet.  If  now  the  initial  dis- 
tances A  C  SB  30,000  feet,  and  C  B  =  24,- 
000  feet,  how  great  is  the  distance  A  0  of  the 
two  trains  at  the  end  of  a  quarter  of  an  hour? 
From  the  absolute  velocity  B  E  =  c1  =  20 
feet  of  the  second  train,  the  inverse  velocity 
B  F  =c==  35  feet  of  the  first,  and  the  in- 
cluded angle  E  B  jP  =  a  =  180°  —  B  D  C 
-slSO0  —  56°s=:1240.  The  relative  velocity  of 
the  second  train  B  G 


\/1225  +  400  —  1400  cos,  56° 


*+  2  c7  = 


2.35.20,  cos.  56° 


\/T625  _  782,9  =  ^842,2  =  29,02  feet   For  the 
angle  G  B  -F=<f>,  which  this  makes  with  the  first  direction  of  motion: 
,  sin.  56°      20.0,8290 

2902  ~  29  02  ?'  ^  **w*  *  ^  °>7569°—  x>  hence  t  =  34°>  50/-  There- 
the relative  space  described  is  JB  0  =29,02.900  =  26118  feet,  the  distance 
(30000)2+  (24000)2—  38419  feet.  The  angle  B  A  C  =  A  B  F,  whose 

^      •  =  0,8  =  38<>7  407,  therefore  the  angle  d  B  0  =;  38°,  40'  +  ^  =  38° 


*  " 
fore  in  15 


tangent  =s 


40'  +  34°,  50'  =  73°^  30',  and  the  distance  of  the  two  trains  after  15': 

~ 


Q2  —  2  JH  B  B  0  c  _ 

\/38419g+  261182  —  2  .  38419  ,26118  cog.  73°>3(X 
^158^190000=39852  feet. 
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SECTION   II. 

MECHANICS,  OR  THE  PHYSICAL  SCIENCE  OF  MOTION  IN  GENERAL. 


CHAPTER   I. 

FUNDAMENTAL  PRINCIPLES  OF  MECHANICS. 

§  44.  Mechanics. — Mechanics  is  the  science  which  treats  of  the 
laws  of  the  motion  of  material  bodies.  It  is  an  application  of  phoro- 
nomics  to  the  bodies  of  the  external  world,  in  so  far  as  the  latter  is 
concerned  with  the  motion  only  of  geometrical  bodies. 

Mechanics  is  a  part  of  natural  philosophy,,  or  of  the  doctrine  of 
laws  according  to  which  changes  take  place  in  the  material  world, 
viz.,  that  part  which  considers  the  changes  in  bodies  resulting  from 
measureable  motions. 

§  45*  Force. — Force  is  the  cause  of  motion  or  change  of  motion  in 
material  bodies.  Every  change  of  motion,  viz.,  every  change  in  the 
velocity  of  a  body  must  be  regarded  as  the  effect  of  a  force.  For 
this  reason  we  measure  the  force  called  gravity  by  a  body  falling 
freely,  because  the  same  incessantly  changes  its  velocity.  On  the 
other  hand,  rest,  or  the  invariability  of  the  state  x>f  motion  of  a  body, 
must  not  be  attributed  to  the  absence  of  forces,  for  opposite  forces 
destroy  each  other  and  produce  no  effect.  The  gravity  with  which  a 
body  falls  to  the  ground  still  acts,  though  the  body  rest  upon  a  table ; 
but  this  action  is  counteracted  by  the  solidity  of  the  table  or  of  the 
support. 

§  46.  A  body  is  in  equilibrium,  or  the  forces  acting  upon  a  body 
are  in  equilibrium,  when  there  is  no  residuary  effect,  no  motion  pro- 
duced or  changed,  or  when  each  neutralizes  the  other.  In  a  body 
suspended  by  a  thread,  the  strength  of  the  thread  is  in  equilibrium 
with  gravity*  In  forces,  equilibrium  is  destroyed,  and  motion  arises 
if  one  of  the  forces  be  removed,  or  in  any  way  counteracted ;  for  in- 
stance, a  steel  spring,  bent  by  a  weight,  enters  into  motion  when  the 
weight  is  taken  away,  because  the  force  of  the  spring,  called  elasti- 
city, then  comes  into  action. 

Statics  is  that  part  of  mechanics  which  treats  of  the  equilibrium  of 
forces.  Dynamics,  on  the  other  hand,  treats  of  forces  in  so  far  as 
they  produce  motion. 


DIVISION    OF    FOBCES— PRESSURE—EQUALITY    OF    FORCES.        51 

§  47.  Division  of  Forces. — According  to  their  effects,  forces  are 
either  'moving  forces  or  resistances;  that  is,  as  motion  is  brought  about 
or  impeded.  Gravity,  the  elasticity  of  a  steel  spring,  &c.,  belong  to 
motive  forces.  Friction,  the  solidity  of  bodies,  &c*,  are  resisting 
forces  or  resistances,  because  by  them  motion  is  either  diminished  or 
destroyed,  and  can  by  no  means  be  brought  about.  Moving  forces 
are  divided  into  accelerating  and  retarding;  the  first  produces  a  posi- 
tive, the  second  a  negative  acceleration ;  by  the  one  an  accelerating, 
by  the  other  a  retarding  motion  is  produced.  Resistances  are  re- 
tarding forces,  but  a  retarding  force  is  not  always  a  resistance. 
Gravity,  for  example,  acts  upon  a  body  projected  vertically  upwards 
to  retard  it ;  but  gravity,  on  this  account,  is  no  resisting  force ;  for, 
by  the  consequent  falling  down  of  the  body,  it  then  again  becomes  a 
motive  one. 

There  is  a  distinction  between  constant  and  variable  forces.  While 
constant  forces  always  act  in  the  same  way,  and,  therefore,  produce 
like  effects  in  like  particles  of  time,  i.  e.  equal  increments  or  decre- 
ments of  velocity,  the  effects  of  variable  forces  are  different  at  different 
times;  while  the  former  bring  about  a  uniformly  variable  motion,  to 
the  latter  corresponds  a  variably  accelerated  or  a  variably  retarded  one. 

§  48.  Pressure. — Pressure  and  traction  are  the  first  effects  of  forces 
upon  material  bodies.  By  means  of  them,  bodies  are  compressed  and 
extended,  and  especially  changed  in  their  form.  The  pressure  in 
traction  brought  about  by  gravity,  acting  vertically  downwards,  whicli 
the  support  of  a  heavy  body,  or  the  string  to  which  a  body  is  attached 
has  to  sustain,  is  called  the  weight  of  the  body. 

Pressure  and  traction,  and  weight  also,  are  magnitudes  of  a  parti- 
cular kind,  which  can  only  virtually  be  compared  with  each  other,  as 
the  action  of  forces  serves  for  their  measurement.  The  simplest,  and 
on  that  account  the  most  general,  means  of  measuring  forces  is  by 
weights. 

§  49.  Equality  of  Forces. — Two  weights,  or  two  pressures,  or  trac- 
tions, and  also  the  forces  which  correspond  to  these  last,  are  equal, 
when  one  may  be  replaced  by  the  other,  without  producing  different 
effects.  If,  for  example,  a  steel  spring  be  bent  by  a  weight  G,  as  by 
another  G19  then  are  these  weights,  and  therefore  the  gravities  in  both 
bodies,  equal.  If  a  loaded  balance  be  made  to  vibrate  as  much  by  a 
weight  G  as  by  another  G^,  substituted  for  G,  these  two  weights  <?, 
Gt  are  equal;  in  this  case,  the  arms  of  the  balance  may  be  equal  or 
unequal,  and  the  remaining  load  great  or  small* 

A  pressure  or  weight  (force)  is  2,  3,  4?  &c.,  times  as  great  as  ano- 
ther pressure,  &c.,  if  it  produces  the  same  efiect  as  2,  3,  4  .  „  .  n  pres- 
sures together  of  the  second  kind*  If  a  balance,  otherwise  loaded  M 
will,  is  brought  into  the  same  vibration  by  a  weight  (  G)  as  5  fejp  tlte 
addition  of  2,  3,  4,  equal  weights  (Gx),  the  weight  (G)ia  2*  %4^&e^ 
times  as  great  as  the  -weight  (G^,  ,  «  >  ±  /  M  *  s  $  1 : 

§  50.  Matter. — Matter  is  that  by  means  of  which  hocKefe  belonging 
to  the  external  world,,  which  in  ^tmtradistlnetioit  to  ^©ojaa^tical  bodies 
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we  term  material  or  physical,  act  upon  our  senses.     Mass  is  the  quan- 
tity of  matter  composing  a  body. 

Bodies  of  equal  volume,  or  equal  geometrical  contents,  have  gene- 
rally different  weights  when  they  consist  of  different  kinds  of  matter. 
We  cannot,  therefore,  infer  the  weight  of  a  body  from  its  volume  xintil 
we  first  know  the  weight  of  a  unit  of  volume,  for  instance,  a  cubic 
foot  or  cubic  centimetre  of  the  matter  of  the  body. 

§  51.  Unit  of  Weight. — The  measurement^  of  weights  and  forces 
consists  in  a  comparison  of  them  with  some  given  invariable  weight, 
taken  as  unity.  The  choice  of  this  unit  of  weight  or  force  is  perfectly 
arbitrary;  it  is  nevertheless  advantageous  in  practice,  that  the  weight 
of  a  volume  of  some  universally  diffused  body,  equivalent  to  that  of 
the  unit,  shoiild  be  chosen. 

The  units  of  weight  or  pressure  are  different  in  different  countries. 
In  England,  the  unit  of  pressure  from  which  all  the  rest  are  derived  is 
the  weight  of  22,185  cubic  inches  of  distilled  water  (at  a  temp.  62° 
Fahr.  taken  in  air,  and  the  height  of  barometer  at  30  inches).  This 
weight  is  equal  to  5760  grains ;  which  again  is  equal  to  one  pound 
troy,  and  7000  such  grains  constitute  the  pound  avoirdupois.  The 
gramme  is  the  weight  of  a  cubic  centimetre  of  pure  water  in  a  state 
of  maximum  density  (at  a  temperature  of  4°  C.).  The  Prussian  pound 
is  also  a  unit  referred  to  a  weight  of  water.  A  Prussian  cubic  foot  of 
distilled  water  in  vacuo,  and  at  a  temperature  15°  R.  weighs  66  Prus- 
sian pounds.  Now  a  Prussian  foot  =  139,13  Paris  lines  =  0,3137946 
metres  =  1,029722  English  feet:  hence  it  follows  that  a  Prussian 
pound  —  467,711  grammes  ==  1,031114  pounds  English.* 

§  52.  Inertia. — Inertia  is  that  property  of  matter,  in  consequence 
of  which  it  can  of  itself  alone  neither  acquire  nor  change  motion. 
Every  material  body  remains  at  rest  so  long  as  no  force  acts  upon  it, 
and  every  material  body  once  set  into  motion  maintains  a  uniform 
rectilinear  motion,  so  long  as  it  is  not  subjected  to  the  action  of  a  force. 
Hence,  when  a  change  takes  place  in  the  condition  of  motion  of  a 
body,  when  it  changes  its  direction  of  motion,  or  when  it  acquires  a 
greater  or  less  velocity,  this  is  not  to  be  attributed  to  the  body  as  a 
certain  quantum  of  matter,  but  to  the  agency  of  some  foreign  cause 
or  force.  In  as  much  as  a  development  of  force  takes  place  at  every 
change  in  the  motion  of  a  material  body,  in  so  far  inertia  may  be 
ranked  amongst  forces. 

If  we  could  entirely  remove  the  forces  acting  upon  a  mass  in  mo- 
tion, it  would  move  on  uniformly  without  ceasing,  but  we  find  no- 
where such  a  uniform  motion,  because  it  is  not  possible  for  us  to  with- 
draw a  mass  from  the  action  of  every  force.  When  ^  body  maves 
upon  an  horizontal  table,  gravity,  which  is  then  counteracted  by  the 
table,  exerts  upon  the  body  no  immediate  action,  except  that  from  the 
pressure  of  the  body  against  the  table  there  arises  a  resistance,  which 
we  shall  consider  more  closely  in  the  sequel  under  the  nain.e  of  fric-> 

*  In  the  United  States,  the  standard  weight  is  the  pound  tisoy,  the  original  of  which  is 
ihe  mint  pound,  constructed  by  Capt.  Kater  at  the  request  of  Mr.  Gallatin. — AM..  ED. 
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tion,  which  incessantly  abstracts  velocity  from  the  moving  bodv  im 
parts  to  it  a  retarded  motion,  and  brings  it  finally  to  rest 

The  $air  likewise  opposes  resistance  to  a  moving  body,  and  from 
this  resistance,  if  the  friction  of  the  body  were  entirely  put  aside  a 
gradual  diminution  of  velocity  would  ensue.  But  we  find  that  the  loss 
of  velocity  becomes  the  less,  and  that  the  motion  also  approximates 
more  and  more  to  a  uniform  one,  the  more  we  diminish  the  number 
and  strength  of  these  resistances ;  and  hence  we  may  conclude  that 
by  the  removal  of  all  moving  forces  and  resistances,  an  entirely  uni- 
form motion  must  take  place. 

^  §  53.  Measure  of  Forces.— The  force  (P)  which  accelerates  an 
inert  mass  (M)  is  proportional  to  the  acceleration  (p),  and  to  the  mass 
itself  (M)  :  it  increases  m  equal  masses  as  the  increment  of  velocity 
m  infinitely  small  times,  and  increases  by  equal  increments  of  velocity 
in  the  same  ratio  as  the  masses  become  greater.  The  mtuple  accele- 
ration of  one  and  the  same  mass,  or  of  equal  masses  requires  an  witu- 
ple  force,  and  an  wtuple  mass  for  the  same  acceleration,  an  ntuple 
force.  r 

As  we  have  not  yet  chosen  a  measure  of  the  mass,  we  may  there- 
fore, at  once,  put  P=  Mp9  i.  e.  the  force  equal  to  the  product  of  the 
mass  and  the  acceleration,  and,  at  the  same  time,  in  place  of  the 
power,  its  effect,  i.  e.  the  pressure  produced  by  it. 

The  correctness  of  this  general  law  of  motion  may  be  readily  proved 
by  direct  experiment:  for  example,  by  letting  equal  and  differently 
movable  masses  be  impelled  upon  an  horizontal  table  by  means  of 
bent  springs;  and,  it  is  obvious,  from  this,  too,  that  all  the  conse- 
quences deduced,  and  all  the  laws  developed  from  them  for  com- 
pound  motions,  fully  correspond  with  observation  and  the  phenomena 
of  nature. 

§  54.  Mass. — All  bodies  fall  at  one  and  the  same  place  of  the 
earth,  and  in  vacuo  equally  fast,  viz.,  with  an  invariable  acceleration 
g  =  9,81  metres  =  32,2  feet  (§  15);  if,  therefore,  the  mass  of  a  body 
=  Jlf,  and  the  weight  measuring  its  gravity  =  G,  we  have  from  the 
last  formula  G—  Mgy  i.  e. 

the  weight  of  a  body  is  a  product  of  its  mass  and  the  acceleration  of 

gravity,  and  inversely:          JldT«= — ,  i.  e. 

g 

the  mass  of  a  body  is  its  weight  divided  by  the  acceleration  of  gravity, 
or  the  mass  is  that  weight  which  a  body  would  otherwise  have  if  the 
acceleration  of  gravity  were  =  to  unity,  as  a  metre,  a  foot,  &c.  At 
a  point  Upon,  or  in  the  vicinity  of  the  earth,  or  of  any  other  heavenly 
body,  where  bodies  do  not  fall  with  9,81  metres  =  32,2  feet,  but  AfcMh 
a  velocity  (after  the  first  second)  of  one  metre  =  3J  ft.,  the  ifoa&si  or 
rather  its  measure,  is  from  hence  immediately  given  by  the  weight  of 
the  body. 

*  According  as  we  express  the  acceleration  of  gravity  iri  metres  or 
in  feet,  we  have,  therefore*  the  mass 

5* 
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aa  G. 

The  mass  of  a  20  lb.  heavy  body,  .M=  0,031  x  20=  0,62  lb.,  and 
inversely  the  weight  of  a  mass  of  20  Ibs.  G=  32,2x20  =644  Ibs. 

§  55.  In  so  far  as  we  assume  the  acceleration  (g-)  of  gravity  as 
invariable,  it  follows  that  the  mass  of  a  body  is  exactly  proportional 
to  its  weight,  and  that  also  for  the  masses  M  and  Mv  with  the  weights 

^        i  ^  M      G 

GandG,:  ^  =  -^. 

We  hence  obtain  the  weight  as  a  measure  of  the  mass  of  a  body; 
the  greater  the  mass  which  a  body  measures,  the  greater  is  its 
weight. 

The  acceleration  of  gravity  is,  in  fact,  somewhat  variable,  it  be- 
comes greater  the  nearer  we  approach  the  poles  of  the  earth,  and 
diminishes  the  more  we  advance  towards  the  earth's  equator;  it  is 
greatest  at  the  poles,  and  least  at  the  equator.  It  also  diminishes  the 
more  a  body  is  above  or  below  the  level  of  the  sea;  and  attains  its 
greatest  value  at  the  level  of  the  sea.  But,  since  a  mass,  so  long  as 
nothing  is  added  to,  or  taken  from  it,  is  invariable,  so  that  at  all  points 
of  the  earth,  as  well  as  those  beyond  it,  at  the  moon,  for  instance,  it 
is  still  the  same  ;  it  hence  follows  that  the  weights  also  of  bodies  are 
variable  and  dependent  upon  the  place  of  the  bodies,  and  must  be 
altogether  proportional  to  the  acceleration  of  gravity,  corresponding 

with  the  place,  or  =~  JL. 

One  and  the  same  steel  spring  is  differently  bent  by  one  and,  the 
same  weight  at  different  places  of  the  earth  ;  it  is  least  at  the  equator, 
on  high  mountains,  and  in  deep  mines;  greatest  in  the  vicinity  of  the 
poles,  and  at  the  level  of  the  sea. 

§  56,  Density  is  the  intensity  with  which  space  is  filled  by  matter. 
A  body  is  so  much  the  denser  the  more  matter  there  is  in  its  space. 
The  natural  measure  pf  density  is  that  quantity  of  matter  (that  mass) 
which  fills  a  unit  of  volume,  because  matter  can  only  be  measured 
by  weight,  so  that  the  weight  of  a  unit  of  volume,  a  cubic  metre,  or 
cubic  foot  of  some  matter,  serves  as  a  measure  of  its  density. 

For  example:  the  density  of  a  cubic  foot  of  water  =  62,38  lb., 
and  that  of  cast  iron  =  452,13  lb,,  because  a  cubic  foot  of  water 
weighs  62,38  lb.  =  998,08  oz.  avd.,  and  a  cubic  foot  of  cast  iron 
weighs  452,13  lb. 

From  the  volume  V  of  a  body  and  its  density  y,  its  weight  G  = 
Vy.  The  volume  multiplied  by  the  density  gives  the  weight  of  a 
body. 

The  density  of  bodies  is  either  uniform  or  variable,  according  as 
equal  volumes  of  the  same  body  are  of  equal  or  of  unequal  weight. 
The  density  of  metals,  for  instance,  is  uniform,  or  they  are  homoge- 
neous, because  equal  and  very  small  parts  of  them  are  of  the  same 
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weight  :  on  the  other  hand,  granite  is  a  body  of  variable  density,  be- 
cause made  up  of  parts  of  different  densities. 

Example.  —  1.  If  the  density  of  lead  be  708  Ibs.,  3,2  cubic  feet  of  lead  weigh  =708X 
3,2=2265  Ibs.  —  2.  If  the  density  of  bar  iron  ==485,8  Ibs.;  a  mass  of  it  of  205  Ibs.  has  a 

volume  V=  —  ==-^—  =  0,4023  cubic  ft.  =  0.4083  XI  72  8=705.54  cubic  inches.  —  3. 

y         502 
10,4  cubic  feet  of  deal,  perfectly  saturated  -with  water,  weigh   577  Ibs.  j  the   density  of 

this  wood  is  therefore:  y  ==  —  s=s=  -  =  55,5  Ifas. 

§  57.  Specific  Gravity.  —  Specific  gravity  or  specific  weight  is  the 
relation  of  the  density  of  a  body  to  that  of  the  density  of  some  other* 
generally  water,  taken  for  unity.  Now  the  density  is  equal  to  the 
weight  of  a  unit  of  volume  :  hence  the  specific  gravity  is  also  the 
relation  of  the  weight  of  one  body  to  that  of  another,  viz,  water, 
under  the  same  volume, 

In  order  not  to  confound  the  specific  weight  with  that  which  belongs 
to  a  body  of  a  certain  magnitude,  the  last  is  usually  called  the  abso- 
lute weight. 

If  y  be  the  density  of  matter  (of  water)  to  which  we  refer  the  den- 
sity of  other  matter,  and  yt  fche  density  of  any  one  kind  of  matter, 
whose  specific  gravity  we  will  designate  by  s,  then  the  formula 

s—  J¥l  and  yx  =s  «  *  y. 

v 

holds  good,  and  the  density  of  a  substance  is  equal  to  its  specific 
gravity  into  the  density  of  water. 

The  absolute  weight  G  of  a  mass  of  volume  V  and  specific  gravity 
*  is  :  G  =  Fri  =  F*y. 

Example.  _  I.  The  density  of  pure  silver  is  653,368  Ibs.  and  that  of  water  =  62,38  Ibs,, 
consequently  the  specific  gravity  of  the  former  —  .  -*L'  =10,474;  i.  e.  each  mass  of 

silver  is  10*  times  as  heavy  as  a  mass  of  water  filling  the  same  space,  —  2.  The  specific 
gravity  of  quicksilver  =  13,598;  its  density,  therefore,  is  =  13,598  X  62,38  =848,24 
Ibs.  5  a  mass  of  35  cubic  inches,  therefore,  weighs  : 


G=84S,24  .  F~ 

Remark.  In  these  calculations  the  use  of  the  French  measure  and  weight  has  this 
advantage,  that  in  order  to  effect  the  multiplication  of  t  and  y,  it  is  merely  requisite  to 
advance  the  decimal  point;  because  a  cubic  centimetre  of  water  weighs  one  gramme, 
and  a  cubic  metre  a  million,  or  one  thousand  kilogrammes.  The  density  of  quicksilver, 
according  to  the  French  measure  and  weight  =  13,598  X  1000  =  13598  kilog.  5  1  «.  a 
cubic  metre  of  quicksilver  weighs  13&98  kilogrammes. 

§  58.   The  following  table  contains  the  specific  gravities  of  certain 
bodies  constantly  coming  into  application  in  mechanics: 
Mean  specific  gravity  of  dry  laurel  wood  .  * 

«  saturated  with  water  .  .    —    ,? 

Mean  specific  gravity  of  dry  pine  wood  .  .*   =     <M|  $ 

«  saturated  with  water  .  -   =     O,odSf 

Quicksilver         .  .  .  •  -  '  —  '  ''?**£®8 

Lead      .  .  *  -  *  .  ,   ^=r     £1^* 

*  See  «  On  the  Absorption  of  Water  by  Wood,1'—  P^lytechmsches  Stikfy^trngen,  Part  iv. 
1844. 
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o    ••vp: 

Copper,  cast  and  compact  .  •  •               •    =  ^^ 

"        forged      .  .  -  -  •                   —  8>55 

Brass                       .  -  •  •  *               *    =  7*50 

Iron,  cast,  white  •  -  •  "               "    7*10 

*«        *«      gray    .  •  -  *  "               '    ~  7*06 

«        ic      medium  -  -  •  *                *    7*80* 

"      bar  Iron  •  •  •  '                "    ~  7^0^ 

Zinc,  fused            .  *  •  •  •               "    ~  T'^/L 

"      rolled  .  2*50~to  3  05 

Granite  -  >   9  t  2'71 

|-^          *  .  >£yOi^    IO    /^j  /  -L 


.     - 

Masonry,  with  lime  mortar  of  quarry  stone  :  fresh      .          .      ==  2,46 

tt  tc  «  of  sandstone :  fresh      .  .      =  2,12 

dry  .      =  2,05 

c<  c<  «  of  brick:  fresh       =  1,55  to  1,70 

*       dry  =  1347  to  1,59 

Earth,  loamy,  hard  stamped,  fresh  .  .  -  =  2,06 

dry  .  -  •  =  l,9o 

Garden  earth,  fresh  .  -  -  -  -  —  ^5 

dry =  1>63 

Dry,  poor  earth       .  •  •  •  ^  •  —  J.,^ 

§  59.  State  of  Aggregation. — Bodies  appear  to  us,  according  to  the 
different  cohesion  of  their  parts,  under  three  principal  conditions, 
which  we  term  states  of  aggregation.  They  are  either  solid  or  fluid, 
and  in  the  latter  case,  either  liquid  or  gaseous.  Solid  bodies  are  those 
whose  parts  adhere  so  strongly  together  that  a  certain  force  is  required 
to  change  the  form  of  these  bodies,  or  to  effect  their  division.^  Fluid 
bodies,  on  the  other  hand,  are  those  whose  parts  may  be  displaced 
about  each  other  by  the  smallest  force.  Elastic  fluid  bodies,  whose 
representant  is  atmospheric  air,  are  distinguished  from  the  liquid  re- 
presented by  water,  in  as  much  as  there  is  inherent  in  them  an  en- 
deavor to  dilate  themselves  more  and  more,  which  is  not  the  case  with 
water,  &c. 

While  solid  bodies  hare  a  proper  form  and  determinate  volume, 
liquid  or  aqueous  bodies  possess  only  a  determinate  volume  without 
any  proper  form,  and  the  elastic  extensible  fluid  bodies  have  neither 
one  nor  the  other. 

§  60.  Division  of  Forces. — Forces  are  different  according  to  their 
nature ;  we  will  here  mention  the  principal : 

1.  Gravity,  by  means  of  which  all  bodies  tend  to  approach  towards 
the  centre  of  the  earth. 

*  Rolled  boiler  plate  Iron  has  a  sp.  gr.  from  7,60  J  3  to  7,7922,  or  a,  mean  of  7S73447  the 
amount  of  variation  being  g^.jth  part  of  the  mean  density.  By  seventeen  trials  of  ham- 
mered bar  iron,  its  mean  sp.  gr.  was  found  to  be  7,7254.  See  "  Report  on  Strength  of  Ma- 
terials for  Steam  Boilers v"p,  232»  Also  Journal  Franklin  Inst.,  1837. — AM.  ED. 
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2.  The  force  of  inertia,  which  manifests  itself  when  changes  in  the 
velocity  of  inert  masses  occur* 

3.  The  -muscular  force  of  animated  beings;  the  force  exerted  by 
the  muscles  of  men  and  animals. 

4.  Elasticity  or  spring-force,  which  bodies   exhibit  in  a  change  of 
their  form  or  volume. 

5.  The  force  of  heat  or   caloric,  in  consequence  of  which  bodies 
expand  or  contract  by  a  change  of  temperature. 

6.  The  magnetic  force,  or  the  attraction  and  repulsion  of  magnets. 

7.  The  cohesive  force,  the  force  by  which  the  parts  of  a  body  are 
kept  together,  and  resist  separation. 

8.  Jldhesion,  the  force  with  which  bodies  brought  into  close  contact 
attract  each  other. 

The  resistances  of  friction,  rigidity,  solidity,  &c.,  arise  mainly  from 
the  force  of  adhesion. 

§  61.  In  reference  to  forces  we  have  to  distinguish: 

1.  Its  point  of  application,  that  point  of  a  body  on  which  the  force 
immediately  acts. 

2.  Its  direction,  the  straight  line  in  which  a  force  moves  forward 
its  point  of  application,  or  strives  to  move  it  forward,  or  to  impede 
its  motion.      The  direction  of  a  force,  like  every  direction  of  motion, 
has  two  senses,  it   can  take  place  from  left  to   right,  or  from  right  to 
left,  from   above  to  below,  and   from  below  to   above.      The   one  is 
termed  positive,  the   other  negative.     As  we  write  from  left  to  right, 
and  from  above  to  below,  it  would  be   most   convenient  were  we  to 
call  these  motions  positive,  and  those  in  the  opposite  direction,  nega- 
tive. 

,    3.   The  absolute  magnitude  or  intensity  of  a  force,  which,  as  above 
stated,  is  measured  by  weights,  as  pounds,  kilogrammes,  &c. 

§  62.  Action  and  re-action. — The  first  effect  which  a  force  produces 
in  a  body,  is  a  change  of  form  or  volume  combined  with  extension  or 
contraction,  which  begins  at  the  point  of  application,  and  from  thence 
diffuses  itself  further  and  further.  By  this  inward  change  of  the  body, 
its  inherent  elasticity  is  called  into  action,  puts  itself  into  equilibrium 
with  the  force,  and,  therefore,  is  equal  and  opposed  to  the  force.  Ac- 
tion and  re-action  are  equal  and  opposed  to  each  other.  This  law 
not  only  prevails  in  reference  to  forces  produced  by  contact,  but  also 
in  the  so-called  forces  of  attraction  and  repulsion  amongst  which  the 
magnetic  force  and  gravity  itself  maybe  ranked.  The  more  strongly 
a  magnet  attracts  a  bar  of  iron,  the  more  strongly  is  the  magnet  itself 
attracted  by  the  iron.  The  force  with  which  the  moon  is  attracted 
towards  the  earth  (gravitation)  is  equal  to  that  with  which  the  moon 
reacts  upon  the  earth.  The  force  with  which  a  weight  presses  ^pon 
its  support  is  given  back  in  an  opposite  .direction ;  the  fjorce  with 
which  a  workman  draws  or  pushes  at  a  machine,  Sec.,  reacts  upon 
the  ^workman  and  strives  to  move  him  in  the  opposite  direction. 
When  a  body  impinges  against  another,  the  pressures  are  Reciprocally 
equal  on  each  of  the  bodies. 

§  63.  Division  of  Mechanics. — The  whole,  subject  bf  mechanics 
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may  be  included  under  two  principal  divisions,  according  to  the  state 
of  aggregation  of  bodies. 

1.  The  mechanics  of  solid  bodies,  which  is  also  well  named  geo- 
mechanics. 

2.  The  mechanics  of  fluid  bodies,  hydromechanics  or   hydraulics  ; 
the  last  is  subdivided  into : 

1.  Into  the  mechanics  of  water   and   liquid  bodies   especially,  hy- 
dromechanics or  hydraulics. 

2.  Into  the  mechanics  of  air,  and  other  aeriform  bodies,  especially, 
aeromechanics,  the  mechanics  of  elastic  fluids. 

If  we  now  have  regard  to  the  division  of  mechanics  into  statics  and 
dynamics,  we  have  the  following  parts: 

1.  Statics  of  solid  bodies,  or  geo statics. 

2.  Dynamics  of  solid  bodies,  or  geodynamics. 

3.  Statics  of  fluids,  or  hydrostatics. 

4.  Dynamics  of  fluids,  or  hydrodynamics. 

5.  Statics  of  aeriform  bodies,  or  aerostatics. 

6.  Dynamics  of  aeriform,  aerodynamics,  or  pneumatics. 


CHAPTER    II. 

THE  MECHANICS  OF  A  MATERIAL  POINT. 

§  64.  A  material  point  is  a  material  body,  whose  dimensions  are 
indefinitely  small  in  comparison  with  the  space  occupied  by  it.  In 
order  to  simplify  the  representation,  we  will  in  the  following  consider 
only  the  motion  and  equilibrium  of  a  material  point.  A  finite  body 
is  a  continuous  union  of  an  infinite  number  of  material  points.  If  the 
single  points  or  elements  are  all  perfectly  equal,  i.  e.  move  equally 
quick,  in  parallel  straight  lines,  we  may  then  apply  the  theory  of  the 
motion  of  a  material  point  to  that  of  the  whole  body,  because,  in  this 
case,  we  may  assume  that  equal  parts  of  the  mass  of  the  body  are 
impelled  by  equal  parts  of  the  force. 

§  65.  Simple  constant  Force. — If  (p]  be  the  acceleration  with  which 
a  mass  (Jkf)  is  impelled  by  a  force,  we  have,  from  §  53,  the  force  : 

P 

P  =  Mp,  and  inversely,  the  acceleration,  p  =  -^. 

If,  further,  we  put  the  mass  M  =  — ,  where  Gis  the  weight  of  the 

body,  and  g  the  acceleration  of  gravity,  we  have  the  force  : 

P 
I .  P  =  --    G,  and  the  acceleration : 
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We  find,  therefore,  the  force  (P)  which  impels  a  body  with  a  cer- 
tain acceleration  (p)  when  we  multiply  the  weight  of  the  body  (G)  by 

the  ratio  \^-J  of  its  acceleration,  to  that  of  gravity. 

Inversely,  the  acceleration  (p),  with  which  a  body  is  moved  forward 
by  a  force  (P)  is  given,  when  the  acceleration  (g)  of  gravity  is  multi- 
plied by  the  ratio  \~Q^}  of  the  force  and  weight  of  the  body. 

Example.  Let  us  suppose  a  body  lying  on  an  horizontal  and  perfectly  smooth  table, 
•which  presents  no  impediment  to  the  body  in  its  course,  but  counteracts  the  effect  of 
gravity  upon  it.  If  this  body  be  pressed  upon  by  a  force  acting  horizontally,  the  body 
•will  give  -way  to  this  influence,  and  move  forward  in  the  direction  of  this  force.  If  the 
weight  of  this  body  be  O=  50  Ibs.,  and  if  P=  10  Jbs.  presses  uninterruptedly  upon  it,  it 

-jp  1  Q 

•will  enter  into  a  unifonnly  accelerated  motion  with  the  acceleration  p  =_.  % — -  _  ^ 
32,2  =:  6,44  feet.  On  the  other  hand,  if  the  acceleration -with -which  a  42  Ib.  heavy  body 

becomes  accelerated  by  a  force  (P)  =  9  feet,  then  will  this  force  P  —  ^L  .  G  —  

g  ~   32,25 

X  42  =  0,031  X  378  =  11,7  Ibs. 

§  66.  If  the  force  which  acts  upon  a  body  is  constant,  there  arises 
a  uniformly  variable  motion,  and  indeed  a  uniformly  accelerated  one, 
if  the  direction  of  the  force  corresponds  with  the  initial  direction  of  the 
motion ;  and,  on  the  other  hand,  a  uniformly  retarded  one,  if  the  direc- 
tion of  the  force  is  opposite  to  that  of  the  initial  direction  of  motion. 
If  we  substitute  in  the  formulae  (§  13  and  §  14)  for  _p,  the  value 

P          P 

—  —  g9  -we  obtain  the  following : 

M         G 

I.  For  uniformly  accelerated  motions  : 

1.  v  =  c  +  ~gt,  or  v  =  c  +  32,2  *t. 

Or  \JT 

2.  s  =  ct  +_g €?,  ors=*ct+  16,1  -g-  P. 

II.  For  uniformly  retarded  motions  : 

1.  «=.c_-^g<-  c—  32,2 -J*. 

2.  s  — i  ct  _  4^  —  =  ct —  I6>*  -S-  **• 

G  2>  Gr 

With  the  help  of  these  formulae  all  those  questions  maybe  answered 
which  can  be  proposed  relative  to  the  rectilinear  motions  of  bodies  by 
a  constant  force. 

Example. — 1.  A  carriage  weighing  2000  Ibs.  goes  with  a  4  feet  velocity  -upon  a  BoTfc- 
zontal  line,  offering  no  impediments  to  it,  and  pushed  forward  by  an  in  variable  iforcp  of 
25  Ibs.  during  lb  seconds,  with  -what  velocity  will  it  proceed  after  the  action  of  thisiorce? 

This  velocity  v  =s=  c+  32,2  ^-  t,  but  c  =  4,  P=  25  lbs.>   G  =  2000, and t=*  3 Silence 

25 

it  follows,  v  sss  4  +  32,2  .  — r -  - 15  =  10,03  feet. — 2.  Under  similar  <arc?iHisteuKses  a  car- 
riage, weighing  5500  lbs.3  which,  setting  out  with  a  uniform  velocity,  has  traversed  950 
feet  in  3  minutes,  is  so  impelled  forward  by  a  force  acting  continiiousty  lor  30  seconds, 
that  it  afterwards  passes  over  1650  feet  in  3  minutes j  wimt  is  this  force?  Here  the 
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950  . 

initial  velocity  c  =  -         •  =  5,277  feet  per  second,  and  the  terminal  velocity,  v 

p  3,889.  G 

=  9,166  feet;  therefore  ^-  gt  =  v  —  -  c  =  3,889,  and  the  force  P  =  -  —  -  =  0,031  X 


3,889  x  =  0,12056  X  ^=22,10  Ibs.  —  3.  A  sledge,  weighing  1500  Ibs.,  sliding 

30  3 

forward  with   a  15  ft.  velocity,  loses,  through  friction,  upon   its   horizontal   support,  its 
whole  motion  in  25  seconds:  how  great  is  this  friction?     Here  the  motion  is  uniformly 

T-^f  f~*  r 

retarded,  and  the  terminal  velocity  v  =  0  j  hence  c  =  32,2  ™,   and  P  =  0,031  —  = 

0031   X   -  =0,031  X900  =  27,9    lbs-  tbe   friction    demanded.  —  4.     Another 

3  25 

sledge,  of  1200  Ibs.  and  12  feet  initial  velocity,  has  to  overcome  by  its  motion  a  friction 
of  45  Ibs.;  what  velocity  has  it  after  8  seconds,  and  how  great  is  the  distance  described? 

The  terminal  velocity  is  v  =  12  —32,2  X  *       0    =  12  ~  9>66  =  2'34  feet>  and  the 


distance  described  *  =    j  t  =  (12  +  2'34)   X  8  ==57.36  feet. 

§  67.  Mechanical  Effect.  —  The  work  done,  or  mechanical  effect, 
is  that  effect  of  a  force  which  it  produces  in  overcoming  a  resist- 
ance: as  that  of  inertia,  friction,  gravity,  &c.  Work  is  performed 
when  loads  are  lifted,  a  great  velocity  imparted  to  masses,  bodies 
changed  in  their  form  or  divided,  &c.  The  work  done,  or  the  me- 
chanical effect  produced  depends  not  only  on  the  force,  but  also  on 
the  distance  through  which  it  is  made  to  act  or  to  overcome  the  resist- 
ance ;  it  increases,  of  course,  simultaneously  with  the  force  and  the 
distance.  If  we  lift  a  body  slowly  enough  to  allow  of  our  neglecting 
its  inertia,  the  labor  expended  is  then  proportional  to  its  weight;  for 
1,  the  effect  is  the  same  whether  m  (3)  times  the  weight  (m  G-)  is 
lifted  to  a  certain  height,  or  whether  m  (3)  bodies  of  the  single  weight 
(G)  are  lifted  to  the  same  height;  it  is,  namely,  m  times  as  great  as 
the  effort  necessary  for  the  lifting  of  a  single  weight  to  that  height; 
and,  again,  2,  the  work  is  the  same,  whether  one  and  the  same  weight 
be  raised  to  n  (5)  times  the  height  (n  h\  or  n  (5)  times  through  the  height, 
and  it  is  of  course  n  (5)  times  as  great  as  if  the  same  weight  were 
raised  to  a  single  height  (h).  The  work  again  done  by  a  slowly  fall- 
ing weight  is  proportional  to  the  magnitude  of  this  weight  and  the 
height  from  which  it  has  descended.  This  proportionality  also  holds 
in  every  other  kind  of  work  done.  In  order  to  make  a  saw-cut  of  a 
given  depth  of  double  the  length,  there  are  twice  as  many  particles 
to  separate  as  from  a  cut  of  a  single  length  ;  the  work,  therefore,  is 
twice  as  great.  The  double  length  requires  double  the  distance  to  be 
described  by  the  force,  consequently  the  work  is  proportional  to  the 
distance.  In  like  manner  the  work  of  a  pair  of  mill  stones  increases 
with  the  quantity  of  grains  of  a  certain  kind  of  corn,  which  they 
grind  to  a  certain  degree.  This  quantity,  under  otherwise  similar 
circumstances,  is  proportional  to  the  number  of  revolutions,  or  rather 
to  the  distance  which  the  upper  mill-stone,  during  the  grinding^of 
this  quantity  of  corn,  has  gone  through  ;  consequently  the  work  in- 
creases in  proportion  to  the  distance. 

§  68.   The  dependence  above  shown  of  the  work  produced  by  a 
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force  upon  the  magnitude  of  the  force  and  distance  described  by  it, 
allows  us  to  take  that  amount  of  work  which  is  expended  in  over- 
coming a  resistance  of  the  magnitude  of  the  unit  of  weight  (as  a  kilo* 
gramme,  pound,  &c.),  along  a  path  of  the  magnitude  of  the  unit  of 
length  (metre  or  foot,)  as  a  unit  of  the  mechanical  effect,  or  the  dyna- 
mical unit,  and  then  we  may  put  the  measure  of  this  equal  to  the 
product  of  the  force  or  resistance,  and  the  distance  described  in  the 
direction  of  the  force  whilst  overcoming  this  resistance. 

If  we  put  the  amount  of  the  resistance  itself  =  P,  and  the  distance 
described  by  the  force,  or  rather  by  its  point  of  application,  in  over- 
coming this  =  Sy  the  labor  expended  is : 

L  =tP  s  units  of  work. 

In  order  to  define  more  clearly  the  unit  of  work,  for  which  the 
single  name,  dynam?  may  be  used,  both  factors  P  and  s  are  generally 
given  5  and,  therefore,  instead  of  units  of  work,  we  say  kilogram- 
metres,  pounds-feet ;  and  inversely,  metrekilo.  and  feet-pounds  ac- 
cording as  the  weight  and  distance  are  expressed  in  kilogrammes 
and  metres,  or  in  pounds  and  feet.  These  terms  are  usually  expressed 
for  simplicity  by  the  abbreviations  mfc,  or  &m,  lb.ft.y  orjfif*  lb« 

Example. >\.  In  order  to  raise  a  stamper  21Qlbs.  15  Inches  high,  the  mechanical  effect 

Z,  =  210  x  —  262,5  ft  Ihs.  is  necessary. — 2.  By  a  mechanical  effect  of  15Q0  ft,  lbs-» 
a  sledge,  which  in  its  motion  has  to  overcome  a  friction  of  75  Ibs.,  is  driven  forward 
a  space  *_  Jl  =  152°  =  20  feet. 

§  69,  Not  only  in  an  invariable  force  or  constant  resistance  is  the 
labor  a  product  of  the  force  and  distance,  but  also  the  labor  may  be 
expressed  as  a  product  of  the  distance  and  force,  when  the  resistance 
whilst  being  overcome  is  variable,  if  a  mean  value  of  the  continuous 
succession  of  forces  be  taken  as  the  force.  The  relation  is  here  the 
same  as  that  of  the  time,  the  velocity,  and  the  space ;  for  the  last 
may  be  regarded  as  a  product  of  the  time  by  the  mean  value  of  the 
velocities-  The  same  graphical  representations  are  here  also  appli- 
cable. The  mechanical  effect  produced  or  expended  may  be  con- 
sidered as  the  area  of  a  rectangular  figure,  -&BC.D,  Fig.  27,  whose 
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Fig*  28. 
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base  J9B  is  the  space  described  {»>  and  whose  height  Is  fcitWer  tte 
invariable  force  (P)  itself,  or  the  mean  of  the  differed  valm^rf  the 
forces.  In  general,  the  trork  may  be  represented  by  the*  str«a  of  a 
figure  *ABCJ?,  Fig.  28,  which  has  for  its  base  th*»  0ps«*  i^vdd  whose 
height  above  each  point  <tf  f tie  base  is  eqiial  f©  ^^ 
6 
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with  each  point  of  the  path  described.  If  the  figure  JiBCD  be  trans* 
formed  into  a  rectangular  one  jJBEF  of  like  area,  we  have  the  height 
J1F  »ss  BE  for  the  mean  value  of  the  force  —  the  mean  effort* 

§  70*  Arithmetic  and  geometry  give  different  methods  for  finding 
a  mean  value  from  a  constant  succession  of  magnitudes.  Amongst 
these,  Simpson's  rule  is  that  which  is  the  most  frequently  applied  in 
practice,  and  it  combines  a  high  degree  of  accuracy  with  great  sim- 
plicity. 

In  every  case  it  is  necessary  to  divide  the  space  J%B=s  (Fig.  29) 

into  n  (the  more  the  better)  equal  parts, 
as  AE*=EG*=*  GJ,  &c.,  and  to  measure 


the  forces  EF^P^  GH=P2,  =3, 
&c.»  at  the  ends  of  these  parts  of  the 
distance.  If,  then,  we  put  the  initial 
force  */?/>==  PQ  and  the  force  at  the  other 
end  JSC~Pm,  we  have  for  the  mean 
force  : 


and,  therefore,  its  work  is: 


n 

If  the  number  of  parts  (n)  be  even,  viz.,  2,  4,  6,  8,  &c.3  Simpson's 
rule  gives  still  more  accurately  the  mean  force  : 


and,  therefore,  the  corresponding  work: 


-1T  -w 

Example.  In  order  to  find  the  mechanical  work  which  a  draught  horse  performs  in 
drawing  a  carriage1  over  a  certain  way,  we  make  use  of  a  dynamometer,  or  measurer  of 
iorre,  which  is  put  into  communication  on  mie  side  with  the  carriage,  and  on  the  other 
•with  the  traces  of  the  horse,  and  the  force  is  observed  from  time  to  time.  If  the  initial 
iorce  PO=BB  11O  Ibs.,  the  force,  after  describing  25  feet  =»  122  Ibs.j  after  50  feet  =  127 
It*. ;  after  75  feet  as  120  Ibs..  and  at  the  end  of  the  whole  distance  of  100  feet  =  114 
ib*. ;  thfMti  the  mean  value,  according  to  the  first  formula:  PSK  (£  .  110+  122+  127  + 
120+4  .  114)  -r-  4  seat  120,26  Ibe.,  and  the  mechanical  work:  P  *  =  120,25  X  100  = 
12O25  ft.  Ibs, 
from  the  sewnd  formula;  P  »  (110+4  .  122+2  ,  127  +  4  .  120+  114) -f-  3X4 

ass aas  120,5  Iba.,  and  the  mechanical  work 

P  *  =  120,5  X  100  a*  12050  ft  Ibs. 

§  71.  Principle  of  the  Vis    Viva,  or  Living  Forces. — If,  in  the 
formula  of  (§  13)  s  =  JLJIZ —  orps  =  JL^I —  we  substitute  for  the 

acceleration  p9  its  value  _  g,  we  thus  obtain  p?—  /  p      ^  \  Gf,  or 

G  \     %*     / 

_  S  -4t 

if  we  designate  the  heights  due  to  the  velocities  —  and  —  by  h  and  A, : 

2^*         2lj?" 

P  *  _  (A— A,)  C?. 
If  we  interpret  this  equation,  so  useful  in  practical  mechanics,  we 
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find  that  the  work*  (P  s)  which  a  mass  either  acquires  when  it  passes 
from  a  lesser  velocity  (c)  into  a  greater  (#),  or  produces,  when  it  is 
compelled  to  pass  from  a  greater  velocity  into  a  less,  is  ^  constantly 
equal  to  the  product  of  the  weight  of  this  mass,  and  the  difference  of 

/v2         c2  \ 
the  heights  due  to  the  velocities   / —  V- 

Example  1.  In  order  to  impart  to  a  carriage  of  4000  Ibs.  weight,  upon  a  perfectly 
smooth  railroad,  a  velocity  of  30  feet,  a  mechanical  work  P  *  =  — -  G  =  0,0155  v*  G  ss= 

0^0155X900X4000  =  55800  ft.  Ibs.  is  required;  and  just  so  much  work  will  this  car- 
riage perform  if  a  resistance  be  opposed  to  it,  and  it  be  gradually  brought  to  rest. — 2. 
Another  carriage  of  6000  Ibs.  goes  forward  with  a  velocity  of  15  feet,  which  is  trans- 
formed by  a  force  acting  upon  it  into  a  velocity  of  24  feet,  how  great  is  the  work  acquired 
by  this  carriage,  or  done  by  the  force?  To  the  velocities  15  a»d  24  feet  correspond  the 
heights  due  to  velocity  A,  =  JL  =  3,49  ft,  and  k  *_  j£  «*  8,928  ft. ;  from  this  the  me- 
chanical work  P  s  =  (A— fij)  G  aas  5,44 1  X  60OO  ==  32646  ft.  Ibs.  If,  now,  the  distance 
be  known  in  which  this  change  of  velocity  goes  on,  the  force  may  be  found;  and  whea 
this  is  known,  the  distance  may  be  determined.  In  this  last  case,  for  example,  let  the 
distance  of  the  carriage  amount  to  100  feet,  and,  whilst  describing  this,  the  velocity 

passes  from  15  into  24  feet;  we  have  the  force  P  =  (A — k£ —  =  — ~— -  =c  326,46  Ibs. 

S  i(J\) 

Were  the  force  itself  200O  Ibs.,  the  space  *  would  be  =  (A—A,)  -^=  ^If  —  16>323 

jr  £\j\i\r 

feet 3.  If  a  500  Ibs.  sledge  has  entirely  lost,  through  friction  on  its  path,  its  velocity  of 

16  feet,  after  describing  a  space  of  100  feet,  then  is  tbe  resistance  of  friction  P  «= 

«.  0,0155  X  16»X  -£§5-  —  °>0165  X  256  X  5  =  19,84  Ibs. 

§  72*  The  formula  found  for  the  work  in  the  foregoing  paragraph  : 

*  Ps=(h^-hl)G 

is  not  only  good  for  constant,  but  also  for  variable  forces,  if,  instead  of 
Py  the  mean  value  of  the  force  (from  §  70)  be  introduced ;  for  if  the 
whole  space  (s)  of  motion  be  considered  as  consisting  of  equal  and 

uniformly  accelerated  parts  described  (— V  then  we  have  the  amount 
of  work  for  these  : 


&c.,  in  so  far  as  t?15  t?2,  t?3,&c*,  stand  for  the  velocities  acquired  at  the 
end  of  these  parts  of  space ;  and  by  the  addition  of  all  these  works 
we  have  the  whole  work  required  for  the  transformation  of  the  velocity 
c  into  *> : 

p  *„  ( p  4_p  JL.P +„  „  \  JLga^*     ^  G,  because  for  an  mfinite  mnm- 
x    l        *  n         2g 

*  1  4,  Working  po^r«r. 
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ber  (n)  of  forces  (P1+P2+£\+.  •  -)^"n>  lt  transforms  itself  into  a 
mean  force,  and  because  the  members  on  the  right  hand  of  the  equation 

Hi-  G  and  — ~L  G,  as  also  £a.  Gand  — ^_  G,  &c.    are    opposed  to 

'it*  r2 

each  other,  so  that  the  members  —  G  and  —  G,  determined  by  the 

terminal  velocity  t  and  the  initial  velocity  c,  only  remain. 

The  formula  Ps  =/r2~ c  \G  =  (h — /i  )  G  is  not  used  merely  for 

V    2if    / 

the  determination  of  the  work,  but  not  unfrequently,  also,  for  the  mea- 
surement of  the  terminal  velocity.  In  the  last  case  h  is  put  =  hx+ 

-.£  or  v  as*  I  c2+%  -f.  If  by  the  constant  motion  of  a  body,  the 
G  X  G 

terminal  velocity  r  =  the  initial  velocity  c,  the  work  done  =»  2ero,z.e. 
as  much  work  is  performed  by  the  accelerated,  as  is  expended  by  the 
retarded  part  of  the  motion, 

Example ,*— A  rnrriage  of  U&f*  Iba.  prrxjefiimp  uprni  a  railroed  without  friction,  has 
arquired  by  an  auj?»»HitatM>n  of  it*  velocity,  which  at  the  commencement  amounted  to 
in  ft*  a  irwt'hmucal  w<»rk  of  8000  ib««  its  velocity  after  this  work  will  be: 


%/  Ktl+C4j4  '  5^  **  ^100+^00=  17,40  feet. 


fc.  Ti*e  prcxlv»ct  o£  the  mass  Jfcf  -»  JL  and  the  square  of  the  velocity  (r8)  :  -ift?2  is 

called,  without  attaching  jo  it  any  definite  idpn,  the  living  force  (vi*  tnra)  of  the  moved 
m««>  :  wad  ItesvmAef  »  the  mechanical  work  which  a  moved  mass  acquires,  may  be  put 
equal  10  half  of  th«  w  trtra  of  the  same.  If  a  ma?s  enters  frc«ii  a  velc>city  c  into  another 
r,  tl*«  work  performed  i*»  e<]tial  to  half  the  dilfrrerK*e  of  t!it»  rw  twa  at  the  commencement 
and  eriil  of  tin*  chariot*  of  velfjcity.  This  law  nf  the  mechanical  performance  of  bodies 
by  mffluis*  of  their  im-ma,  is  oalltfd  the  principle  of  hring  Jvrcett  or  Uie  m  viva. 


§  73,  Composition  of  Forces.  —  Two  forces  Pl  and  Pz  act  upon  one 
and  the  same  body,  in  the  same  or  in  an  opposite  direction,  the  effect 
is  the  same  as  if  only  one  force  acted  upon  the  body,  which  is  the  sum 
or  difference  of  these  forces  ;  for  these  forces  impart  to  the  mass  M 

7)  Jp 

the  acceleration,  ^=5*.  and  j>2  =»  ~-2-,  consequently  from  §  28,  the 

JTI].  Jrl 

acceleration  resulting  from  both,  is 
p  +p 

2>  and  accordingly  the  force  corresponding  to  this, 


* 


is:  :     * 


The  equivalent  force  P  derived  from  these  two  is  called  the  resultant; 
its  constituents  Pl  and  Pt  the 


JEjrumf*lt~>-~l.  A  body  lyjnjr  flat  upon  the  hand  presses  so  long  only  upon  it  with  its 
t*'  weight  as  tht*  hand  is  at  rej»t,  or  i*  movetl  up  and  down  uniformly  with  the 
}»ody  ;  but  if  the  haiwl  be  raided  quickly,  it  sutlers  a  greater  pressure;  on  the  other  hand, 
if  it  b*  suddenly  dropped,  the  pressure  is  then  less  than  the  weight;  it  becomes  null  if 

thfr  hand  be  drawn  b«*ck  with  the  acceleration  of  gravity.  v  If  the  pressure  on  the  hand 

f*i 

sm  P+  the  body  falls  w«h  a  force  G  —  P,  -whilst  its  mass  Jfaf  a=  —  j  if  we  put  the  accelera- 

$ 
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tion  with  which  the  hand  fails  =  p,  G  —  P 

P_  I  _  ^)  €r.     If  the  body  on  the   hand  be  raised  with  the  acceleration  p,—  p  is 


—  p,  and  therefore  the  pressure  P  3=  G  — 

§ 


then  opposed  to  the  acceleration  g,  therefore  ihe  pressure  upon  the  hand  P  =  ( 1  -j-  *L 
G.     According  as  a  body  ascends  or  descends  with  a  20  feet  acceleration,  the  pressure 
upon  the  hand=  (  1  — J— j<?s==  (1—0,62)  <?s=O,3S,  of  the  weight  of  the  body,  or  = 

14-0,62=  1.G2. — 2.  If  with  the  flat  hand  I  throw  a  body  of  3  Ibs.  14  feet  perpendicu- 
larly upwards,  whilst  I  urge  it  on  with  the  hand  ibr  the  first  2  feet,  the  mechanical  work 
performed  is  P  s  —  G  h  s=  3  X  14  =  42  ft.  Ibs.,  and  the  pressure  upon  the  hand,  P  s= 

—  SB  21  Ibs.  Whilst  the  resting  body  presses  with  3  Ibs.,  it  reacts  upon  the  hand  daring 
the  projection  with  21  Ibs. 

§  74.   Parallelogram  of  Forces. — When  a  material  point  M9  Fig. 
30,  is  acted  upon  by  two  forces,  Pl9 

P2,  whose   directions   MX  and  MY  Fis-  3<x 

make,  with  each  other,  the  angle 
JOfF=a,  these  lines  generate  the 
accelerations  in  these  directions. 


r» 


P  P 

±L*  and   o2  ==  -|  ,  and  from  their 
Jif  Jkf 


union,  there  arises  a  mean  accelera- 
tion (§  34)  in  the  direction  MZ,  both  of 
which  are  given  by  the  diagonal  of  a 
parallelogram  formed  from  pvP&  and 
the  angle  a  ;  this  mean  or  resultant  ac- 


and  for  the  angle 
acceleration  p  : 


sa, 
which  its  direction  makes  with  M  X  of  the  one 


sin. 


sn. 


If  we  substitute  in  these  formulae  the  above  values  of  p^  and 


2      ±          * 

\M)  \M 


cos.  a  and 


If  we  multiply  the  first  equation  by  M9 

Mp  =  v'>12+  P?+2  P,  P*  co.  *,      , 
since  Mp  is  the  force  corresponding  to  the  acceleration  : 


or, 


\  rtsul&m$  force  is  determined  in 
from  the  component  forces  exactly  as  the  resultes&t 

If  we  represent  the  forces  bj  straight  liae^  — -  >^r-^  ^. 
drawn,  bearing  the  same  proportions  to  each  ofiawa*  4fe4»  wei^its,  as 
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pounds,  &CM  the  mean  force  may  be  represented  by  the  diagonal  of 
the  parallelogram  whose  sides  are  formed  by  the  lateral  forces,  and 
one  of  whose  angles  is  equal  to  that  made  by  the  directions  of  these 
lateral  forces.  The  parallelogram  which  is  constructed  from  the 
lateral  forces,  and  whose  diagonal  is  the  mean  force,  is  called  the 
parallelogram  of  forces. 


Etxampli.   When   a   U*iy  **f  ISO  Ibs.   vt-iarlit,  re-tins  upon   a  perfectly  smooth  table 

(Fiir.  "11)  is  act^i  ujwm  by  two  forces  JP,s=  30  Ibs., 
iin<i  jp2  =  i;4  Ib^whu'h  make  with  each  other  an 
riusle  />,  ,>/  Pj  «  *  +  5  «  105°  :  in  what  direc- 
tion, ami  with  whnt  acceleration,  -will  the  motion 
ttik«'  plat'**  *  Since  rox.  (A  +  0)  =  cos,  105°  =  — 
cos.  75°,  the  m**au  forr*n°: 


Fie.  31, 


P  = 


_ 
3*  J  X  24 


TO.  —  37'Z7  =  33,2  I  Ibt.,  the  acceleration 
corresponding  with  it  Is  : 

P_P*_  33.21  X32,g_?  iaflt  ft.     Tiie 

p  =  5f—  77  --  i5i3 

t!iret-tion  of  motion  makes  with  the  direction  of 
th*;  first  foreman  angle  a,  which  is  determined  by: 


U,7224 


75° 


0,6978,  *»r  *  ==44°,  IS'. 

Remark,  Th<*  mean  force  P  depends,  from  the 
£»ruiul:i*  fouiuJ.  only  <m  the  component  forces,  and 
not  <in  the  innss  t»f  the  body  upon  which  the  forces 
art.  For  this  reason,  we  find  in  many  works  on 
mecJiames,  the  correctness  of  the  parallelogram  of 

force*  proved  without  regard  to  the  nia^s,  but  with  the  assumption  of  some  funda- 

mental law. 

§  75-  Resolution  of  Forces.  —  By  help  of  the  parallelogram  of  forces, 
not  only  two  or  more  forces  may  be  reduced  to  a  single  one,  but  also 
given  forces  under  given  relations  may  be  resolved  into  two  or  more 
forces.  If  the  angles  a  and  >3  are  given,  which  the  components  M  Pi 
—  P^  and  *M  P^  =  P3,  make  with  the  given  force  M  P=  P,  the  com- 
l>onents  may  be  found  from  the  formulae: 

p         P  sin,  >3  P  si^»  <* 

1= 


.  32. 


If  the  components  are  at  right  angles  to 
each  other,  <*+£==  90°^  and  sin.  (o  +  £)  =  1, 
and  Pj  a»  P  cas,  «  and  P2=  P  ^?i.  a.     If  0 
and  a  be  equal  to  one  other,  P^=P^  viz  : 
p  _  P  sin,  q_      P       _  p 

*       5tn.  2  a         J2  COS.  a  X" 

Example  1.  What  is  the  pressure  of  a  body  Jkf  upon  a 
table  *£  J5,  Fig*  32,  whoae  weight  G  =z  70  Iba  and  upon 
which  a  force  P  =  50  Ibs.  acts,  and  whose  direction  is 
mcliued  to  the  horizon  at  an  angle  P  Jlf  -P,  ==«  s=40°* 
UtiriKontitl  coinj>onent  of  P  is  P,  =  Jr  ctw,  a  =  50 
40°  KS:  3i>,30  Hw  ,anti  the  vertical  component  P^  = 
=  50  itw.  40°  =  32,14  Ibs.  5  the  latter  stxiresto 
draw  the  bcxly  from  the  table,  there  remains  then  for 
the  pressure  :  £—  P2  —  70—32,14  ».  37,86  lbs.~2.  If 
a  body  of  J  10  Ibs*  ia  »o  moved  aloog  an  horizontal  way, 
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by  two  forces,  that  it  describes  in  the  first  second  a  space  of  fi,.*5  fee:,  in  a  direction  which 
deviates  from  the  two  directions  of  force  by  an  antrle  a,  ==  52°  and  5  =  77°,  the  forces 
themselves  are  given  as  follows.  The  acceleration  is  twice  the  space  in  the  first  second, 

so  thatp  =  2  X  0,5  =  13  ft.     Now  the  mean   force  is  P  ^^=0,031   X  13  X  110  s= 

g 

44,33  Ibs.,  therefore  the  one  component  P3  =         P  *"'  4j4'33  **"'  7 


(te°  -f.770) 


Ibs..  and  the  other  « 


.  51° 


§  76.  Forces  in  a  Plane. — In  order  to  find  the  mean  force  P  for  a 
system  of  forces  P19  P2,  P3, 

&c.,  \ve  may  adopt  exactly  Fis"-  33- 

the  same  method  (§  33)  as 
that  followed  in  the  compo- 
sition of  velocities,  viz  :  by 
the  repeated  application  of 
the  parallelogram  of  forces, 
\ve  may  resolve  them  two 
and  two  and  so  on,  till  but 
a  single  force  remains.  The 
forces  P1  and  P2,  for  ex- 
ample, give  from  the  paral- 
lelogram M  PI  Q  P^  the, 
mean  force  *MQ=  Q,  if  this 
be  joined  to  P3,  we  have 
from  the  parallelogram 
MQRP3,  MR  =  R ;  and 
this  last  again  forms  a  parallelogram  with  P4  and  gives  the  force  MP 
=  P  the  last,  and  the  resultant  of  the  four  forces  Pa,  P2»  P3,  P4. 

It  is  not  necessary,  in  this  way  of  composing  forces,  to  complete  the 
parallelogram,  and  draw  its  diagonal*  We  may  form  a  polygon  MPl 
QRP,  whose  sides  MP^  P2Q,  Q.R,  jRP,  are  parallel  and  equal  to 
the  given  components  P1?  P2,  P3,  P4,  the  last  side  MP  completing 
the  polygon  will  be  the  mean  force  sought,  or  rather  its  measure. 

Remark.  It  is  very  useful  to  solve  mechanical  problems  by  construction  also ;  though 
this  method  does  not  admit  of  such  accuracy  as  that  of  calculation,  it  is  free  on  the  other 
hand,  from  great  errors,  and  may  therefore  serve  as  proof  of  the  calculation.  In  Fig,  33 
the  forces  meet  each  other  under  the  given  angles  Pl  MP3  =  72°,  3C/  ;  P2  M P3=*33°» 
2<X,  and  JP3  MP±  =  92°,  4<X,  and  are  so  drawn  that  a  pound  is  represented  by  a  lew*  cwr 
T'y  of  a  (Prussian*)  inch.  The  forces  Pl  =  11,5  lb.,  jP2  —  10,8  iba^  P3  =  8,5  ifaa^^^ 
1*,2  Ibs..  are  therefore  expressed  by  sides  of  11,5  lines  sss  0,958  . .  .inches,  10tS  U»^»«s 
O,90U  .  ..inches,  8,5  lines  =  O,70S  ...  inches,  32,2  lines  =  1,010 .  ..inches  in  ksngtfc,  A 
careful  construction  of  the  polygon  of  forces  gives  the  magnitude  of  tbe^ae»n 
14.6  Ibs,  and  the  variation  of  its  direction  MP  from  tbe  direction  JtfJPt  of  ^*&  &&& 

864D- 

§  77.  The  resultant  P  is   determined    more 
if  each  of  the  given  components  PlS  P^^a^  &c*t  bf(| 
ing  to  two  axial  directions  XX  and  FF»  Fig,  * 
each  other,  into  component  forees  a^  Q^  mi^d 


*  Tfee  Prussian  ioeli  (see  § 


G8 


RESOLUTION    OF    FORCES. 


jR3,  &e.9  the  forces  lying  in  the  same  direction  of  axis,  added  together, 

and  the  resultants  in  mag- 

34-  nitude  and  direction  of  these 

two  rectangular  forces  be 
then  sought  for-  If  the 
angles  P,  MX,  P2  MX,  P3 
JWX,  &.c.,  which  the  direc- 
tions of  the  forces  P19  P2,  P3, 
make  with  the  axis  XX  =04, 
a2,  a3,  &c.,  we  have  the  com- 
ponents Q1  =  Pj  cos.  aj,  Rl 
s=a  Pl  sin.  a3,  Q2  =  P3  cos. 
a2,  jR2s=s  P^  5i7i.  a2,  whence  it 
follows  from  Q=Ql  +  Q2 


+    P3 


and 


from    R=  R!  +  R2+   R3 


2,   J?  =  Pl  sin.  ctj  4- 


aa  +  P3  sin.  a3+ 


From  the  two   components  Q  and  R  so  found,  the  magnitude  of  the 
resultant  sought,  is  : 

^  3.  P  »«  v/^+jR2  and  the  angle  P.T/A"=^,  whose  direction  with 
XX  is  given  by 

4.   tangr.  fa*-;?-* 

In  the  algebraical  addition  of  the  forces,  regard  must  be  had  to  the 
sign,  for  if  it  be  different  in  two  forces,  £,  e.  if  the  directions  of  these 
be  upon  opposite  sides  of  the  point  of  application  Jkf,  this  addition 

then  becomes  arithmetical 

r*-35-  subtraction  (§  73).     The 

angle  $  is  acute,  as  long 
as  Q  and  R  are  positive  ; 
it  is  between  one  and  two 
right  angles,  when  Q  is 
negative  and  R  positive; 
between  two  and  three, 
when  Q  and  JR  are  both 
negative,  and  lastly,  be- 
tween three  and  four,  when 
R  only  is  negative. 

Ex&mpk.  What  is  the  magni- 
tude ami  direction  of  the  resultant 
of  the  tli  ree  components  P,  =  30 
11*.,  PS  ==  70  Iba.,  P3  s=  &U  lbsn 
whose  directions,  lying  in  a  plane, 
make  between  them  the  angles 
56°  and 


104  ?     If  we  draw  the  axis  XX 
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in  the  direction  of  the  first  force,  we  have  «t  =  0.  <*2  =  5G°,  and  «3  =56°  -f-  104°  ass 
160°;  hence,  1.  Q  =  30  X  ^**  0°  -}-  70  X  cos.  56°  -f-  50  x  w*>  160°  =  30  -j-  39.14 
—  46,08  =  22,16  Ibs.  ;  and  2.  JS  =  30  X  «'»•  0°  +  70  X  «»».  50°  -f-  SO  sin.  160°  *= 

75  13 
0  _j_  58,03  4-  17,10  =  75,13  Ibs.    Hence,  3  .  tang.  $  =  g^iQ  —  3.3003;  therefore,  the  an- 

gle which  the  resultant  makes  with   the  positive  part  of  the  axis  MX  or  the  force  JP,  is 

,  _  Q  R  75,13 

+  =  739  to';   lastly,  the   force   itself  P 


75,13 


73^ 


? 


0,9591 

§  78.  Forces  in  Space,  —  If  the  directions  of  the  forces  do  not  lie  in 
one  and  the  same  plane,  we  must  draw  through  the  point  of  applica- 
tion a  plane,  and  resolve  each  of  the  forces  into  two  others,  one  lying 
in  the  plane,  and  the  other  at  right  angles  to  the  plane  ;  we  must  then 
find  the  resultant  of  the  components  so  obtained  in  the  plane,  from 
the  rule  in  the  foregoing  paragraph,  and  add  together  the  components 
at  right  angles  to  the  plane,  and  from  the  two  rectangular  components 
thus  obtained,  their  resultant  may  be  found  according  to  the  known 
rule  (§  74). 

Fig.  36  puts  the  above  mode  of  proceeding  more  clearly  before  us; 
let  MP^  =  P19  MPZ  =  P^jAfP3  =  P3  be  the  separate  forces,  JIB  the 
plane  (of  projection)  and  ZZ  the  axis  at  right  angles  to  it.  From  the 
resolution  of  the  forces  P19  P2,  &c.,  the  forces  S19  S^  are  given  in  the 
plane,  and  those  of  JV"X,  JV*2,  &c.,  in  the  normal  to  it^ZZ.  These  are 
again  resolved  according  to  two  axes  XX  and  YY  into  the  lateral 

Fig.  36. 


forces  Q19  Qi 

of  which  the  resultant  $f  eo; 

normal  forces,  Jf^  J^  &e», 
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If  we  put  #,,  3^,  for  the  angles  at  which  the  directions  of  force  are 
inclined  to  the  plane  ^JS  or  to  the  horizon,  the  forces  in  the  plane  are 
given,  S^^P)  cos.  319  S2^sP2  cos,  £2,  &c.,  and  the  normal  forces,  JVj 
eaPj  sin.  ,3^  *V2  9BB  P2#in.  32,  &c.  ;  lastly,  if  we  designate  the  angles 
which  the  projections  of  the  directions  of  the  forces  lying  in  the  plane 
~?1?,  make  with  the  axis  XX,  by  <*,,  »2,  we  obtain  the  three  following 
forces,  forming  the  sides  of  a  rectangular  parallelopiped. 
QSSK  5  r#£.  a  +  *ST  crM%  a  +  *S,  <?#£•  <**  or 


j  4-  P2  cos.  32 


sn. 


cos.  &2  sn. 


2.  JR=  Pj  ca,<?. 

3.  ^V=  I\  sin, 

From  these  three  follows  the  final  resultant  : 

4.  P=  yrQ*  +  R*  +  J\"*,  farther 

the  angle  of  inclination  to  the  plane  of  projection 


from 


«-—       =   ,     +1 
S      \/Q*+R**  lastly 

the  angle  &TfA"=^  which  the  projection  of  the  resultant  in  the  plane 
^  B  makes  with  the  first  axis  XX,  by 

6.    tang.^IL. 


JFZxample,  Three  *workmen  pull 
M  iyuig  upon  a  J*orizonmi  fioor 


t  the  end  of  thre^  ropes,  which  are  attached  to  a  load 
Fig.  37,  each  with  a  force  of  50  Ibs,  5  the  angles  of 

Fig.  37, 


inclination  of  th*sc  force*  to  the  horizon  «re  10°,  20°,  and  30°,  and  the  hodaontal  angle 
ttetwcea  th«  firwt  mod  ftroaad,  *o<i  b«tw«en  the  &re«  «nd  third,  20°  and  35°  5  what  is 
the  xnagnitufle  and  direction  of  tfa»  resultant,  and  bow  much  is  this  less  than  the  sum 
of  all  the  forces  which  would  result,  if  all  three  acted  in  the  same  direction  ?  The  vertical 
force  pulling  upward  is: 

JV«a  JV,+^>KVsa»:50  X  (»«.  1 0°  +  w*,  2O°  +  «,  30°)  =  50  x  1,01 667  =  50,78  Ibs.; 
\yy  so  much  lt*s«  than  its  own  weight  does  the  body  press  upon  the  floor. 

horizontal  component*  are  8l ««  SOXoo*.  10° *»  50x0,9849  »=  49,24 Ibs. ;  5^=  50 
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s.  20°  =  46,98  Ibs.;  S3  =  SOXro*.  30°  =s=  43.3O  Ibs.  If  we  drawjhe  axis  XX  in  the 
direction  of  the  first  force  *3,,we  obtain  the  lateral  force  in  this  axis  XA^  Q=Qj4-Q3-r-Q3 
S&  co*.  *,-T-S2  **•  «2+Sr3c<?*-^=:49'24X^*-  0°+46,98Xco*.  200+43.30Xco«.  35°  = 
49^4-4-44,15-4-35,47=12^,86  Ibs.;  on  the  other  hand,  the  lateral  force  in  the  second 
axis  FT:  Jfa=J?!4-R24-J??3=49t24X«m.  0°4~46,98X  «».  20°+  43,30  X  «n.  35°  =0  + 
16,07+24,84=40,91  Ibs. 

The  horizontal  mean  force  with  which  the  body  is  drawn  forward  is  from  this  ; 

8  ==v/QH-^*  ==  v"(12S,86)*  +  (40,91)3  =  v/18278,7  =  135,2  Ibs. 
The  angle  <$  which  this  force  makes  with  the  axis  XX  is  determined  by  the 
R  40,91  7         >  =  17°,37':  the  entire  resultant  is: 


128,86 


0,3175:  d> 

' 


)2  =  ^-20856,6  =  144,42  Ibs. 

If  the  forces  act  in  the  same  direction,  the  resultant  13  =  3x^  =  1^  !*>*->  anti  l^ie 
loss  of  force  —  150  —  144,42  =  5,58  Ibs.;  further,  because  the  horizontal  force-  drawing 
the  body  forwards  amounts  only  to  135,20  Ibs.,  we  have,  with  reference  to  the  horizontal 
motion,  the  loss  of  force  150  —  135,20  =  14,SO  Ibs. 

The  angle  of  inclination  4  of  the  mean  force  to  the  horizon  is  determined  by  the  tang. 
Z&       5O  78 

=0,3756,  wherefore  ^  comes  out  =  20°,  35'. 


Fig.  37, 


§  79,  —  From  the  rules  found  in  the  foregoing  upon  the  composition 

of  forces,  two  others  of  essential  service  for  practical  use  may  be  de- 

duced.    In  Fig,  37,  let  M 

be  a  material  point,  JifP1= 

Pa  and  JWP2==P2,  the  forces 

acting  upon   it  ;    lastly,  let 

JVfP=P,  the  resultant  of  Px 

and  P2.  If  we  draw  through 

JMTtwo  axes,  MX  and  MY9 

at  right  angles  to  each  other, 

and  resolve   the    forces    Px 

and  P2,  as  well  as  their  re* 

sultant  P,  into  components 

in    the    direction    of    these 

axes,  viz:   Pt  into   Ql  and 

Riy  P2  into   Q2  and  Jf^,  and 

P  into   Q  and  R,  we  then 

obtain  the  forces  in  the  one  axis 

JZlf  JJS,  jR,  and  <^=  Q,+  Qv  an       ^^*. 

If  BOW  we  take  ia  the  axis  MX  any  pomt  0,  and  let  fall  from  the 
same  perpendiculars   OJV;,  OJTS  and   OJ\T  on  the  directions  of  the 
forces  Px>  jP,  aad  P  we  obtain  rectangular  triamglea  M  CUV^,  3fOJ¥3, 
;  which  ace  similar  to  lh€  triangles  formed  by  the  three  forces, 


. 

,  <L  and  <?,  a»d  thc^e  in  the  other 
^M 


viz  : 


Principle  qf 


A  M  CUV",  oo  - 

A  M  OJf,  00  A 

A  Jkf OJV  oo  A  MP ~Q. 
Velocities. — ^But  from  these 


hence  denied 
then  obtain 


Q,,  Q,,  a**l  Q  »»ta  1M 
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P  .  JWJV 

Likewise  also  — -= 


\ .  jv/jv;  +  P2 . 

ojv;     ,  "jR 

?  and  -— 

JtfO  P 


ON 


.,  therefore 


P~2~~ 'MO  """  P       JVfO 

p .  OJV^P!  .  GJV;  4-  P2  *  ojv^. 

These  equations  still  hold  good,  if  P  the  mean  force  be  made  up  of 
three  or  more  forces  P1?  P2,  P3,  because  generally 


and,  therefore,  generally  we  may  put: 
1.   P  .  JV/JV^P, .  M^  +  Pz  .  MJY2+P3 

2.  P  .  OJY^P,  .  OJV.+P,  .  ojv;4-P3 . 

In  both  equations  the  mean  force  P  must  correspond  to  the  forces 
P1?  P2,  P3»  and  from  these  equations,  not  only  the  magnitude,  but  also 
the  direction  of  this  force  may  be  determined. 

§  80.  If  the  point  of  application  M  move  in  a  straight  line  towards 
O,  or  if  we  imagine  this  point  to  have  described 
the  space  MO=s9  then  the  projection  of  this 
space  JWJV™^  in  the  direction  of  the  force  MP 
is  called  the  space  of  the  force  P,  and  the  pro- 
duct Psj  of  the  force  and  its  space,  the  work  or 
efficiency  of  the  force.  If  we  substitute  in  the 
equation  (1)  of  the  last  (§)  these  designations, 
we  have 


Fig.  38. 


or  the  work,  or  mechanical  effect,  of  the  resultant 

is  equivalent  to  the  sum  of  the  works,  or  'mechanical  effects •,  of  the  com- 
ponents. 

In  the  summation  of  the  mechanical  effects,  as  in  that  of  the  forces, 
we  must  have  regard  to  their  signs.  If  a  force  (Q3)  of  the  forces  Q15 
Q2,  &C.,  of  the  last  §  acts  in  an  opposite  direction  to  the  rest,  we  must 


Fig.  39. 


Fig.  40. 


Fig.  41. 
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introduce  it  as  negative,  but  this  force  Q3,  Fig.  39,  is  the  component 
of  a  force  P3,  which,  acting  in  the  circumstances  set  forth  in  the 
former  §,  opposed  to  their  proper  motion  *M7V*3,  we  are,  therefore, 
obliged  to  consider  that  force  opposed  to  the  motion  JfJV,  Fig.  40,  as 
negative,  and  that  one  Py  Fig.  41,  acting  in  the  direction  of  motion 
MJV  as  positive. 

If  the  forces  are  variable  in  magnitude  or  direction,  the  formula 
+  ...  is  only  correct  for  infinitely  small  spaces 


The  spaces  of  the  forces  <*1?  <*2,  ff3,  corresponding  to  an  infinitely 
small  displacement  a  of  a  material  point,  are  called  their  virtual  velo- 
cities; and  the  law  corresponding  to  the  formula  Pcr=P1<y1+P2cr2+ 
P3<?3,  the  principle  of  virtual  velocities. 

§  81.  Transmission  of  Mechanical  Effect.  —  From  the  principle  of 
vis  viva,  the  mechanical  effect  (Ps)  in  rectilinear  motion,  which  a 
force  (P)  generates  in  changing  the  velocity  c  of  a  mass  M  into  ano- 
ther v  is 


If  P  be  now  the  mean  force  arising  from  other  forces,  Px,  P3,  &c., 
acting  upon  the  mass  M9  and  the  spaces  which  these  describe  be 
sl9  s2,  whilst  the  mass  itself  M  describes  $,  we  then  have  from  the 
foregoing  : 

p*—  PA+PA+.  - 

and,  therefore,  the  following  general  formula  : 


which  expresses  that  the  sum  of  the  mechanical  effects  of  the  single 
forces  is  equal  to  half  the  gain  of  vis  viva  of  the  mass  taking  up  these 
forces. 

If  the  velocity  during  the  motion  be  invariable,  that  is  v=c9  and 
the  motion  itself  be  uniform,  we  have  then  v*  —  c^O,  consequently 
neither  loss  nor  gain  of  vis  viva,  and,  therefore: 

PA  +  PA  +  ps*3  +  —  =0> 

i.  e.  the  sum  of  the  mechanical  effects  of  the  single  forces  =  0. 

If  inversely  the  sum  of  the  mechanical  effects  =  0,  then  the  forces 
do  not  change  the  motion  of  the  body  in  the  given  direction,  nor  im- 
part to  it  in  the  given  direction  any  motion  which  it  had  not  before. 

If  the  forces  are  variable,  the  variable  velocity  v  after  a  certain  time 
again  passes  into  its  initial  velocity  c,  which  takes  place  in  all  periodic 
motions  as  they  present  themselves  in  many  machines.  Now  #  =«  c 

gives  the  effect  /  —  —  —  \M  =  0;  therefore  within,  a  period  of  the  mo* 
tion  the  loss  or  gain  in  mechanical  effect  is  null. 

Exctmple.  A  carriage,  of  the  "weight  G  ==  5000  Ibs.,  Fig.  42,  is  moved  forward  upon  a 
horizontal  surface  by  means  of  a  force  JPX  =  660  lbsn  ascending  under  an  angle  *  =  24°, 
and  has  during  its  motion,  two  resistances  to  overcome  j  one,  horizontal  J*a  =s  35O  Ibs., 
corresponding  to  the  friction  ;  and  a  resistance  Ps  SSB  230  11)8.,  acting  dowmv^rds,  and 
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inclined  to  the  horizon  at  an  angle  £  = 
Fig.  42. 


35°.  What  work  will  the  force  (Pj)  perform,  in 
order  to  convert  the  two  feet  initial 
velocity  of  the  carriage  into  a  ve- 
locity of  5  feet  ? 

If  we  put  the  distance  of  the  car- 
riage MO  =  s,  we  then  have  for  the 
work  of  the  force  P,  =  P3  .  MNj_ 
=  Pl  s  cos.  a  =  660  X  s  cos.  24° 
=  602,94  .  s;  further,  the  work  of 
the  resisting  force  =  ( —  P2)  .  s  — 

—  350  .  s ;   lastly,  the   work  of  P3 
--  ( — P3  .  MN3  =  —  P3  s  cos.  0  = 

—  230  X  s  cos.  35°  =  —  188,40  . 
s.  There  then  remains  for  the  work 
of  the  effective  force : 

Ps=Pl  S  COS  a. P2  S  COS.  0 P3  S  COS. 

£  =  (602,94—350—188,40)  .  s  = 
64,54  .  s  ft.  Ibs. 
The  mass,  however,  leqiures  for  the  change  of  its  velocity,  the  mechanical  effect: 

(^I^L.\  G  =  (J?—£-\   X  5000  =  0,0155  X  (25 — 43  X  5000  =  1627  fi.  Ibs. 
\      3g      /  V     2g      / 

If  now  we  equate  both  mechanical   effects,  we   then  obtain  64,54 .  5=  1627,  conse- 
quently the  distance  of  the  carriage:  s  =  7rrr-4  ="25,26  feet;  and  lastly,  the  mechanical 


effect  of  the  force  P  :  Pj  s  cos.  a 


64,54 
:  602,94  X  25,26  : 


:  15230,2  ft.  Ibs. 


§  82.  Curvilinear  Motion.  —  Provided  that  the  spaces  #,  &19  &c.,  be 
infinitely  small,  we  may  also  apply  the  formula  last  found  to  curved 
paths.  Let  MORS,  Fig.  43,  be  the  path  of  a  material  point,  and  MPl 

=  P±  the   resultant  of  all  the  forces 
-  43-  acting  upon  it  ;  if  we  resolve  this  force 

into    two    others,   of   which  the    one 
K  is  tangential,  and  the  other 
*  =  JV*  normal  to  the    curve,  we 
then  term  the   one  a  tangential,  and 
the  other  a  normal  force. 

Whilst  the  material  point  describes 
the  element  MO  =  a  of  its  curved 
path  MS,  and  its  velocity  c  is  trans- 

formed into  vl9  its  mass  M  lays  claim  to  the  work 


v*          \  M9  but 


the  tangential   force   jfiC  performs  at  the  same  time  the  work  K  <y, 
and  the   normal   force  the  work  JV  +  0  =  0;    consequently  K  a  = 

M. 


*      / 

If  the  projection  MQ  of  the  elementary  space  MO  in  the  direction 
of  force  be  put  ==  crl5  then  also  P^  =  KG;  and,  therefore, 


If  the  whole  space  described  by  the  material  point  MR  be  decom- 
posed into  infinitely  small  parts,  and  each  part  be  projected  upon  the 
direction  of  force  at  each  moment,  we  then  obtain  the  elementary 
space  of  the  force  at  each  moment,  and  the  work  at  each  moment  by 
the  multiplication  of  the  space  and  force,  and  if  we  add  together  all  these 
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mechanical  effects,  we  then  have :  P^  -f  ?2<r2  +  ?3<r3  +  . . .  = 


(h—hj  My  if  \  be  the  height  due  to  the  initial  velocity  c,  and  h  that 
due  to  the  terminal  velocity  v.  Thus,  in  curvilinear  motion,  the 
whole  effect  of  the  moving  force  is  equal  to  half  the  gain  of  vis  viva, 
or  equal  to  the  product  of  the  mass  into  the  difference  of  the  heights 
due  to  the  velocities. 

Remark  and  Exampk*  The  formula  obtained  which  is  derived  from  combining  the 
principle  of  the  vis  viva  with  that  of  the  virtual  velocities,  is  especially  applicable  in 
cases  where  bodies  are  constrained  by  a  fixed  track  or  by  suspension  to  describe  a  deter- 
minate path.  If  gravity  alone  act  upon  such  a  body,  the  work  which* it  generates  in  a 
body  of  the  weight  G  falling  from  a  height  corresponding  to  the  vertical  projection  Ml 
J?j  =  s,  is  =  G$,  and  therefore : 

Gsx=(hr-hl)  G,  i.e.*=A— hr 

This  is  also  the  space  which  a  body  describes  in  falling  from  a  horizontal  plane  *&?, 
Fig.  44,  to  another  CD;  the  difference  of  the  heights  due  to  the  velocity  is  always  equal 

Fig.  44. 


to  the  perpendicular  height  of  fall  ;  bodies  which  begin  to  describe  the  paths  M}  0} 


0 


03  J?3,  &c.,  with  equal  velocity  (c),  acquire  at  the  end  of  these  paths,  as 


If  the  initial  velocity  c  =  10  feet,  and 
S  .  10'  =  21,55  feet, 


well  as  at  different  times,  equal  velocities  (v). 
the  vertical  height  of  fall  *=20  feet,  then  Ass 

and  the  terminal  velocity  t?  =  ^2^=8,02.^/21,5  =  37jl8  feet,  in  whatever  curved 
or  right  line  the  descent  may  take  place. 
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CHAPTER    I. 


GENERAL  LAWS  OF   THE  STATICS  OF  RIGID  BODIES. 

§  83.  Transference  of  the  Point  of  Application. — Although  every 
rigid  body  is  changed  in  form  by  the  action  of  forces  upon  it,  i.  e. 
becomes  either  compressed,  extended,  or  bent,  &c.,  it  is  nevertheless 
allowable  for  us  to  consider  it  for  the  most  part  as  a  rigid  and  inva- 
riable union  of  material  points,  partly  because  this  change  of  form  or 
displacement  of  parts  is  often  very  slight,  and  partly  because  it  takes 
place  in  very  short  spaces  of  time.  We  shall,  therefore,  in  the  fol- 
lowing, unless  it  be  otherwise  mentioned,  regard  every  rigid  body  as 
a  system  of  points,  firmly  connected,  and  we  shall  thereby  essentially 
simplify  the  investigation. 

A  force  P,  Fig.  45,  which  acts  upon  a  point  A  of  a  rigid  body 

J\f?  is  transmitted  in  its  pro- 

Fig-45*  per  direction  XX  uniformly 

throughout  the  body,  and  an 
equal  and  opposite  force  Px 
puts  itself  in  equilibrium  with 
it,  then  only  when  the  point 

of  application  A^  lies  in  the 

direction  XX  of  the  first  force.  The  distance  of  Jl  and  J^  is  without 
influence  on  this  condition  of  equilibrium.  The  two  opposite  forces 
hold  themselves  in  equilibrium  at  every  distance  if  the  two  points  be 
rigidly  connected.  We  may,  therefore,  assert  that  the  action  of  a 

force  P,  Fig.  46,  remains  the 

Fi£* 46-  same  at  whatever  point  Jl^  *>?2, 

Ji^  fyc.  of  its  direction  it  may 
be  applied  or  may  act  directly 
upon  the  body. 

§  84,  When  two  forces  P1 
and  Pa  acting  in   the   same 
plane  are  applied  to  a  body  at  different  points  J3±  and  */?3,  their  action 
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Fi£-  47* 


upon  the  body  is  the  same  as  if  they  had  the  point  C,  where  the  direc- 
tions of  the  two  forces  intersect,  for  their 
common  point  of  application,  for  from 
the  proposition  enunciated  above,  each 
of  these  points  of  application  may  be 
transferred  to  C  without  thereby  pro- 
ducing any  change  in  their  effects.  If, 
therefore,  we  make  CQ1=^1P1=:P1  and 
CQ2=^2P2=P2,  and  then  complete  the 
parallelogram  CQl  QQ2,  its  diagonal 
will  give  us  the  resultant  force  CQ=P 
of  CQj  and  CQ2,  and,  therefore,  also  of 
the  forces  P2  and  P2,  and  whose  point 
of  application  may  be  any  other  point 
Ji  in  the  direction  of  this  diagonal. 
If  to  the  resultant  force  so  found  J1P 


=  P,  there  be  put  an  opposite  force  jDP=  —  P  equally  great  at  any 
point  D  of  the  direction  of  the  diagonal  C,  the  two  forces  Pj  and  P2 
will  be  thereby  held  in  equilibrium  ;  P15  P2,  and  —  P  are,  therefore, 
three  forces  in  equilibrium. 

§  85.   If  there  be  let  fall   from   any  point  O,  Fig.  48,  in  the  plane 
of  the   forces    perpendiculars    OJV^, 

OJV"2,   and  ON  upon  the  directions  F'g-  4S- 

of  the  component  forces  PI  and  P2, 
and  their  resultant  P,  we  have,  ac- 
cording to  §  79, 


and  the  distance  OJV*  of  the  resultant 
force  may  be  found  from  the  perpen- 
diculars or  distances  OJV^  and  OJV2 
of  the  component  forces,  if  we  put: 

-     -~;  +  p2.  OJY; 


p 

Whilst  we  find  the  direction  and 
magnitude  of  the  resultant  by  the 
application  of  the  parallelogram  of 
forces,  its  position  is  given  with  the 
help  of  the  last  formula,  by  determining  its  distance  OJVL 

If  the  prolonged  direction  of  the  forces  includes  between  them  an 
angle  P1  CP2  =  a,  we  then  have : 
1.   The  magnitude  of  the  resultant  P=  i/P*  +  P*+2Pi  P2  cos.  a. 

Further,  if  the  resultant  makes  with  the  direction  of  the  component 
Px  the  angle  PCP1==^>,  then: 


If  the  directions  CP^  and  CP2  of  the  given  forces  are  distant 
ass  ax  and  OJV*2=  a2  frorn  an  arbitrary  point  O,  the  distance  OJ\T=  a 
of  the  direction  CP  of  the  resultant  from  this  point  is: 

'7* 


78 


TRANSFERENCE    OF    THE    POINT    OF    APPLICATION. 


3. 


With  the  help  of  this  distance  a,  the  position  of  the  resultant  is 
given  without  regard  to  the  point  C,  if  we  describe  a  circle  from  O 
as  a  centre  with  radius  a,  and  to  this  draw  a  tangent  JVP,  whose 
direction  is  determined  by  the  angle  $. 

Example.  There  act  upon   a  body  the   forces  Pl  =  20   Ibs.  and  Pcji  =  34  Ibs.  whose 

directions   meet  under  an  angle   Pl  CJ?2  =  a 

•p       AQ  =  70°,  and  are  distant  from  a  certain  point 

^  O  =  O  Ar,  =  at  =  4   feet,  and  O  JV£  =  *2  = 

1  foot;    what  is   the  magnitude,  direction,  and 
pobition  of  the  resultant?     The  magnitude  of 

the  resultant  is : 

cos.  70° 


,.         .          . 

direction,  swi.  <p  = 


1156+  1360X0,34202 
5  =r  44,96  Ibs.  ;  further,  for  its 
34  X  &in.  70° 


44,96 

_>  sin.  <f>  =  9,8516384,  therefore,  <j>==45° 
r',  the  angle  which  this  resultant  makes  with 
the   direction  of  Px.     The  position  finally  is 
determined  by  its  distance  O  N  from  O,  which 

T  ^20X4+34X1  _  21±  _  2j536  feet. 
44,96  44,96 

§  86.  The  normal  distances  OJV^ 
=  a15  OJV^=a2,  &c.,  of  the  direction 
of  the  forces  from  an  arbitrary  point  O,  Fig.  50,  are  called  the  arms 
of  the  forces,  because  they  form  essential  elements  in  the  theory  of 
the  lever,  to  be  treated  of  subsequently.  The  product  Pa  of  the  force 
and  lever  arm,  is  called  the  statical  moment  of  the  force.  But  since 
Pa=  P-fli  +  P^fl^  the  statical  moment  of  the  resultant  is  equivalent 
to  the  sum  of  the  statical  moments  of  the  components. 

In  the  addition  of  the  moments,  regard  must  be  had  to  the  signs 
plus  and  minus.  If  the  forces  Px  and  P2,  Fig.  50,  act  about  the  point 
O  in  like  directions,  and  if  the  directions  of  force  coincide  with  the 
direction  of  motion  of  the  hands  of  a  watch,  these  forces,  as  well  as 


Fig.  50. 


Fig.  51. 


their  statical  moments,  are  said  to  have  like  signs;  if  the  one  be  posi- 
tive, the  other  must  be  positive  likewise.  If,  on  the  other  hand,  Fig. 
51,  the  directions  of  the  forces  about  the  point  O  be  opposite  to  each 
other,  then  the  same,  as  well  as  their  statical  moments,  are  of  con- 
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trary  signs;  if  the  one  be  negative,  the  other  must  be  positive, 
the   composition   of  forces  represented 
in  Fig.  52,  Pa  =  P^  —  P2aa,  because  Fis-  52- 

P2  is  opposed  to  the  force  Pl ;   its  sta- 
tical moment  is,  therefore,  negative. 

§  87.  Composition  of  forces  in  a 
plane. — If  three  forces,  Pa,  P2,  P3,  Fig. 
53,  act  upon  a  body  at  the  points  j319 
J229  Jl39  two  of  these  forces  (P19  P2)  by 
the  last  rule  must  be  joined,  and  their 
resultant  CQ  =  Q  found,  this  again 
joined  to  the  third  force  (P3),  and  the 
parallelogram  DR2RR3  constructed  from 
the  forces  DR2  =  CQ  and  DR3=Jl3P3. 
The  diagonal  DR  =  P  is  the  required  resultant  of  P1?  P 


In 


from  this  easy  to  see  how  the 
resultant  might  be  found  if  a 
fourth  force  P4  were  to  be  intro- 
duced. 

In  this  composition  of  the 
forces,  the  magnitude  and  direc- 
tion of  the  resultant  is  as  accurate- 
ly found  as  if  the  forces  acted  in 
one  single  point  (§  77)  ;  the  rules 
of  calculation  (§  77)  are,  there- 
fore, applicable  for  finding  these 
two  first  elements  of  the  resultant  ; 
but  in  order  to  find  the  third,  viz., 
the  position  of  the  resultant  or 
its  line  of  action,  we  must  make 
use  of  the  equation  between  the 
statical  moments.  Here,  also, 
=  a 


2?    •*  3" 


It  is 


Fig.  53. 


19 


OJ\TZ=  <z2,          3  =  a3, 


and  OJV*=  a,  are  the   arms  of  the 

three  components  Px,  P2,  P3,  and  of  their  resultant  P,  with  reference 
to  an  arbitrary  point  O.     So  that: 

Pa  =  Q.  OK+P3a3,  and 

Q.  OK=PIa1  +  P2a2,  provided  Q  is  the  resultant  of  P^  and  P2, 
and  OK  the  arm.  If  we  combine  these  two  equations  we  then  ob- 
tain : 

Pa  as  P^  +  P^-f  P3a3,  and  also  for  several  forces: 

Pa  =5  P1«1+P2«2+P3«34-  -  -  ?  &c.,  i.  e.,  the  (statical)  moment  of 
the  resultant  is  always  equivalent  to  the  algebraical  sum  of  the  (statical) 
moments  of  the  components* 

§  88.  If  Pa,  P2,  P3,  Fig,  54,  are  the  single  forces  of  a  system  of 
forces  ;  if,  further,  ai,  a2,  as,&c.,  are  the  angles  P^Z^-XT,  jPaD2JT,  PZD3X9 
&c.,  under  which  an  arbitrarily  chosen  axis  XX  is  intersected  by  the 
directions  of  force,  and  if  ax,  «2,  #3,  designate  the  arms  OJ\T^  OJV^, 
OJV3,  of  these  forces  with  regard  to  the  point  of  intersection  O  of  both 
axes  XX  and*  FF,  we  hare  from  §§  77  and  8T;  - 
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1.   The  component  parallel  to  the  axis  XX  : 


Q  =  P1  COS.  04 


COS.  a2  +  P3  COS.  a3.  .  .  , 


2.  The  component  parallel  to  the  axis  YY: 

R  =  Pl  sin.  o-1  +  P2  sin.  a2  +  P3  sin.  a3.  .  .  , 

3.  The  resultant  of  the  whole  system  : 

P  =  ^Q*+E*, 

4.  The  angle  which  the  resultant  makes  with  the  axis  by 

,  R 

tang,  *=-Q> 

5.  The  arm  of  the  resultant  or  the  diameter  of  the  circle  to  which 
the  direction  of  the  resultant  is  a  tangent  : 


If  this  resultant  be  replaced  by  an  equivalent  opposite  force  (  —  P), 
then  the  forces  P19  P2,  P3  .  .  .  .  (  —  P)  are  in  equilibrium. 

Exarnple.  The  forces  Pl  =  40  Ibs.,  P2  =  30  Ibs  ,  P3  =  70  Ibs  ,  Fig.  55,  intersect  the 
axis  XX  at  angles  a,  =  60°,  &2  =  —  80°,  a3  =  142°,  and  the  distances  of  the  points 
of  intersection  JD17  D2,  jD3,  of  tlie  directions  of  the  forces  with  the  axis  :  Dj  D2  =  4  ft  } 

Fig.  55. 


PARALLEL    FORCES. 


81 


and  D2  D3  =  5  fL     Required  the  elements  of  the  resultant.     The   sum.  of  the  compo- 
nent forces  parallel  to  XX  is : 

Q  =  40  cos.  60°+30  cos.  (-—  80°)+70  cos.  142° 

=  40  cos.  60°+30  cos.  80° — 70  cos.  38° 

=  20+5,209 — 55,161  =  —29,952  Ibs. 

The  sum  of  the  components  parallel  to  Y Y '. 

JR.  =  40  sin.  60°+30  sin.  ( — 80°) +70  sin.  142° 
=  40  sin.  60° — 30  sin.  80°+70  fin.  38 
=  34,641  — 29,544+48,096  =  48,193  Ibs. 
The  resultant  sought  is  therefore : 

P  =  V/QH--E2  a-  ^29,9522+48,1932  =  ^32 19,68  —  56,742  Ibs. 
The  angle  ^,  which  it  makes  with  the  axis,  is  further  determined  by : 

tang.  +  =  —  -a       48a93  _  —  1,6090,  it  is  therefore  *  =  ISO0— 58°  8'  =  121°  52/ 

The  arm  CW,  of  the  force  Pi  is  =  OJ9j  sin.  a1  s=  (4+5)  sin.  60°  =  9X0.86603  = 
7,794  feet;  the  arm  ONZ  of  P2  =  OjD2  sin.  «2  ==  5  sin.  80°  =  4,924  feet:  lastly,  the  arm 
O2V3  of  P?  =  O,  when  the  point  of  application  O  is  transferred  to  J}y  The  arm  of  the 
resultant  is  finally  given  by : 

a  a-a    40 X  7,794—30  X 4,924     __  311,76 — 147772          164,04  _  2  gQ1 
56,742  56,742  ™~  56,742  ' 

§  89.  Parallel  Forces. — If  the  forces  P 
a  rigid  system  are  parallel, 
the  arms  CUV;,  OJV;,  OJ\T3, 
are  in  the  same  straight 
line ;  if  now  we  draw 
through  the  point  of  ap- 
plication O  an  arbitrary 
line  XX,  the  directions  of 
the  forces  cut  off  the  parts 
ODiy  OD2>OD3,  &c.,  which 
are  proportional  to  the  arms 
OJV*3,  &c.,  be- 


P3,  &c.,  Fig.  56,  of 


Fig.  56. 


OJV2, 
cause  A 


..    If  the  angle 

be  designated  by  a,  &c.,  the  arms  OJV^,  OJV"2,  &c.,  by  a^a^  &e.,the 
abscisses  OD^  OD2,  &c.,  by  b19  b2,  &c.,  we  then  have 

a,L=b1  cos.  a,  #2—  &2  cos.  a,  &c. 
If,  lastly,  these  values  be  substituted  in  the  formula: 


we  then  obtain  : 

Pb  COS.  a=P161  COS.  a+P2&2  COS.   a   +.  .  .  , 

or  if  the  common  factor  cos.  a  be  left  out  : 


In  every  system  of  parallel  forces  it  is  allowable  to  _replace  the 
arms  by  the  distances  OD}  ,  OJ>3,  cut  off  from  any  line  XX.  Because 
the  magnitude  and  direction  of  the  resultant  is  the  same,  the  forces 
may  act  at  one  or  at  different  points  ;  hence  the  resultant  of  a  system 
of  parallel  forces  has  the  same  direction  with  the  single  forces,  and 
is  equivalent  to  their  algebraical  sum* 

Therefore 

1.  P==P1+PS+P3+  .  .  .  aad 

2.  a  =P     +*+  -  "  %  or  also: 
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Example.    The  forces  Pj  =  12  Ibs  ,  P2  =  —  32  Ibs  ,  P3  =  25  Ibs.,  and  their  directions 

intersect  a  straight  line  at  the  points  D^  Z>2,  and  Dy  Fig.  56,  whose  distances  from  each 

other  are  J>1D2=r21  inches,  £>2DS=3Q  inches;   required  the  resultant.     The  magnitude 

of  this  force  is  P=  12  —  3*2  -f-  25  =  5  Ibs.,  its  distance  Z>jO  from  Dv  is  therefore: 

b  ^  12X0  —  32X21  +  S5X(21  +  30)  =  0  —  672+1275  _ 

5  5 

§  90,    Couples.  —  Two  parallel,  equal  and  opposite  forces,  Px  and 
—  P1?  Fig.  57,  have  the  resultant 

P  ==  Px  +  (  —  Px)  =  Px  —  P!  =  0,  with  the  arm 


Fig.  57. 


Fig.  58. 


For  restoring  equilibrium  to  such  a  couple,  according  to  this,  a 
single  finite  force  P  acting  at  a  finite  distance,  is  not  sufficient,  but 
two  such  couples  may  easily  hold  each  other  in  equilibrium.  If  Pl 
and  —  Px  and  —  P2  and  P2,  Fig.  58,  are  two  such  couples,  and  OM^ 
=  ax,  OJV;  =  OM±  —  Jk^JV;  =^a±  —  b^  if  further,  OJV/2=  az  and.  OJV2 
=  O  M2  —  M2JV2=a2  —  b2  are  the  arms  taken  from  a  certain  point  O, 
we  have  for  equilibrium  : 


Two  such  couples  are,  therefore,  in  equilibrium  if  the  product  of 
one  force,  and  its  distance  from  the  opposite  force,  are  as  great  in  the 
one  couple  as  in  the  other. 

A  pair  of  equal  opposite  forces  is  called  simply  a  couple,  and  the 
product  of  one  of  the  forces  and  its  normal  distance  from  the  other 
force,  the  moment  of  the  couple.  From  the  above,  two  couples  acting 
in  opposite  directions  are  in  equilibrium,  if  they  have  equal  moments. 

If  we  substitute  in  the  formula  (§  87)  for  the  arm  a  of  the  resultant  : 

P 

~~ 


P  =  0  without  the  sum  of  the  statical  moments  becoming  null  ;  we 
obtain  likewise  a  =  oo,  a  proof  that  in  this  case  also  there  is  no  re- 
sultant, but  only  a  couple,  possible. 

Example.  If  a  couple  consists  of  the  forces  P1 
another  of  the  forces  —  jP2  =  —  18  Ibs.,  and 


of  the  first  pair 

' 
second  must  amount  to  = 


25  Ibs.,  and  —  Pj  =  —  25  Ibs.,  and 
8  Ibs.j  if,  lastly,  the  normal  distance 

3  feet  for  the  condition  of  equilibrium,  the  normal  distance  of  the 
25  ^  3 


feet 
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Fig.  59. 


§  91.  Centre  of  Parallel  Forces. — If  the  parallel  forces  lie  in  dif- 
ferent planes,  their  union  may 
be  effected  in  the  following 
manner.  If  the  straight  line 
AI  J?a,  Fig.  59,  which  unites 
the  points  of  application  of  two 
parallel  forces  Pt  and  P2,  be 
prolonged  to  the  plane  XY  be- 
tween the  rectangular  axes  MX, 
MY,  and  if  the  point  of  inter- 
section K  be  taken  for  the 
initial  point,  we  shall  in  this 
manner  obtain  for  the  point  of 
application  A  of  the  resultant 
(Px  +  P2)  of  these  forces, 


As  now  B,  BV  and  Bz  are  the  projections  of  the  points  of  applica- 
tion Ay  AV  Az,  on  the  plane  XY,  we  have: 

AB  :  A^B,  :  AZBZ=KA  :  KA^  :  KA^  and  therefore  also 
x         a  P 

If  we  desinate  by  z5  za,  *3, 
A33, 

and  by  wl  that  of  the  point  Ji  from  the  same  plane,  we  have  for  the 
two  forces  : 

(Pi  +  pj  Wi===p^  Zi  +  p^z^  for  three  or  more,  and  generally 

(pi+  P2+  P3+  •  •  •)  ^=^1+^2+^3  -  -  -      Consequently 


(Px  +  pa)  AB=P,  .  MI  B,  +  P2  .      2  -2. 

If  we  designate  by  zl5  za,  *3,  &c.,  the  normal  distances  AJS^  A^B^ 

B3,  &c.,  of  the  points  of  application  from  the  principal  plane  XY, 


If  we  put  likewise  the  distances  J1C  and  AD  of  the  point  of  appli- 
cation of  the  resultant  from  the  planes  XZ  and  YZ  =*  v  and  u,  we 
then  obtain  : 

--and 


.+  P, 


3,  u       -^ 

The  three  distances  u,  v,  w  from  the  principal  planes,  as  for  ex- 
ample, from  the  floor  and  the  two  side  walls  of  a  room,  fully  determine 
the  point  A9  for  it  is  the  eighth  terminating  point  of  the  paral- 
lelopiped,  constructed  from  u,  v,  w,  consequently,  in  such  a  system 
there  is  but  one  single  point  of  application  of  the  resultant. 

As  the  three  formulae  for  u,  v,  w9  do  not  contain  the  angles  which 
the  forces  make  with  the  principal  planes,  the  point  of  application  is 
independent  of  these  forces,  and  also  of  their  directions ;  the  whole 
system  admits,  therefore,  of  being  turned  about  this  point  without  its 
ceasing  to  be  the  point  of  application,  provided  only  that  in  this  turn- 
ing the  parallelism  of  the  forces  be  preserved. 

In  such  a  system  of  parallel  forces  the  product  of  ^  a  force,  and  the 
distance  of  its  point  of  application  from  a  plane  or  line,  is  called  the 
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moment  of  the  force  with  reference  to  this  plane  or  line,  and  gene- 
rally, the  point  of  application  of  the  resultant  is  called  the  centre  of 
parallel  forces.  The  distance  of  the  centre  of  a  system  of  parallel 
forces  from  any  plane  or  line  whatever,  (the  latter  when  the  forces  lie 
in  the  same  plane,}  is  obtained,  when  the  sum  of  the  moments  is 
divided  by  the  sum  of  the  forces. 


SUM. 

Example. 

If  the  forces  are          Pn 

5            —7 

10 

3  Ibs. 

the  distances           xn 

1                 2 

0 

9  ft. 

Vn 

2                 4 

5 

3  « 

«              c.                        _ 
—  n 

8                 3 

7 

10  « 

The  moments  are  Pn  xn 

5          —14 

0 

36  ft.  Ibs. 

"  P*yn 

10      ;   —28 

50 

12       « 

"     PnZn 

40     j    —21 

70 

40       « 

Now,  if  the  sum  of  the  forces  =  19  —  7  =  12  Ibs.,  the  distances  of  the  central  point 
of  this  system  from  the  three  principal  planes  are  consequently: 


5+36 — 14 
~~ 


=  HZ  SB  5.  =  2,25  feet; 


v  —  lO+50+^—28_4l^.ll_ 

~'~  ~  "JO  -I  Q    "™^      O      ~^ 

^  _  40+704-40— 21  _  129  ^43 
u>  ___  ^ 


3,66  ...feet; 


12 


12 


Pig.  60. 


§  92.  Forces  in  Space. — If  it  be  required  to  unite  a  system  con- 
stituted of  differently  directed  forces,  a  plane  must  be  carried  through 
the  system,  the  different  points  of  application  transferred  to  this  plane, 
and  each  force  resolved  into  two  component  forces,  the  one  coinciding 
with  the  plane,  the  other  at  right  angles  to  it.  If  /51?  /52 . .  .  are  the 
angles  under  which  the  plane  is  intersected  by  the  directions  of  the 
forces,  then  the  normal  forces  are  P1  sin.  $,  P^  sin.  j3 .  . . ,  and  those 
in  the  plane  Pt  cos.  ^,  jP3  cos.  j32,  &c.  The  latter  from  §  88,  and  the 
former  from  the  last  §  91  may  be  combined  to  a  resultant.  In  gene- 
ral, the  directions  of  both  resultants  will  nowhere  intersect  each  other, 
and  accordingly  a  composition  of  these  is  impossible,  but  if  the  result- 
ant of  parallel  forces  passes  through  a  point  jfiT,  Fig.  60,  in  the  direc- 
tion JIB  of  the  resultant  of  the  forces 
in  the  plane  (the  plane  of  the  paper) 
a  composition  is  then  possible.  If 
we  put  the  distances  OC~DK=  u, 
and  OD  ==  CK  =  v  for  the  point  of 
application  of  the  first  resultant,  on 
the  other  hand  the  arm  ON  of  the 
second  =  a,  and  the  angle  jBj$O, 
at  which  it  intersects  the  axis  XX 
=  o,  the  condition  for  the  possibility 
of  a  composition  is ; 

u  sin.  a  +  v  cos.  a=#. 
If  this  equation  is  not   satisfied, 
if,  for  example,  the  resultant  of  the 
normal  forces  passes  through  K19  the  reduction  of  the  whole  system 
of  forces  to   a  resultant  is  then  impossible,  but  it  readily  admits  of 
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being  reduced  to  a  resultant  R,  Fig.  61,  and  a  couple  P,  —  P,  if  the 

resultant  JVof  the  parallel  components  is  resolved  into  the  forces —  P 

and  R,  of  which   the  one  is  equal, 

and  directed  parallel   and  opposite  Fig.  61. 

to  the   resultant  P  of  the  forces  in 

the  plane. 

§  93.  Principle  of  Virtual  Ve- 
locities.— If  a  system  of  forces  P19 
P2,  P3,  acting  in  a  plane,  Fig.  62, 
is  progressive,  i.  e.  moves  forward 
so  that- all  the  points  of  application 
AI9  A2y  A3,  .  .  .  pass  through  equal 
parallel  spaces  AI  B19  A2  jB2,  A3  B39 
the  effect  of  the  resultant  (in  the 

sense  of  §  80)  is  equivalent  to  those  of  the  components,  and  in  a  state 
of  equilibrium  therefore  =  0.  If  the  projections  A±  JV*19  A2  JV2,  &c., 
coinciding  with  the  directions  of  the  forces  of  the  common  spaces 
AI  B19  =  A2  jB2,  &c.,  =  s19  s2,  then  the  mechanical  effect  of  the  re- 
sultant is : 


This  law  follows 
from  one  of  the  for- 
mulae of  §  88,  accord- 
ing to  which  the  com- 
ponent of  the  resultant 
running  parallel  wT5th 
the  axis  XX  is  equal  to 
the  sum  Qx+  Q2+-  -  » 
&e.,  of  the  similarly 
running  components 
of  the  forces  P19  P2; 
now  from  the  simi- 
larity of  the  triangles 

there  follows  the  pro- 
portion 


62. 


•*A 

Qi— 


AB 


and  from  this: 


Q2 


Fig.  63. 


-3F*  ^  ~^B 

we  may,  therefore,  in  place  of 
- ...  put 


§  94.  If  the  system  of  forces  Px,  P2, 
&c.,  Fig.  63,  be  made  to  revolve  a  very 
little  about  the  point  O,  the  law  of  the 
principle  of  virtual  velocities  enunciated 

above  in  §  80  and  §  93  holds  equally  good,  as  may  be  proved  in  tfae  fol- 
8 
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lowing  manner.     From  §  86  the  moment  P  .  OJV*  of  the  resultant  is 
equivalent  to  the  sum  of  the  moments  of  the  components,  so  that: 


The  space  J^lBl  corresponding  to   a  revolution  through  the  small 


<5» 

angle  ^OB^tf*  or  the  arc  y=     ^    .  a,  is  perpendicular  to  the  dia- 

loO 


meter  OJi^  therefore,  the  triangle  Ji^B^C^  \vhich  is  formed  if  a  per- 
pendicular line  SlCl  be  let  fall  on  the  direction  of  the  force,  is  similar 
to  the  triangle  O^31JV*1  determined  by  the  arm  O-JV^—G^,  and  accord- 
ingly 


If  the  virtual  velocity  ^?1C1=(?1  and  the   arc  ^1Bl=:OJli  .  $,  we 
then  obtain  : 

a,  =  9j3i**i  «  ^also  az=   *L,  &c. 

OA^  $  2        * 

If  these  values  be  substituted  in  the  above  equation  for  a1?  a2,  we 
then  have 

P«^    Pl*l      ,       P**2      ,  &C 

-  ==  --  j  ---  }-  •  »  -  OCC., 

*  4>  t 

or?  as  <?>  is  a  common  divisor, 

P<j=P1<y1+P2<?2+.  ,  ,&c.,  the  same  as  in  §  80. 
So  that,  for  small  revolutions  the  mechanical  effect  (Per)  of  the  re- 

sultant is  equivalent  to  the  sum 

Fig.  64.  of  tfoe  mechanical  effects  of  the 

components. 

§  95.  The  principle  of  virtual 
velocities  holds  likewise  for  ar- 
bitrarily great  revolutions,  if 
instead  of  the  virtual  velocities 
of  the  points  of  application,  the 
projections  JV^Dj,  JV"2D2,  &c., 
Fig.  64,  of  the  spaces  commencing  at  the  points  JV\9  JV"2,  be  intro- 
duced, and  their  values 

BiCi*=*  OBV  sin.  JV^OjB^^  sin.  t? 
J52C2=  OB2  sin.  JV2OJ52=a3  sin.  *9  &c., 
be  substituted  for  a19  0%,  we  then  obtain 

Pa  sin.  ^sssP^  sin.  $4-P2a2  sin.  $  .  .  *  +  >  or?  dividing 
by 


-.  .., 

the  known  equation  for  statical  moments, 

This  principle  is  correct  also  for  finite  revolutions,  if  the  directions 
of  the  forces  revolve  simultaneously  with  the  system,  or  if,  while  the 
point  of  application  incessantly  changes,  the  arm  OJV^—  OJ3X  remains 
invariable,  then  from 


and  multiplying  by  $,  we  have 
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^  J5j 


&c.,  of  the 


Fig.  65. 


if  a,  <y1?  <*2,  &c.,  designate  the  circular  arcs, 
points  JV,  JV\,  &c. 

§  96.  Every  small  motion  or  displacement  of  a  body  in  a  plane 
may  be  regarded  as  a  small  revolution  about  a  movable  centre,  and 
may  be  proved  in  the  following  manner.  Let  two  points  A  and  B, 
Fig.  65,  of  this  body  (this  surface  or  line)  be  advanced  by  a  small 
motion  to  A^  and  S19  let  also  Jl^B^ 
JIB.  If  at  these  points  we  draw  per- 
pendiculars to  the  small  spaces  de- 
scribed AAi  and  SB19  they  will  intersect 
at  a  point  C,  from  which  as  a  centre 
AA^  and  BBl  may  be  considered  the 
circular  arcs  described.  Now  from  the 
equalities  AB^A^B^  AC^A^C,  and 
^C,  the  triangles  ABC  and 
are  equal,  therefore,  also  the 
z.  BCA  and  the  t.  ACA^ 
t  BCB^  If  we  make  A^D^AD,  we 
obtain  from  the  equality  of  the  ^  s 
D^A^C  and  DAC,  and  from  that  of  the 
sides  CAl  and  CA  in  CA1DI  and  CAD,  again  two  congruent  trianr 
gles  in  which  CDJ=  CD,  and  z:A^CD^£  ACD.  Consequently  any 
arbitrary  point  D  in  AB,  by  its  small  advancement,  describes  a  cir- 
cular arc  DDr  If  lastly  E  be  any  point  without  the  line  AB,  and 
rigidly  connected  with  it,  the  small  space  EE±  may  be  regarded  as 
the  arc  of  a  circle  from  C  as  a  centre,  for  if  we  make  the  £  E^AJB^ 
?=EAB  and  the  distance  A^E^=AE,  we  again  obtain  two  congruent 
triangles  E^A^C  and  EAC  with  equal  sides  CE1  and  CE,  and  equal 
/.  s  J2ICEl  ACE,  and  the  same  may  be  shown  for  every  other  point 
rigidly  connected  with  AB.  We  may  consequently  regard  every 
small  motion  of  a  surface  rigidly  connected  with  AB,  or  of  a  rigid 
body,  as  a  small  revolution  about  a  centre,  which  is  given  when  the 
point  of  intersection  C  is  determined,  in  which  the  perpendiculars  to 
the  paths  AA^  and  jBJ^  of  the  two  points  of  the  body  intersect  each 
other, 

§  97.  From  §  94,  for  a  small  revolution  of  a  system  of  forces,  the 
mechanical  effect  of  the  resultant  is  equivalent  to  the  algebraical  sum 
of  its  components;  from  §  95,  every  small  displacement  may  be  re- 
garded as  a  small  revolution  ;  hence  the  law  of  the  principle  of  virtual 
velocities  above  enunciated  is,  therefore,  applicable  to  every  small 
motion  of  a  rigid  body  or  system  of  forces*  \ 

Jf  equilibrium  obtain  in  a  system  of  forces^  i.  e.  if  the  resultant  be 
null,  the  sum  of  the  mechanical  effects  must  be  also  null  for  a  small 
arbitrary  motion.  If  inversely  for  a  small  motion  of  the  bo^y,  the 
sum  of  the  effects  be  null,  equilibrium  does  not  from  this  nectessarily 
follow;  the  sum  for  all  possible  small  displacements  must  be  «  0,  if 
equilibrium  is  to  take  place*  Since  the  formula  expressing  the  law 
of  virtual  velocities  only  fulfils  one  condition  of  equifibltmi%  it  is  re- 
quisite for  equilibrium  that  this  law  be  satisfied,  at  kast  for  as  many 
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motions  as  can  be  made  from  these  conditions  for  example,  in  a  sys- 
tem of  forces  in  a  plane,  for  the  three  motions  independent  of  each 
other. 


CHAPTER    II. 


CENTRE    OF     GRAVITY. 

§  98.  Centre  of  Gravity. — The  weights  of  the  parts  of  a  heavy 
body  form  a  system  of  parallel  forces,  whose  resultant  is  the  weight 
of  the  whole,  and  whose  centre  may  be  determined  from  the  three 
formulae  of  §  91.  This  middle  point  of  a  body  or  system  of  bodies 
is  called  the  centre  of  gravity,  and  also  the  centre  of  the  mass  of  the 
body  or  system  of  bodies.  If  a  body  be  turned  about  its  centre  of 
gravity,  this  point  does  not  cease  to  be  the  central  point  of  gravity, 
for  if  the  three  planes,  to  which  the  points  of  application  of  the 
separate  weights  are  referred,  revolve  at  the  same  time  with  the 
body,  the  position  of  the  directions  of  force  to  these  planes  alone 
changes  by  this  revolution,  the  distances  of  the  points  of  application 
from  these  planes  remain  invariable.  The  centre  of  gravity  is,  there- 
fore, that  point  of  a  body  in  which  its  weight  acts  vertically  down- 
wards, and  which  must  be,  therefore,  supported,  and  fixed,  in  order 
that  in  every  position  the  body  may  remain  at  rest. 

§  99.  Every  vertical  straight  line  in  which  this  point  lies  is  called 
the*  line  of  gravity ;  and  every  plane  passing  through  the  centre  of 
gravity,  a  plane  of  gravity.  The  centre  of  gravity  is  determined  by 
the  intersection  of  two  lines  of  gravity,  or  that  of  a  line  of  gravity 
and  a  plane  of  gravity,  or  by  the  intersection  of  the  planes  of  gravity. 
Since  the  point  of  application  may  be  displaced  at  will  in  the 
direction  of  force,  without  changing  the  action  of  the  force,  so  a  body 

is  in  any  position  in  equilibrium 
66-  if  a  point  in  the  vertical  line  pass- 

ing through  the  centre  of  gravity 
is  fixed. 

If  a  body  JW,  Fig.  66,  be  sus- 
pended by  a  thread  CJiy  in  its 
prolongation  JIB  we  have  a  line 
of  gravity,  and  if  it  be  similarly 
suspended  by  a  second  line,  we 
get  a  second  line  of  gravity  JDE. 
The  intersection  S  of  both  lines 
is  the  centre  of  gravity  of  the 
body.  If  the  body  be  suspended 
upon  an  axis,  or  be  brought  upon 
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a  sharp  edge  (knife  edge)  into  a  state  of  equilibrium,  we  shall  obtain 
in  the  vertical  plane  passing  through  the  axis,  or  through  the  knife 
edge,  a  plane  of  gravity,  &c.  Experimental  determinations  of  the 
centre  of  gravity,  as  just  pointed  out,  are  rarely  applicable  ;  we  have 
generally  to  make  use  of  geometrical  rules,  which  will  presently  be 
given  for  the  determination  of  this  point  with  accuracy. 

In  many  bodies,  for  example,  in  rings,  the  centre  of  gravity  falls 
without  the  mass  of  the  body.  If  such  a  body  is  to  be  fixed  in 
its  centre  of  gravity,  it  is  necessary  to  connect  a  second  body  with 
the  first,  in  such  a  manner  that  the  centres  of  gravity  of  both  may 
coincide. 

§  100.  Determination  of  the  Centre  of  Gravity.  —  If  x^  x#  xz,  y^ 
Uv>  y&  zv  *v  ^3?  &c*»  ke  the  distances  of  the  parts  of  a  heavy  body 
from  the  three  planes  xz,  yz?  xy,  and  the  weights  of  these  parts  be 
Px,  P2,  P3,  &c.,  we  then  have  the  distances  of  the  centre  of  gravity 
from  these  three  planes, 


px 


x  4-  P2  +  P3  +  •  •  • 

P3z3  +  .  .  . 


-        Pa  +  P2  +  P3  +  .  •  - 
If  the  volumes  of  these  parts  be  V^  V#  V3,  &c.,  and  their  densities 

>  ys'  ^3»  &c-'  we  may  Put  therefore 
_ 


'  lYl  &2  •   •    * 

If  the  body  be  homogeneous,  i.  e.  all  parts  of  the  same  density 
then: 


—     (1^+  F2+  .  ,  .)  r    ' 
or  since  the  common  factor  y  above  and  below  is  cancelled  : 


+  T^.  + 


I          2       .  .  . 

We  may  also,  instead  of  the  weights,  substitute  the  volumes  of  the 
separate  parts,  and  thereby  make  the  determination  of  the  centre  of 
gravity  a  problem  of  pure  geometry. 

When  bodies  are  a  little  extended  in  one  or  in  two  dimensions^  as 
thin  plates,  fine  wires,  &c.,  they  maybe  regarded  as  surfaces  crimes, 
and  their  centres  of  gravity  likewise  determined  with  the  help^df  the 
three  last  formulae,  if  for  the  volumes  Fx,  F2,  the  arms  or  teog&s  be 
substituted.  m  _,  . 

§  101.  In  regular  figures  the  centre  of  gravity  <x4B|5$<fes  with  the 
centre  of  figure,  as  in  dice,  cubes*  spheres,  ^jmweNiI  triangles,  cir- 

8* 
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cles,  &c.  Symmetric  figures  have  their  centre  of  gravity  in  the  plane 
or  axis  of  symmetry.  The  plane  of  symmetry  JIB  CD  divides  a  body 
Fig.  67,  into  two  congruent  halves;  the  portions  on  both 


Fig.  67. 


Fig.  68. 


sides  of  this  plane  are  equal;  the  moments  also  on  the  one  side  are 
equal  to  those  on  the  other,  and,  consequently,  the  centre  of  gravity 
falls  within  this  plane.  Because  the  axis  of  symmetry  EF  cuts  the 
plane  surface  ABCD,  Fig.  68,  into  two  congruent  parts,  here  the 
portions  on  the  one  side  are  equal  to  those  on  the  other;  the  moments 
also  on  both  sides  are  equal,  and  the  centre  of  gravity  of  the  whole 
lies  in  this  line.  Lastly,  the  axis  of  symmetry  KL  of  a  body  J2BGH, 
Fig.  69,  is  its  line  of  gravity,  because  it  arises  from  the  intersection 


Fig.  69. 


Fig.  70. 


of  two  planes  of  symmetry,  jlBCD  and  EFGH.  For  this  reason,  the 
centre  of  gravity  of  a  cylinder,  of  a  cone,  and  of  a  surface  of  revolu- 
tion, or  of  a  rotating  body  formed  on  the  potter's  wheel,  lies  in  the 
axis  of  these  bodies. 

§  102.  Centre  of  Gravity  of  Lines. — The  centre  of  gravity  of  a 
straight  line  lies  in  its  middle. 

The  centre  of  gravity  of  a  circular  arc  JIB  =  5,  Fig.  70,  lies  in  the 
diameter  CM,  and  passes  through  the  middle  M  of  the  arc,  for  this 
diameter  is  the  axis  of  symmetry  of  this  arc.  But  in  order  to  find  the 
distance  CS=x  of  the  centre  of  gravity  S  from  the  middle  point,  or 
centre  of  the  circle^  the  arc  must  be  divided  into  many  elementary 
parts,  and  statical  moments  of  these,  with  reference  to  an  axis  XX 
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passing  through  the  centre  C  and  parallel  to  the  chord  */2jB=s,  be  de- 
termined. 

If  PQ  be  a  part  of  the  arc,  and  PJVbe  its  distance  from  XX, 
then  the  statical  moment  of  this  portion  of  the  arc  =  PQ  .  PN.  If 
now  the  radius  PC=MC=r  be  drawn,  and  QR  parallel  to  JlB, 
we  obtain  the  two  similar  A8  PQR  and  CPJV,  for  which: 

PQ:  QR  =  CP:PJY, 

from  which  the   statical  moment  of  the  elementary  arc  PQ  .  PJV*  = 
QR  .  CP  =  QR  ,  r  is  determined. 

Now,  for  the  statical  moments  of  all  the  remaining  arcs,  the 
radius  r  is  a  common  factor,  and  the  sum  of  all  the  projections  QR 
of  the  elementary  arcs  is  equal  to  the  chord  corresponding  to  the  pro- 
jection of  the  whole  arc  ;  it  follows,  therefore,  that  the  moment  of  the 
whole  arc  is  also  =  the  chord  (s)  times  the  radius  r.  If  this  mo- 
ment be  put  equal  to  the  arc  (6)  times  the  distance  xy  and  therefore 
bx  =  $r,  we  then  obtain  : 

sr 
-—  * 
b 

So  that  the  distance  of  the  centre  of  gravity,  from  the  middle  point 
is  to  the  radius,  in  the  ratio  of  the  arc  to  the  chord. 

If  the  angle  at  the  centre  J1CB  of  the  arc  b  be  =  j3°,  the  arc  cor- 


x  s  i 
—  __  and 
r  b 


6° 


responding  to  the  diameter  1  is  0 

.  _       .      £  .    -  ,,  , 

/3r,  and  s  =  2  r  sin.  ~  :  whence  it  follows  that,  #= 


have  then  5 
sin.  i  3  .  r 


3  2 

For  the  semicircle   j3  =  n  and  sin.  ^  =  1  ;  therefore,  x  =  —  r  = 

2  rt 

0,6366  .  ,  .  r  =  —  r  nearly. 

§  103.  To  find  the  centre  of  gravity  of  a  polygon  or  a  connection 
of  lines  AB  CD,  Fig.  71,  we  must  seek 
the  distances  of  the  middle  points  JT, 
K9  M9  of  the  lines  J1B=L     J3C=Z, 


Flg'71' 


,2, 


==£3,  &c.,  from  two  axes  OX  and 
OF,  viz  :  HH1L  =  y^  HH2  =  xl9  KK^ 
=  y2,  iTjfiCj  =  x29  &c.  ;  the  distances  of 
the  centre  of  gravity  sought  from  these 
axes  are  then  : 


For   example,  the  distance    of  the 

centre  of  gravity  S  of  a  wire  bent  into  the  form  of  a  A  J3.BC9  Fig.  72, 
from  the  base  is: 
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Fig.  72. 


if  the  sides  opposite  to  the  angles  A,  B,  C  be  designated  by  a,  b,  c, 

and  the  height  CG  by  h. 

If  the  middle  points  H,  K,  M, 
of  the  sides  of  the  triangle  be 
connected  with  each  other,  and 
in  the  triangle  so  obtained  a  cir- 
cle be  described,  its  centre  will 
coincide  with  the  centre  of  gra- 
vity S,  for  the  distance  SD  from 
one  side  H  K  is 


DJV- 


h 


ch 


— 
2      a  +  b+c 


Fig.  73. 


j        a+b+c 
the  distances  SE  and  £Ffrom  the  other  sides. 

§  104.  Centre  of  Gravity  of  Plane  Figures. 
— The  centre  of  gravity  of  a  parallelogram 
ABCD9  Fig.  73,  lies  in  the  point  of  inter- 
section of  its  diagonals,  for  all  strips,  such 
as  KL,  which  are  formed  by  drawing  lines 
parallel  to  one  of  its  diagonals  BD,  are  bi- 
sected by  the  other  diagonals  AC;  each  of 
the  diagonals,  therefore,  is  a  line  of  gravity. 

In  a  plane  A  ABC,  Fig.  74,  every  line  CD  from  one  angle  to  the 

middle  D  of  the  opposite  side  AB,  is  a  line 
B-  74-  of  gravity,  for  the  same  bisects  all  the   ele- 

ments KL  of  the  A  which  are  given  when 
lines  parallel  to  AB  are  drawn.  If  from  a 
second  angle  A  a  second  line  of  gravity  be 
drawn  to  the  middle  E  of  the  opposite  side 
BC,  the  point  of  intersection  of  the  two  will 
give  the  centre  of  gravity  of  the  whole  A. 

Because  BD  =  \BA  and  BE  ==  %BC,  DE 
is  parallel  to  AC  and  =  %AC,  and  A  DES 
similar  to  the  A  CAS,  and  lastly,  CS=  2  SD. 
If  further  we  add  SD,  it  follows  that  CS  +  SD,  or  CD  =  3  DS,  and, 

therefore,  inversely,  DS  =  J  CD. 
The  centre  of  gravity  S  lies  at  J  of 
the  line  CD  from  the  middle  point 
D  of  the  base,  and  at  f  of  the  same 
from  the  angle  C.  If  CHaud  SN 
be  drawn  perpendicular  to  the  base, 
we  have  also  SJ\T=  J  CH;  the  cen- 
tre of  gravity  Sis  at  J  of  the  height 
from  the  base  of  the  A. 

The  distance  SS^  of  the  centre 
of  gravity  of  a  A^ABC,  Fig.  75, 
from  an  axis  XX  is  =*  DD±  +  % 


Fig.  75. 
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,   but  &£>! 

f  .  i 
i    x>  i?     I 

i-—  —    1 


4- 


9  consequently,  x  =  SS. 


.e. 


%  (•& 
-BJBJ: 

,  the   arithmetical  mean  of  the  distances 


of  the  three  angular  points. 

Since  the  distance  of  the  centre  of  gravity  is  determined  in  the  same 
manner  by  three  equal  weights  at  the  angular  points  of  a  A,  so  the 
centre  of  gravity  of  a  plane  triangle  coincides  with  the  centre  of  gra- 
vity of  these  three  equal  weights. 

§  105.  The  determination  of  the  centre  of  gravity  &  of  a  trapezium 
Fig.  76,  maybe  made  in  the  following  manner.  The  straight 

Fig.  76. 


line  J\fJ\T9  which  connects  the  middle  points  of  the  two  bases  J2B  and 
CD  with  each  other,  is  a  line  of  gravity  of  the  trapezium  ;  for  lines 
4rawn  parallel  to  the  bases  decompose  the  trapezium  into  elementary 
parts,  whose  middle  points  or  centres  of  gravity  lie  in  JI^TJV*.  Now  to 
determine  completely  the  centre  of  gravity  S9  we  have  only,  therefore, 
to  find  its  distance  S'H  from  a  base  J^B. 

Let  B  represent  the  one,  and  b  the  other  of  the  parallel  sides  JIB 
and  CD  of  the  trapezium,  k  the  height  .or  the  normal  distance  of 
these  sides.  LtetDE  be  now  drawn  parallel  to  the  side-BC,  we  shall 
then  obtain  a  parallelogram  BCDE  of  the  area  bky  and  whose  centre 

of  gravity  is  S19  and  distance  from  *ftB  »  _,  and  a  A  *fiDE  of  the 
area  ^ —  ^  and  centre  of  gravity  SZ9  and  whose  distance  from 


The  statical  moment  of  the  trapezium,  about  the  line  J2B,  is  there- 
fore 


"but  the  area  of  the  trapezium  is 


-;  it  follows,  therefore, 


that  the  normal  distance  of  the  centre  of  gravity  $  from  the  base  is 
HS=    -     -      -    -,-  B+b     -  3' 
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To  find  the  centre  of  gravity  by  construction,  let  the  two  bases  be 
prolonged,  the  prolongations  CG  made  =  B  and  AF  =  6,  and^  the 
two  extreme  points  obtained,  F  and  G,  connected  by  a  straight  line  : 
the  point  of  intersection  S  with  the  middle  line  JWJVwill  be  the  centre 

of  gravity  sought  ;  for,  from  HS*=  ^t  ^    •  |>  lt  follows  that 


__  MA  +  AF 

'2B-l-l>~  B+^b       CG+ JVC 
which  actually  arises  from  the  similarity  of  the  triangles  MSF  and 


§  106.  To  find  the  centre  of  gravity  of  any  other  four-sided  figure 

ABCD,  Fig.  77,  we  may  decompose  it 
77.  by  the  diagonal  AC  into  two  triangles, 

and  from  the  foregoing,  determine  their 
centres  of  gravity  Sl  and  S2,  and  thereby 
a  line  of  gravity  5!^-  If  now  the  four- 
sided  figures  be  decomposed  into  two 
other  triangles  by  the  diagonal  BD,  and 
their  centres  of  gravity  determined,  we 
obtain  another  line  of  gravity,  whose  in- 
tersection with  the  first  will  give  the 
centre  of  gravity  of  the  whole  figure. 


/  /    ^\  \ 


We  may  effect  this  more  simply  if  we  bisect  the  diagonal  AC  in 
My  apply  "the  greater  part  BE  of  the  second  diagonal  to  the  less,  so 
that  DF=*JBE,  join  FM  and  divide  it  into  three  equal  parts  ;  the 
centre  of  gravity  lies  in  the  first  point  S  from  M9  as  may  be  proved 
in  the  following  manner.  MS^=  %  MD  and  MSZ  =  %  MB,  conse- 
quently AS,  are  parallel  to  BD,  but  SS^  times  A  ACD=^SS2  times  A 
ACS,  or  SSl  .  DE=SS2  .  BE ;  therefore,  SS^ :  SS^BE  :  DE.  Now, 
BE^DF  and  DE=BF,  consequently  SS^  :  SS3  =  DF  :  BF.  The 
straight  line  MF  intersects,  therefore,  the  line  of  gravity  S^  in  the 
centre  of  gravity  of  the  figure. 

§  107.  If  it  be  required  to  find  the  centre  of  gravity  S  of  a  polygon 
ABCDE,  Fig  78,  we  must  decompose  the  polygon  into  triangles,  and 
determine  their  statical  moments  with  reference  to  two  rectangular 

axes  XX  and  FT. 

If  the  co-ordinates  QA^x^  OA2=yl9  OBf=x#  OB2=y2,  &c.,  of 
the  extremities  are  given,  the  statical  moments  of  the  triangles  ABO, 
BCO,  COD,  &c.,  may  be  determined  simply  in  the  following  manner. 
Th,e  area  of  A  ABO,  from  the  remark  below,  =  _DX  =  ^  (Xy<j — XJ/^  ; 
of  the  following  A  BCO=D2=^  (x&s — ^3^2)?  &c.,  the  distance  of  the 
centre  of  gravity  of  A  ABO  from  YjT  according  to  §  104  =1^  = 

;  of  the  centre  of  gravity 
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of  A  BCO^u2 


and  v 


,  &c.  If  these  distances  are 


2  =  z==, 

>£  o 

multiplied  by  the  areas  of  the  triangles,  the  moments  of  these  last 

Fig.  78. 


are  obtained  ;  and  if  the  values  so  obtained  are  substituted  in  the 
formulae  : 


„  = 


D1  +  Z>3  +  .  •  •      ' 

we  have  the  distances  u  and  t>  of  the  centre  of  gravity  from  the  axes 
YY  and  XX. 

Example.  A  pentagon  ABODE,  Fig.  78,  Is  given  by  the  following  co-ordinates  of  its 
extremities  »/2,J5,  C,  &c.:  to  find  the  co-ordinates  of  its  centre  of  gravity: 


Co-ordinates  given. 

Twice  the  area 
of  triangles. 

Triple  co-ordinates 
of  centre  of  gravity. 

Six  times  the  sta- 
tical moments. 

X 

y 

3  wn 

3i?n 

6DnWa 

6J9nt?a 

24 
7 
—  16 
—  12 
18 

11 
21 
15 
—  9 

—  12 

24     21  —    7  .  11  =427 
7     15  +  21  .  16  =  441 
16       9+  12.   15  =  324 
12     12  +  18  .     9  «  306 
18     11  4-  24  .  12  =486 

31 
—  9 
—  28 
+  6 
+42 

32 
36 
6 

—  21 
—   1 

13237 
—3969 
—  9072 
1836 
20412 

13664 
15876 
1944 
—6426 
—  486 

Sum:     1984 

22444 

24S72 

The  distance  of  the  centre  of  gravity  from  the  axis  YY  is ; 

1     22444  7 

Jb£o  =  W  = . =  o,77 1, 

3      1984 


and  from  the  axis  XX: 


24572 


=  4,123. 
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Remark.  If  C^  = 


Fig.  79. 


and  CJ93  s=  yQ,  the  co-ordinates  of  the  two 
angles  of  a  triangle  JLBC,  Fig.  79,  whose 
third  angle  C  coincides  with   the   point 
of  application  of  the  system  of  co-ordi- 
nates, we  have  the  area  of  the  same : 
D  ass  trapezium  ABB^^-\-  triangle 
CBB^  —  triangle  r 


e-  80- 


The  area  of  this  triangle  is  the  differ- 
ence of  two  other  triangles,  CB*  Jl^  and 
CJ?z  BI,  and  the  one  coord  in  ate  of  a  point 
is  the  base  of  the  one,  and  the  other  co- 
ordinate the  height  of  the  other  triangle, 
and  inversely. 

§  108.   The  centre  of  gravity  of  the  sector  of  a  circle  ACB,  Fig. 
80,  coincides  with  that  of  a  circular  arc  AlBl  which  has  the  same 

angle  with  the  sector,  and  whose  radius 
CA1  is  two-thirds  of  the  radius  CA  of 
the  sector  ;  for  the  sector  may  be  divided 
by  an  infinity  of  radii  into  very  small 
triangles,  whose  centres  of  gravity  are 
distant  two-thirds  of  the  radius  from  the 
centre  C,  and  these  form  by  their  con- 
timiity  the  arc  A^M^B^  The  centre  of 
gravity  S  of  the  sector  lies  in  the  radius 

CJtf,  bisecting  the   surface,  and   at  the  distance  CS  =  x  • 
-CA=~- 


arc 


S2n* 


f3.  r  ;  r  representing  the  radius  CJi  of  the  sector, 


and  /3  the  arc  which  measures  the  angle  at  the  centre  J2CJB. 

For  the  semi-circle  j3  =  *,  sin.  J  /3  =  sin.  90°  =  1,  therefore  x  = 

4  14  4     N/T" 

—5  —  r  sas  0,4244  r  or  about  ^5  r.     For  a  quadrant  x  =  -z  .   i  —  ^-r 

O  7t  OO  x  O          •      7t 


3*      '  - 
0,6366  r. 

Fig.  81. 


0,6002  r  and  for  a  sixth  part  x  —    «  -  r" 

o      ^  ft 


2 
—    r 


§  109.  The  centre  of  gravity  of  a  seg- 
ment of  a  circle  ABM,  Fig.  81,  is  given, 
if  we  put  the  moment  of  the  sector  ACBM 
equal  to  the  sum  of  the  moments  of  the 
segment  and  the  moment  of  the  triangle 
ACB.  Ifr  be  the  radius  CA,  s  the  chord* 
ABy  and  A  the  area  of  the  segment  ABM, 
the  moment  of  the  sector  =  the  sector  x 

r  .  arc      chord     2  1 

<£  arc       o  o 

ther  the  moment  of  the  triangle  —  triangle  x   CSZ  =  ^     /  r2 —  -^-. 
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*      f  r2 £_  — ,  and  from  this  the  moment  of  the  sep-ment : 

3  W  4-3         «'     m          ^ 

A.  CS 

tance  sought  is  x 


Jix  ==  ~  sr2 —  (~ — )  —  — ;    consequently   the  dis- 


For  the  semi-circle 


2  r  and  Ji  «  -  *  r2,  hence  a: 

A* 


Sr3 

'  i2.ii 


a-s  _T,  as  found  above. 

3/e 

In  like  manner  we  may  find  the  centre  of  gravity  S  of  a  portion  of 
a  ring  «ABDE>  Fig.  82,  which  is  the  difference  of  two  sectors  ACB 
and  DCE.     If  the  radii  be  CA=r  and 
CD^r^  and  the  chords  JlB=s  and  i>#  Fie-  S2- 

sss^,  the  statical  moments  of  the  sectors     f 

are :  S       and  Sl  TI  ,  therefore   the    stati- 

3  o 

cal  moments  of  the  portion  of   ring:  = 

s          r  \ 

(since    — L  ==  -M    is 
s          r  / 


.  — .      But    the    area 


is 


area 


ftri   _  Q  /r3     rt  \     pjQ^jgj  that  /3  represents  the  arc  corresponding 
•2    ~      \      2     / 
to  the  angle  at  the  centre  ^3CJ5;  the  centre  of  gravity,  therefore,  of 

,  ^vrr  moment       r3 — rt3 

the  portion  follows  from  the  distance   C6 

2  /r5 — r,3  \     chord       4  sin*  ^  /J     r 

I^^S"^          ^— r,« 

'  Example.  The  radii  of  the  surfaces  of  a  dome  are :  r  =  5  ft.,  rx  =  3J  ft.,  and"  the  angle 
at  the  centre,  £°  =  130°,  then  is  the  distance  of  the  centre  of  gravity  of  these  surfaces 
from  their  central  point: 

4    sin.  65<>       53^.3^53^4.  0,9063     125 — 42,875^3,6252X82,125 

^""S  arc.  130°  "  5* — 3,5a~3  .  2,2689  "     25 — 12,25  6,8067X12,75 

ssss  3,430  feet. 


2    g      2 /y3 — y\3\ 

3"  7^""  air2— r,2/ 


§  110.  Centre  of  Gravity  of  Curved  Sur- 
faces*— The  centre  of  gravity  of  a  curved  sur- 
face (envelope)  of  a  cylinder  J1BCD,  Fig.  83, 
lies  in  the  middle  S  of  the  axis  MN  of  this 
body,  for  all  the  annular  elements  of  the  cylin- 
drical envelope  which  are  obtained  by  sections 
drawn  through  the  body  parallel  to  the  base, 
are  equal,  and  their  centres  of  gravity  lie  in 
the  axis ;  these  centres  of  gravity  form  a  uni- 
form line  of  gravity.  For  the  same  reason  the 
9 


Fig-.  83. 
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Fig.  84. 


Fig.  85. 


centre  of  gravity  of  the  surfaces  of  a  prism  lies  in  the  middle  point 
of  the  straight  lines  connecting  the  centres  of  gravity  of  both  the 
bases. 

The  centre  of  gravity  of  the  envelope  of  a  right  cone  ABC,  Fig. 
84,  lies  in  the  axis  of  the  cone,  and  is  one-third 
of  this  line  from  the  base,  or  two-thirds  from  the 
vertex;  for  this  curved  surface  maybe  decom- 
posed into  an  infinite  number  of  small  triangles 
by  straight  lines,  which  are  called  the  sides  of 
the  cone  whose  centres  of  gravity  form  a  circle 
HK9  which  is  distant  two-thirds  of  the  axis  from 
the  vertex,  and  whose  centre  of  gravity  or  centre 
S  lies  in  the  axis  CM. 

The    centre   of   gravity   of   a   spherical    zone 
ABDE,  Fig.  85,  and  likewise  that  of  a  spherical 
cup  lies  in  the  centre  Sof  its  height  JlfJV;  for  from 
the  rules  of  geometry  the  zone  has  the 
same  surface  as  a  cylindrical  envelope 
FGHK,  whose  height  is  equal  to  that 
of  JkfJV,  and  whose  radius  is  equal  to 
that  of  the  radius  CO  of  the  spherical 
zone ;   and  this  equality  also  exists  in 
the  annular  elements,  which  are  ob- 
tained by  carrying  an  infinite  number 
of  planes  parallel  to  the  circular  bases 
through  the  same  ;    according  to  this 
the  centre  of  gravity  of  the  zone  coin- 
cides with  that  of  the  cylindrical  envelope. 

Remark.  The  centre  of  gravity  of  the  surface  of  an  oblique  cone  or  oblique  pyramid 
lies  at  about  one-third  of  the  height  from  the  base,  but  not  in  the  straight  line  passing 
from  the  vertex  to  the  centre  of  gravity  of  the  base,  because  slices  parallel  to  the  base 
decompose  the  surface  into  rings,  which  vary  in  breadth  at  different  parts  of  their 
surface. 

§  111.    Centre  of  Gravity  of  Bodies. — The  centre  of  gravity  of  a 
prism  AK>  Fig*   86,  is  the  centre  S  of  the 
Fig.  86.  straight  line  which   connects   the   centres    of 

fravity  M  and  JV  of  both  bases  JlD  and  GK9 
>r  the  prism  may  be  decomposed  by  sections 
parallel  to  the  base  into  exactly  congruent 
slices,  whose  centres  of  gravity  lie  in  JkTJV, 
and  by  their  superposition  make  the  line  MN 
a  uniform  line  of  gravity. 

For  the  same  reason  the  centre  of  gravity 
of  a  cylinder  lies  in  the  middle  of  its  axis. 

The  centre  of  gravity  of  a  pyramid  JlDF, 
Fig.  87,  lies  in  the  straight  line  MF  from  the  vertex  F  to  the  centre 
of  gravity  Jkf  of  the  base,  for  all  slices  as  NOPQR,  have  from  their 
similarity  with  the  base,  their  centres  of  gravity  in  this  line. 

If  the  pyramid  be  triangular  as  JIB  CD,  Fig.  88,  each  of  the  four 
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angular  points  may  be   considered   as  vertices,  and  the  opposite  sur- 
faces as  bases;  the  centre  of  gravity  S  is  determined  by  the  intersec- 


Fig.  87. 


88. 


tion  of  two  straight  lines  drawn  from  D  and  A  to  the  centres  of  gra- 
vity J\f  and  JVof  the  opposite  surfaces  ABC  and  SCI}. 

If  the  straight  lines  EA  and  ED  be  given,  we  then  have  from 
§  104  EM  =  J  EA  and  EJ\T  =  J  ED;  therefore  JlfJVis  parallel  to 
AD  and  =  J  AD,  and  the  A  MJVS similar  to  A  DAS.  Again  from  this 
similarity  we  have  MS  =  J  DS,  or  DS  =  3  MS,  also  MD  =  SD  + 
MS  =  4  JVfS,  and  inversely  MS  =  J  JVfD.  Hence  the  centre  of  gra- 
vity is  found  to  be  one-fourth  of  the  line  joining  the  centre  of  gravity 
M  of  the  base  with  the  vertex  D. 

Further,  if  the  heights  DH  and  SG  be  given,  and  HM  be  drawn, 
we  then  obtain  the  two  similar  AS  DHJW  and  SGM,  in  which  from  the 
foregoing  SG  =  J  DH.  We  may,  therefore,  say  that  the  distance  of 
the  centre  of  gravity  S  of  a  triangular  pyramid  from  the  base  is  equal 
to  one-fourth,  and  that  from  the  vertex  three-fourths  of  the  height  6f 
the  pyramid. 

As  every  pyramid,  and  also  every  cone,  is  made  up  of  an  infinite 
"number  of  three  sided  pyramids  of  the  same  height,. the  centre  of 
gravity  of  every  pyramid  and 

cone  is  a  fourth  of  the  height  Fis-  89- 

from  tlie  base  and  three- 
fourths  from  the  vertex. 
We  may,  therefore,  find  the 
centre  of  gravity  of  a  pyra- 
mid or  cone,  if  a  plane  be 
drawn  parallel  to  the  base 
at  a  distance  one-fourth  from 
the  base,  and  the  centre  of 
gravity  of  the  section  or  its 
intersection  with  the  line 
joining  the  vertex  and  the 
centre  of  gravity  of  the  base 
be  determined. 

§  112.    If   the   distances 
of  the  four  an- 
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fles  of  a  triangular  pyramid  J1BCD,  Fig.  89,  from  a  plane  HK  be 
nown,  the  distance  of  the  centre  of  gravity  S  from  this  plane  is  found 
from  the  mean  value 

cc,         wtf^+.BJ^+Cd+DDi, 

oo»  _..  •    —  

4 

The  distance  of  the   centre  of  gravity  M  of  the  base  ABC  from  this 
plane  is  (§  104): 

MM  i  == 

and  that  of  the  pyramid  S  is: 

SSl=MM1- 

where  DD^  is  the  distance  of  the  vertex:  hence   it  follows  by  com- 
bining the  two  last  equations,  that : 


The  distance  of  the  centre  of  gravity  of  four  equal  weights  applied 
to  the  angles  of  a  triangular  pyramid,  is  equivalent  to  the  arithmetical 


Fig.  90. 


mean 


consequently  the  centre  of  gra- 
vity of  the  pyramid  corresponds 
with  that  of  the  system  of 
weights. 

Remark.  The  determination  of  the 
volume  of  a  triangular  pyramid,  from 
the  co-ordinates  of  its  angles,  is  simple. 
If  we  draw  planes  XY,  XZ,  YZ,  through 
the  vextex  O  of  such  a  pyramid  dBCO, 
Fig.  90,  and  represent  the  distances  of 
the  angles  J3.BC  from  these  planes  by  «„ 

z™  ~3>  y»  y*>  Vp  and  x»  **  x&  *&e  volume 
of  the  pyramid  will  be 

^  *t  +  aA  —  ar, 


which  will  be  given,  if  the  pyramid  be 
considered  as  an  aggregate  of  four  oblique  prisms. 

The  distances  of  the  centre  of  gravity  of  these  pyramids  from  the  three  planes  are  : 


4  4  —  4 

§  113.  Since  every  polyhedron  as  J3BCDO,  Fig.  91,  may  be  decom- 
posed into  triangular  pyramids  J3SCO,  BCDO,  we  may  also  find  its 
centre  of  gravity  S  if  we  calculate  the  volumes,  and  the  statical 
moments  of  the  single  pyramids. 

If  the  distances  of  the  angles  J3.,  B7  C,  &c.?  from  the  co-ordinate 
planes  passing  through  the  common  vertex  O  of  all  the  pyramids,  are 
a?a,  #2,  #3,  &.C.,  y19  y<#  y#  ^-c-s  zv  z&z&  &c*>  tne  volumes  of  the  single 
pyramids  are  : 


and  the  distances  of  their  centres  of  gravity  : 
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w, 


~2   —  ^  ?      -2  4  7     ~2     —  ^  7 

From  these  values  the  distances  of  the  centre  of  gravity  of  the  whole 
body  may  be  finally  calculated  by  the  formula : 
FX+" 


_ 
~ 


tc  _ 

~ 


Example.  A  body  bounded  by  six  triangles  ^DO,  Fig.  91,  is  determined  by  the  fol- 
lowing values  for  the  co-ordinates  of  angles;  whence  the  co-ordinates  of  its  centre  of 
gravity  may  be  found. 


Four  times 

the  co-or- 

Twenty-four times  the 

Given 

Six  times  the  area  of  the  triangular 

dinates  of 

statical  moments. 

co-ordi- 

pyramids. 

centre  of 

nates 

gravity. 

X 

V 

2 

-1 

a 
» 
•n* 

4 

24FnWn 

24FPt?E 

24FBW* 

20 
45 

23 
29 

41 
30 

C  20.29.28}       r20.40.30*} 
6  F1=  \  41.45.40  C<  —  <  23.28.45  C=31072 
(  23.30.12J)       £41.12:293 

77 

92 

99 

2392544 

2858624 

3076128 

1° 

40 

•28 

r45.35.28}        (  45.40.20  ) 

6  r2==  ^  29.20.12  C—  ^  29.28.38  V  =17204 

95 

104 

78 

1634380 

1789216 

1341912 

3B 

3i> 

•20 

^30.38.403        1  30.12.35  ) 

Sum:     48276 

4026924 

4647840 

4418040 

From  the  results  of  this  calculation,  the  distances  of  the  centre^  of  gravity  from  the 
three  planes  YZ,  XZ,  and  XY  follow. 

*  —  l     .4°33924^ 

*  4~  *     48276 
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4647840 

-=22,879. 


1=24,069, 

4    48276 
1   4438040 


4          48276 

§  114.  The  centre  of  gravity  of  a  truncated  pyramid  J2DQJV  (Fig. 
88),  lies  in  the  line  MGy  which  connects  the  centres  of  gravity  of  the 
two  parallel  bases;  in  order  to  determine  the  distance  of  this  point 
from  one  of  the  bases,  we  must  determine  the  volumes  and  moments 
of  the  entire  pyramid  JLDF,  and  the  supplementary  pyramid  NQF. 
If  the  areas  of  the  bases  j2D  and  JV*Q  =  G  and  g,  and  the  normal  dis- 
tance of  both  =  h,  the  height  of  the  supplementary  pyramid  will  be 
given  from  the  formula  ; 


_ 
JO 

\g 


A         1  =  anda;==  _y  ag  alsQ  h 

VG  —  + 


The  moment  of  the  whole  pyramid  with  reference  to  the  base  G  is 
now 


'  that  °f  the 


follows  that  the  moment  of  the  truncated  pyramid: 


12    v/ 


^ 

12  (G—  2^/Gg-H-^).          12     ^     T  S-r    *; 

Now  the  solid  contents  of  the  truncated  pyramid  are: 


hence  it  follows  finally  that  the  distance  of  its  centre  of  gravity 
the  base  is 


The  radii  of  the  bases  of  a  truncated  cone  are  R  and  r,  and  there- 
fore G=rt  R2  and  g=x  r2,  vre  have  then  for  this 

A 
y—  4 


Example.  The  centre  of  gravity  of  a  truncated  cone  of  the   height  h  =s  20  inches,  and 
radius  J?  =  12  and  r  =  8  inches,  always  lies  in  the  line  joining  the    centres  of  the 
circular  bases,  and  is  distant  from  the  greater  by  : 

„        20     123-f2.1Q.8+3.Sa        5.528        2640 


§  115*  A  pontoon  is*  a  body  enclosed  by  two  dissimilar  rectangular 
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Fig.  92,  and  may  be  decomposed 
^  two  triangu- 

Fig. 92. 


bases  and  four  trapeziums 

into  a  parallelepiped  JlF 

lar  prisms  EHC^B^  GKC^D^  and  a  quad- 

rangular  pyramid  HKC  \\   we  may,  there- 

fore, with  the   help   of  these    constituents, 

find  the  centre  of  gravity  of  the  body. 

It  is  easy  to  see  that  the  line  from  the 
one  bases  to  the  other  is  the  line  of  gravity 
of  this  body  ;  there  remains  only  to  deter- 
mine the  distance  of  the  centre  of  gravity 
from  either  base.  If  we  represent  the 
length  BC  and  breadth  JIB  of  one  base  by 
/  and  b,  and  that  of  JlJB^  and  B1CI  of  the 
other  base  by  l^  and  519  and  the  height  of 
the  body  by  hy  then  the  volume  of  the  parallelepiped  =  bj,ji,  and 

its  moment  bjrji  .  —  =  —  bj^h2,  further  the  volumes  of  the  two  trian- 

gular prisms  =  (\b  —  6J  l^  +  {l  —  ZJ  6J  -  and  their  moment  =  ([b  —  Z»J 

£ 

^  +  [£_  /J  5J^  .  |,  lastly  the  volume  of  the  pyramid  =  (&  —  b^. 
2i 

—  and  its  moment 
o 

body  is,  therefore* 


(6  —  6Z)  .  (I  —  IJ  -  .  _.      The  volume  of  the  whole 
34 


- 
6 


.     ,  and  its  moment 
6 


Vy 


Hence  it  follows  that  the  distance  of  the  centre  of  gravity  from  the 
base  bl  is  : 

h 


Remark.  This  formula  is  also  applicable  to  bodies  with  elliptical  bases.    The  axes  of  the 
one  base  are  a  and  6,  and  of  the  other  a^  and  &x  ;  the  volume  of  such  a  body,  therefore,  is  : 

),  and  the  distance  of  the  centre  of  gravity: 


V  —  t_l  (2  ab-\-  2  #, 
_  ab  +  3  g  A  +  abt  +  aj) 


h_ 

2  ab  +  2  ajb^ab^+aj)     2* 
Example.  A  dam,  JS-CC^^  Fig.  93,  is  of  the  height  20  feet  250  feet  long  at  the  bot- 
tom and  40  feet  wide,  at  the  top  400  feet  long  and  15  wide;  to  find  the  distance  of  its 
centre  of  gravity  from  the  base.    Here  b  =  40,  Z  =  2503  £,  ==:  155  ^  =;  4OO,  h  ±=  20^  there- 
fore the  vertical  distance  sought  is: 

40  .  250  +  3  .  1&  ,  400  -$-  40  .  400  -$~  15  .  250      2O 

2.40,250+2.15.400+40.400+15,260  *   2 
W.  9,227  Teet. 


---  _ 


5175 
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Fig.  94. 


§  116.  If  the  sector  of  a  circle  J1CD,  Fig.  94,  revolves  about  its  ra- 
dius CD,  there  is  generated  the  spherical  sec- 
tor J1CB)  whose  centre  of  gravity  we  wish  to 
determine.  We  may  represent  the  body  as 
containing  infinitely  many  and  infinitely  thin 
pyramids,  whose  common  vertex  is  the  centre 
C,  and  whose  base  forms  the  spherical  sur- 
face JiDB.  The  centres  of  gravity  of  all 
these  pyramids  are  at  f-  of  the  radius  of  the 
sphere  from  the  centre  C ;  they  therefore  form 
a  second  spherical  surface  J31D1B1  of  the  ra- 
dius Cj3l  =  f  Cv2.  But  the  centre  of  gra- 
vity S  of  this  curved  surface  is  the  centre  of 
gravity  of  the  spherical  sectors  ;  because  the 

weights  of  the  elementary  pyramids   are  uniformly  distributed  over 

this  surface,  and  therefore  it  is  uniformly  heavy. 

If  we  now  put  the  radius  Cjl*=*CD=r  and  the  height  DM  of  the 

outer  surface  =  A,  we  get  for  the  inner  CD^  =  |-  r,  and  J\f1D1  =  f-  A ; 

consequently  (§  110)  D^S  =  %  M1D.L  =  f  A,  and  the  distance  of  the 

centre  of  gravity  of  the  sector  from  the  centre : 

CS=CD1~D1S=%  r—%  A—- 
For the  semicircle,  for  example,  A=r,  therefore  the  distance  of  its 
centre  of  gravity  S  from  the  centre  C  is : 


§  117.  The  centre  of  gravity  *Sof  the  segment  of  a  sphere  ABD, 

Fig.  95,  is  obtained  when  its  mo- 
ment  is  put  equal  to  the  difference 
of  the  moments  of  the  sector  J^DBC 
and  that  of  the  cone  J1BC.  Again, 
if  we  put  the  radius  of  the  cone  CD 
=r  and  the  height  DJ\l=h,  the  mo- 
ment of  the  sector  =  f  rtr^h*  -f  (2 
r — k)  =  £  n:  r2  h  (2  r — A)  and  that  of 
the  cone  =  J*A(2r — fi)  .  (r — A)  .  f 
(r— A)  =  i  *A  (2r—  A)  (r— A)2;  the 
moment  of  the  segment  of  the  sphere 
is  therefore  =  J  *  A  (2  r—K)  (r*—  [r— A]3)  *=  £  *  A2  (2  r— A)2.  The 
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volume  of  the  segment 
question  is  : 

~~ 


J  *  h*  (3  r  —  Ti)\  hence,  the  distance  in 


(3  r—h)  '    3  r—  h   * 

If,  again,  we  put  h  =  r,  the  segment  becomes  a  semicircle,  and  as 
above,  CS=$  r. 

This  formula  holds  good  for  the  segment  of  a  spheroid  Jl^DB^ 
which  is  generated  by  the  revolution  of  an  elliptical  arc  DJi^  about 
its  major  semi-axis  CD=r;  for  both  segments  may  be  divided  into 
thin  slices  by  planes  parallel  to  the  base  JIB,  so  that  the  ratio  of  any 

O  E  2        b2 

*    =  —  ,  if  b  represent  the  semi- 


two  is  constant  and 


JUT  A  2 

* 


axis  minor  of  the  ellipse.     The  volume,  as  well  as  the  moment  of  the 

bz 
segment  of  the  sphere  must  be  multiplied  by  —  ,  in  order  to  give  the 

T^ 

volume  and  moment  of  the  segment  of  the  spheroid,  and  thereby  the 

quotient  CS=  momen    will  remain  unchanged. 

volume 

§  118.  To  find  the  centre  of  gravity  of  an  irregular  body  JIB  CD, 
Fig.  96,  we  must  decompose  it  into  thin 
slices,  by  planes  equi-distant  from  each 
other,  determine  the  solid  contents  of 
each  slice,  their  moments  with  reference 
to  the  first  parallel  plane  JiB  serving  for 
the  base,  and  finally  connect  them  toge- 
ther by  Simpson's  rule. 


Fi-  •  96* 


The  contents  of  these  slices  are  F 


0, 


F29F39F49  and  the  whole  height  or  distance 
of  the  outermost  parallel  plane  is  =  h ;  the 
volume  of  the  body,  therefore,  according 
to  Simpson's  rule  (approximately)  is: 

F=(JP0,+4J 


If  we  multiply  in  this  formula  each  of  these  volumes  by  their  dis- 
tance, we  obtain  the  moment  : 

Fy=(0  .  F,+  l  .  4F1+2  .  2  Fz+3  .  4F3+4P4)  *  .  A; 

lastly,  by  dividing  one  expression  by  the  other,  we  get  the  distance 
required: 

(0  .  F0+l  .  4  J\+2  .  2-P2+3  .  4  F3+4F4)h 

4* 


If  the  number  of  elementary  slices  ==  6,  we  have  : 

O.J0+1.4F1+2.2J;+3.4Fa+4.2Jr4+6.4F<+6..F«   A 

-  6' 


It  is  easy  to  understand  how  this  formula  may  be  altered  when  the 
number  of  slices  is  different  from  the  above.     This  rule  requires  only 
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that  the  number  of  the  slices  should  be  even,  and,  therefore,  that  of 
the  surfaces  uneven. 

In  most  cases  of  application,  the  determination  of  one  distance  is 
enough,  because,  besides  this,  a  line  of  gravity  is  known.  The  bodies 
commonly  met  with  in  practice  are  solids  of  rotation,  generated  in  a 
lathe  whose  axis  of  rotation  is  the  line  of  gravity. 

This  formula,  lastly,  is  applicable  to  the  determination  of  'the 
centre  of  gravity  of  a  surface,  in  which  case  the  sections  F09  F^  F^ 
become  lines. 

Example.  —  1.  For  the  parabolic  conoid  ABC,  Fig.  97,  which  is  generated  by  the  revo- 
lution. of  a  parabola  *dBM  about  its  axis  JIM,  we  obtain  by  making  the  section  DNJE3  the 
following  : 

The  height  j£M=.  h,  the  radius  jBJf  =r,  j2N=  NM=  _,  and  hence  the  radius  DN 


=  r     /JL.     The  area  of  the  section  through  ^2  is  -F0  =  0,  of  that  through  N=  F^  =  1 

==  w  r3.     Hence  the  volume  of  this  body  is : 


w       and  of  that  through  M 


6 


on  the  other  hand,  the  moment  is  =  —  (1  .  2  srr*  +  2  .  <sr  r3)  =  J  TT  r3  A? 
the  distance  of  the  centre  of  gravity  S  from  the  vertex,  is  : 


2  ;  lastly, 


Fig.  97. 


Fig.  98. 


JExampk  2.  A  vessel  &BCD,  Fig.  98,  has  its  mean  half  breadths,  r0  =  1  inch,  rt  =  1,1 
inch,  ra  =0,9  inch,'r3  =  0,7  inch,  r*  =  0,4  inch,  with  a  height  MN—  2,5  inch.  The  sec- 
tions are  F^=  1.^,^=1,21  ,«•,#.»==  0,81  .«-,  ^3  =  0,49  .«•,  J]4  =  0,l6..v;  hence,  the 
distance  of  the  centre  of  gravity  from  the  horizontal  plane  w#i?,  is: 

MS  -1  °  *  3  y  +  X  •  4  '  1^21  .  w  +  S  -  S  -  0.81  y  +  3  .  4  .  0,49  y  +  4  0,16  .  TT  2,5 


.1,21 


+  4  .  0,49 
3650 


0,16  «- 


n  r,«r,o  -     i. 
0,9502  inches. 


.0,81 

34,60     2,5 

a=s  —  I  —  .  _I-  =  ,  - 
9,58        4  38,32 

2  5 

The  capacity,  therefore,  is  =  9,58  ?r  .  _L  =6,270  cubic  inches. 

§  119.  An  interesting  and  sometimes  very  useful  application  of  the 
laws  of  the  centre  of  gravity  is  the  properties  of  Guldinus,  or  the  ba- 
rocentric  method.  According  to  these,  the  volume  of  a  body  of  revo- 
lution (or  of  a  surface  of  revolution)  is  equal  to  the  product  of  the 
generating  surface  (or  generating  line),  and  the  space  described  by  its 
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Fig.  99. 


centre  of  gravity  during  the  generation  of  the  body  or  surface  of  revo- 
lution. The  correctness  of  this  proposition  may  be  made  evident  in 
the  following  manner. 

Guldinus*  Properties. — If  the  plane  area  ABC9  Fig.  99,  revolve 
about  an  axis  XX,  each  element  F^, 
&c.,  of  the  same  will  describe  an  an- 
nulus;  if  the  distances  FLG19  F2G?, 
&c.,  of  these  elements  from  the  axis 
of  revolution  XX1  be  =  rl9  r%,  &c,, 
and  the  angle  of  revolution  J1MJ11  = 
a°,  therefore  the  arc  corresponding  to 
the  radius  1  =  a,  the  circular  paths  of 
the  elements  will  be  =  r^  r2a,  &c. 
The  spaces  described  by  the  elements 
F19  FZ9  &c.,  may  be  considered  as 
curved  prisms  having  the  bases  F19  F2,  &c.?  and  the  heights  r2a,  r2a? 
&c.,  and  the  volumes  FIrIay  F2r2a,  &c.,  and  therefore  the  volume 


of  the  whole  body  ABCB^^C^.  V  =  F^a,  +  Fzr<p.  .  .  =  (F^  +  F2r2 
+  ...).  a.  If  MS=  x  be  the  distance  of  the  centre  of  gravity  S  of 
the  generating  surface  from  the  axis  of  revolution,  we  have  also 


Fz  +  .  .  .  )  x  = 


+  .  .  .,  consequently  the  volume  of  the  whole 


Fig.  100. 


body  V=  (Fl  +  F2  +  .  .  .)  x  a.  But  F^  +  F2  +  .  .  .  are  the  contents  of 
the  whole  surface  F9  and  xa  the  circular  arc  w  SSI9  described  by  the 
centre  of  gravity  S;  consequently,  V  =  Fw,  as  above  enunciated. 
This  formula  holds  good  also  for  the  revolution  of  a  line,  because  it 
may  be  considered  as  a  surface  made  up  of  infinitely  small  breadths; 
.Fis  namely  =  Lw  :  i.e.  the  surface  of  revolution  is  a  product  of  the 
generating  line  (L)  and  the  path  (w}  of  its  centre  of  gravity. 

Example.  —  1,  In  a  half  ring  of  an  elliptical 
section  JIBED,  Fig.  100r  let  the  semi-axis  of 
the  section  be  CJ1  a±s  a  and  CB  =  6,  and  let 
the  distance  CM  of  the  centre  C  from  the  axis 
XX  =  r\  then  the  elliptical  generating  sur- 
face F  =  v  ab>  and  the  path  of  the  centre  of 
gravity  (C)  w  =  TF  r  ;  hence  the  volume  of  this 
half-ring  V=  TT*  abr^  and  that  of  the  -whole  ring 
=  2  TJ?  abr.  If  the  dimensions  be  ,  a  =  5  inches, 
6  =  3  inches,  r  =  6  inches,  the  volume  of  one- 
fourth  of  the  ring  =  £  .  <r&.  5  .  3  .  6  =  9,8696 
.5,9  =  444,132  cubic  inches. 

Example.  —  2.  For  a  ring  with  a  semicircu- 
lar section  JLBD,  Fig.  101,  if  Cj#=  CjB  =  a, 
represent  the  radius  of  this  section,  and  MC 
=  r  that  of  the  hollow  space  or  neck,  the 
volume  is 


2 

Example.  —  3.  To  find  the  surface  and  volume  of  a  cupola  jSJ)B  of  the  dome  of  a  con- 
vent,. Fig.  102,  half  the  width  -B£4=  MB  =  at  and  th©  height  MD  =  h  are  given*  From 
both  dimensions  it  follows  that  the  radius  CJ1  =  CD  of  the  generating  circle  =  r  = 

a    '      ,  and  the  angle  *ACD  subtended  at  the  centre  by  &D=  «°,  if  we  put  the  sin.  a  = 
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The  centre  of  gravity  S  of  an  arc  DJID^  =  2  *AD  is  determined  by  the  distance  CS 


chord  MD        r  sin  A 


arc 


•  further,  CM=*rcos.  a,,  consequently  the  distance  MS  of  the 


/sin.  a,  \          , 

(  __   cos.  a   )  ,  and 
\    a  / 


centre  of  gravity  S  from  the  axis  MD  =  —  —  r  cos.  a 

a, 

the  -path  described  by  the  centre  of  gravity  in  the  generation  of  the  surface  ADB  = 

2  TTT.  fsln  a cos.  a) .     The  generating  line  DJID^  =  2  r  a.  and  since  it  only  is  required 

\     a,  / 

to  determine  the  half  J1DB,  this  line  =ra,  and  consequently  we  must  put  the  whole 

surface  O  =  r  a. .  2  K  r(sln'a'  —  cos.  a  J  =  2  TT  r2  (sin.  a —  «  cos.  a). 

Fig.  101.  Fig.  102. 


Very  commonly  «o=:600;  therefore,  *  =  — ,  sin.  a  = 

3 


, and  the  cos.*  =  i;  hence 


it  follows  that  O  =  «• 

For  the  segment  DADt  — 
from  the  centre  C  is 


3  — -^-)  —  2,1515. , 
o  / 

^(a — ^sin.2  t 

1          2 


12 


the  distance  of  the  centre  of  gravity 

. —  ,   hence   the   distance   from  the  axis 

3  Ji 

-  r  cos.  ft ;  finally,  the  path  of  this  centre  of  gravity 
=  (-J  sin.  a3  —  [a  —  J  sin.  2  a~\  COS.  a) . 


3  A 

described  in  one  revolution  is : 

w  =  2>7rr  (%r*sin.  a* 3.  cos.  a)  : 

Ji 

The  volume  of  the  whole  body  generated  by  the  segment  DAD^  is  given  if  this  path  be 
multiplied  by  JI,  and  the  volume  of  the  dome  found  by  taking  the  half  of  this :  there- 
fore, V—  it  r»  (-J  sin.  a?  —  [a  —  4  sin.  2  *]  cos.  a).  For  example,  *°  =  60<>  ==  a  ^L 

3 

}  and  cos.  a  =  -J ;  hence : 


,  v/3    —  _  =s=s  0,3956  .  r». 
v  6 

Remark.  Guldinus'  properties  find  their  application  in  those  bodies  which  arise  when 
the  generating  surface  so  moves  that  in  every  position  it  remains  perpendicular  to  the 
path  of  its  centre  of  gravity,  because  we  may  assume  every  small  part  of  a  curvilinear 
motion  to  be  circular.  From  this  we  may  find  the  solid  con  tents  of  the  threads  of  screws, 
and  sometimes  also  calculate  the  masses  of  earth,  heaped  up  or  removed,  as  in  the  case 
of  canals,  roads,  railroads,  &c. 

§  120.  Another  application  of  the  doctrine  of  the  centre  of  gravity, 
nearly  allied  to  the  last  rule,  is  the  following. 

We  may  assume  that  every  oblique  prismatic  body  ABCHKL,  Fig. 
103,  consists  of  an  infinite  number  of  thin  prisms,  similar  to  F^  G^ 
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G2  A2,  &c.,   and  the 

Fig.  103. 


If   G15  G2  are  the   bases,  and   hl9  h2  the  heights  of  these   elementary 
prisms,  we  have  for  their  solid   contents  Gi  £      ^    7      °~  "   J? 

volume  of  the  whole  oblique  prism 
F"=  GxAa  4-  G2A2  +  •  .  .  Now  an 
element  jPa  of  the  oblique  section 
HKL  is  to  the  element  Gt  of  the 
base  Ji^BC  as  the  whole  oblique  sur- 
face J51  to  the  base  G  ;  therefore, 

Gx  =  |L  J\,  G2  ==  Jl  JPa,  &c.  and 

f  TT  vJT       /•   y^    • 


And  because  FJit  +  -^2^2  +  •  •  - 
is  the  statical  moment  Fh  of  the 
'whole  oblique  section,  it  follows  that : 

V  =  J^  .  Fh  =   GA,  i.  e., 

the  volume  of  an  oblique  prism  is  equal  to  the  volume  of  a  perfect 
prism,  which  stands  upon  the  same  base,  and  whose  height  is  equal 
to  the  distance  SO  of  the  centre  of  gravity  S  of  the  oblique  surface 
from  the  base. 

In  a  right  or  oblique  triangular  prism,  if  k19  h^  A3,  be  the  edges  of 
the  sides,  the  distance  of  the  centre  of  gravity  of  the  oblique  surface 


from  the  base  A 


AI  +  ^  + 


hence  the  volume 


V  ==   G 


CHAPTER    III. 


EQtTLLIBRITTJM    OF    BODIES    RIGIDLY    CONNECTED    AND    SUPPORTED. 

§  121.  Kinds  of  Support. — The  rules  developed  in  the  first  chapter 
of  this  section,  on  the  equilibrium  of  a  rigid  system  of  forces,  are 
applicable  to  that  of  rigid  bodies  acted  upon  by  forces,  if  we  consider 
the  weight  of  the  body  as  a  force  applied  to  its  centre  of  gravity,  and 
acting  vertically  downwards. 

Bodies  balanced  by  forces,  are  either  freely  movable,  i.  e.  yield  to 
the  action  of  forces,  or  they  arejixed  by  one  or  more  points,  or  supported 
by  other  bodies. 

If  a  point  of  a  rigid  body  is  fixed,  any  other  point  may  take  up  a 
motion  whose  path  lies  in  the  surface  of  a  sphere,  described  from  the 
fixed  point  as  a  centre  by  the  distance  of  the  other  point  as  radius.  If, 
10 
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on  the  other  hand,  two  points  of  a  body  are  fixed  in  every  possible 
motion,  the  paths  described  by  the  remaining  points  are  circles,  which 
are  the  intersections  of  two  spherical  surfaces  described  from  the 
fixed  points.  These  circles  are  parallel  to  each  other,  and  perpen- 
dicular to  the  straight  line  joining  the  two  fixed  points.  The  points 
of  this  line  remain  immovable  ;  and  the  body  revolves  about  this  line, 
•which  is  called  the  axis  of  revolution. 

The  radius  of  the  circle  in  which  each  point  moves,  is  found  by 
letting  fall  from  the  point  a  perpendicular  upon  the  axis  of  revolution. 
The  greater  this  is,  the  greater  also  is  the  circle  in  which  the  point 
revolves. 

If  three  points  of  a  body,  not  falling  within  the  same  line,  be  fixed, 
the  body  can  in  no  sense  take  up  motion,  because  the  three  spherical 
surfaces,  in  which  a  fourth  point  must  move,  intersect  each  other  in 
a  point  only. 

§  122.  Kinds  of  Equilibrium. — If  a  body,  fixed  at  one  point,  be 
balanced  by  one  force  or  by  the  resultant  of  several  forces,  the  direc- 
tion of  this  force  must  pass  through  the  fixed  point ;  for  a  point  is 
fixed  when  every  force  passing  through  it  is  counteracted.  If  this 
force  consist  merely  of  the  weight  of  the  body,  it  is  then  necessary 
that  its  centre  of  gravity  should  lie  in  the  vertical  line  passing  through 
the  fixed  point.  If  the  centre  of  gravity  coincide  with  the  fixed,  or 
the  so  called  point  of  suspension,  we  then  have  indifferent  equilibrium, 
because  the  body  is  balanced,  in  whatever  direction  it  may  revolve 
about  the  fixed  point.  If  a  body  JIB,  Fig.  104,  be  fixed  or  sustained 
at  a  point  C  lying  above  its  centre  of  gravity  S,  it  then  finds  itself  in  a 


Fig.  104. 


Fig.  105. 


condition  of  stable  equilibrium,  because,  if  this  body  be  brought  into 
any  other  position,  the  component  JVof  the  weight  G  tends  to  bring 
it  back  into  its  first  position,  whilst  the  fixed  point  C  counteracts  the 
other  component  P.  On  the  other  hand,  if  a  body  ./3J3,  Fig.  105,  be 
fixed  at  a  point  C  below  its  centre  of  gravity  S,  the  body  is  then  in 
a  state  of  unstable  equilibrium  ;  for  if  the  centre  of  gravity  be  drawn 
out  of  the  vertical  passing  through  C,  the  component  JV*of  the  weight 
of  the  body  G  not  only  does  not  bring  it  back  into  its  former  position, 
but  draws  it  more  and  more  out  of  that  position,  until  the  centre  of 
gravity  at  last  comes  below  the  fixed  point. 
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Ill 


The  same  reasoning  will  also  apply  to  the  case  of  a  body  fixed  by 
two  points,  or  by  an  axis  ;  it  will  be  either  in  indifferent,  stable, 
or  unstable  equilibrium, 

according  as  the   centre  Fig.  106. 

of  gravity  lies  vertically 
above  or  vertically  below 
the  axis. 

§  123.  Pressure  on  the 
Axis. — If  a  body,  acted 
upon  by  forces  in  space, 
be  fixed  by  two  points  or 
by  a  line,  relations  then 
take  place,  which  we 
willnowinvestigate.  We 
may  reduce,  according 
to  §  92,  every  system  of 
forces  to  two,  viz.,  one 
running  parallel  to  the 
fixed  axis,  and  the  other 

acting  in  the  plane  normal  to  this  line.  Let  ~/?JV=  JV,  Fig.  106,  be 
the  first,  parallel  to  the  axis  XX,  passing  through  the  fixed  points  C 
and  J);  and  OP=P,  the  second  force  acting  in  the  plane  YZYat  right 
angles  to  the  axis  XX.  If  we  introduce  other  forces,  as  J?JV  =  — 
JV,  CWj  a=  JVj,  and  DJY2  = —  JV"2,  we  change  nothing  in  the  condi- 
tion of  equilibrium  or  of  motion,  because  these  forces  are  entirely 
taken  up  by  the  axis.  Now  the  forces  JV*  and  —  J\T  form  together  a 
first  couple,  and  the  forces  JV\  and  —  JV*19  acting  in  the  plane  X Y  and 
perpendicular  to  JOT,  a  second  couple  ;  we  may,  therefore,  so  manage, 
that  these  shall  perfectly  replace  each  other.  If  EO  is  the  normal 
distance  between  the  force  JV"  and  the  axis  XX  =  y,  and  CD  that  of 
the  fixed  point  =  x ;  from  §  90,  we  have  the  moments  of  both  couples 
=  JYy  and  JV^,  and  these  are  equivalent  to  each  other,  if  JVy=JV"1ar. 
We  may  also  assume  inversely  that  the  force  JVis  entirely  taken  up 
by  the  axis  XX,  whilst  the  axis  has  to  sustain  in  its  proper  direction 

the  pressure  JV*,  and  the  forces  JV",  =  ^L  JV,  and  —  JV\  =  —  ^  JV applied 

x  x 

perpendicularly  to  it  at  the  points  C  and  JX 

That  the  body  may  be  in  a  state  of  equilibrium,  it  is  necessary  that 
the  direction  also  of  the  resultant  acting  in  the  normal  plane  FZ  (at  0) 
pass  through  the  axis.  This  force  P  may  be  replaced  by  two  parallel 
forces  PI  and  JP2  applied  at  the  points  C  and  J5,  which  may  be  deter^ 
mined,_if  we  put  Px .  CD  =  P  .  DO  and  P2  .  CD  =  P  .  C0;  the 
axis  XX  will  have,  therefore,  besides  the  forces  J3JV==  — JV,  CLA^s 

JV\  and  DJfz  =  —  JV*1,  also  to  react  against  the  forces  P:L  =  —  -  P 

»c 

and  JP3  =  -^1  .  P,  which  may  be  calculated  from  the  distances  d>=ar, 
x^ 


00 


ci> 


and 
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§  124.  From  the  results  of  the  investigations  of  the  foregoing  para- 
graph we  may  easily  calculate  the  forces  sustained  by  the  axis  and 
the  fixed  points  C  and  D.  First,  the  axis  has  a  pressure  to  sustain 
equivalent  to  the  force  JV  in  its  own  direction,  which  may  be  entirely 
resisted  by  one  or  other  of  the  two  fixed  points.  Secondly,  from  the 

forces  JV\  =  y-  JV,  P.  =  ^  P  and— JV\  «_  H  JVand  P2=  -^-P,  act- 

X  X  X  X 

ing  in  planes  normal  to  JOT,  and  applied  at  the  points  C  and  JD9  there 
arise  the  resultants  RT  and  J?2,  which  must  be  also  sustained  by  the 
fixed  points  C  and  D. 

If  we  put  the  angle  POF,  which  the  direction  of  the  force  P  makes 
with  the  plane  XY  containing  the  axis  XX  and  the  direction  of  the 
force  JV"=  a,  the  angle  JV^  CP:  is  also  =  » ;  on  the  other  hand,  J\TZDP2 
=—  180°  —  a,  and  the  resultant  pressures  are  therefore  given  by: 

J?x  =  y/ JV;  2  +  P*  +  2 JV;  Pa  co^.  a,  and 

R2  =  </JVm*+P*—2JriP9cos.  a. 

Example.  A  set  of  forces  of  a  body  fixed  By  its  axis  XXy  is  resolved  into  a  normal 
force  P==  36  Ibs  ,and  a  parallel  force  N*=s  20  Ibs.;  the  distance  of  the  last  from  the  axis 
is  y  =  1 J  feet,  and  the  distance  CD  ==  a:  =  4  feet.  To  find  the  forces  sustained  by  the 
axis,  or  by  the  fixed  points  in  it,  with  the  condition  that  the  direction  of  P  deviate  by  an 
angle  a  =  65°  from  the  plane  XY,  and  its  point  of  application  O  be  distant  by  COs=xt 
a=l  foot  from  the  fixed  point  C?  The  force  ^V=20  Ibs.  imparts  to  the  axis  along  its 

direction  a  thrust  JVsss  20  Ibs. ;  besides,  it  generates  also  the  forces  ty  =  ^L  N=  — !—  .  20  = 

x  4 

7,5  Ib.  and  —  Nj,  =  —  7,5  lb.,  against  which  the  fixed  points  C  and  JD  react     From  the 

force  P  arise  the  forces  P,  =^*  P  =  4""1 . 36=27  Ibs.  and  P3  =  fi-  P  ==  i  .  36  =  9  Ibs. 

x  4  x  4 

and  by  substitution  of  these  values  -we  have  the  resultant  forces: 


.R,  =  \/  7T53+273+  2  .  7,5  .  27  .  cos.  65°  =  v/56,25+729-}-  17  1,160 
as  y/95b,41Q  =  30,926  Ib.,  and  _ 

J?a  =  ^/  7,5a+^3~2  .  7,5  .  9  .  cos.  65°  =  ^/56,25+S  1—57,054 
=  v'80,196   =8,955  Ibs. 

§  125.  Equilibrium  of  Forces  about  an  Jlxis.  —  The  force  P  is  the 
resultant  of  all  those  component  forces  whose  directions  lie  in  one  or 
more  planes  normal  to  the  axis.  But  now  in  these  cases,  from  §  86, 
the  statical  moment  Pa  of  the  resultant  is  equivalent  to  the  sum  PIa1 
+  P2a?+  ...  of  the  statical  moments  of  the  components,  and  for  the 
condition  of  equilibrium  of  the  fixed  body  the  arm  a  of  the  resultant 
=  0,  because  this  passes  through  the  axis  ;  hence  the  sum  is  also  : 


i.  e.  a  body  fixed  by  its  axis  is  in  a  state  of  equilibrium,  and  remains 
also  without  revolving,  if  the  sum  of  the  moments  about  this  axis  = 
0,  or  if  the  sum  of  the  moments  of  the  forces  acting  in  one  direc- 
tion of  revolution,  is  equivalent  to  the  sum  of  the  moments  of  those 
acting  in  the  opposite  direction.  By  the  help  of  this  last  formula  we 
may  find  either  a  force  or  an  arm  for  an  element  of  a  system  offerees 
in  equilibrium. 

JS.xam.ple.  The  forces  of  rotation  P4  =  50  Ibs.,  and  Pa  =  —  35  Ibs.,  act  upon  a  body 
capable  of  turning  about  an  axis  at  the  arms  a±  =  1  J  foot,  and  aa  =  2£  feet  •  required, 
the  force  Pa  which  shall  act  at  the  arm  a,  =  4  feet,  in  order  to  restore  the  balance,  t.  e. 
to  prevefit  rotation  about  the  axis?  It  is: 
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50  .  1,25—35  .  2,5+  4  P3  : 
p 87,5—62,5 

8  4  S 


:  0,  hence 


§  126.  The  Lever. — A  body  capable  of  turning  about  a  fixed  axis, 
and  acted  upon  by  forces,  is  called  a  lever.  If  we  imagine  it  to  be 
devoid  of  weight,  it  is  then,  called  a  mathematical ,  but  otherwise,  a 
material  or  physical  lever. 

It  is  generally  assumed  that  the  forces  of  a  lever  act  in  a  plane  at 
right  angles  to  the  axis,  and  that  the  axis  is  replaced  by  a  fixed  point, 
called  the  fulcrum.  The  perpendiculars  let  fall  from  this  point  on  the 
direction  of  the  forces,  are  called  arms.  If  the  directions  of  the  forces 
of  a  lever  are  parallel,  the  arms  form  a  single  straight  line,  and  the 
lever  is  called  a  straight  lever.  If  the  arms  make  an  angle  with  each 
other,  it  is  then  called  a  bent  lever.  The  straight  lever  acted  upon 
by  two  forces,  is  either  one-armed  or  two- armed,  according  as  the 
points  of  application  lie  on  the  same  or  on  opposite  sides  of  the  ful- 
crum. There  is  a  distinction  made  of  levers  of  the  first,  second  and' 
third  order  ;  the  two-armed  lever  is  termed  a  lever  of  the  first  order; 
the  one-armed,  of  the  second  or  third  order,  according  as  the  weight 
acting  vertically  downwards,  or  the  power  acting  vertically  upwards, 
lies  nearest  to  the  fulcrum. 

§  127.   The  theory  of  the  equilibrium  of  the  lever  has  been  already 
fully  laid  down ;   we  have   now,   therefore, 
only  to  treat  of  each  specially. 

In  the  two-armed  lever,  J$CB,  Fig.  107, 
if  the  arm  CJi  of  the  power  P  be  designated 
by  a,  and  the  arm  CJB  of  the  weight  Q  by  6, 
from  the  general  theory :  Pa  =  Q6,  i.  e.  the 
moment  of  the  force  is  equal  to  the  moment 
of  the  weight;  or  also,  P  :  Q=&  :  a,  i.  e.  the 
power  is  to  the  weight  inversely  as  the  arms. 
The  pressure  on  the  fulcrum  is  R=P+Q. 

In  the  one-armed  levers  JlBC,  Fig  108, 
and  BJ1C,  Fig.  109,  the  same  relation  takes 
place  between  the  power  P  and  the  weight  Q,  but  here  the  direction 


Fig.  107. 


Fig,  108. 


Fig.  109. 
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Fig.  110. 


Fig.  111. 


Fig.  122. 


of  the  power  is  opposite  to  that  of  the  weight,  and  therefore  the  pres- 
sure on  the  fulcrum  is  their  difference,  and  in  the  first  case  R  =»  Q 
—  P,  and  in  the  second,  R  =  P  —  Q. 

Also  in  the  bent  lever  ^2C-B,  with  the  arms  CJV^aand  CO=r6, 

Fig.  110,  P  :  Q=6  :  a,  here  the  pres- 
sure on  the  fulcrum  is  equivalent  to 
the  diagonal  R  of  the  parallelogram 
CPjjRQ^  which  may  be  constructed 
from  the  power  P,  the  weight  Q  and 
the  angle  P1CQ1=PJ>Q=a,  which 
their  directions  make  with  each  other. 
Let  G  be  the  weight  of  the  lever, 
and  CE=e,  Fig.  Ill,  the  distance  of 
the  fulcrum  Cfrom  the  vertical  line 
SG,  passing  through  its  centre  of  gra- 
vity; we  shall  then  have  to  put  Pa+ 
Ge=  Qby  and  the  plus  or  minus  sign 
before  <?,  according  as  the  centre  of 
ravity  lies  on  the  side  of  the  power 
or  on  that  of  the  weight  Q. 

Remark.  The  theory  of  the  lever  finds  its  ap- 
plication in  many  tools  and  machines,  viz.  in  the 
different  kinds  of  balances,  crow-bars,  the  brakes 
of  pumps,    wheelbarrows,   &c.     The 
second  part  will  treat  fully  of  these. 

Example. — 1.  If  we  press  down  the 
end  A  of  a  crow-bar  ACB,  Fig.  112, 
with  a  force  P=60  Ibs.,  and  with  the 
arm  CA  of  the  power  equal  to  12 
times  that  of  the  arm  CB  of  the  weight, 
then  will  this,  or  rather  the  force  ex- 
erted at  J?,  be  =  Q  =  12  times  that  of  P 
=  12  .  60  as  720  Ibs.— 2.  If  a  load  Q, 
hanging  from  a  pole,  Fig.  113,  be  car- 
ried by  two  men,  which  pole  the  one 
lays  hold  of  at  A  and  the  other  at  J?, 
we  may  readily  find  out  what  weight 
each  has  to  sustain.  Let  the  load  Q 
=  120' Ibs.,  the  weight  of  the  pole  G 
s=  12  Ibs.,  the  distance  AB  of  both 
points  of  application  =  6  ft.,  the  dis- 
tance BC  of  the  load  from  one  of  these 
points  s=s  24  feet,  the  distance  of  the 
centre  of  gravity  $  of  the  pole  from 
this  same  point  BS  ss±  3  J  feet.  If  we 
take  J5  for  the  fulcrum,  the  power  Pt 
has  to  balance  at  A  the  weights  Q  and 
G,  therefore  P, .  BA  ==  Q  .  BC  +  G  . 
BS,  L  e.  6  Pj  =  2,5  .  120  +  3,5  .  12 
=  300  +  42  =*  342;  hence,  P,  = 

s-a  57  Ibs.     On  the  other  hand,  if 

A  be  considered  as  the  fulcrum,  we  must  put  Pa  .  AB  =  Q  .  AC  -|-  G  .  AS,  and  in 
numbers,  6  Pa  =  3,5  ,  120  +  2,5  .  12  =  420  +  30  =450  j  hence,  the  power  Pa  of  the 

second  man  is  P3  =  __?  ==  75  Ibs. ;  also,  the  sum  of  the  forces  Pt+Pi  acting  upwards, 

6 
sss  57  -(-  75  =  1 32  Ibs.,  is  exactly  equal  to  the  sum  of  the  forces  acting  downwards, 
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Q+  0=120+ 12=1 32  Ibs. — 3.  Inabent  lever,  ^CB,  Fig.  114,  of  150  Ibs.  wt.  the  vertically 
pulling  forcemQ  =  650  Ibs.,  and  the  arm  CJB  =  4  ft.,  but  the  arm  C^5  of  the  power  P  — 


Fig.  113. 


Fig.  114. 


6  ft  ,  and  that  of  the  weight  CJE  =  1  foot,  what  is   the  amount  of  the  power  P,  and  the 
pressure  on  the  pivot  R  required  to  restore  the  balance?      C*A  .  P  =  C  JB  .  Q  -f-  CJE. 

0*7  f\o 

G,  i.  e.,  6  P  =  4  .  650  +  I  .  150  =2750;  consequently,  the  power  P  =  ±1±:  =  458§ 

6 

Ibs.  ;  the  pressure  on  the  pivot  consists  of  the  vertical  force  Q-f-  G  =  650  +•  150  =  800 
Ibs.,  and  the  horizontal  power  P==45S£  Ibs.,  and  is  therefore  : 


922  Ibs. 


Fig.  115. 


s^=  v/850070 

§  128.  Pressure  of  Bodies  on  one  another.  —  The  experimental  law 
announced  in  §  62,  that  action  and  reaction  are  equal  to  each  other, 
is  the  basis  of  the  whole  mechanics  of  machines.  It  is  necessary  in 
this  place  to  make  the  meaning  of  this  still  clearer.  "When  two  hodies 
MI  and  JW3,  Fig.  115,  act  upon  each 
other  with  the  forces  P  and  Pi9  whose 
directions  deviate  from  the  normal  com- 
mon XX  to  the  two  surfaces  at  their 
point  of  contact,  a  decomposition  of  the 
forces  is  always  possible  ;  the  one  com- 
ponent JV  or  JVj,  which  is  in  the  direc- 
tion of  the  normal,  passes  over  from  the 
one  body  to  the  other,  the  other  com- 
ponent S  or  jS^  remains  in  the  body, 
and  must  be  counteracted  by  another 
force  or  resistance,  in  order  to  maintain 
the  bodies  in  equilibrium.  From  the 
principle  set  forth,  perfect  equilibrium 
is  found  to  subsist  between  the  normal 
components  JV  and  JVX. 

If  the  direction  of  the  force  P  de- 

viates by  the  angle  JVI/fP—  a  from  the  normal  J%X  and  by  the  angle 
&A  P  =  p  from  the  direction  of  the  second  component  jS^  we  hare 
(§75) 
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P  sin. 


P  sin.  a 


szn.  (a  +  /3j  sin. 

If  we  represent  JY1^1Pl  by  ax  and 

J\r  =        1  ^n' 3l     and  tf,  = 
lastly,  from  the  equality  JV'=  JV^, 

T>     „_•„.         J  P 


l  by  £x,  we  also  have 


iw.  (04 


sn. 


Fig.  116. 


mi.   (<*!  +  J3J 

JExampIe.~—  What  resolution  of  the  forces  takes 
place  if  a  body  _ftfQl  Fig.  116,  sustained  by  a  sup- 
port DE,,  be  pressed  upon  by  another,  capable  of 
revolving  about  an  axis  C  with  a  force  P  =  250 
Ihs.,  the  angles  of  direction  being  the  following  : 


3?rom  the  first   formula  the  normal  pressure  be- 
tween the  two  bodies  is  determined  by 

jV-SSBS7V-  P  sin.  &     2  50  sin.  4  8°  

*         sin.  (a+£)  sin. "~830 

187,18  Ibs.;  from  the  second  the  pressure  on  the 
axis,  or  on  the  point  C,  is 

P  sin.  a,     250  szn.  35°    

sin.  («+£)  sin,  83° 

144,47  Ibs. ;  and  by  combining  the  third  and  fourth 
equation,  there  follows  finally  for  the  component 
opposed  to  JDJE : 
187,18  sin.  65° 


==  221,46  Ibs. 


sin-fa  sin.  5U° 

•  §  129.  Stability. — When  a  body  pressing  against  a  horizontal 
plane  is  acted  upon  by  no  other  force  than  gravity,  it  has  no  tendency 
to  move  forward,  because  the  weight  acting  vertically  downwards  is 
exactly  sustained  by  this  plane;  nevertheless,  a  revolution  of  the 
body  is  possible.  If  the  body  J1DBF,  Fig.  117,  rests  at  a  point  D 

upon  the  horizontal  plane  HR,  it  will  re- 
main at  rest,  if  its  centre  of  gravity  S  be 
supported,  i.  e.,  if  it  lie  in  the  vertical  line 
passing  through  D.  If  a  body  is  supported 
at  two  points  on  the  horizontal  surface  of 
another,  it  is  requisite  for  its  equilibrium 
that  the  vertical  line  of  gravity  should  inter- 
sect the  line  connecting  the  two  points. 
Lastly,  if  a  body  rests  at  three  or  more 
points  on  a  horizontal  plane,  equilibrium 
subsists  if  the  vertical  line  containing  the  centre  of  gravity  passes 
through  the  triangle  or  polygon  which  is  formed  by  the  straight  lines 
connecting  the  points  of  support. 

In  bodies  which  are  supported,  we  must  distinguish  between  stable 
and  unstable  equilibrium*  The  weight  G  of  a  body  JlB,  Fig.  118, 
draws  its  centre  of  gravity  downwards;  if  no  resistance  be  opposed 
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to  this  force  it  will  cause  the  body  to  turn  until 
its  centre  of  gravity  has  attained  its  lowest  po- 
sition, and  equilibrium  will  then  be  restored. 
We  may  mention  that  the  equilibrium  is  stable 
when  the  centre  of  gravity  is  in  its  lowest  pos- 
sible position,  Fig.  119,  and  unstable  when  in 
its  highest,  Fig.  120,  and  indifferent,  when  the 
centre  of  gravity  in  every  position  of  the  body 
remains  at  the  same  height,  Fig.  121. 


Fig.  118. 


Fig.  119. 


120. 


Fig. 


Example. — 1.  The  homogeneous  body  J1DBF,  consisting  of  a  hemisphere  and  a  cylin- 
der, Fig.  117,  rests  upon  a  horizontal  plane  HR.  What  height  SF  =  h  must  its  cylin- 
drical part  have,  that  the  body  may  be  in  equilibrium  ?  The  radius  of  a  sphere  is  per- 
pendicular to  the  corresponding  plane  of  contact:  now  the  horizontal  plane  is  such  a 
one  j  consequently  the  radius  SD  must  be  perpendicular  to  the  horizontal  plane,  and  the 
centre  of  gravity  of  the  body  lie  in  it.  The  axis  FSL  of  the  body  passing  through  the 
centre  of  the  sphere  is  its  second  line  of  gravity ;  the  point  S,  the  intersection,  of  the  two 
lines,  is  therefore  the  centre  of  gravity  of  the  body. 

Let  us  now  put  the  radius  of  the  sphere  and  cylin-  pig.  122. 

der  £L£  =  SJ3  =  r,  and  the  height  of  the  cylinder 
SF  SBB  BE  =  A,  we  then  have  for  the  volume  of  the 
hemisphere  :  Ft  =s  f  ar  r3,  for  the  volume  of  the  cy- 
linder /^  =  TT  r2  A  j  for  the  distance  of  the  centre  of 
gravity  of  the  sphere  £x :  SSt  =  f  r,  and  ibr  that  of 
the  cylinder  S"a  :  SS*  =  4  h.  That  the  centre  of  gra- 
vity of  the  whole  body  may  iall  in  S,  the  moment 
of  the  sphere  •§•  5rr3.fr  must  be  put  equal  to  the 
moment  of  the  cy Under,  vrr2  h  .  J&$  from  which  we 
have: 

#z=  Jrz  i.  e,,  h  =  r%/'$s* 0,7071  .r. 

2,  The  pressure  which  each  of  the  three  legs,  *£, 
J9,  C,  Fig.  122,  of  any  loaded  table  has  to  sustain,  is 

determined  in  the  following  manner.  Iret  S  be  the  centre  of  gravity  of  the  table  with 
its  load,  and  SJE,  CJ>,  perpendiculars  upon  AB.  If  G  be  the  weight  of  the  whole  table, 
and  R  the  pressure  on  C,  we  may,  considering  JIB  as  the  axis,  put  the  moment  of  R  = 

cj  TJ»  fa.A'RS 

to  the  moment  of  G,  L  e.s  R .  CD^G.SE*  and  we  then  obtain  R  =  -f±L  .  G  =  ** .      ,-. 


^  likewise  also  the  pressure  on 


Q 


&Ji  JB  C 


.  G,  and  that  on  J&.  =  P 


§  130.  Let  us  now  take  the  case  of  a  body  having  a  plane  base 
resting  on  a  horizontal  plane.     Such  a  body  possesses  stability,  or  is 
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in  stable  equilibrium  when  its  centre  of  gravity  is  supported,  i.  e. 
when  the  vertical  line  containing  the  centre  of  gravity  of  the  body 
passes  through  its  base,  because,  in  this  case,  the  tendency  of  the 
weight  of  the  body  to  cause  it  to  turn  is  prevented  by  its  own  rigidity. 
When  the  line  of  gravity  passes  through  the  edge  of  the  base,,  the 
body  is  then  in  unstable  equilibrium,  and  when  the  line  passes  out- 
side the  base,  no  equilibrium  subsists.  The  body  falls  to  one  side  and 
overturns.  The  triangular  prism  J2J3CDE,  Fig.  123,  is,  according 
to  the  above,  stable,  because  the  vertical  SG  passes  through  a  point 
J\T  of  the  base.  The  parallelepiped  J1BCG,  Fig.  124,  is  in  unstable 


123. 


124. 


Fig.  125. 


equilibrium,   because  SG  intersects   a  side    CD  of  the  base.      The 

cylinder  JIB  CD,  Fig.  125,  is  without  sta- 
bility because  SG  no  where  intersects  the 
base  CD. 

Stability  is  the  power  of  a  body  to  pre- 
serve its  position  by  its  weight  alone,  and 
to  oppose  resistance  to  any  cause  tending 
to  overturn  it.  If  we  have  to  choose  a 
measure  of  the  stability  of  a  body,  we  must 
distinguish  whether  this  has  reference  to  a 
displacement  or  to  an  actual  overturning  of 
the  body.  Let  us  now  take  into  considera- 

tion  the  first  only  of  these  circumstances. 

§  131.  Formula  of  Stability. — A  force, 

P,  not  directed  vertically,  tends  not  only  to  overturn  a  body  JIB  CD, 

Fig.  126,  but  also  to  push  it  forward  ; 

Flg' 126' let  us  assume  in  the  mean  time  that  a 

resistance  is  opposed  to  the  pushing  or 
pulling  forwards,  as  it  may  happen,  and 
have  regard  only  to  its  revolving  about 
one  of  its  edges  C.  If  we  let  fall  from 
this  edge  C  a  perpendicular  CE  =  a 
upon  the  direction  of  the  force,  and  <7*7V* 
=a:  upon,  the  vertical  line  SG  passing 
through  the  centre  of  gravity,  we  have 
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only  to  consider  a  bent  lever  ECN,  for  -which  Pa=  Gx,  so  that  P 


G 


the  body  revolves 


-  G  ;  if  the  external  force  P  be  greater  than  — 

G,  (*> 

about  the  point  C,  and,  therefore,  loses  its  stability.  Hence  the  sta- 
bility depends  upon  the  product  (Gx')  of  the  weight  of  the  body,  and 
the  shortest  distance  between  a  side  of  the  perimeter  of  the  base  and 
the  vertical  line  passing  through  the  centre  of  gravity  ;  Gx  may  there- 
fore be  regarded  as  a  measure  of  the  stability,  and  for  this  reason  is 
properly  called  the  stability  itself. 

Hence  we  see  that  the  stability  increases  simultaneously  with  the 
weight  G  and  the  distance  xy  and  may  conclude  that  under  otherwise 
similar  circumstances  a  body  twice  or  thrice  as  heavy  does  not  pos- 
sess more  stability  than  one  of  the  single  weight  with  twice  or  thrice 
the  distance  or  arm  x,  &c. 

§  132.— 1.  In  a  parallelepiped  J1BCF,  Fig.  127,  of  the  length 
JZE=l,  breadth  JlB=CD=b,  and  height  j2D^BC=k,  the  weight 


G= 


and  the  stability  S=  G 


G.      CD  = 


bzhly,  provided  y  represent  the  density  of  the   mass  of  the  parallelo- 
piped. 

2.  In  a  body  ACFH  consisting  of  two  parallelopipeds,  Fig.  128, 
the  stabilities  about  the  two  edges  of  the  base  C  and  E  are  different 


Fig.  127. 


Fig.  128. 


from  one  another.  Let  us  take  the  heights  BC  and  EF=*k  and  &„ 
and  the  breadths  CD  and  DE  =  b  and  b#  the  weights  of  the  parts  G? 
and  G^  =  bhly  and  b-Jify ;  then  the  arms  about  C  will  be  KJf±  «=»  £ 
b  and  KJ^  —  bt  +  %  b19  and  those  about  E  =*  b^+  $b  and  if  5i* 
The  stabilities  accordingly  are :  first  for  the  revolution  about  C9 

S  =  }  Gb  +  G,  (6  +  J  ij, 
secondly  for  that  about  J57, 

S,  -  G  (b,+%b)  +£0^  - 

The  latter  stability  is  about  Si — S  —  (h — \)  bbjy  greater  tkau  the 

former;  if  we  wish  to  increase  the  stability  of  a  wall  w?j?lby  ofisets, 

these  must  be  placed  on  that  side  of  the  wall  toiH&r  iribic!|  the  force 

of  revolution  (wind,  water,  pressure  of  eartli, 
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Fig.  129. 


3.  The  following  is  the  stability  of  a  wall  ABCEF,  Fig.   129, 

battering  on  one  side.  The  upper  breadth 
*/?JB=  6,  the  height  BC=h  and  the  length 
CH=  I,  and  the  batter  =  n,  i.  e.  upon  J1I 
=  a  height  of  1  foot;  1L  =  n  feet  or  inches 
of  batter,  therefore  upon  h  feet  ED  =  nh. 
The  weight  of  the  parallelepiped  JlCFis 
GI  =  bhly,  that  of  the  three  sided  prism 
J1DE  =  G2  =  ^  nh .  AZy,  the  arms  for  a  revo- 
lution about  E  are  =  DE  +  Ji  =  7iA  +  ^-6 
and  f  DE=^nh,  consequently  for  the  sta- 
bility we  have 


S 


f  G2nk 


A  parallelopipedical  wall  of  equal  vol- 
ume has  the  breadth  b  +  ^  nh,  hence  the 
stability  is: 

m  (£  52+  %nhb+%nW)  hi?  ; 

its  stability  is,  therefore,  about  S  —  #z  =  (b  +  -f^nh)  .  ^  nh2ly,  less  than 
that  of  the  battered  wall. 

For  a  wall  sloped  upon  the  opposite  side,  the  stability  is  S%  = 
(b2+nhb+  Jn2A2)  .  %  hly,  less  also  than  S,  and  indeed  about  S-  —  S2 
=  (*  +  J^A)  .  \ntflf,  as  well  as  about  #2  —  3l  =  ^  n2A3Zy  less  than 
the  stability  of  the  parallelopipedical  wall. 

Example.  What  is  the  stability  for  each  foot  in  length  of  a  stone  wall  of  1  0  feet  in 
height,  and  Ij  feet  of  upper  breadth  -with  batter  of  1  in  5  on  the  back?  The  specific 
gravity  of  this  wall  (§  58)  is  taken  at  2,4,  its  density  y  is,  therefore,  =  62,5  .  2,4,  = 
130  Ibs.;  now  Z=  1,  h  =  10,  b  =  1,25,  and  n  =£  =  0,2  •  hence  it  follows,  that  the  sta- 
bility sought  is  : 

Sss=  (^  .  [1,25]3+  0,2  .  1.25  .  10  +  J.  [0,2]'.  103)  10  .  1  .  130 
==(0,78125+2,5+  1,3333)  130  =  4,0146.  130  =  603,4  ft  Ibs. 

With  the  same  quantity  of  material,  and  under  otherwise  similar  circumstances,  the 
stability  of  a  parallelopipedical  wall  would  be: 

£,  =r  (J  .  [l,25p+  i  .  0,2  .  1,25  .  10  +  i  .  0,22  .  1<P)  .  130 
=  (0,78125+1,25+0,5).  130=2,531  .130  =  329  ft.  Ibs. 
The  same  wall,  with  a  sloping  front,  -would  have  the  stability: 
Sa=  C4-  [1,25]'+  J.  0,2  .  1,25  .  10+  £.[0,2]'.  10°)  .  130 
=(0,78125+  1,25+  0,666.  ..)  .  130  =  2,6979  .  130  =  350,7  ft.  Ibs. 
Remark.  —  It  is  evident  from  the   foregoing  that  it  allows  of  a  saving  of  material  to 
batter  walls,  to  construct  them  with  counterforts,  to  give  them  offsets,  or  to  place  them 
upon  plinths,  &e.     The  second  part  will  give  a  further  extension  of  this  subject,  when 
we  come  to  treat  of  the  pressure  of  earth,  and  of  vaults,  chain  bridges,  &c. 

§  133-  Dynamical  stability.  —  We  may  distinguish  from  the  mea- 
sure of  stability  treated  of  in  the  last  paragraph,  still  another  to  a 
certain  degree  dynamical  measure  of  stability,  when  we  consider  the 
effect  which  is  to  be  expended  in  order  to  overturn  a  body.  Now  the 
mechanical  effect  of  a  force  is  equal  to  the  product  of  the  force  and 
the  space,  but  the  force  of  a  heavy  body  is  its  weight  G,  and  the 
space  equal  to  the  vertical  projection  of  that  described  by  its  centre 
of  gravity,  we  may  consequently  take  for  the  dynamical  measure  of 
the  stability  of  a  body  the  product  Gs,  if  s  be  the  height  to  which  the 
centre  of  gravity  of  the  body  must  ascend  in  order  to  bring  the  body 
from  its  stable  condition  into  an  unstable  one. 
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Let  C  be  the  axis  of  revolution  and  S  the  centre  of  gravity  of  a 
body  J1BCD,  Fig.  130,  whose  dynamical  stability  we  wish  to  find. 
If  we  cause  the  body  to  revolve  so  that 
its  centre  of  gravity  comes  to  SI9  i.  e. 
vertically  over  <7,  the  body  will  be  in 
unstable  equilibrium,  for  if  it  only  re- 
volve a  little  further  it  will  fall  over. 
If  we  draw  the  horizontal  line  SJV,  this 
will  cut  off  the  height  J\TS^=s  to  which 
the  centre  of  gravity  has  ascended,  from 
which  the  stability  Gs  is  given.  If 
now  CS=  CSj  =  z,  CM  =  SJV~=  x, 
and  the  height  CJV=  MS '«  y,  it  fol- 
lows that  the  space  S^N*=.  s=  z  —  y 
=  v/^+y2  — y,  and  the  stability  in  the  last  form  of  expression  is 

S—  G  (\Sx*  +  y2 — y}" 

If  the  body  is  a  prisrn  with  a  symmetrical  trapezoidal  transverse 
section,  as  Fig.  130  represents,  and  if  the  dimensions  are  the  follow- 
ing: length  =  I,  height  MO  =  A,  lower  breadth  CD  =  b^  upper 

breadth  AB  =  62,  we  then  have  MS=  y=*  &I  +  2  b*  .  ^    (§    105) 


and  CM  =  x  =  J6t,  hence 


CS>. 


and  the  dynamical  stability,  or  the  mechanical  effect,  required  to  over- 
turn it :  ^ 

Ct  /b  \2        /b,  -4-  2  &<,      A\3      67  +  262     A~| 
f    f  .    V  \    j_   I    *  3    .  —1  —  -  x  ••• .  —    I  . 

V  \  2  /   +  \  bt  +  *2        3/         6,4-63       3J 

Example. — ^What  is  the  dynamical  stability  or  the  mechanical  effect  necessary  for  the 
overturning  of  an  obelisk  J1BCD,  Fig.  131,  of  granite,  if  its  height 
h  =  30  ft.,  its  upper  length  and  breadth  ^  =  1J,  and  64  =  1  ft,,  pjff.  131. 

and  lower  length  and  breadth  ^  =  4  fL,  6a  =  3j  ft,  7  The  vo- 
lume of  this  body  is  (§  115): 

F*^  (2  bt  7t-f-  2  6a  4+  &i  ^a+  ^a  ^)  — 

=  (2.f  .  1  +  2  .4.  J+l  .4+1  .})  V 

==  40,25  .  5  =  201,25  cubic  feet.  Now  a  cubic  foot  of  granite 
•weighs  =  3  .  62,5  =  187,5  Ibs. ;  the  whole  weight  of  this  body  is : 
G  =  201,25  .  187,5=  37734,3  Ibs.  The  height  of  the  centre  of 

gravity  above  the  base  is : 

'   "     *     ""  A  7     i     7,  7     \     /}  /         7j 


4  .  J+3 


30 


*  2 

27,75 


15 


= 40^5 If  =-40^6 10'342ft- 

Provided  it  be  a  revolution  about  the  longer  edge  of  the  base,  the 
horizontal  distance  of  the  centre  of  gravity  from  this  edge  will  be : 
arsss^&.sss^.j.sssjft,;  hence,  the  distance  of  the  centre  of 

gravity  from  the  axis  will  be:         

CS  =  z  =  *S3?  +y^=  %/(l,75)a+(l 0,342 )a  =  ^110,002  =  10,489:  and  the  height 
to  which  the  centre  of  gravity  must  be  raised  to  bring  about  an,  overthrow  will  be; 
11 
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s  =  z  —  y  =  10,489  —  10,342  =  0,147  ft ;  lastly,  the  corresponding  mechanical  effect 
or  stability  will  be  :  Gs  =  37734.3  .0.147  =  5547  ft.  Ibs. 

Remark.     The   factor    s  =  +/  x2-  -f-  y2  —  y  gives   for  y  =  0,  s  =  z.  for   y  s=  a:, 
5  =  2;  (Y/  2  ~—  1)  =  Oy4l4  re,  for  y  =  tta:,  s  =  (\/n*  +1  —  *0  x->  approximately  =s 

(n  4-  Jt «)  a:  =  -^-,  also  for  y  ==  10  x,  s  =  -f_,  and  for  y  ==  os.  s  =  -f_  =  0 :    the 

V     ^  2n  J  2n  20  oo 

dynamical  stability  is  therefore  so  much  the  greater,  the  lower  the  centre  of  gravity  lies, 
and  it  approximates  more  and  more  to  null,  the  higher  the  centre  of  gravity  lies  above 
the  base.  Sledges,  carriages,  ships,  floating  docks,  &c.,  must  on  this  account  be  so  con- 
structed and  loaded,  that  the  centre  of  gravity  may  lie  as  low  as  possible,  and  besides, 
be  situated  over  the  middle  of  the  base. 


Fig.  132. 


§  134.  Theory  of  the  Inclined  Plane. — A  body  j$C,  Fig.  132,  rest- 
ing on  an  inclined  plane,  that  is,  on 
one  inclined  to  the  horizon,  may  take 
tip  two  motions;  it  may  slide  down  the 
inclined  plane,  and  it  may  also  revolve 
about  one  of  the  edges  of  its  base  and 
overturn.  If  the  body  is  left  to  itself, 
its  weight  G  is  resolved  into  a  force 
,7V*  normal,  and  to  a  force  P  parallel 
to  the  base,  the  first  is  resisted  by  the 
reaction  of  the  plane,  and  the  last 
urges  the  body  down  the  plane.  Let  the  angle  of  inclination  FHR 
of  the  inclined  plane  to  the  horizon  =  a,  we  have  therefore  the  angle 
G6W"=  a,  and  hence  the  normal  pressure: 

JV==    G  COS.  a, 

and  the  force  parallel  to  the  plane: 

P  =  G  sin.  a. 

If  the  vertical  line  SG  passes  through  the  base  CD  as  in  Fig.  132, 
a  sliding  motion  only  can  take  place,  but  if  this  line  passes  outside  the 
base,  as  in  Fig.  133,  an  overturn  ensues,  and  the  body,  therefore,  is 


Fig.  133. 


Fig.  134. 


without  stability.  Besides,  a  body  JiC  resting  on  the  inclined  plane 
FHy  Fig.  134,  has  a  stability  different  from  that  of  one  on  a  horizontal 
plane.  If  DJtf=s<r  and  MS~y  are  the  rectangular  co-ordinates  of 
the  centre  of  gravity  S9  we  have  the  arm  of  the  stability  DE=DO — 
JMN=sx  cos.  a — y  sin.  o,  while,  if  the  body  is  on  a  horizontal  plane, 
it  is  s=*  x.  Since  x  >  x  cos.  a — y  sin.  a,  the  stability  with  reference 
to  the  lower  edge  D  comes  out  less  for  the  inclined  than  for  the  hori- 
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zontal  plane;   it  is   null  for  x  cos.  a  =  y  sin.  a,  i.  e.  for  tang.  a=~. 

y 

When  a  body  that  is   stable  G  x  on  a  horizontal  plane  is  transferred 

to  an  inclined  one,  whose  angle  of  inclination  corresponds  to  the  ex- 

fj* 
pression  tang.  a=—  ,  it  will  lose  its   stability.      On  the  other  hand,  a 

body  may  acquire  on  an  inclined  plane  the  stability  which  is  wanting 
to  it  on  a  horizontal  one.  For  a  turning  about  the  upper  edge  C,  the 
arm  CE^=-  COl-{-JlfJY=x1  cos.  a-f-y  sin.  a,  whilst  in  its  position  on 
the  horizontal  plane  it  is  =  x^.  If  now  xl  is  negative,  the  body  has 
no  stability  so  long  as  it  remains  on  a  horizontal  plane,  but  if  it  rests 

on  an  inclined  one,  for  whose  angle  of  inclination  tang.  a  is  ^^,  the 

y 

body  is  stable. 

If  another  force  besides  gravity  acts  upon  the  body  JIB  CD*,  Fig. 
135,  its  stability  continues  if  the  direction  of  the  resultant  JVof  the 
•weight  G  and  the  force  P  intersects  the  base  CD  of  the  body. 

Example.  The  obelisk  In  the  example  of  the  preceding  paragraphs  has  x  =  J  ft.  and 
y  =  10,342  ft.,  and  will  lose  its  stability,  consequently,  if  transferred  to  an  inclined 
plane,  for  whose  angle  of  inclination  : 

tang.  «==  -  1  -  =  7QQQ   ==  0,16922,  and  inclination  «  =  9°  36'. 
4.10,342        41368 

§  135.   As  the  inclined  plane  only  counteracts  that  pressure  which 
is  directed  perpendicularly  against  it,  the  force  P  which  is  necessary 
to  prevent  a  body  supported  upon  an  inclined  plane  from  overturning, 
is  determined  by  the  condition  that  the 
resultant  JVof  P  and  G,  Fig.  135,  must  Fig.  135. 

be  at  right  angles  to  the  inclined  plane. 
From,  the  theory  of  the  parallelogram  of 


forces  we  have  —  = 

Or 


PJVO  = 


-  , 

$2/71.  Jr  Cy«/  V 

GOJV  =  FHR  =  a, 


now  the 


and 


^  POJV=  POK+  KON=$+  90°,  in  so 
far  as  we  represent  by  j3  the  £  PJEF= 
POK,  by  which  the  direction  of  the 
force  deviates  from  the  inclined  plane ; 
hence  we  have 

JL  _         sin.  *  .        P 

~72        sin.  (90  -h  £)*    "    "  "5 
therefore  the  force  which  maintains  the  body  on  the  plane  is: 

G  sin.  a 


cos.  /3 
For  the  normal  pressure  JV* 


and 


OJV*G=  POJV=  9G+£,  hence  it  follows 
JV*       sm.  [9O° —  (a.  +  ^)]       cos,  \ 
~G  sin.  (9O°  —  p)  cos.  >3 
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and  for  the  normal  pressure  against  the  plane 

G  cos- 


cos.  £ 
If  the  force  P  is  parallel  to  the  plane,  £  =  0  and  cos.  j3  =  1?  since 

P  =  G  sin.  a  and  JV*=  G  cos.  a. 
If  P  acts  vertically  a  +  /3  =  90°,  hence 

cos.  j3  =  sin.  a,  cos.  (a  +  £)  as  0  and 

P  =  G  and  JV  =  0,  the  inclined  plane  has  then  no  control  over  the 
body. 

Lastly,  if  the  force  acts  horizontally,  £  =±=  —  a,  and  cos.  £  =  cos.  a, 
hence 

„        G  sin.  a       ~  .  A    i\r      &  cos-  0          ^ 

-—  (JT  tang.  a.  ;   and  JV  = 


COS.  a 


COS.  a 


COS.  a 


Example.  To  maintain  a  body  of  500  Ibs.  upon  an  inclined  plane  of  50°  inclination  to 
the  horizon,  a  force  is  applied  whose  direction  makes  an  angle  of  75°  with  the  horizon, 
what  is  the  magnitude  of  this  force3  and  the  pressure  of  the  body  against  the  plane  ? 
The  force  is : 
„         500^.50°          500.««.50°  =  ^^    ^  .    and   ^   pressure    Qn   ^    plane; 


cos.  (75 — 50) 
^500  .  cos.  75° 
:  cos.  25° 


142,8  Ibs. 


136. 


§  136.  Principle  of  Virtual  Velocities. — If  we  combine  the  prin- 
ciple of  the  equality  of  action  and  reaction  set  forth  in  §  128,  with 
that  of  virtual  velocities  (§  80  and  §93),  the  following  law  transpires. 
*  If  two  bodies  JWj  and  JW2,  Fig. 

136,  hold  each  other  in  equili-^ 
brium,  then  for  a  finite  rectilinear 
or  infinitely  small  curvilinear  mo- 
tion of  the  point  of  contact  or  pres- 
sure Jij  the  sum  of  the  mechanical 
effects  of  the  forces  of  the  one  body 
is  equivalent  to  the  sum  of  the  me- 
chanical effects  of  those  of  the  other. 
If  PJ  and  S±  be  the  forces  of  the 
one  body,  and  P2  and  S2  those  of 
the  other,  then,  for  a  displacement 
of  the  point  of  contact  from  Ji  to 
By  the  respective  distances  de- 
2,  and  according  to  the  above  law : 

n  /7  f~)        i        Cl  £3  77* 

jT2  .  J1UZ   4"    £>2  *  •/"f'3* 

The  correctness  of  this  proposition  may  be  proved  in  the  following 
manner.  As  the  normal  pressures  JV^  and  JV^  are  equal,  there  is  also 
equilibrium  between  their  mechanical  effects,  JV\.JIC  and  JV2 .  J1C, 
with  this  difference,  that  the  mechanical  effect  of  the  one  force  is  po- 
sitive, and  that  of  the  other  negative.  Now  from  what  has  preceded 
we  have  the  mechanical  effect  JV^  .  JiC  of  the  resultant  JV"a  equivalent 
to  the  sum  Px  MDl  +  Sl .  JIE^  of  the  mechanical  effects  of  its  compo- 
nents Px  and  S^  and  likewise  JV"2  .  JiC  =  P2 .  JiDz  +  S2.  JIE^ ;  hence 


scribed  are 


4- 
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Fig.  137. 


The  application  of  the  principle  of  virtual  velocities  thus  made  more 
general  possesses  great  advantage 
in  statical  investigations,  as  by  it 
the  evolution  of  algebraical  expres- 
sions becomes  much  simplified.  If, 
for  example,  we  move  a  body  */2  up 
an  inclined  plane  FHy  Fig.  137,  a 
distance  JlB,  the  corresponding  path 
of  the  weight  Gy  =  JIC  =  J3B  sin. 
J1BC  =  JIB  .  sin.  FHR  =  JIB  sin. 
a.  On  the  other  hand,  the  path  of 
the  force  P  is  J1D  =  JIB  .  cos.  BJID 
5=  JIB  .  cos.p,  and  lastly,  that  of  the 
normal  force  JV*  =  0;  now  the  me- 
chanical effect  of  JV  is  equivalent  to 
that  of  G  +  that  of  P7  hence  we  have  to  put  JV* ,  0  —  —  G  .  JiC  + 


P  .  JiD,  and  so  we  find  P 


•AC 


G  sin.  a, 


138. 


J1D  cos.  £ 

quite  in  accordance  with  the  former  paragraph. 

In  order  to  find  the  normal  pressure  JV?  we  must  move  forward  the 
inclined  plane  HF,  Fig.  138,  through 
a  space  JIB  at  right  angles  to  the 
direction  of  the  force  J1P,  to  deter- 
mine the  corresponding  paths  of  the 
forces,  and  again  put  the  mechani- 
cal effect  of  JV"  equivalent  to  that  of 
G  +  the  mechanical  effect  of  P.  The 
path  of  JV"  is  J1X>  =  JIB  cos.  BJ1T> 
=  JIB  cos.  /3,  that  of  G  isJlC  =  JIB 
cos.  BJ1C  =  JIB  cos.  (a,  -f-  £)  and 
that  of  P  =  0,  hence  the  mechani- 
cal effect 
JV.  J1D  =  G  .  JIC  -h  P  -  0,  and  JV 

G  «  JiC         «       cos.  (a,  -f-  /j) 

=      ^^ —  ^   o- /  9  just  as  was  found  in  the  former  pa- 
ragraph. 

§  137.    Theory  of  the  Wedge. — After  this  the  theory  of  the  wedge 
comes   out   very  simply.      The  wedge  is   a  movable  inclined  plane, 

Fig.  139. 
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formed  by  a  triangular  prism  FHR,  Fig.  139,  generally  the  force  KP 
is  =  P,  and  at  right  angles  to  the  back  FR  of  the  wedge,  and  holds 
in  equilibrium  another  force  or  load  J1Q  *=*  Q,  which  presses  against 
its  -lateral  surface  FH.  If  FHR  =  a  be  the  angle  measuring  the 
sharpness  of  its  edge,  and  further,  the  angle  by  which  the  direction 
of  the  force  KP  or  J1D  deviates  from  the  surface  FH9  therefore  FHK 
ass  HLAD)  =  $,  and  lastly  the  angle  LJIH^  the  deviation  of  the  direc- 
tion of  Q  from  this  same  surface,  =  /3,  then  the  paths  will  be  given 
which  are  described  by  the  advance  of  the  wedge  from  the  position 
FHR  into  that  of  F^H^R^  in  the  following  manner.  The  path  of  the 
wedge  is  JiB  =»  PjP,  =  HHl9  and  that  of  the  force  is  =  AD  =  AB 
cos.  BAD  =  JIB  cos.  (BAH—  DAH)  =  AB  cos.  (a—  6)  ;  further,  the 

,,      «,ii        nr       i      i  •     an       AB  sin.  ABC        AB  sin.  a 
path  of  the  bar  AL  or  load  is  AC  =    -  :  -  ^^^      =  -  „„„  — 

*  sin.JiCB  sin.  HA  C 

-  *—  ,  and  the  simultaneous  path  of  the  normal  pressure  JV*  be- 
sin.  £ 

tween  the  wedge  and  the  foot  of  the  bar  =  AE  =  AB  sin.  a. 

By  the  advance  of  the  wedge  a  distance  AB,  the  normal  pressure 
JV*  produces  the  mechanical  effect  JV\  AE  =  N.ABsin.  a,  the  force, 
however,  develops  the  mechanical  effect  P  .  AD=  P  .  AB  cos.  (a  —  6) 

and  the  resistance  the  mechanical  effect,  Q.AC=  Q.AB31™9  a,  hence 

sin.  ]3 

JV.  ABsin.  a  =«  P  -  AB  cos.  (a  —  5)  i.  e.  N  sin.  »  =  P  cos.  (a  —  5),  as 

also  JV.  AB  sin.  a  =  Q  .  AB  ri?m  °,  i.  e.  JY  sin.  a  =  Q^'°,  andfrom 

sin.  &  sin.  Q 

these  equations  the  equation  between  the  power  and  resistance  sought 
is  given  : 

P  cos.  (ar-8)a.Q.*fa-a,  or 
sin.  p 

Q  sin.  a 


sin.  £  cos.  (a  —  6)? 

which  may  likewise  be  obtained  by  the  decomposition  of  the  forces. 
If  the  direction  of  the  force  is  parallel  to  the  base  or  lateral  surface 

HR,  »—  »,  hence  p^Q^71-^  an(j  if;  further,  the  direction  of  the  load 

5171,  J3 

is  perpendicular  to  the  side  FH,  /3=90°,  and  P  follows  =  Q  sin.  a. 

Example.  The  edge  FHM  of  a  wedge  =  *  =  25°,  the  force  is  directed  parallel  to 
the  base  HR-,  therefore,  *  =:  A,  and  the  weight  Q  acts  at  right  angles  to  the  side  FH, 
therefore  0  =  90°,  in  what  proportions  are  the  power  and  weight  to  each  other  ?  P  is  = 

Q  sin.  a,  therefpre  —  =  sin.  25°  =  0,4226.     For  a  weight  Q  of  130  Ibs.  the  power  P 

comes  out  =  130  .  0,4226  =  54,938  Ibs.     In  order  to  drive  forward  the  weight  or  bar  1 

j£  C  1 

foot,  the  wedge  must  pass  over  the  space  JIB  =s  —  —  ==  2.3662  feet. 

sin  A        0,4226 

Remark.  The  theories  of  the  inclined  plane  and  the  wedge  will  be  more  fully  deve- 
oped  in  the  fifth  chapter,  where  the  effect  of  friction  is  taken  into  account, 


FUNICULAR    MACHINES — KNOTS    OR    NODES. 


127 


CHAPTER    IV. 


EQUILIBRIUM  IN  FUNICULAR  MACHINES. 

§  138.  Funicular  .Machines. — We  have  hitherto  assumed  that 
bodies,  on  which  forces  act,  do  not  change  their  form  in  consequence 
of  this  action  ;  we  will  now  take  up  the  equilibrium  of  such  bodies  as 
suffer  a  change  in  their  form  by  the  smallest  forces.  The  former  are 
called  solid  or  rigid,  the  latter  flexible  bodies.  In  truth  there  is  no 
body  perfectly  flexible;  many  of  them,  however,  such  as  strings, 
ropes,  cords,  &c.,  and  in  some  respects  chains  also,  require  so  small 
a  force  to  bend  them  that  they  may  in  many  cases  be  regarded  as 
perfectly  flexible.  Such  bodies,  which  are  moreover  extensible,  will 
be  the  subject  of  the  following  investigations. 

We  understand  by  a  funicular  machine,  a  cord  or  a  connection  of 
cords  (the  word  cord  taken  in  its  general  sense)  which  becomes 
stretched  by  forces,  and  in  this  chapter  we  will  consider  the  theory  of 
the  equilibrium  of  these  machines. 

That  point  of  a  funicular  machine  to  which  the  force  is  applied,  and 
where  the  cord  forms  an  angle  with  the  direction  of  the  force,  is  called 
a  knot  or  node.  This  may  be  either  fixed  or  movable.  Tension  is 
the  force  which  a  stretched  cord  transmits  in  the  direction  of  its  axis. 
The  tensions  at  the  ends  of  a  straight  cord  or  portion  of  a  cord  are 
equal  and  opposite,  §  83 ;  also  a  straight  cord  cannot  transmit  other 
forces  than  the  tension  acting1  in  the  direction  of  its  axis,  because  it 
must  otherwise  bend,  and,  therefore,  cannot  remain  straight. 

§  139.  Knots  or  Nodes. — Equilibrium  obtains  in  a  funicular  ma- 
chine, when  there  is  equilibrium  at  each  of  its  nodes.  Hence  we 
must  next  find  what  are  the  relations  of  equilibrium  at  any  one  node. 

Equilibrium  takes  place  at  a  node  K9  which  a  portion  of  a  cord 
J1KB,  Fig.  140,  forms,  when  the 
resultant  KS  of  the  tensions  of  the 
cord  KS1  =  Si  and  KS2  =  S2  are 
equal  and  opposite  to  the  force  P 
applied  at  the  node  JK,  for  the  tensions 
Si  and  S2  produce  the  same  effects 
as  equal  and  opposite  forces,  and 
three  forces  hold  each  other  in  equi- 
librium, if  one  of  them  is  equal  to 
and  acts  opposite  to  the  resultant  of 
the  other  two  (§  75).  The  resultant 
R  of  the  force  P  and  the  first  tension 
Si  is  equal  and  opposite  to  the  second 
tension  jS^,  &e.  In  every  case  this 
equation  may  be  used  to  find  out  two. 
of  the  quantities  to  be  determined,  viz.  the  tension  of  the  cord  and 


Fig.  140. 
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its  direction.      Let,  for  example,  the  force  be  P,  the  tension  S^  and 

the  ^  between  the  two  J3KP=l80° $KS=*18Q° — a,  we   have  for 

the  other  tension.  

S2  =  ^/P2+S22  —  2  PSl  cos.  a. 
and  for  its  direction  or  deviation  from  KS,  BKS=&,  and 

S,  sin.  a 
sin.  /3  =  — - . 


Example.  If  the  cord  j%KB,  Fig.  140,  is  fixed  at  the  extremity  .H,  and  at  the  extremity 
Jl  stretched  by  a  weight  G  =  135  Ibs.,  and  the  middle  K  by  a  force  P  =  109  Ibs.,  which 
pulls  upwards  under  an  angle  of  25°;  required  the  direction  and  tension  of  the  portion 
of  cord  JTJ5.  The  magnitude  of  the  tension  is  •  _ 

35-s  —  2  .TQ9.135colT(9Q0  —  2  5°)  __ 


18225  —  29430.  cos.  65° 
Sl  *in'  *         735-^-65° 


__ 

17068,3=132,92  Ibs. 
.  sin.  £  =  0,964017  —  1,  hence  & 


For  the  angle  £,  sin.,  f. 

=  67°  O7,  and  the  inclination  of  the  portion  of  the  cord  to  the  horizon  =  «  -f-  &  — 90°  = 

§  140.  If  the  node  K  is  a  running  or  movable  one,  or  the  force  P 

acts  by  means  of  a  ring  running  along  the 
cord  JIKB^  Fig.  141,  the  resultant  S  of 
the  tensions  Sl  and  S2  is  equal  and  oppo- 
site to  the  force  P  at  the  ring;  besides 
this,  the  tensions  are  equal,  for  if  the  cord 
be  drawn  a  certain  space  s  through  the 
ring,  each  of  the  tensions  S^  and  S2  will 
pass  over  the  space  s,  and  the  force  P 
over  a  space  =  0;  consequently,  provided 
there  is  perfect  flexibility,  the  mechanical 
effect  P  .  0  =  S1  .  s  —  Sx  .  s,  i.  e.  S^  s  = 
S2  s  and  Si  =  S2.  From  this  equality  of 
the  tensions  there  follows  the  equality  of 
the  angles  J1KS  and  BKS,  by  which  the  resultant  S  deviates  from  the 

directions  of  the  cords.     If  we  put  these 

F'g-  342- angles  =  a,  the  resolution  of  the  rhomb 

~~~  ~~n     KSl  SS2,  gives 

S  —  P  =  2  S1  cos.  a  and  inversely 


9        - 

2  COS.  a, 

Ji  and  B  are  the  fixed  points  of  a  cord 
of  given  length  (2  a)  with  a  mova- 
ble node  jK,  the  place  of  this  node  may 
be  found  by  constructing  an  ellipse,  whose 
foci  are  Ji  and  B,  and  whose  major  axis 
is  equal  to  the  length  of  the  cord  2  a,  and 
if  a  tangent  is  drawn  to  this  curve  at 
right  angles  to  the  given  direction  of  the 

force,  the  resulting  point  of  contact  is  the  place  of  the  node,  because 
the  normal  to  the  ellipse  KS  makes  equal  angles  with  the  radii  vec- 
tores  KJi  and  KB,  as  does  the  resultant  S  with  the  tensions  of  the 
cord  S  and  S. 
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If  JiD  be  drawn  parallel  to  the  given  direction  of  the  force,  and  BD 
be  made  equal  to  the  given  length  of  the  cord,  JID  bisected  at  Jtt  and 
the  perpendicular  J\1K be  raised,  the  place  of  the  node  K  may  likewise 
be  obtained  without  the  construction  of  an  ellipse,  for  since  the  z  J3KM 
=  z  DKM  and  J1K  =  DK,  it  follows  that  ^  ^KS  also  —  x  BKS  and 
J1K  +  KB  «  DK  +  KB  =  .ZXB. 


Example.  Between  the  points  ^4? and  J5,  Fig.  143,  a  rope  of  9  feet  in  length  is  stretched 
by  a  weight  G  of  170  Ibs.  suspended  to  it  by  a  ring; 
the  horizontal  distance  JL C  of  the  two  points  is  6£  ft., 
and  the  vertical  distance  BC  =  2  ft. ;  to  find  the  po- 
sition of  the  node,  the  tensions  and  directions  of  the 
rope.  From  the  length  *AD  =  9  ft.  as  hypothenuse 
and  the  horizontal  line  ^2C==6^ft.;  it  follows  that 


Fig.   143. 


the  vertical  CD  =  ^/9Z  —  6,52  —  ^/Sl  —  42,25  = 
^38,75  =^6,225  feet;  and  from  this  the  base  BD  of 
the  equilateral  triangle  BDK,  =  CD  —  CB  =  6,225 — 
2  =  4,225  ft.  The  similarity  of  the  triangles  DKM 

and  DJ1C  gives  DK  _  BK  =  2*L  .  DA  ===4-225'9 

DC  2.6,225 

=  3,054  ft. ;  hence  it  follows,  that  AK=  9  —  3,054=r 
5,946  feet ;  and  for  the  angles  a,  by  which  the  sides  of 
the  rope  are  inclined  to  the  vertical: 


hence,  a.  =  46°  14';  and  lastly,  the  tension  of  the  rope  S1  •. 
»  122,9  Ibs.* 


G 


170 


2  cos.  a.         2  .  O,G917 


*  If  the  demonstrations  applied  in  the  text  to  the  simple  funicular  machine,  where 
a  single  weight  is  represented  as  sustained  by  means  of  two  parts  of  a  flexible  cord, 
attached  to  two  fixed  supports,  be  applied  to  the  case  of  two  rigid  planes  hinged  toge- 
ther at  a  middle  point,  and  also  joined  by  hinges  to  two  other  planes  capable  of 
sliding  to  and  from  each  other,  but  in  opposite  directions,  then  will  the  principles  of  the 
formulae  above  given,  be  found  to  afibrd  the  relation  between  the  force  applied  and 
the  resistance  which  it  is  capable  of  overcoming,  in  the  well-known  machine  called 
the  tricardo,  vulgarly  the  "  toggle  joint,"  which  has  been  much  applied  of  late  years  in 
the  construction  of  printing,  coining,  and  other  presses. 

When  two  ropes  hang  parallel  to  each  other,  the  whole  gravitating  power  of  the 
weight  is  divided  between  them,  and  equally  so  between  the  points  of  support  which  sus- 
tain their  upper  extremities.  The  limit  of  the  weight  is  the  absolute  strength  of  the 
ropes,  and,  in  case  of  the  tricardo,  the  force  which  could  be  applied  to  the  planes 
would,  in  that  position,  be  limited  by  the  crushing  force  of  the  materials  of  the  planes. 

In  tie  funicular  machine,  the  question  generally  relates  to  the  tension  on  the  cords,  not 
to  the  force  tending  to  bring  together  the  points  of  support,  -while,  in  the  tricardo,  the 
effort  to  separate  the  opposite  extremities  of  the  movable  planes  is  the  thing  to  be  calcu- 
lated. The  following  figure  (143*)  may  render  this  more  evident. 

Fig.  143*. 


Let  a  and  b  be  the  two  planes  of  the  tricardo,  lunged  at  jS.  and  JB  to  two  other  planes 
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§  141,  Funicular  Polygon. — The  relations  of  equilibrium   in 

funicular    polygon,    L  e. 

Fig.  144.  "  " 


the 


to  J5f,  we  shall 
P,,  P, 


^.  e.    in  a 

stretched  cord  which  is  acted 
upon  by  forces  applied  to  dif- 
ferent points,  are  in  accordance 
with  those  of  the  equilibrium  of 
forces,  which  are  applied  to  one 
point.  Let  J1KB,  Fig.  144,  be 
a  cord  stretched  by  the  forces 
Px,  P2,  P3,  P4,P5:  letP,  and 
P2  act  at  ^,  P3  at  K,  and  P4 
and  Ps  at  _B.  Let  us  put  the 
tension  of  the  portion  J2K=  &,_ 
and  that  of  BK  =  S2,  we  shall 
then  obtain  Sl  for  the  resultant 
of  PI  and  P2  applied  to  ^5,  and 
if  we  carry  the  point  of  appli- 
cation Ji  of  this  tension  from  Ji 


again  get  S2  for  the  resultant  of  S:  and  P3,  or  of 


s ,  lastly,  if  we  transport  the  point  of  application  of  S2from  K  to 


„  _  _ 

we  shall  then  obtain  in  S 


ofP,,P, 


3,  also  in  P15 


2, 


_ 

JP4  and 


P5,  or  since  #2  is 


the  resultant 

L  2,  j:  3,  aiw  AH  .*.  15  x  2,  j.  3,  a.  4,  j.  5  a  set  of  forces  balancing  each 
other.  We  may  accordingly  assert  that,  when  certain  forces  P1?  P2, 
P3,  #c.,  hold  a  funicular  polygon  in  equilibrium,  th^y  will  hold  each 
other  in  equilibrium  also,  if  applied  at  a  single  point  C9  their  direction 
and  magnitude  remaining  invariable. 

If  the  cord  JIK^  K2.  . .  B,  Fig.  145,  be  stretched  at  the  points  or 
nodes,  K^  K2  by  weights  G^,  G2  .  .  .  and  the  extremities  Ji  and  B  by 
the  vertical  forces  Vl  and  V*,  and  the  horizontal  forces  Hl  and  JJn,  the 
sum  of  the  vertical  forces  will  be  :  Vl  +  V^ —  (G1  +  G2  +  G3  +  . . .) 
and  of  the  horizontal  forces :  H^  —  Jfn.  The  condition  of  equilibrium, 
requires  that  both  sums  =  0;  therefore 

2.  H  =  -H"n  *  i.  e. 

In  a  funicular  polygon  stretched  by  weights,  the  sum  of  the  vertical 
forces  or  vertical  tensions  at  the  extremities  or  points  of  suspension  is 


c  and  of,  supposed  to  be  capable  of  moving  freely  to  and  from  each  other  along  the  plane 
JO?".  The  hinge  of  a  and  b  at  P  being  supposed  to  be  acted  on  by  the  small  constant 
force  P,  the  practical  question  is  the  relation  of  the  resistances  P15  P2  to  this  constant  force 
P,  in  the  difierent  positions  of  the  two  planes  a  and  b.  If  the  angle  P^?Cor  PJ5C  =  a 
represent  the  angle  of  divergence  of  the  planes  a  and  b  from  the  straight  line  QQ15  it  is 
evident  that  the  force  P  will  be  represented  by  CE  =  2  CP  «=  2  sin.  a,  and  the  forces  Pt 
and  P,  each  by  JIB  =s=  2  cos.  a,.  Hence  P  :  Pt  =  sin.  A:  cos.  a,  or  as  tang,  a,  ;  rad. 
It  is  thus  shown  that  the  force  applied  at  the  central  hinge  of  the  "toggle  joint"  has 
to  the  force  which  resists  the  thrust  of  the  planes,  the  relation  of  the  sine  to  the  cosine 
of  the  angle  of  inclination,  or,  what  is  the  same,  that  of  tangent  to  radius;  or,  in  the 
case  of  the  movable  planes  forming  one  and  the  same  plane,  that  of  0  to  1,  or  1  to  oo  . 
This  subject  will  be  ibund  more  fully  treated  of,  and  illustrated  with  figures  of 
the  tricardo,  in  a  paper  by  the  writer  of  this  note  in  the  Journal  of  the  franklin  Insti- 
tute, vol.  iii.  p.  354,  for  May,  1829. — AM.  ED, 
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equivalent  to  the  sum,  of  the  suspended  weights*,  and  the  horizontal  ten- 
sion at  the  one  extremity  is  equal  and  oppositely  directed  to  the  hori- 
zontal tension  at  the  other  extremity. 

Fig.  145. 


If  the  directions  of  the  tensions  S1  and  Su  at  the  cords  A  and  B  be 
prolonged  to  their  intersection  C,  and  the  points  of  application  of  these 
tensions  be  transferred  to  this  point,  we  shall  then  have  the  single 
force  P  =  V1  +  Fn,  because  the  horizontal  forces  iTa  and  Ha  counter- 
act each  other.  Since  this  force  holds  in  equilibrium  the  sum  Ga  + 
G2  4-  G3  -j-  ,  .  .  of  the  suspended  weights,  the  point  of  application,  or 
centre  of  gravity  of  these  weights  must,  therefore,  lie  in  the  direction 
of  the  same,  i.  e.,  in  the  vertical  line  passing  through  the  point  C. 

§  142.  From  the  tension  5^  of  the  first  portion  JiK^  whose  angle  of 
inclination  S1J1H:L  =  ax,  the  vertical  tension  follows  ;  V^  =  Sl  sin.a^ 
and  the  horizontal  J?a  =  S^  cos.  aa.  If,  now,  we  transfer  the  point  of 
application  of  these  forces  from  Jl  to  the  first  node  K^  the  weight  Gl 
acting  vertically  downwards  meets  these  tensions,  and  now  for  the 
following  portion  K^  K^  the  vertical  tension  Vz  =  F"t  —  Gl=  St  sin. 
ax  —  G19  for  which  the  horizontal  tension  H%  =  H^  =  H  remains  un- 
changed. Both  forces  united  give  the  tension  of  the  axis  of  the 
second  portion  S^  =  ^/  V*  +  H*  and  its  inclination  az  by  the  formula 

.                    V~        S~  sin.  a,  —  G, 
tang.&c  —      *  —  — * * —      x 


H  ~~~       S 
tang.  az  =  tang.  ^  — 


L  cos. 
GI 
H' 


e. 


If  the  point  of  application  of  the  forces  Fa  and  H^  is  transferred  from 
KI  to  K^  we  obtain  in  the  weight  G2  meeting  them  another  new  ver- 
tical force,  and  therefore  the  vertical  force  of  the  third  portion  of  the 
cord 
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F  — 


G2), 


3          2  —     2          l—      1          2  .x  2, 

whilst  the  horizontal  force  H3  remains  =  H.     The  whole  tension  of 
the  third  portion  is 


S 


v/  ^s 


I2,  and  for  its  angle  of  inclination  »3,  we  have 

_   ^3  ___  Slsin9al  —  (Gl  +  Ga)    . 
"3  ~~  ~H  S^os.^         ~'   '*' 


tang.  ax  — 


H 


For  the  angle  of  inclination  of  the  fourth  portion  of  the  cord, 


tang.  a4  *  tang,  a.,  _ 


+ 


+ 


*,  &c. 


Besides,  the  tensions  S^  S2,  S3,  &c.,  as  well  as  the  angles  of  incli- 
nation tt1?  a3,  a3,  &c.,  of  the  separate  portions  of  the  cord  may  easily 
be  represented  geometrically.  T"  ---•»--  ^  -  •>  -  -  ••  *-- -  ^  " 

Fig.  146. 


If  we  make  the  horizontal  line 
CB9  Fig.  146,  =  the  horizontal  ten- 
sion H  and  the  vertical  CK^  =  verti- 
cal tension  V^  at  the  point  of  suspen- 
sion ./?,  the  hypothenuse  JIK^  gives  the 
whole  tension  Sl  and  the  z  CJIK^  also 
its  inclination  to  the  horizon ;  if  now 
further  we  apply  the  weights  Gt,  G2, 
tc.,  as  parts  K^K^  K2K3,  &c.,  of 
and  draw  the  transversal  lines 
__  ^3jK"3,  &c.,  we  shall  have  in  them 
the  tensions  of  the  successive  portions 
of  the  cord,  and  in  the  angles  K2JlC9 
KgMCy  &c.,  the  angles  of  inclination 
a2,  o3,  &c.  of  these  portions. 

§  143.  From  the  investigations  of  the  preceding  paragraph,  the 
law  for  the  equilibrium  of  cords  stretched  by  weights,  comes  out 
thus: 

1.  The  horizontal  tension  is  at  all  points  of  the  cord  one  and  the 
same,  viz. : 

H  aa=    Sl  COS.  04  =  Sn.  COS.  »n- 

2.  The  vertical  tension  at  any  one  point  is  equal  to  the  vertical  ten- 
sion at  the  other  extremity  above  it,  less  the  sum  of  the  intermediate 
suspended  weights,  therefore 

If  the  angle  aa  be  known  and  the  horizontal  tension  H,  the  vertical 
tension  at  the  extremity  Ji  is  [known ;  V^  =  H .  tang.  «15  and  accord- 
ingly that  at  the  extremity  B :  Ftt  =  (Gx  +  G2  +  . . .  +  Gn)  —  Vr 

If,  on  the  other  hand,  the  angles  of  inclination  al  and  a,,  at  both 
points  of  suspension  Jl  and  B  are  known,  the  horizontal  and  vertical 
tensions  are  given  at  the  same  time,  viz. : 

-JLssa  — ^* .°n.  and,  therefore, 
YI         tang,  a, 

Fn  =  V*  tang'  a° 
tang.  ax 
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Since  Fx  + 

/ 

\ 


+  Cfa  + 

pr    _ 


i.  p. 


.  .  .  ,  it  follows  that : 


tang, 


tang. 


4- 


from  this: 


If  both  sides  have  the  same  inclination  an  —  °-^  then  F^  =  Vn  = 

-r         t         *T      _t  i        /-Y 

*~i  -p  ^""2  "t"  *  •  *  "t-  ^n  ^  anj  £ke  one  extremity  Jl  supports  as  much  as 


the  other  B. 

For  the  rest,  these  laws  hold  good  also  for  the  funicular  polygon, 
especially  when  stretched  by  forces,  if  the  directions  of  the  forces  are 
substituted  for  the  verticals. 

Example.  The  funicular  polygon  JIK^  JT2  Kz  B,  Fig.  147,  is  stretched  by  three  weights 
Gt  =20,  <3,  =  30,  and  (23=  1*6  Ibs., 
as  well  as  by  the  horizontal  force  fft 
=  25  Ibs.;  required  to  find  the  ten- 
sions of  the  axis  and  the  angles  of  in- 
clination of  the  sides,  in  the  hypothe- 
sis that  the  ends  of  the  string  have  the 
same  inclination.  Here  the  vertical 
tensions  are  equal,  viz.,  V^  ==  Jr4  = 

Gt  4-  <?a  4-  G3 204-  30  4-  1 6  

g  ^ 

33  Ibs.  The  vertical  tension  of  the 
second  portion  of  the  string  is  V^  = 
YI  —  Gt  =  33 —  20  =  13  Ibs.,  that  of 
the  third  T3  =  V r± —  Gaor  (O14~  ^» 
—  F^s^SS — 16  =  17  Ibs.;  the  an- 
gles of  inclination  *t  and  «4  of  the  ends 
are  determined  by  tang.  «t  ==  tang.  «4 

=  — -  =  —  =  1,32  j  that  of  the  se- 
cond and  third  portions  by  the  tang.  <*a  =  tang.  «tt  —  I 


on 

1,32 _  =  0,52,  and 

25 


H 


1,32  _i^ 
25 


0,68  j  hence  «s  =s 


=s34°  13^  ;  lastly,  the  tensions  of  the  axis  are  St  ==  S4 
41,40  Ibs.,  Sa=  ^^^4-  JJ-z  =  ^/l3*  4-  252 


^M-  jH2  ==  V  332  +  25^ 

5  8,  18  Ibs.,  and 


P  =   v/17a4-  25*  =  30,23  Ibs. 

§  144.  The  Parabola  as  Ca- 
tenary.—  Let  us  suppose  that 
the  string  J1CB,  Fig,  148,  is 
stretched  by  equal  weights  G^ 
<?2,  &c.,  suspended  at  equal 
horizontal  distances  from  each 
other.  Let  us  represent  by  £x 
the  horizontal  distance  JIM.  be-* 
tween  the  point  of  suspension  Jl 
and  the  lowest  C?  but  the  ver- 
tical distance  CJJ4"  by  a.  Let 
12 


Fig.  148. 
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us  put  further  for  another  point  O  of  the  polygon,  the  corresponding 
co-ordinates  OJV*=  y  and  CJV=  x.  If,  now,  the  vertical  tension  of 

Jl  be  =  V,  that  of  O  will  be  =  ^  .  Vy  and  hence  for  the  angle  of  in- 

b 

clination  to  the  horizon,  NOT=  ROQ=s  <j>  of  the  portion  of  the  string 

OQ,  we  shall  have  tang.  $  =  r-  •  -=^5  where  JJis  the  constant  of  the 

b      H 

horizontal  tension. 

Hence  QR  =  OR  *  tang.  $  =   OR  .  ^  .  _  is  the  vertical  distance 

0        Jn. 

of  two  adjacent  angles  of  the  funicular  polygon.  If  we  substitute  for 
y  OjR,  2  ORj  3  OR,  &e.,  the  last  equation  will  give  the  corresponding 
vertical  distances  of  the  first,  second,  and  third  angles,  &c.,  reckoned 
from  below  upwards  ;  then,  if  we  add  together  all  these  values,  whose 
amount  maybe  =  m,  we  shall  obtain  the  height  CW*of  the  point  O 
vertically  above  the  lowest  point  C,  viz.  : 


x  =  CJV  =  -      .  --  (OR  +  2  OR  +  3  OR  +  .  .  .  +  m.  OR) 

V      O*?    M    ,    9    ,    o   ,  ,^         V      m(m+I) 

_.__(!  +  2  +  3+...  +»)__.___>. 

in  accordance  with  the  theory  of  arithmetical  series. 
Lastly,  if  OR  be  put  =  -^-,  we  shall  have  : 
V      mm  +  1  z 


If  the  number  of  weights  be  very  great,  m  +  1  may  be  taken  =  m, 
whence  we  shall  have  : 

*-H.-£ 

X  -  H     2b* 
For  x  =  a,  y  ==  6,  hence  also  : 

F      b         ,  .       , 

a  =—-.—,  and  more  simply  : 
Jl      2 

£l  --.  _^I,  which  is  the  equation  to  a  parabola. 

If,  therefore,  a  string  devoid  of  weight  be  stretched  by  infinitely 
many  weights  applied  at  equal  horizontal  distances,  the  funicular 
polygon  will  pass  into  a  parabola. 

For  the  angle  of  inclination  $>  we  have  besides  : 

,  y     2a        o         #          o         #         %&  i 

tang.  $  ===r*_  =  2y._=2y._=:  —  ,  as  also 
o     b  bz  y         y 

,  2a 

tang,  a  =  —  . 
a 

Therefore  the  tangent  OTcuts  the  axis  of  the  abscissae,  so  that  CT 
=  CJV^  ar.  ^ 

If  the  chains  and  rods  of  a  chain  bridge,  Fig.  149,  were  without 
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weight,  or  light  enough  in  respect  to  the  weight  of  the  loaded  bridge 
DEFy  which  only  is  to  be  taken  into  consideration,  then  the  chain 
JHCB  would  form  a  parabola. 


Fig.  149. 


Example.  The  whole  load  of  a  chain-bridge  in  Fi^.  149,  =320000  Ibs.j  the  span  AB 
=  26==  150  feet,  and  the  height  of  the  arch  CM  =  a  =  15  feet;  to  find  the  tensions 
and  other  relations  of  the  chains.  The  inclinations  of  the  ends  of  the  chain  to  the  hori- 
zon is  determined  by  the  formula,  tang.  a.  —  —  —  =  —  — :  0,4,  therefore,  a  =  21° 

b          75          5 
4Sf.     The  vertical  tension  at  each  point  of  suspension  is  V±  =  J  the  weight  =  160000 

Ibs.;  the  horizontal,  JEf=  Vlcotg.*=  160000  .  JL  =  400000  Ibs,;  lastly,  the  whole  ten- 

0,4 
sion  at  one  end : 


160000 


cotg.  a?  =  160000  . 


/—  =80000^/29  =  430813  Ibs. 


§  145.  Catenary. — When  a  perfectly  flexible  and  extensible  string 
suspended  from  two  points,  or  a  chain  consisting  of  short  links,  is 
stretched  by  its  own  weight,  its  axis  forms  a  curved  line,  to  which  the 
name  of  catenary  has  been  given.  The  imperfectly  elastic  and  ex- 
tensible cords,  ropes,  bands,  chains,  &c.,  met  with  in  practice,  give 
curved  lines  which  approximate  to  the  catenary  only,  but  may  usually 
be  treated  as  such.  From  the  foregoing,  the  horizontal  tension  of  the 
catenary  is  equally  great  at  all  points,  on  the  other  hand,  the  vertical 
tension  is  equivalent  to  the  vertical  tension  of  the  points  of  suspension 
lying  above  it,  less  the  weight  of  the  portions  of  the  chain  above. 
Since  the  tension  at  the  vertex,  where  the  catenary  is  horizontal,  is 
null,  the  vertical  tension,  there- 
fore, at  the  point  of  suspension,  Fis- 15°- 
is  equivalent  to  the  weight  of 
the  chain  from  that  point  to 
the  vertex;  and  the  vertical 
tension  at  each  place  also 
equivalent  to  the  weight  of  the 
portion  of  the  rope  or  chain 
lying  below  it. 

If  equal  lengths  of  the  chain 
be  equally  heavy,  we  have  then 
the  common  catenary,  which 
only  we  will  now  consider.  If 
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a  portion  of  the  rope,  or  chain  one  foot  in  length,  weighs  y,  and  if  the 
arc  corresponding  to  the  co-ordinates  CM=a  and  M*£=b,  Fig.  150, 
j2OC=l,  we  then  have  the  weight  of  the  portion  of  the  chain  J1OC 
=  £y;  if,  on  the  other  hand,  the  length  of  the  arc  (I)  corresponding 
to  the  co-ordinates  (CJV=;r,  and  JV"O==y)  =  s,  we  have  the  weight  of 
this  arc  =s  y.  If  we  put  the  length  of  a  similar  portion,  whose 
weight  =  H9  =  c,  (the  horizontal  tension,)  we  have  farther  H=c  y, 
and,  therefore,  for  the  angles  of  inclination  a  and  $  at  the  points  Ji 
and  O: 


tang,  a  =  tang. 


—  -      =  -2-  =     9  and 

H  Cy  C 


tang.  $ 


i5i. 


tang.  J\TO  T  =  —  ^  =  — 

Cy  C 

§  146.   If  we  make  the  horizontal  line  CH,  Fig.  151,  =  the  length 

c  of  the  portion  of  chain  measuring  the  ho- 
rizontal  tension,  and  CG  =  the  length  /  of 
the  arc  of  the  chain  on  one  side,  we  have, 
in  accordance  with  §  142,  in  the  hypothe- 
nuse  GHy  the  measure  and  direction  of  the 
funicular  tension  at  the  point  J19  for 

tans:.  CHG  =     -    -  =  —  and 
C  H        c 


—  v'CGM-  OH*. 


or  S 


If  now  we  divide  CG  into  equal  parts 
and  draw  from  H  to  the  points  1,  2,  3,  &.C., 
straight  lines,  these  will  give  the  measure 
and  directions  of  the  tensions  of  those  points 
of  the  catenary  which  we  obtain  when  we 

divide  the  length  of  the  catenary  arc  JiC  into  as  many  equal  parts. 
So,  for  example,  the  line  H3  gives  the  measure  and  direction  of  the 
tension  or  the  tangents  at  the  point  (3)  to  the  arc  JIC,  because  in  this 
point  the  vertical  tension  —  C3  .  y,  whilst  the  horizontal  tension  re- 

C3    v       (73 

mains  the  same  =  c  .  y,  therefore  for  this  point  tang.  $  =  . 1/  =  — . —  . 

C  y  C  IT 

which  the  figure  actually  gives. 

This  peculiarity  of  the  catenary  is  of  use  in  constructing  this  curve 
mechanically,  with  an  approximation  to  correctness  After  the  given 
length  CG  of  the  catenary  arc  for  construction  has  been  divided  into 
very  many  equal  parts,  the  line  CH=  c  measuring  the  horizontal 
tension  is  applied  to  it,  and  the  transversal  lines  Hly  H2,  H39  &c., 
drawn;  if  a  part  Cl  of  the  arc  be  placed  upon  CH,  and  through  the 
point  of  division  obtained  (1)  a  parallel  to  HI  be  drawn,  which  cuts 
off  from  it  a  part  (12)  ;  and  likewise  through  the  point  (2)  another 
line  parallel  to  -H2  be  drawn,  and  which  cuts  off  from  it  a  point  (23) 
equal  to  a  part  of  the  arc,  and  again  through  this  (3)  another,  parallel 
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to  J/3,  and  (34)  be  made  equal  to  another  part  of  the  arc,  and  we 
proceed  in  this  manner,  we  shall  obtain  a  polygon  (C  1  2  34  .  .  .)  ; 
as  we  have  taken  these  sides  very  small,  we  may  consider  it  as  a 
curve  and  easily  find  the  curve  to  it,  if  we  connect  the  middle  points 
of  the  small  sides  (C  1),  (12),  (23),  by  a  trace  or  line. 

For  practical  purposes,  a  finely  linked  chain  suspended  against  a 
perpendicular  wall  enables  us  to  determine  accurately  enough  a 
catenary  answering  certain  conditions,  as  those  of  given  length  and 
height,  or  of  given  width  or  length  of  the  arc. 

§  147.  In  many  cases,  and  also  in  applications  to  architecture  and 
to  machines,  the  horizontal  tension  of  the  catenary  is  very  great,  and 
the  height  of  the  arc  small  in  comparison  with  the  width.  Under 
this  supposition,  an  equation  to  this  curve  is  obtained  in  the  following 
manner. 

Let  s  be  the  length,  x  =  CM  the  absciss,  and  y  =  JIM  the  ordi- 
nate  of  a  very  compressed  arc  J1C,  Fig.  152.  If  we  make  JJK=  CK, 
we  may  consider  this  arc  as  a  circular  one  described  from  K  as  a 
centre.  Since  from  the  known  equation  of  the  circle  y2=jr(2-r — x), 
it  follows  that  the  radius  CK  of  the  circle, 

y2         x  •       i      -r  i     *  Fi*-  152« 

r  =  2 j.  __,  or  more  simply,  if  we  neglect 

—  as  small  in   comparison  with  ¥-~,  r  =  —. 
2  ^  2x  2x 


For  the  angle  J1KC 
centre  by  JIB  sin.  <p  = 

the  arc  *   =   sin.  $ 


-  $>°,  subtended  at  .the 
JIM  _  y  _  2x_          , 
JLK  ~~  r  ~~  ~y~' 

1         •  3       ,          3          ' 

-  6  *m-  *    +  40  **• 


3>5  +  •  •  - ;  if  we  have  regard  only  to  the  two 
first  members,  it  therefore  follows  that : 

_  2x        I      /2x\3  __2x        4      /x\3 

~~  y         6     \  y  /         y         3     \y/ 

Now  the  arc  JlC  =  5  —  r  $  B  —  .  $ ;  hence 


2 


But  inversely,  y 


1+9(± 
3  \y, 


2 


,  which  may  be  put: 


C2  /x\  ™1 
1  —  —  (  — V    I,  and  on  the  other  hand  : 
3  \s/  J 

JErampZe.  The  -width  of  a  very  compressed  arc,  -whose  law  ibr  the  rest  is  not  known, 
is  2  b  =  3,5  feet,  and  the  ^height  a  =  0,25  feet ;  its  length,  therefore,  is : 

.0,0136  =  3,548  ft. 


12 
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§  148.  We  will  now  apply  the  formula  $  =  y 

Fig.  153. 


for 


the  length  of  a  compressed  arc  to  a  strongly  stretched  catenary  ACB, 
Fig.  153,  while  we  put  the  vertical  tension  at  a  point  O,  =  V  =  s? 

a-  y  |~i  +      i-\  "I  .  y,  and  therefore  for  the  angle  made  by  the  tan- 


(-Y~|. 


gent 

c        c  y 

If  we  divide  the  ordinate  y  into  m  equal  parts,  we  find  the  portion 
R  Q  =  JVT7  of  the  absciss  x   corresponding  to  one  such  part   OR, 

when  we  put  RQ  =  OR  .  tang.  $  =  OR  ^fl  + 

Since  x  is  small  in  comparison  with  y,  RQ  is  approximately  = 

¥..     If  now  we  put  OR  =  -^  and  successively  for  y  :  -^-,  -^,  -J^?  &c., 
c  m  m    771.    m 

we  obtain  by  degrees  the  several  parts  of  xy  whose  sum,  therefore,  is 

x  =  J^(l+2+3  +  ...+^)  =  J^.^+i)(§    144)  = 
cm2  cm2  2  *  ' 

^~,  and  which  corresponds  with  the  equation  to  the  parabola. 

j£C 

But  if  we  wish  to  attain  greater  accuracy,  we  must  put  QJR=  OJR  . 

^|l  +  K(-)    h  substitute  for  x  its  value  last  found  ^-,  and  we  shall 
cL          3\y 
then  obtain  : 


-, 
2c 


Let  us  again  successively  put  y  =  -±L?  J?L9  _J^   &c.,    and    for    OR 

971       771      7n> 

likewise  -^-,  we  shall  then  find  the  several  values  of  x9  and  the  sum 
itself: 


Now  for  a  very  great  number  of  members,  the  sum  of  the  natural 
numbers  from  1  to  m  =         *v~'1   *'Li~ ~f  *.!--;-  — t —       ^^ 


cordingly : 


— ,  and  the  sum  of  their  cubes  =  — ,  ac- 


V  /V 

X  =ss  ~f  -- 


-)  i.  e. 
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!.*-£+ 


fe  E1  +  12  •  (f  )2]  ' 


24  c 

stretched  catenary. 

V4  4  c2 

By  inversion  it  follows  that  3/2=2  c  #  --  ^—^  =  2  c  x 


12  c2 12  c2 


X2 


—  :  2  car  --  ,  therefore  : 
o 


cx  —  ^r-,  or  approximately  =  \/2  c  x  (l  — 
The  measure  of  the  horizontal  tension  is  further  given: 


.  =       . 

2a?       2  «  .  12  c8       2x 


-  -        • 

2^       6 
The  angle  of  the  tangent  ^  is  determined  by: 


tang. 

^ 


2xr^       I  /^\2T 
-  [!_-(-)]. 


Lastly,  we  must  here  place  the  formula  of  rectification  found  in  the 
former  paragraph  : 


Example.  —  1.  For  a  span  2  b  =  16   feet  and  height  of  arc  a  =  2J  feet,  the  length 
2  Z  is  =  16  ["14.  |/5i:iyi  =  16  +  16  .  0,065  =  17,04  feet,  the  length  of  the  portion 

13  _  f\A_  ^ 

of  chain  -which  measures  the  horizontal  tension  :c  =  __  U~  =  __  U  ^-=  12,8-4-0,417 

2a        6          5     *    12 

r=  13,217  feet;  the  tangent  of  the  angle  of  suspension:  tang.  a.  =  —  fl  -|  --  (  fL)    { 

6  L          3   \o  /  -t 

—  ifj  4.  1  (Ayi  =  5  •  ^i03255  ,,.  0,6453  ...  T  the  angle  of  suspension,  therefore, 

8  L.          3   \16/  _1  8 

a,  =  32°  5Q/.—  2.  A  chain  of  10  feet  length  and  9J  span,  has  the  height  of  its  arc 


2 


__ 
=  ^/  1,7812  =  1,335  feet,  and  the  measure  of  the  horizontal  tension: 

b*       a  4,75°  1,335         Q  Mo  A*t 

c  :^  --  1  --  =  -  :  --  *  --  -  -  ss  8,67  J  leet. 

2ct^6         2  .  1,335  ^        6 

3.  If  a  line  30  feet  long  and  weighing  8  Ibs.,  be  stretched  horizontally  by  a  force  of 
20  Ibs.,  the  vertical  tension  F"==  §  G  =  4  Ibs.;  the  horizontal  ibrce  H  aass  -y/^  —  F3 
a»  19,596  Ibs.  The  tangent  of  the  angle  of  suspension: 
==  0,20412,  the  angle  ^  itself  ss  11°  327  j  the  measure  of 
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the  horizontal  tension  c  =  —  =  H   —  —-  =  22  jET  =    73,485    feet;   the    span    2    b 

y  30  8 

I    fl— JL.   {"-LY1=30.   fl L.   fJJLYl   =30  —  0,208   =29,792    ft., 

L  6        V  c  /   J  L  6        V73,48/  J 


and  the  height  of  the  arc  a  =      l—b  (I — 6)  =      I—  ?^ 


29,792  .  0,208 


2  .  2 
=  ^29,792^07)78  =  1,524  feet. 

§  149.   The  higher  calculus  gives  the  following  general  formulae 
for  the  catenary,  and  which  hold  good  for  all  tensions. 

1.5==  *S  2  c  x  +  x2,  and    inversely,  #  =  V  c2  +  s2  —  c   and 
s2 —  a? 


2.  5=  —  J%\,  inversely  y=c  L  n  (*  +  */c*+s  \,  where  e  is 


the  base  2,71828  of  the  natural   system  of  logarithms,  and  L  n  the 
logarithm  =  2,30258  times  the  common  logarithm. 


3.  y=cLnc+x++,  inversely.  x  = 


The  use  of  these  formulae  is  very  troublesome,  especially  in  com- 
plicated problems,  where  a  direct  solution  is  generally  not  possible. 

Example.   The   two   coordinates   of  a   catenary  are  x  =  2  feet,  and  y  =   3  feet  ; 
required  the  horizontal  tension  c  of  this  curve?     Approximately  from  No.   3  of  the 

V*         ^c         9         2 
ibrmer  paragraphs  c=^  --  (-  —  =  —  -]-—.  5=  2,58.     From  No.  3  of  the  present  para- 

2iC  D  4  D 


graphs  y  is  exactly  =  c  Ln  (£±£±^Zf±]£),  i.  e.  3  =  cZ» 

If  c  be  here  put  =  2,58,  we  then,  have  the  error  /=  3  —  8,58  Ln  /*.58  +  2  y/3.58\ 

\  2y58  X 

/  8,3642  \ 
=  3  —  2,58  Ln,  (     '  )  »  3  —  3,035  ==  *-  0,035  ;  but  if  c  be  put  =  2,53,  we 

\     >tf,O5      / 


then  have  the  error  /,  _  3  _  2,53  X«  /^3  +  2  y/l^N  _  „  _  ^  ^   /8£876\ 

\  2,D3  /  \   2,53    / 

s=  3  •  —  3,002  ==  -  —  0,002.     In  order  now  to  find  the  true  value  of  c  ,  if,  according  to  a 
known  rule,  we  put 


.=i-=as  17,5;   in  this  manner  it  will  follow  that: 
' 


.- 
c  —  2,53        /,        0,002 

16,5  .  c  =  17,5  .  2,53  —  2,58  ==  41,69;  therefore  : 


Remark.  Practical  applications  of  the  catenary  will  be  given  when,  in  the  Second  Part, 
we  come  to  treat  of  the  construction  of  vaults,  chain-bridges,  &c. 

§  150.  The  Pulley.  —  Ropes,  cords,  &c»,  are  the  usual  means  by 
which  forces  are  transmitted  over  the  wheel  and  axle.  We  will  here 
develop  what  is  most  general  in  the  theories  of  these  two  arrange- 
ments, without,  however,  taking1  into  account  friction  and  rigidity  of 
cords. 

A  pulley  is  a  circular  disc,  J1BC,  Fig.  154  and  Fi^.  155,  turning 
ahout  an  axis  on  whose  circumference  lies  a  cord  or  string,  and  whose 
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extremities  are  stretched  by  the  forces  P  and  Q.  In  a  fixed  pulley, 
the  block  in  which  the  axis  or  pivot  reposes  is  immovable  ;  in  a  free 
pulley,  on  the  other  hand,  it  is  movable. 


Fig.  154. 


Fig.  155. 


In  the  condition  of  equilibrium  of  a  pulley,  the  forces  P  and  Q  at 
the  extremities  of  the  string  are  equal  ;  for  every  pulley  is  a  bent 
lever,  the  arms  of  which  are  equal  in  length,  which  we  may  obtain 
if  we  let  fall  perpendiculars  CJi  and  CB  from  the  axis  C  on  the 
directions  of  the  forces,  or  of  the  strings  DP  and  DQ.  It  is  clear  that 
the  forces  P  and  Q  in  any  revolution  about  C  describe  the  sam«  space, 
viz.  r  $,  if  r  be  the  radius  CJi=.  CB  and  <j>°  the  angle  of  revolution ; 
and  that  from  this  we  may  infer  the  equality  between  P  and  Q.  From 
the  forces  P  and  Q  there  arises  the  resultant  CR=R9  which  is- taken 
up  by  the  block  and  is  dependent  on  the  angle  ^I>i3=a,  which  the 
directions  of  the  string  include;  and  moreover  it  gives  as  the  diagonal 

of  the  rhomb  CP^RQ^  constructed  from  P  and  a  :  R  =  2  P  cos.  |. 

§  151-  In  the  fixed  pulley,  Fig.  154,  the  force  Q  consists  of  the 
weight  to  be  overcome  or  raised  at  one  extremity  of  the  string;  here, 
therefore,  the  force  is  equal  to  the  weight,  and  the  application  of  this 
pulley  effects  nothing  but  a  change  of  direction.  In  the  movable 
pulley,  Fig.  155,  on  the  other  hand,  the  weight  on  the  hook  R  acts  at 
the  extremity  of  the  block,  whilst  the  one  extremity  of  the  string  is 
fastened  to  a  fixed  object ;  here,  thereforce,  the  force  P  is  to  be  put  = 

TO 

.     If  we  represent  the  chord  JlMB,  which  corresponds  to  the 

2  cos.  — 

arc  over  which  the  string-  passes,  by  c,  the  radius  C^S«=  CJ?,  as  before 
=  r,  then  a  =  2  JIM  =  2  ,  CJlcos.  CAM  =  2  CJi  co$.  JZDM  =  2r 

P  7* 

,  and  likewise  — -  =  —     From 
M,       & 


cos.  ^,hence  —  may  be  put: 
£  a 


2  cos.- 
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Fig.  156. 


this,  therefore,  the  power  in  the  movable  pulley  is  to  the  weight  as  the 
radius  of  the  pulley  to  the  chord  of  the  arc  over 
which  the  string  passes. 

If  a  s=  2  r,  the  string  passes  over  a  semicircle, 
Fig*.  156,  the  force  then  is  at  a  minimum  ;  viz. 
P  =  %  R-,  if  a  =  r,  that  is  60°  of  the  part  of  the 
pulley  over  which  the  string  passes,  we  have  P  =  R  ; 
the  smaller,  therefore,  a  becomes,  the  greater  is  P, 
and  for  a  infinitely  small,  the  force  P  becomes  in- 
finitely great.  An  inverse  proportion  takes  place 
in  the  spaces ;  if  s  is  the  space  of  P,  which  cor- 
responds to  a  space  R  =  h,  we  have  then  Ps  =  Rh, 

therefore,  —  =  — . 
h          r 

The  movable  pulley  is  thus  a  means  of  modifying 
force;  for  example,  a  given  weight  may  by  this 
means  be  raised  by  a  smaller  force,  but  in  propor- 
tion as  there  is  gain  in  force,  there  is  loss  in  space. 

Remark.  We  shall  treat  of  the  composition  of  pulleys  and  systems  of  pulleys,  as  well 
as  of  the  resistances  arising  from  friction  and  rigidity,  more  fully  in  a  subsequent  Part. 

§  152.  The  Wheel  and  Jlxle* — The  wheel  and  axle  is  a  rigid  con- 
nection of  two  fixed  pulleys  or  wheels,  capable  of  revolving  about  a 
common  axis  +/IBFE,  Fig.  157.  The  smaller  of  these  wheels  is 

called  the  axle,  the 
greater  one  the  wheel. 
The  round  extremities 
E  and  F^  on  which  this 
arrangement  rests,  are 
called  gudgeons.  The 
axis  of  revolution  of  the 
wheel  and  axle  is  either 
horizontal,  or  vertical, 
or  inclined.  Here  we 
shall  only  speak  of  the 
wheel  and  axle  which 
revolves  about  a  hori- 
zontal axis.  We  shall 
also  here  suppose,  that 
the  forces  P  and  Q,  or 
the  power  P  and  the 
weight  Q  act  at  the  ex- 
tremities of  a  perfectly  flexible  string,  which  passes  round  the  cir- 
cumference of  the  wheel  and  axle.  The  questions  to  be  answered 
are,  in  what  relations  the  powers  and  weights  are  to  each  other,  and 
•what  pressures  the  gudgeons  E  and  .Phave  to  sustain? 

Let  us  imagine  a  horizontal  plane  passed  through  the  axis  CD  and 
the  points  of  application  A  and  B  of  the  power  P,  and  the  weight  Q 
transferred  to  this  plane,  and  therefore  P  and  Q  applied  at  Jl^  and  JB1. 
If  the  angles  JMl^C  and  BB^D,  which  both  forces  make  with  the 


Fig.  157. 
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horizon  =  o,  and  0,  these  forces  may  be  replaced  by  the  horizontal 
forces  R  =  P  cos.  a,  S=  Q  cos.  j3,  and  by  the  vertical  forces  P1==  P 
sin.  a,  Q:  =  Q  sin.  £.  The  horizontal  forces  are  directed  towards  the 
axis,  and  being  applied  at  C  and  _D,  become  perfectly  counteracted 
by  the  axis.  The  vertical  forces  PI  and  Q19  on  the  other  hand,  tend 
to  turn  the  wheel  and  axle  about  its  axis.  If  K  be  the  intersection 
with  the  axis  of  the  line  connecting  the  points  Ji^  and  BI9  KJl^  and 
KBl  are  the  arms  of  P1  and  Q1?  and  equilibrium  subsists  about  Ky 
and  also  about  CD,  if: 


Pa 


Ql  .  KB,,  or,  since  *&  =  g|,  if 
»  or,  as  fl_.,and 


l_., 
Q.DB 


P  .  CJi  =  Q  .  DB,  or  Pa  =  Qb, 

if  a  and  A  represent  the  arms  of  the  power  and  weight,  or  the  radii 
of  the  wheel  and  axle.  In  the  wheel  and  axle,  therefore,  as  in  every 
lever,  the  moment  of  the  power  is  equivalent  to  the  moment  of  the 
weight. 

§  153.  The  forces  P1  and  Ql  give  at  K  a  vertical  pressure  P^+  Qiy 
with  which  must  also  be  associated  the  weight  G  of  the  whole  wheel 
and  axle  applied  at  the  centre  of  gravity  S.  The  supports  of  the 
gudgeons  at  E  and  F  have  also  to  sustain  the  vertical  pressure 
PI+  Q!+  G  =  P  sin.  a  +  Q  sin.  £  +  G.  If  we  put  the  whole  length 
of  the  wheel  and  axle  measured  from  E  to  F=  L,  the  part  EC  »  /^ 
CD  =  I,  DF=  12,  therefore  L  ==  l+l^+l^  and  the  distances  .ELS  and 
FS  of  the  centre  of  gravity  S  from  the  supports  d^  and  d^  therefore 
also  L  =  dt  +  dzy  we  shall  obtain  since 


for  the  vertical  pressure  X1  at  the  gudgeon  E  : 
Xi  .  EF=  G  .  FS+(P1+  Q,)  FK, 

04,  +  (p,  +  <«  (j;  +  -ig.  .  i) 

X,  ---    -  ^1+tjl     ',  i.e. 


On  the  other  hand,  for  the  vertical  pressure  X2  at  F: 
X2  .  EF=  G  ,ES+  (Px+  Q,)  EK,  i.  e. 
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The  horizontal   forces  R  and  S  have  the  moments  about  F,  R  . 

FC==R(l+  /9),  and  S  .  FD  =  S  .  I,,  and   about  E  i  S  .  ED  =  S 

(I  +  £j),  and  R  .  EC—  Rlt  ;  if,  therefore,  \ve  put  the  horizontal  pres- 

sures upon  E  and  F  effected  by  them  =   Y,  and  F2,  we  shall  obtain  : 

Yl  .  FE*=  R  .  FC—S  .  FD,  as 


F2  .  FE=  S  .  ED—R  .  EC,  as 


From  X1  and  Fx  the  total  pressure  at  E  is  : 


*j  and  likewise  from  JT2  and  F2,  the  same  at  F: 


j 


Lastly,  if  $  and  4,  be  the  angles  -which  the  directions  of  these  pres- 
sures make  "with  the  horizon,  we  shall  then  have 


X  X 

tang.  $  =  ~-±  and  tang  4*  =  •_?. 


Example.  The  weight  Q  of  a  wheel  and  axle  pulls  perpendicularly  downwards,  and 
amounts  to  365  Ibs.  j  the  radius  of  the  wheel  a  =  ij  ft.j  that  of  the  axle  6  =  J  ft.j  the 
weight  of  the  machine  itself  is  200  Ibs.;  its  centre  of  gravity  S  lies  distant  from  E  and 
JF,  dl  =  1J,  and  c?2  =  2J  ft.  ;  the  middle  of  the  wheel  is  about  Zj  ==  J  ft.  from  the  gud- 
geon J5,  and  the  vertical  plane  in  which  the  weight  acts  is  about  12  ==  2  ft.  from  the 
gudgeon  F.  Now  if  the  force  P  necessary  for  restoring  the  equilibrium  at  the  wheel 
inclined  to  the  horizon  at  an  angle  50°  =  «,  pulls  downwards,  what  will  this  be,  and 
•what  will  be  the  pressures  on  the  gudgeons?  Q  =  365,  £=  90°,  consequently  Q2=  Qf 
sin.  &  =  Q  and  S  =  Q  cos.  0  =  0  ;  further,  P  being  unknown,  and  a  =  50°,  conse- 
quently P!  =  P  sin.  a,  =  0,7660  ,P  and  .R  =  P  cos.  A=  0,6428  .  P;  hut  now  a  =  if 

=  J  and  b  =  £,  it  follows,  therefore,  P  =  -  Q  =  f  .  365  =  156,4  Ibs.,  Pl  =  119,8 

and  R  =  100,5.     Further,  because  G  =  200,  dt  =  |,  c?2  =  f  ,  Zj  =  £  ,  /2  =  2,  Z  = 
£  =  4,  and  Z  =  i  —  (^+;2)  ==:4  —  V  =  |,  so  that  the  vertical  pressure  at  E  is  : 
v         200.  f  +  (365+  119,8).  2  +119,8.  f          1619,35 
JX,  =  -  -g  -  —  =  -  -  -  =  404,8  Iba. 

and  that  at  F: 

Jf  —  S00  •  f  +  C365  +  119>8>  .  J  +  365  .  |        1119,85 

--  '  -  -  - 


IDS. 


Both  of  these  forces  together  give  : 

Xl  +  X2  =  Q  +  G  +  Pj  =  684,8  ibs. 
The  horizontal  force  at  ^  is  : 


=  8l>7  lbs-)  ^  that  at  F: 
--  18>8  lbs. 


the  sum  of  these  is  exactly  =  It  +  S  =  100,5  Ibs. 

The  pressure  at  E  is  inclined  at  an  angle  A  to  the  horizon,  for  which  we  have* 

TT  404  S  * 

ia/zgr.  <f>  =:  4i  =  -fpl,  Zog.  fang.  ^  =  0,69502,  ^  =  78°  35'. 

1  '      V 

The  pressure  itself:  Z4  =»    ,^'      =  4  13,0  lbs. 

sin.  $> 
On  the  other  hand,  for  the  inclination  >ff  of  the  pressure  at  F  : 

tang.  ^  =  Jp  =  ^^,  Zoff.  fang:.  4  »  1,17300,  ^  =  86°,  9^,  5  ; 
Jr2  ls,8 

and  the  pressure  :  Z,  ^s=       ^      =280.6  Iba. 
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CHAPTER   V. 

ON  THE  RESISTANCES  OF  FRICTION  AND  RIGIDITY. 

§  154.  WE  have  hitherto  assumed  that  two  bodies  can  only  act 
upon  each  other  by  forces  at  right  angles  to  the  plane  of  contact.  If 
the  surfaces  at  the  point  of  contact  were  perfectly  mathematical,  i.  e. 
not  interrupted  by  the  smallest  irregular  elevations  or  depressions, 
this  law  would  also  be  fully  confirmed  by  experience ;  but  because 
everybody  possesses  a  certain  degree  of  elasticity  or  softness,  and 
because  the  surface  of  every  body,  even  if  it  is  smoothed  or  polished 
in  a  high  degree,  has  still  some  small  elevations  or  indentures,  and 
in  consequence  of  the  porosity  of  matter,  no  continuity;  therefore, 
by  the  reciprocal  action  of  two  bodies  in  contact,  reciprocal  impres- 
sions and  partial  penetration  of  the  parts  take  place  at  the  point  of 
contact,  by  which  an  adhesion  of  the  two  bodies  is  caused,  which  can 
only  be  overcome  by  a  distinct  force,  whose  direction  coincides  with 
the  plane  of  contact. 

This  adhesion,  produced  by  the  impression  and  partial  penetration 
of  the  bodies  in  contact,  and  the  resistance  on  the  plane  of  contact 
arising  from  it,  has  obtained  the  name  of  friction.  Friction  presents 
itself  in  the  motion  of  bodies  as  a  passive  power  or  resistance,  because 
it  only  impedes  and  checks  motion,  but  never  produces  nor  promotes 
it.  It  is  introduced  into  investigations  in  mechanics  as  a  force  which 
is  opposed  to  every  motion,  whose  direction  lies  in  the  plane  of  con- 
tact of  two  bodies.  In  whatever  direction  we  move  forward  a  body 
resting  on  a  horizontal  or  inclined  plane,  friction  will  always  act 
opposite  to  the  direction  of  motion ;  for  example,  it  will  impede  the 
ascent  as  much  as  the  descent  of  a  body  on  an  inclined  plane.  The 
smallest  addition  of  force  produces  motion  in  a  system  of  forces  in 
equilibrium,  so  long  as  friction  is  not  called  into  action ;  but  when 
the  same  exerts  its  effect,  a  greater  addition  of  force,  dependent  on 
the  friction,  is  required  to  disturb  the  equilibrium. 

§  155.  On  overcoming  friction,  the  parts  in  contact  are  compressed, 
and  those  which  protrude,  bent  down,  torn,  or  broken  off,  &c.  Fric- 
tion is  not  only  dependent  on  the  roughness  or  smoothness  of  the  sur- 
faces in  contact,  but  also  on  the  physical  properties  of  the  bodies  them- 
selves. Hard  metals,  for  instance,  cause  less  friction  than  soft.  We 
can,  however,  lay  down  no  general  rules  a  priori  of  the  dependence 
of  friction,  on  the  physical  properties  of  bodies;  it  is,  on  the  contrary, 
necessary  to  make  experiments  on  friction  with  bodies  of  different 
substances  in  order  to  find  out  the  friction  which  takes  pjace  under 
various  circumstances  between  bodies  of  the  same  substance. 

The  unguents  which  are  applied  to  the  rubbing  surfaces  exert  a 
particular  influence  upon  the  friction  and  on  the  abrasions  arising 
13 
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from  the  contact  of  bodies.  The  pores  are  filled  up  and  other  aspe- 
rities diminished,  and  in  general,  the  further  penetration  of  the  bodies 
prevented  by  the  fluid  or  semi-fluid  unguents,  such  as  oil,  tallow,  fat, 
soap,  &c.,  for  which  reason  these  occasion  a  considerable  diminution 
of  friction.* 

Friction  must  not,  however,  be  confounded  with  adhesion,  i.  e. 
with  that  holding  together  of  two  bodies,  which  takes  place  when 
they  come  into  contact  at  many  points  without  reciprocal  pressure. 
Adhesion  increases  with  the  size  of  the  surface  in  contact,  and  is  in- 
dependent of  the  pressure,  whilst  the  contrary  is  the  case  with  fric- 
tion* If  the  pressure  be  slight,  the  adhesion  will  be  considerable  in 
proportion  to  the  friction;  but  if  the  pressure  be  considerable,  then  it 
will  constitute  but  a  small  part  of  the  friction,  and,  therefore,  gene- 
rally may  be  neglected.  Unguents,  like  all  fluid  bodies,  increase  the 
adhesion,  because  they  increase  the  number  of  the  points  of  contact. 

§  156.  Kinds  of  Friction. — Two  kinds  of  friction  are  distinguish- 
able, viz.,  the  rolling  and  the  sliding.  Sliding  friction  is  that  kind 
of  resistance  which  is  given  out  when,  a  body  so  moves  that  all  its 
points  describe  parallel  lines.  Rolling  friction,  on  the  other  hand,  is 
that  resistance  which  arises  from  rolling,  i.  e.  that  motion  of  a  body 
which  moves  progressively  and  rolls  at  the  same  time,  and  whose 
point  of  contact  describes  as  great  a  space  upon  the  body  in  motion 
as  upon  the  body  at  rest.  A  body  J\f  supporting  itself  upon  the  plane 
JEfR,  Fig.  158,  for  instance,  moves  sliding  over  the  plane,  and  conse- 
quently has  to  overcome  sliding  friction  when  its  points,  ^,  _B,  C  de- 
scribe parallel  spaces  JiA^  BJB19  CCiy  &c.,  and  therefore  all  these 


Fig.  158. 


Fig.  159. 


points  of  the  moving  body  come  into  contact  with  others  of  the  sup-* 
port.  The  body  JW,  Fig.  159,  on  the  other  hand,  rolls  upon  the 
plane  HR,  and  has  to  overcome  rolling  friction,  when  the  points 
jf,  jB,  &c.>  of  the  surface  so  move  that  the  space  */?-Bx  =  JHB=  A^B^ 
likewise  J1D  =  JIE,  and  B^E  —  S^D19  &c. 

The  friction  of  axles  is  a  particular  kind  of  sliding  friction,  which 
arises  when  a  cylindrical  axle  revolves  in  its  bearing.  We  distin- 
guish two  kinds  of  axles,  the  gudgeon  and  the  pivot.  The  gudgeon 
rubs  against  its  support  or  envelop,  whilst  its  other  points  always 
successively  come  into  contact  with  the  same  points  of  the  support* 

*  The  "  anti-attrition  metal,"  composed  of  copper  1  lb.,  antimony  2  Ibs.,  and  tin  3  Ibs., 
(afterwards  tempered  or  softened  by  re-melting  with  more  tin,)  now  very  generally  used 
byr  machinists,  in  the  United  States,  performs  the  same  office,  and  prevents  the  heating 
of  gudgeons,  boxes,  &c. — AM.  ED. 
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The  pivot,  on  the  other  hand,  presses  with  its  circular  base  against 
its  support,  where  its  points  revolve  in  concentric  circles. 

Further,  particular  frictions  arise  "when  a  body  oscillates  upon  a 
sharp  edge,  as  in  the  balance,  or  when  a  vibrating  body  reposes  upon 
a  point,  as  in  the  magnetic  needle. 

Lastly,  we  distinguish  the  friction  of  quiescence  which  is  to  be 
overcome,  when  a  body  at  rest  is  put  into  motion,  from  the  friction 
of  motion  which  opposes  itself  to  the  transmission  of  motion. 

§  157.  Laws  of  Friction. — The  general  laws  to  which  friction  is 
subject,  are  the  following: 

1.  Friction  is  proportional  to  the  normal  pressure  between  the  rub- 
bing bodies.     If  a  body  be  pressed  against  another  by  a  double  force> 
the  friction  is  as  great  again ;  three  times  the  pressure  gives  three 
times  the  friction.     If  in  small  pressures  this  law  varies  from  ob- 
servation, it  must  be  attributed  to  the  proportionately  greater  effect  of 
adhesion. 

2.  Friction  is  independent  of  the  extent  of  the  surfaces  of  contact. 
The  greater  the  surfaces  are,  the  greater  is  the  number  of  parts  which 
rub  against  each  other;  the  smaller  the  pressure,  the  less  the  friction 
of  each  part ;  the  sum  of  the  frictions  of  all  the  parts  is  the  same  for 
a  greater  as  for  a  less  surface,  in  so  far  as  the  pressure  and  the  other 
circumstances  remain  the  same.     If  the  side  surfaces  of  a  parallelo- 
pipedical  brick  are  of  the  same  quality,  the  force  necessary  to  push  it 
along  a  horizontal  plane  is  the  same,  whether  it  rest  upon  the  least, 
the  mean,  or  the  greatest  surface.     With  very  large  side  surfaces  and 
with  small  pressures,  this  law  has  exceptions,  in  consequence  of  the 
effect  of  adhesion. 

3.  The  friction  of  quiescence  is  indeed  generally  greater  than  that 
of  motion  ;  the  last,  however,  is  independent  of  the  velocity ;  it  is  the 
same  in  small  as  in  great  velocities, 

4.  The  friction  of  greased  surfaces  is  generally  less  than  that  of  un- 
greased,  and  depends  less  on  the  rubbing  bodies  than  on  the  unguents. 

5.  The  friction  of  gudgeons  revolving  on  their  bearings  is  less  than 
the  common  sliding  friction ;  the  friction  of  rolling  is  in  most  cases  so 
small,  that  it  need  hardly  be  taken  into  account  in  comparison  with 
the  sliding  friction. 

§  158.     Co-efficient  of  Friction. —  Fig. 

From  the  first  law  laid  down  in  the 
former  paragraph,  the  following  may 
be  deduced.  A  body  J1C>  Fig.  160, 
presses  against  its  support,  first  with 
the  force  JV",  and  requires  to  draw  it 
along,  i.  e.  to  overcome  its  friction,  the 
exertion  of  a  certain  force  F9  and  se- 
condly with  the  force  JV^,  and  requires 
the  force  Fl  to  cause  it  to  pass  from  a 
state  of  rest  into  one  of  motion.  From  the  foregoing  we  have : 

-..       JK 


148  ,          THE   ANGLE    AND    CONE    OF    FRICTION. 

If,  by  experiment,  we  have  found  the  friction  Fx  corresponding  to 
a  certain  pressure  JV\,  we  hence  find,  if  the  rubbing  bodies,  and  the 
other  circumstances  are  the  same,  the  friction  F  corresponding  to 
another  pressure  JV  when  we  multiply  this  pressure  by  the  ratio 

of  the  values  F^  and  JV\  corresponding   to   the    first  obser- 


(V  \ 
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ration. 

The  ratio  of  the  friction  to  the  pressure,  or  the  friction  for  a  pres- 
sure =s  unity,  a  pound,  for  instance,  is  called  the  co-efficient  of  fric- 
tion, and  will  in  the  sequel  be  expressed  by^/*,  wherefore  we  may  ge- 
nerally put  F  =  f  .  JK 

The  co-efficient  of  friction  is  different  for  different  substances  and 
different  conditions  of  friction,  and  must  therefore  be  found  out  by 
experiment  for  each  particular  case. 

When  a  body  J1C  is  drawn  a  distance  s  over  a  surface,  there  is  a 
mechanical  effect  Fs  to  perform;  the  mechanical  effect  or  work  re- 
quired to  overcome  friction  is,  therefore,yjV>,  equal  to  the  product  of 
the  co-efficient  of  friction,  the  normal  pressure,  and  the  distance  along 
the  plane  of  contact.  When  the  plane  is  also  moving,  we  must  then 
understand  by  s  the  relative  distance. 

Example.  —  1.  If  by  a  pressure  of  260  Ibs.,  the  friction  amounts  to  91  lbs.3  the  corre- 

91  7 

spending  co-efficient  of  friction  is/=  -  ss=  —  =  0,35.  —  2,    To   draw  a  sledge   of 

500  Ibs.  weight  along  a  horizontal  and  very  smooth  surface  of  snow,  the  co-efficient  of 
friction  is  /=  0,04,  the  required  force  F  =  0,04  .  500  =20  Ibs.  —  3.  If  the  co-efficient  of 
friction  of  a  cart  drawn  over  a  paved  road  is  0,45  and  the  load  amounts  to  500  Ibs.,  the 
mechanical  effect  required  to  draw  it  480  feet  is  —fNs  =  0,45  .  500  .  480  =  108000 
ft.  Ibs. 

§  159.    The  jingle  of  Friction  and  the  Cone  of  Friction.  —  A  body 

J1C,  Fig.  161,  lies  on  an  inclined  plane 
Fig'  m*  FH,  whose  angle  of  inclination  FHR 

=  a,  its  weight  G  resolves  itself  into 
the  normal  pressure  JV*  =  G  cos.  a  and 
into  the  parallel  force  P  =  G  sin.  a. 
From  the  first  force  there  arises  the 
friction  F  —  f  G  cos.  a,  which  is  op- 
posed to  every  motion  upon  the  plane, 
wherefore  the  force  to  push  it  upwards 


on  the  plane  =  F  +  P  =  jf  G  cos.  a  +  G  sin.  a  =  (sin.  a  +f  cos.  a) 
G,  on  the  other  hand,  the  force  to  push  it  downwards  is  —  F — P  = 
(f  cos.  a  —  sin.  a)  G  ;  the  last  force  is  null,  i.  e.  the  body  is  sustained 
by  its  friction  on  the  plane,  when  sin.  a  =y  cos.  a,  i.  e.  when  the  tang. 
a  ==y.  As  long  as  the  inclined  plane  has  an  angle  of  inclination, 
whose  tangent  is  less  than  jf9  the  body  remains  at  rest  on  the  plane, 
but  when  the  tangent  of  this  angle  is  a  little  greater  thany,  the  body 
immediately  begins  to  slide  down.  The  angle,  whose  tangent  is  equal 
to  the  co-efficient  of  friction,  is  called  the  angle  of  friction  or  the  angle 
of  repose.  The  co-efficient  of  friction  is  given  by  observing  the  angle 
of  friction  p  (for  the  friction  of  repose),  when  f  is  put  =  tang.  p. 
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In    consequence   of  friction,  the   surface   FH9  Fig.  162,  reacts  not 
only  against  the  normal  pressure  JVof  another 
body  JiB ;   but  also  against  its  oblique  pres-  Fis- 162« 

sure  P,  when  the  deviation  J\TBP  =  $  of  the 
direction  of  this  pressure  from  the  normal  BJY 
does  not  exeeed  the  angle  of  friction,  for  since 
the  force  P  gives  the  normal  pressure  BJV  = 
P  .  cos.  $,  and  the  lateral  or  tangential  pressure 
BS  =  S  —  P  sin.  $,  and  there  arises  from  the 
normal  pressure  P  cos.  $  the  friction  f  P  cos.  $ 
opposed  to  every  motion  in  the  plane  FH,  S 
will  therefore  be  unable  to  give  rise  to  motion, 
and  will  remain  in  equilibrium  so  long  asjf  P 
cos.  $>.  P  sin.  $,  or  f  cos.  $>  sin.  $,i.e.  tang. 
$  is  ^  jP9  or  $  <  p.  If  the  angle  of  repose  CBD  =  p  be  made  to  revolve 
about  the  normal  CB,  it  will  describe  a  cone,  which  we  may  call  the 
cone  of  friction  or  resistance.  The  cone  of  resistance  includes  all 
those  directions  of  force  by  which  a  perfect  counteraction  of  the  ob^ 
lique  pressure  takes  place. 

Example.  To  draw  a  filled  cask  weighing  200  Ibs.  up  an  inclined  wooden  plane  of 
50°,  the  force  required  with  a  co-efficient  of  friction  f=  0,48  is  =P  =  (fcos.  *-f-«in.  <*)  Cr 
=r  (0,48  cos.  50°  -{-  sin.  50°)  .  200  =  (0,308  -f-  0,766)  .2OO  =  215  Ibs. ;  to  let  it  down,  or 
to  prevent  its  sliding  down,  the  force  required,  on  the  other  hand,  is:  (P  =r fcos.  a  — rin.  a) 
G  SB —  («n.  50°  —  0,48  .  cos.  50°)  200  =  —  (0,766  —  0,308)  .  200  =  —  9 1 S5  ibs. 

§  160.  Experiments  on  Friction. — Experiments  on  friction  have 
been  made  by  many  philosophers,  the  most  extensive  of  which,  and 
on  the  greatest  scale,  are  those  of  Coulomb  and  JWorin.  To  find  out 
the  co-efficients  of  friction  for  sliding  motion,  these  two  made  use  of 
a  sledge  sliding  on  a  horizontal  surface,  which  was  pulled  forward  by 
a  cord,  passing  over  a  fixed  pulley,  from  which  weights  were  sus- 
pended, as  in  Fig,  163,  where  J3.B  represents  the  way,  CI>  the  sledge, 
E  the  pulley,  and  G  the  weight. 

To  obtain  the  co-efficient  of  fric-  Fig-  i«3- 

tion  for  different  substances,  the 
surfaces  in  contact,  not  only  of 
the  sledge,  but  also  of  the  way 
forming  the  support,  were  cov- 


ered  with  the  smoothest  possible 

pieces  of  the   substances  under 

experiment,  such  as  wood,  iron, 

&c.    &c.       The    co-efficients  of 

the  friction  of  repose  were  given  by  the  weight  which  was  necessary 

to  cause  the  sledge  to  pass  from  a  state  of  rest  into  one  of  motion,  and 

the  co- efficient  of  the  friction  of  motion  by  the  time  £,  which  the  sledge 

required  to  pass  over  a  certain  space  s*     If  G  be  the  weight  of  the 

sleidge,  and  P  the  weight  required  to  draw  it,  we  have  the  friction  =»= 

f  G9  the  motive  force  =  P — f  G9  and  the  mass  M  =  — i — ,  it  there* 

fore  follows  from  &  65>  that  the  acceleration  of  the  uniformly  accele- 

13* 
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P  — —  f  G 
rated  motion  arising,  is  :  p  =  — - — *~-g,  and  inversely,  the  co-effi- 

P  +    Or 


cientof  friction  jf  =  — 

f  2s  3 

fore,  p  =  _, 


G 

P  + 


,  there- 


G     2s 


Fig.  164. 


To  measure  the  co-efficient  of  friction,  for  axle  friction,  a  fixed 
pulley  ACE)  Fig.  164,  is  made  use  of,  over 
which  a  cord  passes,  which  is  stretched  by  the 
weights  P  and  Q.  From  the  sum  of  the  weights, 
the  pressure  P  +  Q  is  given,  and  from  their  dif- 
ference P  —  Q  the  force  at  the  circumference  of 
the  pulley,  which  is  in  equilibrium  with  the  fric- 
tion of  the  axle,  F=f(P  +  Q),  if  now  O/2  = 
a  the  radius  of  the  pulley,  and  CD  —  r  that  of 
the  axle,  we  have  from  the  equality  of  moments 
(P—  Q)  a  =  Fr  =f(P  +  Q)  r,  and  therefore 

-=-  ^—£  .  -,   on  the 
P  +  Q     r 


the  friction  of  repose;  f 


other  hand,  for  that  of  motion,  if  the  weight  P  falls  a  space  s  in  the 

,  ^        ,  ^   -  ,      ,?       (P  —  Q       2s\     a 

time  (t)9  and  Q  rises  as  much,  f  —  /  -~  -  ^  _  —  -  j  .  -. 


Remark.  Before  Coulomb,  Amontons,  Camus,  BiilfRnger,  Muschenbroek,  Ferguson, 
Vince,  and  others  turned  their  attention  to  and  made  experiments  on  friction.  The  re- 
sults of  all  these  investigations  are  of  little  value  in  practice,  because  they  were  con* 
ducted  upon  too  small  a  scale.  The  experiments  of  Ximenes,  which  were  made  about  the 
same  time  as  those  of  Coulomb,  also  fail  in  this  respect.  The  results  are  to  be  found  in 
a  work,  "  Teoria  e  Pratica  delle  resistenze  de>  solid!  ne'  loro  attriti,"  Pisa,  1782.  The 
experiments  of  Coulomb  are  fully  described  in  his  work,  "  Theorie  des  Machines  sim- 
ples," 1821.  The  latest  experiments  upon  friction  are  those  of  Rennie  and  Morin. 
Rennie  used  for  his  experiments  partly,  a  sledge  upon  a  horizontal  surface,  and  partly 
upon  an  inclined  plane,  from  which  the  bodies  were  allowed  to  slide  down,  and  by 
which  the  amount  of  the  friction  was  deduced  from  the  angle  of  friction.  Rennie's  ex- 
periments extend  to  substances  of  various  kinds  met  with  in  practice,  as  cloth,  leather, 
•wood,  stones,  and  metals  ;  they  give  important  results  upon  the  abrasion  of  bodies,  but 
from  the  apparatus  and  the  mode  of  conducting  these  experiments,  we  cannot  rely  upon. 
them  for  that  accuracy  which  those  of  Morin  appear  to  have  attained.  The  experiments 
of  Rennie  are  to  be  found  in  the  "Philosophical  Transactions"  of  1818.  The  most  ex- 
tensive experiments,  and  promising  a  high  degree  of  accuracy,  have  been  completed  by 
Morin,  although  it  cannot  be  denied  that  they  leave  some  doubts  and  uncertainties,  and 
somewhat  to  be  desired.  This  is  not  the  place  to  describe  the  methods  and  apparatus  of 
these  experiments  ;  we  can  only  refer  to  the  author's  writings,  "  Nouvelles  Experiences 
sur  le  Frottement,"  par  Morin,  An  excellent  article  on  Friction,  and  a  full  description 
of  all  the  experiments  upon  it,  especially  those  of  Morin,  is  given  byBrixin  the  "Trans- 
actions of  the  Society  for  the  Promotion,  of  Manufacturing  Industry  in  Prussia,"  16  and  17 
Jahrgang,  Berlin,  1837-8.* 


*  A  series  of  experiments  on  the  resistance  of  friction,  particularly  as  applied  to  rail- 
way cars,  will  be  found  in  "Wood's  Treatise  on  Railways,"  2ded.,  1832,  chap.  6;  Vid. 
Smith's  Am.  ed.,  pp.  171-228. — Ax,  ED. 
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§  161.  The  following  tables  contain  a  condensed  summary  of  the 
co-efficients  of  friction  the  most  useful  in  practice. 

TABLE  I. 
CO-EFFICIENTS  OF  THE   FRICTION   OF   REPOSE. 


Nature  of  the  surfaces  and  unguents. 

£ 

.   f 

(7J             "^ 

S3 

"S 

C3           3 

> 

*o 

£i 

•£* 

3TAHES    OF    BODIES* 

^ 

•5 

o 

'S 

6 

1 

c 

^ 

P 

^ 

f 

l5 

15 

>» 

-2 

s 

o 

*^J 

H 

P 

2 

>^ 

1 

^ 

1 

1 

a 

^ 

J-l 

fleast, 

0,30 

0,65 

«. 

— 

0,14 

0,22 

0,30 

— 

Wood  upon  wood    •    <  m      ' 

0,50 
0,70 

0,68 
0,71 

^— 

0,21 

0,19 
0,25 

0,36 
0,44 

0,35 
0,40 

^_ 

(_  values, 

f  least, 

0,15 

— 

0,11 

Metal  upon  metal    -    «j  !^^s* 

0,18 
0,24 

_«» 

0,12 
0,16 

0,10 

0,11 

—V 

0,15 

*™~ 

^  values, 

117       J                          *«1 

0,60 

0,65 

0,10 

0,12 

0,12 

— 

0,10 

_ 

f  least, 

0,50 

Hempen  ropes,  twisted]  mean, 

0,63 

0387 

or  matted,  upon  wood  j  greatest, 

0,80 

Rvalues, 

Thick  sole  leather,  upon  C  high  at  the  edges, 

0,43 

0,62 

0,12 

— 

— 

— 

_ 

0,27 

wood  or  iron              £  flat  or  smooth, 

0,62 

0,80 

0,13 

Black     strap     leather,  (  of  wood, 
upon  pulleys               £  of  iron, 

0,47 
0,54 

— 

i. 

_ 

— 

— 

0,28 

0,38 

Stones  or  bricks  upon  (  least, 

0,67 

stones  or  bricks,          <  greatest, 

0,75 

smooth  worked           (  value, 

(  least, 

0,42 

Stones  and  wrought  iron  <  greatest, 

0,49 

(  value, 

* 

. 

0,64 
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TABLE  IL 
CO-EFFICIENTS    OF    THE   FHICTJON   OF    MOTION. 


Nature  of  the  surfaces  and  unguents. 

!  ^ 
J 

eti 

1 

HAMES    OF    BODIES. 

_: 

tj 

g, 

& 

"S3 

I" 

o 

1 

"o 

5 

* 

Ji 

J3 

S 

Polished  and 

1 

1 

{least, 
latest. 

0,20 
0,36 
0,48 

0,25 

— 

0,06 
0,07 
0,07 

0,06 
0,07 
0,08 

— 

_ 

0,14 
0,15 
0,16 

0,08 
0,12 
0,15 

value, 

f  least, 

0,15 

— 

0,06 

0,07 

0,07 

0,06 

0,12 

— 

0,11 

.Metal  'upon  metal     -     4  ]£££*, 

0,18 
0,24 

0,31 

0,07 
0,08 

0,09 
0,11 

0,09 
0,11 

0,08 
0,09 

0,15 
0,17 

0,20 

0,13 
0,17 

(^  value, 

f  least, 

0,20 

— 

0,05 

0,07 

0,06 







0,10 

Wood  upon  metal     -     -J  !!^^stj 

0,42 
0,62 

0,24 

0,06 
0,08 

0,07 
0,08 

0,08 
0,10 

0,08 

0,10 

0,20 

0,14 
0,16 

(_  value, 

Hemp,  cords,  twists,      C  on  woo<i> 

0,45 

0,33 

&c.                                     J  on  iron, 

— 

— 

0,15 

— 

0,19 

Sole  leather,  smooth,       ^  mw> 

0,54 
Oon 

0,36 

0,16 

— 

0,20 

upon  wood  or  metal     J  compressed, 

,«5U 

0,25 

The  same,  high  at  the  <  dry, 

0,34 

0,31 

0,14 

—  . 

0,14 

edges,  &c.                        £  greasy, 

—  - 

0,24 

Pig.  165. 


Remark.  The  co-efficients  of  friction  for  porous  masses  will  be  given  in  the  Second 
Part,  in  the  theory  of  the  pressure  of  earth. 

§  162,  Inclined  Plane. — The  theory  of  sliding  friction  has  its  chief 

application  in  the  investigation  of  the 
equilibrium  of  a  body  JlC,  on  an  in- 
clined plane  FHy  Fig.  165.  If  in 
accordance  with  §  135,  FHR  ==  a, 
the  angle  of  inclination  of  the  in- 
clined plane,  and  PO5r1=/3,  the  angle 
which  the  force  P  makes  with  the  in- 
clined plane,  we  have  the  normal 
force  arising  from  the  weight  G  of 
the  body  JV*  =  G  cos.  a,  on  the  other 
hand,  the  force  for  sliding  down  = 
#=  G  sin.  a,  further  the  force  JV^ 
with  which  P  strives  to  draw  the 
body  down  the  plane  is  =  P  sin.  £, 


INCLINED    PLANE.  153 

and  the  force  5^  with  which  it  pushes  the  body  up  the  plane  =  P 
cos.  £.  The  remaining  normal  pressure  is:  JV* — JV*i=  G  cos.  a — P 
sin.  p,  consequently  the  friction  F=f(G  cos.  a — P  sin.  p).  If  it  be 
required  to  find  the  force  P  drawing  the  body  up  the  plane,  then  there 
will  be  friction  to  overcome,  and  it  must  therefore  be  Sl  =  S+  F,  i.  e. 
P  cos.  ft  =  G  sin.  a  +  f  (G  cos.  a  —  P  sin.  £). 

But  if  the  force,  which  is  to  prevent  the  body  from  sliding  down  is 
to  be  determined,  then  friction  comes  to  its  assistance,  and  the  force  is: 
S1  +  jF=  S,  i.  e.  P  cos.  /$  +f(G  cos.  a —  P  sin.  p)  =  G  sin.  a. 

From  this  the  force  may  be  determined : 

-n      ai       r>    ,  v\        sin.  a  -4-  /cos.  &      n 

For  the  first  case :  P  =  ~  « G> 

cos.p  +jsin.& 

-r,        ,,  j        T»  Sin.  a fcOS.  <*>       ^ 

For  the  second :   P  =  ^- G. 

cos.  j3 — -j  sin.  & 

If  the  angle  of  friction  pbe  introduced,  whilst  we  put/"  =  tang,  p  = 
«4V»  n  sin.  a  .  cos.  p-4-  cos.  a.  sin.  a 

sin'9,  we  shall  obtain  P  = := : — -  .  G,  or  from 

cos.  p  sin.  /3.  cos.  p  -f-  cos.  &.  sin.  p 

sin.  (a  -f-  p} 

the  known  rules    of  trigonometry:   P  =  —        .  G,  and  the 

cos.  (j3  +  p) 

upper  _§igns  are  to  be  taken,  when  motion  is  to  be  brought  about; 
the  lower,  on  the  other  hand,  when  motion  is  to  be  impeded. 

The  last  formula  is  found  by  a  simple  application  of  the  paral- 
lelogram of  forces.  Since  a  body  counteracts  that  force  of  another 
body,  which  deviates  by  the  angle  of  friction  p  from  the  normal  to  its 
surface  (§  159),  equilibrium  in  the  foregoing  case  can  subsist  if  the 
resultant  OQ  «  Q  of  the  components  P  and  G  makes  with  the 
normal  OJV*  the  angle  JVOQ  =  p.  If  now  we  put  in  the  general 

p        c-j 7i    nnn 

formula—  =  ***'  **vv   GOK  =   GOJV+  JYOQ=   *  +  P,  and 
G         sin.  POQ 

POQ  =  POS,  +   S.OQ  =  p  +   90°  —  p,  we  then  have  ^L  = 

Or 

sin.  (a  +  p)  sin.  (a  4-  p)         j     r>  ,•  T          r 

_± — LJ2 — i LL   and    for  a   negative  value  of  p  : 

cos.  (3  —  p)  & 


i) 


P        sin.  (a — p)        .      .  ,  . .   x,       , 

—  1 LA   quite  in  accordance  with  the  above* 

G        cos.  O  +  p) 
If  the  body  reposes  on   a  horizontal  plane  a  =  0,  therefore,  the 

force  to  push  P  forward  is :  P  =  Z^ ^fGsin.p^ 

COS.  J3  +J  Sin .  ft  COS.  (£ p) 

If  the  force  acts  parallel  to  the  inclined  plane,  then  J3  «  0,  and 

therefore,  P  =  (sin.  a  +  f  cos.  a)  G,  =* „ ,— .  . —  .  G*    (compare 

—  cos.  p 

§   159),     If  the  force  acts  horizontally  £   =  —  a;  cos.  p  =   cos 
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»  and  sin. 
tang. 


=»  —  sw  a,  therefore,   P 


f  cos.  a, 


4-  f 

—  J 


, 
_  6  _  —  J   .  G,  also  =  tang,  (a  +  P)  G. 


COS.  a,  +  f  sin.  a 


Again,  the  force  to  push  a  body  upwards  is  least  when  the  de- 
nominator cos.  (£ — p)  is  greatest,  viz.  =  1,  therefore, /3 —  p  «  0,  i.e. 
/3  ass  p.  When,  therefore  the  direction  of  force  deviates  by  the  angle 
of  friction  from  the  inclined  plane,  the  force  itself  is  the  least  and  = 
sin.  (a  +  p)  „  G. 

Example.  What  pressure  on  the  axis  has  the  prop  ^-E,  Fig.  166,  to  sustain,  in  order 

to  prevent  a  block  of  stone  (a  wall)  JiBCD,  of  5000  Ibs. 
weight  from  slipping  down  the  inclined  plane  CjD, 
supposing  the  angle  of  the  prop  to  the  horizon  to  be 
35°,  that  of  the  inclined  plane  CD,  50°,  and  the  co- 
efficient of  friction  /=  0,75  ?  Here  G  =  5000,  t 
50°,  &  35°  —  50°  = 
the  formula  gives : 

p sin.  a, — f  cos.  » 

cos.  &  — f  sin.  0 
0,766—0,482 


Fig.  166. 


—  15°,  and/  =  0,75;  therefore 
sin.  50°  —  0,75  cos.  50° 


0,966+0,194 


c0*.150+0,75*m.  15° 
5000  =  il?2  B  1224  Ibs. 


* 


1,160 


If  the  prop  were  horizontal,  we  should  have  Q  =  — 
50°,  and  tang,  p  =  0,75  ;  hence  ?  =  36°  52'  ;  lastly, 
P  =r=  G  tang,  (a—  £  =  5000  tang.  (50°—  36°  52')  = 
5000  tang.  13°  8'  =  5000  .  0,2333  =  1166  Ibs.  To 
push  up  the  same  "wall  upon  the  supporting  one  by  a 
horizontal  force,  under  otherwise  similar  circumstances,  a  force  P  would  be  necessary  s= 
G  tang.  O+p)  s=  5000  tang.  86°  52'  s=  5000  .  18,2676  =  91338  Ibs. 

§  163.    Wedge.  —  In  the  wedge,  friction  exerts  a  considerable  in- 

fluence   upon  the   statical  relations. 
Fig.  167.  The    section  of  a  wedge  forms  an 

isosceles  triangle  FHR9  Fig.  167, 
with  the  edge  FHR  =  a,  the  force 
P  acts  at  right  angles  to  the  back 
and  the  weight  Q  at  right  angles  to 
the  side  FH.  If  we  drive  the  wedge 
upon  the  base  HR  a  space  5  =  FF^ 
=  HH,  =  RRV  the  weight  Q  is 
raised  through  a  space  CCl  =  DD± 
«  HL  =  HH:  .  sin.  HQ  L  «  s  sin. 
a,  and  force  passes  over  HK  «=s 


cos.  HI  HK  =  s  cos.  -;  according  to  the  principle  of  virtual  veloci- 
ties, and  without  regard  to  friction,  P  .  HK  «*  Q  .  DD19  i.  e.  P  s  cos. 

2  Q  sin.  " 
i  as  Qs  sin.  o,  therefore  P 


Q  sin. 


s.— 


cos. 


cos. 
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Q  sin.  ~,  which  also  follows  from  the  formula  in  §  137,  if  we  put  in  it 

sin.  j3  =  1,  and  cos.  (a  —  a)  =  cos.   ^. 

There  are  now,  however,  three  frictions  which  come  into  play, 
viz.,  the  friction  against  the  sides  HF  and  HR,  and  the  friction  of 
the  body  J1BCD  in  its  constrained  motion.  As  the  directions  of 
the  force  on  both  sides  of  the  wedge  deviate  equally,  the  pressure 
against  both  is  equal,  namely  =  Q,  and  the  friction  arising  —jf  Q. 
The  spaces  of  these  frictions,  however,  are  different.  For  the  fric- 
tion upon  HR  :  s  =  HHI9  for  that  upon  HF=  HJL  =  s  cos.  a  ;  accord- 
ingly the  mechanical  effects  of  both  frictions  are  :  =  f  Q  s 


cos.  a  =f  Q  s  (1  +  cos.  a-)  sss  %f  Q  s  /cos.  ~\  .     Lastly,  the  friction 

between  CD  and  FH  presses  upon  the  body  JIB  CD  at  right  angles 
to  its  direction,  and  there  produces  the  frictionj/^  .jf*Q9  if/j  represent 
the  co-efficient  of  friction  for  its  constrained  motion.  This  friction, 
however,  has  the  same  space  as  the  weight  Q,  viz*,  DD±  =  s  sin.  a; 
and  to  it  corresponds  the  mechanical  effect  f^  f  Q  s  sin.  a.  In  order 
now  to  find  the  extreme  limits  of  the  condition  of  equilibrium,  we 
must  put  the  mechanical  effect  of  the  force  P  equal  to  that  of  the 
weight  Q,  plus  the  mechanical  effects  of  the  friction,  therefore, 

Ps  cos.  ~  =  Qs  sin.  a+2  Qfs  (cos.  ~\  +J^  Qs  .  sin.  a, 
and  we  obtain  the  force  : 


Q  (sin.  ^ 


sn. 

In  a  wedge  -fl-BC,  Fig.  168,  as  it  is  used 
for  the  splitting  asunder  and  compression  of 
bodies,  the  force  at  the  back  corresponding  to 
the  normal  pressure  Q  against  the  sides  AC 

and  BCy  isP=*2Q  (sin.  ^  +f  cos.  ^\,  which 

is  given  if  we  put  the  sum  of  the  vertical  com- 
ponents of  Q  and  F  =  f  Q,  i.  e.  2  V^  =  2  Q 

sin.  ~  and  2  V2  =  2  f  Q  cos.  ^  equivalent  to 
£  £ 

the  force  P. 

Example.  The  load  of  the  wedge  Q  in  Fig.  167  =  650  Ibs.,  the  edge  «  =  25°,  the 
co-efficient  of  friction  ft  =s=y=  0,36.  Required,  the  mechanical  effect  necessary  to  move 
the  load  Q  forward  about  4  a  foot. 

The    force    is    P  =    2  .  65O   {sin.    12^°   +   0,36   cos.  12J°    +    (0,36)2  ^  JQ^J 

=  1300  .  (0,2164  +  0,36  .  0,9763  +  0,1296  .  0,2164) 

=  1300  .  (0,2164  -f-  0,3515  -f-  0,0281)  =  1300  .  0,5960  as  774,8  Ibs.     For,  to  the  space 

COt  * 

of  the  load  CCjSssi  foot,  corresponds  the  space  of  the  force  222^:=*:=  -r-  —  *  °°*-  — 

_     CC*     _  -  i  -  _  3  155  feet:  therefore  the  mechanical  effect  and  weight  is 
*         4.0,2164 
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Ps  =  774,8  .  1,155  =  895  ft.  Ibs,  Without  regard  to  friction,  it  would  only  be  650  .  £ 
=  325  ft.  Ibs.  In  consequence  of  friction,  the  mechanical  effect  expended  would  be 
nearly  tripled. 

§  164.  Axle  Friction. — In  axles,  the  friction  of  motion  only  is  of 
importance,  on  which  account  experiments  on  this  only  exist. 

From  the  following  table  very  important  results  for  practice  may 
be  drawn,  with  axles  of  wrought  or  cast  iron,  moving  in  bearings  of 
cast  iron  or  brass,  coated  with  oil,  tallow  or  hog's  lard,  the  co-efficient 
of  friction  is 

By  continuous  greasing  =  0,054, 
In  the  usual  manner  =  0,070  to  0,080. 
The  values  found  by  Coulomb  vary  partially  from  the  annexed. 

TABLE  IIL 
CO-EFFICIENTS  OF  AXLE  FRICTION,  FROM  MOR1N. 


Nature  of  the  surfaces  and  unguents. 

* 

t>- 

•5 

Oil,  tallow,  or 

-xs 

J1 

2TAMES    OF    THE 

1 

^ 

1 

lard. 

11 

J 

BODIES. 

•S 

"5  >4 

I  s" 

& 

*«  S) 

^ 

^ 

.*t* 

**"  "5 

•"3  ~c4 

^ 

t^> 

§    0? 

•"S 

*i 

CJ 

1  * 

g  ^ 

IS 

S 

«G  rt 

^ 

fS 

S 

rt 

^3 

2 

| 

p 

1 

en 

ft 

S 

S 

T3 

§ 

j>. 

"o1 

C5 

o 

HS 

U 

Bell  metal  on  the  same 

—  . 

«__ 

_ 

0,097 

, 

__  . 

_ 

_  -r 

Cast    iron    -upon    bell 

.  , 

T 

L  _  . 

_ 

0,049 

"Wrought    iron    upon 

bell  metal  ...»  * 

0,251 

0,189 



0,075 

0,054 

0,090 

0,111 

^  — 

"Wrought    iron     upon 

_.1TT^ 

_ 

r 

0,075 

0,054 

^_ 

_ 

. 

Cast    iron    upon    cast 

Iron  .  

- 

0,137 

0,079 

0,075 

0,054 

. 

_T-nir 

0,137 

Cast    iron    upon   bell 

metal    .*...». 

0,194 

0,161 

„ 

0,075 

0,054 

0,065 

_ 

0,166 

Wrought    iron    upon 

lignum  vitas  .... 

0,188 

— 

_ 

0,125 

Cast    iron    upon    lig- 

0,185 

^r  .... 

u 

0,100 

0,092 

0,109 

0,140 

I4gnum     vitse      upon 

__ 

cast  iron  

^^™ 

_ 

_ 

0,116 

. 

0  153 

Lignum     vitas     upon 

lignum  vitsB  *  *  *  « 

~— 

—  — 

—— 

—  • 

0,070 

§  165.  If  we  know  the  pressure  R  between  an  axle  and  its  bearing, 
and  if  further  the  radius  r  of  the  axle,  Fig.  169,  be  given,  the  mecha- 
nical effect  which  the  friction  of  the  axle  counteracts  in  every  revolu- 
tion may  be  calculated.  The  friction  F*=fR<>  the  space  correspond- 
ing to  it,  the  circumference  2  A  r  of  the  axle ;  it  therefore  follows 
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that  the  mechanical  effect  lost  by  friction  in  each  revolution  is  =  f  R  . 
2  *.  r  =  2  vtfR  r.      If  the  axle  makes  one  revo- 


lution per  minute  w,  the 
pended  in  each  second 


mechanical   effect   ex- 


169. 


The  mechanical  effect  consumed  by  friction 
increases,  therefore,  with  the  pressure  on  the 
axle,  in  proportion  to  the  radius  of  the  axle  and 
the  number  of  revolutions.  It  is,  therefore,  a 
rule  in  practice,  not  to  augment  unnecessarily 
the  pressure  on  the  axis  in  rotating  machines  by 
heavy  weights,  to  make  the  axles  no  stronger 
than  the  solidity  required  for  durability,  and  likewise  not  to  make  a 
great  many  revolutions  in  a  minute,  at  least,  not  unless  other  circum- 
stances require  it. 

By  the  application  of  friction  wheels,  which  are  substituted  for 
the  bearings,  the  mechanical  effect  of  friction  is  much  diminished. 
In  Fig.  170,  AB  is  a  wheel  which  reposes  by  its  axle  CEE^  on 
the  circumferences  EH,  E±  H^  lying  close 
to  each  other  of  the  friction  wheels  revolv- 
ing about  D  and  D^  From  the  given  pres- 
sure R  of  the  wheel,  there  follow  the  pres- 

Tt 

sures  JV*=  JV\  =   ,  if  a  be  the  angle 

2cos-I 

DCDi  which  the  central  lines,  or  lines  of 
pressure ,  CD  and  CD1  make  between  them. 
From  the  rolling  friction  between  the  axle  C 
and  the  circumferences  of  the  wheels,  these 
latter  revolve  with  the  axle,  and  there  arise  at 
the  bearings  D  and  Z^  the  frictions^"  JV*  and 

f  N19  which  together  amount  to      * 


Fig.  170. 


If  the  radius  of  the  wheel 


I>E=DI  Et  be  represented  by  al9  and  that  of  the  axle  DK=Dl  K1  by 
rl9  we  shall  have  the  force  at  the  circumference  of  the  wheels,  or  at 
the  circumference  of  the  axle  C  resting  upon  these,  which  is  requisite 

f  R       :  jP,=  a  .       fR     whilst  it  will  be  =fR,  if 


to  overcome 


cos.  - 


cos.     » 


the  axle  C  rest  immediately  in  a  socket.      If  we  disregard  the  weights 
of  the  friction  wheels,  the  mechanical  effect  of  the  friction  by  the  ap- 


plication of  these  wheels  is  - 


14 


times  as  great  as  without  them. 


r,- 
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If  we  oppose  to  the  pressure  of  the  axle  jR  a  single  friction  wheel 
GH,  Fig.  171,  and  prevent  any  accidental  lateral  forces,  by  the  fixed 

cheeks  K  and  L,  a  =  0,  cos.  -  =  1,  and  the  above  relations  =-  -^. 

2  &i 

Example.  A  wheel  weighs  30000  Ibs.,  its  radius  a  =  16  ft. 
and  that  of  its  axle  r  =  5  inches,  what  is  the  amount  of 
force  at  the  circumference  of  the  wheel  necessary  to  overcome 
the  friction  of  the  axle,  and  to  maintain  it  in  uniform  motion, 
and  \vhat  is  the  corresponding  expenditure  of  mechanical 
effect  if  it  makes  5  revolutions  a  mmute  ?  We  may  assume 
the  co-efficient  of  friction/  here  =  0,075,  wherefore  the  fric- 
tion fR  =  0,075  .  30000  S=B  2250  Ibs.  Since  the  diameter  of 

the   wheel   is  1Q  ' =  =  38,4  times  as  great  as  the 

5  5 

diameter  of  the  axle  or  the  arm  of  the  friction,  the  axle  fric- 
tion  reduced  to   the   circumference  of  the  wheel  — --Z — - 

2250 


.  -=  58,59  Ibs.    The  circumference  of  the  axle  is 


38,4 
2.5. 


_____  ___  .       38,4  '  12 

-=  2,618   feet;  consequently  the   path  of  the  friction   in  one 

second  ==  J?I__-1_!L  =s  0,2  1  82  feet,  and  its  mechanical   effect  during  one  second   = 

bU 
0,2182  ./  R  =»  0,2182.2250  =  491  ft.  Ibs.     If  the  axles  of  this  wheel  rest  upon  friction 

wheels  .whose  radii  are  5  times  as  great  as  those  of  the  axle,  and  therefore  _1  =  —  —  , 

0,  5 

the  power  expended,  referred  to  the  circumference  of  the  wheel,  will  only  be__  .  38,4  = 

5 
491 


7,68  ft.  Ibs.,  and  the  mechanical  effect  of  friction  expended  only 


98,2  ft.  Ibs. 


Fig.  172. 


§  166.  The  friction  of  an  axle  ACB,  Fig.  172,  which  presses  on 
its  bearing  in  one  point  Ji  only,  is  less  than 
that  of  a  new  axle  resting  on  all  points  of  the 
bearing.  If  no  revolution  takes  place,  the  axle 
then  presses  on  the  point  jB,  through  which 
passes  the  direction  of  the  mean  pressure  R ; 
but  if  revolution  begins  in  the  direction  *AB,  the 
axle  by  its  friction  will  rise  just  so  high  in  its 
bearing  until  the  sliding  force  comes  into  equi- 
librium with  the  friction.  The  mean  pressure 
jR  is  decomposed  into  a  normal  pressure  JV*  and 
a  tangential  S ;  JVpasses  into  the  bearing  and  gives  rise  to  F  =  f  JV\ 
acting  tangentially ;  inputs  itself  in  equilibrium  with  F;  Sis  there- 
fore =ss  f  JV*.  According  to  the  Pythagorean  doctrine,  JR2  is  =  JV^-h  S2, 
therefore  Rz  is  here  =  (1  +J^)  JV^-  inversely  the  normal  pressure  JV= 
R  .  .  fR 

— ,  and  the  friction  F  =  — •.   ;  or,  if  the  angle  of  friction 

tang,  p  : 


be  introduced, 
F 


=  .  jR 
+  tang.pz 


tang,  p  cos.  p  R  =  JR  s-swx. 


If  the  axle  begins  to  move,  the  point  of  pressure  B  moves  forward 
in  the  bearing  by  the  angle  ACB  =  p  in  the  opposite  direction. 
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If  no  forward  motion  took  place,  F  would  be  =  f  R  =  R  tang.  p  = 
Hsin.  p     consequently  the   friction  is   the   cos.  p  times  as  great  after 


cos. 
moving  forward  as  before  the   motion.      Generally,./* 

quite  —  and  cos.  p 


— 
10 


tang,  p  not 

0,995,  therefore  the  difference  is  not  quite  - 

1  000 


200 


therefore,  in   ordinary  cases  of  application,  we  need  have 


Fig.  173. 


no  regard  to  the  effect  of  this  motion. 

If  the  wheel  JIB  revolves  in  a  nave  or  eye,  Fig.  173,  about  a  fixed 
axis  JiCy  the  friction  is   the   same  as  if  the   axis 
moves  in  a  roomy  nave,  only  the  arm  of  the  fric- 
tion is  the  arm  of  the  nave,  not  that  of  the  fixed 
axle. 

§  167.  If  the  axle  lies  in  a  prismatic  bearing, 
there  is   greater  pressure,  and  consequently  more 
friction,  than  in  a  round  bearing.      If  the  bearing 
J1DB,  Fig.  174,  is  triangular,  the  axle  lies  on  two 
points  J3   and  B,  and   at  each  there  is  the  same 
friction  to  overcome,  the  mean  pressure  R  is  de- 
composed into  two  lateral  forces  Q  and  Q1?  and  each  of  these  gives  a 
normal   pressure  JV*  and  JV^,  and    each  a 
tangential  force  F  *=  f  JVand  ^  ^  f  ^ 
equal  to  the  friction.     According  to  the 
former  §,  these  frictions  may  be  put  =  Q 
sin.  p  and  =   Qx  sin.  p,  we  have  then  the 
whole  friction  =  (Q  +  Qx)  sin.  p.     The 
forces  Q  and  Qt  are  given  by  the  resolution 
of  a  parallelogram  constructed  from  Q  and 
<2j  with  the  aid  of  the  mean,  pressure  R9 
the  angle  of  friction  p,  and  the  angle  JiCB 
=  2  a,  which  corresponds  to  the  arc  JIB^ 
lying  in  the  bearing.    If  QOjR  =  ACD  —  CJ1O  =  a —  p, 


Fig.  174. 


BCD  +  CBO  =  «  4  P;  lastly 
The  application  of  the  formula  §  75,  gives : 
sin,  (a— P)     R      d  Q  ' 

t~j  — s- .    »   jit,  dim.    v^.,  — 

sin.  2  a  &n.  2  a 

hence  the  friction  sought  is: 

F  +  FI  =  ( Q  4-  Qj)  sin.  p  =  (sin.  [a  —  p]  4 
But  the  sin.  (a-  —  p)  4  sin.  (a  4  p)  =  2 
=   2  sin.  a  cos*  <*,  therefore  F  4  F^  == 


4.  p  =  2 


.R; 


sin.  [a  +  />]) 


R  sin,  p 
sin.  2  a. 

sin.   &  cos.  p  and  sin.  2  a 
2    sin.  a  R   sin.  p  cos.  p 


R  sin. 


r  •  »_  jr         J.-L  n  f 

which  from  the  smallness  of 


2  cos.  c* 
The  friction  of  a  triangular  bearing  is  from  this 


_ 

2  ^71*  a  COS.  a 

-U         x 

may  be  put 


cos.  a 


COS*  ^ 

as  that  of  a  cylindrical  one.     If,  for  example,  J1DB 


times  as  great 
60°,  JSCB 
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=  180°  —  60°  =    120°,  and  ACD  =   0   =    60°,  we   then    have: 

=  twice  the  friction  of  that  of  a  cylindrical  bearing. 

cos.  60°  J 

§  168.  With  the  aid  of  the  last  formula,  the  friction  may  be  found 
for  a  new  round  bearing  which  the  axle  touches  at  all  points.*     Let 
Fi     175  ADB,  Fig.  175,  be  such  a  bearing.     Let  us 

lg*       "  divide  the   arc  JlDB^  in  which  lie  the   axle 

and  the  bearing,  into  many  parts,  such  as  »#JV, 
JV*O,  &c.?  which  have  equal  projections  on  the 
chord  JiB^  and  let  us  suppose  that  each  of 
these  parts  supports  an  equal  amount  of  the 

7? 

whole  pressure  R,   viz.,   ==  — ,  (n  being   the 

n 

number  of  parts)  of  the  axle  on  the  bearing. 
According  to  the  former  §,  the  friction  of  two 


opposite  parts  JVO  and  JV.O,  =        .        n'*   .      But    cos.    JYCD 
*  r  ^  n      cos.  J\TCD 


=  cos.    OJVP  =  —  -,  where  JVP  represents  the  projection  of  the 
j  v  \J 

part  JVO,  and  JVP  =  chord'  AB.     It  therefore  follows  that  the  fric- 

n 

tion    corresponding   to    the    parts    J\TO    and    JV1O1  = 


n 
R  sin.  £  p  ^  J^Q      In  Qrder  now  to  find  the  friction  for 


. 

chord  chord 

the  whole   arc  J1DB  instead  of  JV"O,  we  must  put  in  the  arc 

^JlDB9  because  the  sum  of  all  the  frictions  is  —  f^  -  1  times  the 

chord 

sum  of  all  the  parts  of  the  arc,  it  follows  that  the  friction  in  a  new 

bearing  is:  jP=JR  sin.  2  p  .  —  -  -  -—  ,  or  if  we  put  the  angle  J1CB 

chord  JiB 

subtended  at  the  centre  by  JIB,  which  corresponds  to  the  arc  of  the 
bearing,  =====  2  a°?  therefore  the  chord  JIB  =  2  JiC  .  sin,  a. 


2  sin.  a 

taken  approximately 

F  =====  J2  sin,  p.  —  :  -  • 


sn. 


*  If  a  bearing  be  of  an  acute  wedge-shape  it  is  conceivable  that  an  axle  pressed  into 
such  wedge-shaped  cavity  would  create  an  additional  friction ;  but  as  friction  depends 
on  weight^  not  on  extent  of  surface,  the  demonstrations  of  this  section  relative  to  bearings 
in  cylindrical  cavities  in  •which  there  is  no  wedging  or  tightening,  but  only  a  distribution 
of  the  weight  over  the  several  parts  of  the  surface  of  contact,  the  effect  of  the  moving  force 
in  a  c*  new  bearing"  will  be  to  relieve  the  pressure  on  one  part  and  transfer  it  to  another 
at  the  same  distance  from  the  centre  of  motion,  or  centre  of  the  axle.  To  a  certain  extent, 
that  is,  to  the  depth  of  the  semi-diameter  of  the  axle,  this  surface  increases,  but  if  there 
be  a  distribution  of  pressure  over  a  greater  number  of  elements  or  units  of  surface,  so  is 
there  a  less  amount  of  pressure  on  each  point  rubbed.  This  law  of  friction,  according  tc 
pressure,  and  not  according  to  surface  rubbed,  agrees  with  all  experiments. — AM.  ED. 
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From  this  the  friction  is  the  greater  the  deeper  the  axle  lies  in  its 
bearing.     If,  for  instance,  the  bearing  is  half  the  circumference  of  the 

axle,  a  is  then  =  J  *  and  sin.  a.  =  1,  we  then  have  F  =  -  .  jR  sin.  p, 

and  because  -=  1,57,  therefore  1,57  times  as  great  as  that  of  the  free 
bearing.     In  an  axle  which  does  not  rest  deep  in  its  bearing,  a  is 

3  /  a?  \ 

small,  therefore  the  sin.  a  may  be  put  =  a  --  --  =  a  (  1  —  —  L  whence 

it  follows  that  : 

F  =  [I  +  —  \  R  sin.  p,  or  =  JR  sin.  p,  if  a  be  very  smalL 

§  169.  The  axle  pressure  R  is  given  generally  as  the  resultant 
of  two  forces  P  and  Q,  directed  at  right  angles  to  each  other,  and 
is  therefore  =  v'  P2  +  Q2.  Provided  we  require  it  only  for  the  de- 
termination of  the  friction  jf  R  =f*SP2  +  Q2,  we  may  be  satisfied 
with  an  approximate  value  of  it,  partly  because  the  co-efficient  f 
can  never  be  so  accurately  determined  and  depends  upon  so  many 
accidental  circumstances,  and  partly  because  the  whole  product  of 
the  friction  f  R  is  mostly  only  a  small  part  of  the  remaining  forces 
of  the  machine  resting  upon  the  axle  bearing,  as  the  lever,  pulley, 
wheel  and  axle,  &c.  The  doctrine  which  teaches  us  to  find  an 
approximate  expression  of  v'  P2  +  Q2  is  known  under  the  name  of 
Poncelet's  theorem,  and  may  be  developed  in  the  following  manner: 


1  +     l>       —  P  VI  +  x2,  whereby  x  =     -^ 

which  supposes  that  P  is  the  smaller  force,  therefore,  x  is  a  mere 
fraction.     We  may  now  put: 

v'l  +  x2  =  /t  +  vxy  and  determine  the  co-efficients  /*  and  *,  answer- 
ing certain  conditions.      The  relative  error  is  : 

+  3?  -  p  —  vX  _    -  ft   +  v  X 

~ 


For  the  smallest  value  of  x,  viz.,  x  =  0,  y  =  1  —  ^  and  for  the  great- 
est, viz.  x  —  I9  we  have  y  =  1  —  —  —  =.     If  we  make  these  errors, 


corresponding  to  the  limits  of  x9  equal,  we  then  obtain  an  equation  of 
condition      =    **  +-?  ,  or  P  —  P  «/2  —  A*  =  0,414  .  ^     If  we  take 


x  =  - ,  the  result  is,  that  y  =  1  —  vV  +  "2  —  —  (  V>2  -4-  "2  —  1), 

ft 

as  a  negative  error,  is  greater  than  any  other  which  arises  by  assum- 
ing x  =  -+_  A,  that  is,  a  little  greater,  or  a  little  less  than  ^  ;  for  in 


^ 
the  latter  case  we  have 

14 
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v  >/>»+< 

2     1      o              A        f          2*2 
V     "i*  /&  IJti  V  &    ~T"    it      /\ 

(  \    (l 

tt      ~T™   f        j  "tt  -J/  ^  I 

\W^3  +  • 

-2  +  2  ^r  A  +  f2A2 

--(  L..L.. 

,2                 A'"  A2 

) 


If  now  we  make  this  greatest  negative  error  equal  to  the  greatest 
positive  error,  we  shall  then  obtain  the  following  second  equation  of 
condition  : 


v>2  +  **  —  1  =  1  —  P;  or  ju.  +  yV  +  **  =  2. 
But  the  first  equation  gives  v  =  0,414  p  ;  it,  therefore,  follows  that 

P  (1  +  VI  +  0,4142)  =  2,  i.  e. 

=  «  0,96  and  »  «  0,414  .  0,96  =  0,40. 


We  may,  therefore,  put  approximately  x/1  +  or2  =  0,96  +  0,40  .  a?, 
and  in  like  manner  the  resultant  R  ~  0,96  P  +  0,40  Q,  knowing  that 
we  thereby  commit,  at  most,  the  error  +.y  =  1  —  ^  =  1  —  0,96  = 
0,04  as  four  per  cent,  of  the  true  value. 

This  determination  supposes  that  we  know  which  is  the  greater  of 
the  forces;  but  if  this  be  unknown,  we  may  assume  ^/l  +  ar*  =  /* 

(1  +  x\  and  so  obtain  y  =1  _  **  ^    +  ^  .     Here  not  only  the  limit 


x  =  0  gives  the  error  =  1  —  p>  but  also  the  limit  x  ==  oo  ,  the  same 

error  =1  —  ^  =  1  —  ^;  but  if  we  put  x  =  J^  =  1,  we  then  ob- 
rr  ^ 

tain  the  greatest  negative  error  =  _  (  —  ~  —  1  )=  —  (p\/2  —  1,) 

N   *2  ' 


_ 

and  by  making  these  errors  equal:   1  —  ^  =  p  */%  —  1,  therefore, 

a  =  —  -  -  =       2      ras      1       =«  0,825,  for  which  0,83  may  be  put. 
*        1  +  ^/2        2,414        1,212  '        J  J       F 

In  the  case  where  we  do  not  know  which  is  the  greater  of  the  forces, 
H  may  be  put  =  0,83  (P  +  Q),  and  we  know  that  the  greatest  error 

committed  will  be  +  y  =  1  —  0,83  =  0,17  per  cent.  =  -of  the  true 

6 

value. 

If,  lastly,  we  know  that  x  does  not  exceed  0,2,  we  may  disregard  it 
altogether,  and  write   v/P2  +  Q2  =  P,  but  if  x  exceeds  0,2,  then 
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is  more  accurately  =  0,888  .  P  4-  0,490  .  Q ;  in  both  cases 
the  greatest  error  is  about  two  per  cent.* 

§  170.  Lever. — The  theory  of  friction  above  developed  finds  its 
application  in  the  material  lever,  the  wheel  and  axle,  and  in  other 
machines.  Let  us,  in  the  first  place,  treat  of  the  lever,  and  take  the 
general  case,  viz.,  that  of  the  bent  lever  JICB^  Fig.  176.  Let  us  re- 
present as  before  (§  127)  the  arm 

CJi  of  the  power  P  by  a,  the  arm    F*g- 

CB  of  the  weight  Qby  6,  and  the 
radius  of  the  axle  CH  by  r,  let  us 
put  the  weight  of  the  lever  =  G, 
its  arm  CE  =  s,  and  the  angles 
APK  and  BQK,  by  which  the 
directions  of  the  forces  deviate 
from  the  horizon  =  a  and  B.  The 
power  P  gives  the  vertical  pres- 
sure P  sin.  a,  and  the  weight  =  Q  sin.  /3;  the  whole  vertical  pres- 
sure is,  therefore,  V  =  G  +  P  sin.  a  +  Q  sin.  j3.  The  power  P  gives 
further  the  horizontal  pressure  P  cos.  a,  and  the  weight  Q  an  opposite 
pressure  Q  cos.  j3  :  since  there  remains  for  the  horizontal  pressure, 
H=  P  cos.  a —  Q  cos.  /35  we  may  put  the  whole  pressure  on  the  axle  : 
R  =  IJL  V+v  H  =  ^  (G+P  sin.  a+  Q  sin.  $)  +  v(P  cos.  a — Q  cos.  £), 
of  which  the  second  part  v  (P  cos.  a — Q  cos.  #)  must  never  be  taken 
negative,  and,  therefore,  in  the  case  where  Q  cos.  p  is  >-  P  cos.  a, 
the  sign  must  be  changed,  or  rather  P  cos.  a  must  be  subtracted  from 
Q  cos.  /3.  In  order  to  find  that  value  of  the  power  which  corresponds 
to  unstable  equilibrium,  so  that  the  smallest  addition  of  force  produces 
motion,  we  must  put  the  moment  of  power  equal  to  the  moment  of 
weight,  plus  or  minus  the  moment  of  weight  of  the  machine  (§  127) 
plus  the  moment  of  friction,  therefore, 
Pa=  Qb+_Gs+fRr 

=  Qb+  G$+ffa  V+v  H)  r,  from  which  follows 
Qb+^Gs+f[p  (G+Q  sin.  p)~+Q  cos.  jS]  r 

a — itfr  sin.  a,+vfr  cos.  <* 

If  P  and  Q  act  vertically,  R  is  simply  =  P+  Q+  G,  therefore, 
Pa=  Qb+  Gs+f(P+  Q+  G)  r.  If  the  lever  is  one-armed,  P  and  Q 
act  opposite  to  each  other,  then  jR==P — Q+  G,  and  consequently  the 
friction  is  less.  Besides  R  must  be  put  constantly  positive  in  the 
calculation,  because  the  friction  fR  only  impedes,  but  does  not  pro- 
duce motion.  From  this  we  see  that  a  one-armed,  is  mechanically 
more  perfect  than  a  two-armed  lever. 

Example.  If  the  arms  of  a  bent  lever.  Fig.  176,  are :  os=6ft.,  £  =  4  it,  *=;£ft  and 
r  ._.  j£  inches,  the  angle  of  inclination  A  =  70°,  &  =  50°,  and  further  the  weight  Q=5600 
Ibs.,  and  that  of  the  lever  G  =  900  Ibs.,  the  power  required  to  restore  the  unstable 
equilibrium  is  the  following.  Without  regard  to  friction  Pa  +  Gs  =  Q&»  therefore. 
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Qb—Gs  _  5600.  4  —900.4  _  3658   lbs<     If  we  put  ^  —  0,96  and  v  =  0,40, 

a  6 

we  obtain  {*  (<?  +  Q  sin.  g)  =  0,96  (900  +  56OO  sin.  500)  =  4982  Ibs.,  v  Q  cos.  £ 
=1  0,40  .  5600.  cos.  50<>  -=  1440  Ibs.  5  /*  *w.  a.  =  0,96  .  sin.  70°  =  0,902,  v  cos.  *  =  0,40. 
cos  700  =  0,137.  It  is  easy  to  see,  that  here  P  cos.  «.  is  less  than  Q  cos.  £,  for  since 
approximately  P  ==  3658,  we  have  P  cos.  a,  as  1251  Ibs.,  and  Q  cos.  &  =  3600  Ibs., 
let  us  therefore  take  for  v  Q  cos.  /?,  and  >  cos.  A  the  lower  sign  and  put 
p  —  5600  .  4  —  900  .  £  +  /r  (4982  +  1440)  Let  ^  further  take  the  co_efficiem  of  fric- 

6  —  ff  (0,902  —  -  0,173) 
tion/=  0.075,  and  we  shall  have/r  =  0,075  .  —  =  0,009375,  and  the  power  sought, 

_  22400  —  450+60  ^  22010  ^  36?3  lbg>     Here  the  vertical  pressure,  if  we  sub- 
-^  e  —  O,006S3  5,9932 

stitute  the  value  P==  3658  Ibs.,  and  neglect  friction,  is  V  •=  3658  .  sin.  70°  +  5600  sin. 
50°  4-  900  =  3437+  4290+  900  =  8627  Ibs.,  on  the  other  hand,  the  horizontal  pressure: 

Jif  =  5600  cos.  50  —  3658  cos.  70°  =  3600  —  1251  =  2349  Ibs. 
Here  H  is  :>•  0,2  V,  therefore,  more  correctly  : 

R  =  0,88  8.  H+  0,490   F==  0,888.8627  +  0,490.2349  =  8811, 

and  it  follows  that  the  moment  of  friction  =*frR=z  0,009375.  8811  =  82,6  ft.  Ibs., 
and  lastly,  the  power  P  =  22400  —  450  +  82,6  _  36?2  ^  which  value  varies 

6 
little  from  the  above. 

§  171.  Pivot  Friction.  —  When  in  the  wheel  and  axle  a  pressure 
takes  place  in  the  direction  of  the  axis,  as  in  the  case,  for  example, 
of  upright  axles,  in  consequence  of  their  weight,  there  is  a  friction  on 
the  base  of  the  one  axle.  Because  pressure  is  there  exerted  on  points 
between  the  pivot  and  its  step,  this  friction  approximates  to  the  simple 
sliding  friction,  and  to  the  axle  friction  which  we  have  hitherto  con- 
sidered, and  we  must  put  for  it  the  co-efficients  of  friction  given  in 
Table  II.  To  find  the  mechanical  effect  absorbed  by  this  friction, 
we  must  know  the  mean  space  which  the  base  JIB,  Fig.  177,  of  such 
an  upright  axle  describes  in  a  revolution.  Let  us 
Fig.  177.  assume  that  the  pressure  jR  is  equally  distributed 

over  the  whole  surface,  let  us  also  suppose  that  on 
equal  parts  of  the  bases  the  frictions  are  equal. 
Let  us  further  divide  the  base  by  radii  CZ>,  CE, 
&c.?  into  equal  sectors  or  triangles  DCE;  to  these 
will  correspond  not  only  equal  amounts  of  friction, 
but  also  equal  moments,  therefore,  it  will  be  neces- 
sary only  to  find  the  moment  of  friction  of  one  of 
these  triangles.  The  frictions  of  such  a  triangle 
may  be  regarded  as  parallel  forces,  for  they  all  act 
tangentially,  i.  e.  at  right  angles  to  the  radius  CD, 
and  since  the  centre  of  gravity  of  a  body  or  a  surface 
is  nothing  more  than  the  point  of  application  of  the 
resultant  of  the  parallel  forces  equally  distributed 
over  this  body  or  surface,  accordingly  the  centre  of  gravity  S  of  the 
sector  or  triangle  DCE  is  here  the  point  of  application  of  the  result- 
ant arising  from  its  different  frictions.  If  now  the  pressure  on  this 

sector  «  —,  and   the  radius    CD  =  CE,  the  base  —  r,  it  follows 


that  (from  §  104)  the  moment  of  friction  of  this  sector  «  CS  .  J 
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2        f R 

=  ~~  r  .  ^ ,  and  lastly,  the  moment  of  the  entire  friction  of  the  axle 

O  " 


n 


Fig.  178. 


2  f  R          2     --r, 

=  n  .  _  rj- —  =  -fR  r. 

3  n          3 

Sometimes  the  rubbing  surface  is  a  ring  JIBED,  Fig.  178.      If  its 

radii  are  CJl—r^  and  CjD=r2?  we  have  then  to  de- 
termine the   centre  of  gravity  S  of  a  portion  of  a 

2  r  3 r  3 

ring,  and  from  §  109,  obtain  the  arm  CS  = — ^ ^, 

O  /  —  3 y.  3v 

therefore,  the  moment  of  friction  =  -fR  ( -i 2.  ). 

3  Vrj2 — r*f 

If  we  introduce  the   mean  radius  TI       2  =   ry  and 


6,  we  obtain  this 

*)• 


.*fRr=± 

3J  3 

Here  we  easily  see  that  to  diminish  this  loss  of 


the  breadth  of  the  ring  r2  —  r2 
moment  of  friction  also  =  ( 

The  mechanical  effect  of  friction  for  a  revolution  of  the  axle  is  in 

the   second   case  =  2  rt.  _  f  R  r  =  —  7t  f  R  r,   and    in    the    first 

3  3 

A  /  T  3 r  3  > 

*t    f  ~f%    I       *-  •*• 

3  J  \r?—r^ 
mechanical  effect,  the  upright  axle  or  shaft  must  be  made  as  light  as 
possible,  and  that  a  greater  loss  of  mechanical  effect  would  arise  if, 
under  otherwise  similar  circumstances,  the  friction  were  to  take  place 
in  a  ring  instead  of  a  complete  circle. 

Example.  In  a  turbine  making  100  revolutions  a  minute,  and  1800  Ibs.  weight,  the 
size  of  the  pivot  at  the  base,  is  \  inch  ;  how  much  mechanical  effect  does  the  friction 
of  this  pivot  consume  in  one  second  ?  The  co-efficient  of  friction  being  taken  =  0,1 
we  have  the  friction  /  R  =  0,1  .  1800  =  180  Ibs.,  the  space  per  revolution 

=  —  IF  r  =  —  .  3,14  .  __  =  0,1745   ft.   Ibs.,  hence    the    mechanical    effect  per   revo- 

3  3  24 

lution  =  180  .  0,1745  =  31,41  ft.  Ibs.      But  now  this   machine  makes   in  a  second 

=  _.  of  a  revolution,  hence  it  follows  that  the  loss  of  mechanical  effect  sought 
60          3 

=  — _JL_  —  52,3  ft.  Ibs. 


§  172.   Pointed  Axles. — If  the   axle  ABD,  Fig.  179,  has   conical 
ends,  the  friction  comes  out  greater  than  if 
it  has  plane  ends,  because  the  pressure   of  Fis- 179« 

the  axle  R  is  resolved  into  the  normal  forces 
JV",  JVj,  which  produce  the  friction,  and 
which  together  are  greater  than  R  alone. 
If  the  half  of  the  convergent  angle  J1DC 

=  BDC  =  a,  we  have  2  JV  =  —*- ,    and 

sin.  a 

consequently  the  friction  of  the  pointed  axle 

=  /   ."**    .     Let  the  radius  of  the  axle  CJl 
**   &in.  a, 

s=r  CB  at  the  entrance  Into  the   step  be  re- 
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presented  by  rl5  we  shall  then  have  as  before  the  moment  of  friction 

=  ^f   m  r*  .     Let  this   axle  dip  a  little  only  into  the  step,  the   me- 

3     sin.  a 

chanical  effect  of  this  axle  will   be  less  than  that  of  an  axle  with  a 
plane  base,  and  on  this  account  the  application  of  the  pointed  axle  is 


7 

of  service.     When,  for  example,  - 


7* 

—  ,  therefore,  r^ 
2 


r  sin.  a, 


sin.  a 

the  pointed  axle  of  the  radius  rx  causes  only  half  the  loss  of  mecha- 
nical effect  through  friction  which  the  truncated  axis  of  the  radius 
r  does. 

If  the  pivot  forms  a  truncated  cone,  Fig.  180,  friction  takes  place 
as  well  at  the  envelop  as  the  truncated   surface,  and  the  moment  of 

(^ r  3  \  ^  f  R 
r  3  H : — — )  TT  ^-^-5  if  r  be  the  radius  of  the 
sin.  a  /  3    IT 

place  of  entrance  into  the  step,  and  rx  =  DE  that  of  the  base,  and  a° 
the  half  of  the  convergent  angle. 

Fig.  ISO.  Fig.  18 1.  Fig.  183. 


Lastly,  the  pivot  or  upright  axles  (Figs.  181,  182)  are  very  often 
rounded.  Although  by  this  rounding,  the  friction  itself  is  by  no 
means  diminished,  there  arises  nevertheless  a  diminution  of  the  mo- 
ment of  friction,  from  the  extremity  not  dipping  far  into  the  step. 
If  we  suppose  a  spherical  rounding,  we  obtain  by  the  aid  of  the 
higher  calculus  for  a  semi-spherical  step,  the  moment  of  friction 

~JjL  .  Rr-y  but  for  that  of  a  step  having  a  less  segment 

=  -  F 1  +  0,3  (^±-\  ~\Rrv  r  being  the  radius  of  the  sphere   MJi 
=  MB,  r2  the  radius  of  the  step  CJi  =  CB. 

XZxatnple.  If  the  weight  of  the  armed  axle  of  a  horse  capstan  J?  =  6000  Ibs.,  the 
radius  of  the  conical  pivot  =  r  ==  1  inch,  and  the  angle  of  convergence  of  the  cone 

2  «  s=  90°,  then  the  moment  of  friction  of  this  pivot  =s_  .f  .  55= 0,1  . 

3          sin.  a         3  sin.   45° 

.  — sss —  =  47,1  ft.  Ibs.     This  axle  makes  during  the  lifting  up  of  a  ton  from  a 

12      3yi 

shaft  or  mine  =  i*  =  24  revolutions,  then  the  mechanical  effect  which  is  expended  at 

the  pivot  in  this  time  hy  friction  =2  ir  u  .%f  ,  =  2  «r  .  24  .  47,1  =  7103  ft.  Ibs. 

sin.  a, 

§  173.  Points  and  Knife  Edges. — To  avoid  as  much  as  possible 
the  friction  of  the  axle,  rotatory  bodies  are  supported  on  pointed 
pivots,  knife  edges,  &c.  If  we  had  only  to  do  with  perfectly  rigid 
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and  inelastic  bodies,  no  loss  of  labor  would  arise  through  friction  by 
this  method  of  support  or  suspension,  because  no  measurable  space 
here  is  described  by  the  friction ;  but  since  every  body  possesses  a 
certain  degree  of  elasticity,  by  the  resting  of  such  a  body  on  a  point  or 
knife  edge,  a  slight  penetration  takes  place,  and  a  rubbing  surface  is 
thereby  caused,  upon  which  a  space  is  described  by  the  friction  which 
gives  rise  to  a  certain  loss  of  labor,  although  very  small.  In  rotations 
and  vibrations  long  sustained,  bodies  supported  in  this  manner,  present 
similar  surfaces  of  friction  arising  from  the  abrasion  of  their  points  or 
knife  edges,  and  the  friction  must  then  be  estimated  by  \vhat  has 
been  already  mentioned.  For  these  reasons  this  mode  of  support  is 
applicable  only  to  such  instruments  as  the  compass,  the  balance,  &c», 
•where  it  is  of  importance  to  diminish  the  amount  of  friction,  and 
where  motion  is  only  allowed  from  time  to  time. 

Experiments  on  the  friction  of  a  body  resting  upon  a  hard  steel 
point,  and  revolving  about  it,  have  been  made  by  Coulomb,  From 
these,  it  results  that  the  friction  increases  somewhat  more  than  the 
pressure,  and  varies  with  the  thickness  of  the  supporting  pivot.  It 
is  least  for  a  granite  surface,  greater  for  one  of  agate  and  of  rock 
crystal,  greater  still  for  a  glass  surface,  and  greatest  of  all  for  a  steel 
one.  For  a  very  small  pressure,  as  in  the  magnetic  needle,  the  pivot 
may  be  pointed  to  10°  or  12°  of  convergence.  But  if  the  pressure 
is  great,  we  must  then  apply  a  far  greater  angle  of  convergence,  viz, 
30°  to  45°.  The  friction  is  less  when  the  body  having  a  plane  sur- 
face reposes  upon  a  point  than  when  it  lies  in  a  conical  or  spherical 
step.  Similar  relations  take  place  in  the  knife  edge  as  applied  to 
the  balance,  and  the  beams  of  balances,  that  are  intended  for  heavy 
loads,  require  sharp  axes  of  90°  convergence,  while  an  edge  of  30° 
is  sufficient  for  the  lighter  ones. 

Remark.  If  we  assume   that   the   needle  Fig.  183. 

./5JE?,  Fig.  183,  rests  on  the  point  DCE.  of  the 
pivot  FCG,  of  the  height  CM  =  A,  and 
radius  DM  =  r,  and  suppose  that  the  vol- 
ume £  v  r*  h  is  proportionate  to  the  pressure 
jR,  the  amount  of  friction  may  be  found  in 
the  following  manner.  If  we  put  £  v  r1 
k  ==  fA  R,  where  /w.  is  a  number  resulting 
JGrom  experience,  and  introduce  the  angle  of 
convergence  DCE  =  2  a,  and,  therefore, 

put  h  =  r  cotg.  «,  we  obtain  the  radius  of  the  base  r  =     I'  **        ans°  *,  and  f  r  R  = 

3   V  v 

|3  f*  J?4  tang.  *  __     pj*     ^  4    (tang.  «)   |.     We  must,  therefore,  assume  that  the 

W  N* 

friction  on  the  pivot  increases  equally  with  the 

cube  root  of  the  fourth  power  of  the  pressure,  Fig.  184. 

and  the  cube  root  of  the  tangent  of  half  the 

angle  of  convergence.     The  amount  of  friction 

of  a  beam  j£J3,  Fig.  J  84,  which  oscillates  on  a 

sharp  edge  CCV  may  be  ibund  in  like  manner. 

If  «  be  half  the  angle  of  convergence  &CM*  I 

the  length  C€l  of  the  edge,  and  R  the  pressure, 

.      .  \(P  tang.  *>» 

tfrja  amount  is  given  s—     'v    - — ^   -^-- 
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Fig.  185. 


§  174.  Rolling  Friction.  —  The  theory  of  rolling  friction  is  by  no 
means  firmly  grounded  ;  we  know  that  it  increases  with  the  pressure, 
and  that  it  is  greater  for  a  smaller  than  for  a  larger  ^diameter  of  the 
rolling  body  ;  but  in  what  algebraical  dependence  this  friction  stands 
to  the  pressure  and  diameter  of  the  rolling  body,  cannot  as  yet  be 
considered  as  determined.  Coulomb  made  only  a  few  experiments 
with  rollers,  from  two  to  twelve  inches  thick,  of  lignum  vitse  and  elm, 

which  were  rolled  along  a  surface 
of  oak,  by  means  of  a  thin  thread 
passing  over  the  roller  JlB,  -whose 
extremities  were  stretched  by  un- 
equal weights  P  and  Q,  Fig.  185. 
From  the  results  of  these  experi- 
ments, rolling  friction  appears  to 
increase  directly  with  the  pressure, 
and  inversely  with  the  diameter  of 
the  roller,  so  that  the  force  neces- 
sary to  overcome  this  friction  may 

T> 

be  expressed  by  F=f.  —  ,i 


the   pressure,   r  the  radius  of  the 
roller,  and  f  the  co-efficient  of  fric- 

tion derived  from  experiment.     If  r  be  given  in  inches,  then  from 
these  experiments 

For  rolling  upon  compressed  woody*  =  0,0189, 
"  «  «  "     f=  0,0310. 

These  formulas  suppose  that  the  force  F  acts  at  the  circumference 
of  the  roller,  but  if  the  force  be  applied  to  the  axis  C  of  the  rolling 
bodies,  by  which,  as  in  every  description  of  carriage,  axle  friction  en- 
sues, the  required  force  is  2  jP,  because  here  the  arm  CHis  only  half 
that  of  KH  with  respect  to  the  point  of  application  H. 

A  body  JIBS  is  moved  forwards,  Fig.  186,  lying  on  the  rollers  C 

and  D,  the  required  force  P  here 
186.  comes  out  very  small,    because 

two  rolling  frictions  only,  viz., 
that  between  JU$  and  the  rollers, 
and  that  between  the  rollers  and 
the  way  HR  are  to  be  overcome. 
The  progressive  space  of  the 
rollers  is  only  half  that  of  the 
load  Q,  and  on  this  account  for 
farther  progression,  the  rollers 
must  be  replaced  under  it  from 
before,  because  the  points  of  contact  Ji  and  B,  by  virtue  of  the  roll- 
ing, recede  as  much  as  the  axis  of  the  rollers  advances. 

If  the  roller  ./iff  has  revolved  about  an  arc  ^2O,  the  roller  has  then 
moved  over  a  space  ^.^  equal  to  this  arc,  and  O  comes  into  contact 
with  Ox,  the  new  point  of  contact  Ox  has,  therefore,  receded  by  J!iOl 
ass  J1O  behind  the  former  (Jf).  If  the  co-efficients  of  friction  are  J 
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and  f^  the  power  necessary  to    draw  the   load  R  forward  is  P  = 

(/  + 


Remark.  The  extended  experiments  of  Morin  on  the  resistance  of  carriages  upon  roads, 
accord  with  the  law  by  which  this  resistance  increases  equally  with  the  pressure,  and 
inversely  with  the  thickness  of  the  roller.  Another  French  engineer,  Duputi,  on  the 
contrary,  deduces  from  his  experiments,  that  rolling  friction  increases  indeed  directly 
with  the  pressure,  but  for  the  rest,  only  inversely  proportional  to  the  square  root  of  the 
radius  of  the  roller.  Particular  theoretical  views  upon  rolling  friction  inay  be  found  in 
Gerstners  Mechanics,  vol.  i.  §  537,  and  developed  in  Brix's  Treatise  upon  Friction,  art.  6.* 


*  The  following  demonstrations  are  applicable  to  wheel  carriages  in  general,  and 
especially  to  railway  cars  and  locomotives.  They  bring  into  view  the  relation  between 
rolling  and  dragging  friction,  as  well  as  the  resistance  of  fixed  obstacles  to  rolling 
bodies. 

These  two  kinds  of  friction  maybe  illustrated  by  the  motion  of  a  cylinder,  (Fig.  lS6t), 
moved  over  any  plane  surface  by 
a  force  applied,  first,  opposite  to  Fig.  186 

its  centre  of  gravity,  and  at  right  , J *'        .  ^ 

angles  to  its  axis,  and  secondly,  op- 
posite to  the  same  centre,  but  in 
the  same  direction  with  its  axis. 
The  former  force  will,  if  both  The 
cylinder  and  the  plane  be  perfectly 
smooth,  unyielding,  and  free  from 
foreign  matter,  produce  a  progres- 
sive motion  only  in  the  cylinder. 
But  in  every  practical  case  such 
an  application  of  force  produces 
likewise  a  rotation,  and,  in  propor- 
tion as  the  roughness  of  the  sur- 
faces prevents  or  resists  the  slid- 
ing of  one  over  the  other,  in  the  same  proportion  will  the  rotary,  sooner  or  later,  cor- 
respond to  the  progressive  motion.  We  may  easily  conceive,  however,  that  while  a 
body  is  moving  forward  with  accelerated  velocity,  that  is,  while  its  centre  of  gravity  ad- 
vances with  increasing  rapidity,  the  revolution  on  its  axis  shall  be  uniform,  and  the  mo- 
tion of  any  point  on  the  periphery  may,  at  any  given  moment,  be  either  greater  or  less 
than  that  of  the  centre  of  gravity.  Should  a  cylinder,  revolving  under  such  circumstances, 
corne  to  apply  its  periphery  suddenly  to  a  part  of  the  plane,  where,  from  the  roughness 
of  surface,  it  should  be  compelled  to  coincide  in  its  revolving  velocity  with  the  motion  of 
progression,  while  the  two  motions  were  coming  to  an  equality,  a  portion  of  rubbing 
must  take  place,  and  the  extent  of  surface  rubbed  must  be  equal  to  the  difference  of 
motion  between  the  centre  of  gravity  of  the  cylinder  and  the  assumed  point  of  the  peri- 
phery. Thus,  if  while  the  centre  traverses  a  straight  line  of  four  feet,  the  circumference 
revolved  through  five,  in  the  same  direction,  then  the  extent  actually  rubbed  over  would  be 
one  foot.  If  it  revolved  in  the  opposite  direction  to  that  which  friction  would  of  itself 
produce,  then  we  may  conceive  that  each  point  of  the  plane  passes  over  some  one  point 
of  the  cylinder,  and,  therefore,  that  there  is  from  this  cause  a  friction  through  four  feet 
of  space  due  to  the  progressive  motion;  and  again,  that  each  point  of  the  cylinder  robs 
against  some  point  of  the  plane,  and  produces  a  friction  through  five  feet  due  to  the  ?Q$a- 
tion,  and  consequently,  that  the  united  effects  of  these  opposite  motions  would  be  to 
change  the  existing  rotary  motion  into  one  in  the  opposite  direction,  by  a  quantity  equal 
to  a  direct  friction  through  nine  feet ;  that  is,  through  the  sum  o£  the  two  motions.  ^  To 
illustrate  the  preceding  remarks,  "we  may  easily  suppose  a  wheel  or  cylinder  to  receive  a 
sudden  percussion,  which  shall  cause  a  rapid  progressive  motion  commeaciiag  flrom  a 
state  of  rest  j  this  motion  may  generate  a  degree  of  rotary  motion,  which  may  or  may  not 
be  equal  to  the  progressive  velocity,  according  to  the  nature  of  the  surface  over  whksh  it 
moves.  If,  after  a  short  time,  the  surface  of  the  rolling  body  ceases  to  touch  the  plane 
surface  and  traverses  free  space,  the  rotary  motion  will  continue  nearly  unilbrm,  "while 
the  progressive  motion  may  be  greatly  retarded,  or  may  entirely  cease.  If  in  this  case 
the  foody  comes  again  in  contact  with  the  plane,  the  uniform  rotary  motion  will  gene- 
rate a  friction,  which  will  increase  the  rectilinear  motion,  bycommuoicating  to  the  centre 
15 
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Fig.  187. 


§  175.  Friction  of  Cords. — We  have 
now  to  investigate  the  friction  of  a  flexible 
body.  When  a  perfectly  flexible  cord  is 
stretched  by  a  weight  Q  over  the  edge  C 
of  a  rigid  body  JIBE,  Fig.  187,  and  there- 
by deviates  from  its  original  direction  by 
an  angle  DCB  =  a°,  there  arises  at  the 
edge  a  pressure  R  from  which  a  friction 
F  takes  place,  and  requires  for  the  resto- 
ration of  unstable  equilibrium  that  the 
force  P  should  be  greater  or  less  than  Q. 
The  pressure  is  (§  74)  : 

+  Q2_  2  PQ  cos.  a, 


Fig.  1863. 


of  gravity  a  part  of  that  force  which  had  been  employed  in  producing  rotation.  The 
case  now  supposed  is  precisely  that  which  is  seen  in  balistics,  when  a  cannon  ball,  after 
having  received,  by  traversing  the  gun,  a  rotary  motion,  and  subsequently  nearly  ex- 
pended its  force  in  overcoming  the  resistance  of  the  air,  is  seen  to  acquire  an  addi- 
tional onward  velocity  by  coming  in  contact  with  the  ground.  A  similar  transfer  of 
motion  from  the  rotary  to  the  rectilinear  direction,  through  the  interference  of  friction, 
is  seen,  when  a  billiard  ball  is  caused  to  retrograde  on  the  table,  by  giving  it  an  oblique 
stroke  downwards  in  a  direction  which  passes  below  the  centre  of  gravity.  Another 
example  to  the  same  effect  is  that  of  a  ball  falling  from  a  tower  at  the  same  time  that 
it  revolves  on  some  axis  of  its  own.  When  it  comes  to  the  ground  the  rotary  is  converted 
into  a  rectilinear  motion  by  the  agency  of  friction,  and  the  ball  rolls  off  horizontally  from 
the  spot  where  it  first  struck. 

A  still  more  remarkable  illustration  of  rolling  friction  is  presented  in  the  common 
rolling  mill,  for  converting  metals  into  plates,  where  it  puts  in  motion  not  only  the  bar  of 
metal  rolled,  but  often  one  of  the  rollers  also,  notwithstanding  all  the  friction  of  its  axle. 

If  the  cylinder  before  supposed  were  to  be  moved  along  a  plane  by  a  force  applied 
in  the  direction  GP  of  its  length,  (Fig.  1861T)  and  passing  through  the  centre  of  gravity 

<?,  it  would  generate  a  real  dragging  Junction. 
The  same  thing  would  be  true  if  the  solid 
were  laid  in  a  semi-cylindrical  groove  or 
hollow,  (Fig.  1863,)  and  drawn  along  that 
groove  endwise,  or  caused  to  revolve  about 
its  axis,  its  surface  being  in  contact  with,  the 
concave  part  of  its  bed,  and  pressing  it  with 
a  force  due  to  the  weight  of  the  cylinder. 
The  force,  then,  which  would  be  necessary 
to  cause  this  body  to  revolve,  would  be  equal 
to  that  which  would  be  required  to  drag  the 
cylinder  lengthwise  along  the  plane.  Every 
revolution  of  the  cylinder  must,  therefore, 
produce  the  same  amount  of  friction  as  if  its 
surface  -were  reduced  to  a  parallelogram,  and 
the  body  were  dragged  without  revolving 
through  its  breadth  over  a  plane  surface. 
Such  would  be  the  case,  if  the  forces  applied 
to  the  cylinder  to  produce  rotation  were  di- 
rected in  such  a  manner  as  neither  to  increase 
nor  diminish  the  effect  of  gravity;  as,  for  ex- 
ample, the  two  equal  and  opposite  forces  act- 
ing simultaneously  in  the  directions  CP  and 
~^  or  NI  and  JHT,  or  JDS  and  JKTO. 


But  if  a  single  weight  were  applied  as  represented  at  .P,  Fig.  I86a,  it  is  obvious  that  its 
own  gravity  would  increase  the  pressure  at  JJ,  and  consequently,  augment  the  friction 
caused  by  the  weight  of  the  cylinder,  so  that,  after  allowing  for  the  friction  caused  by  W9 
we  must  make  an  additional  allowance  for  P  itself,  according  to  the  nature  of  the  materials 
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consequently  the  frictionj 

F  =  f+/  >2  +  Q2  —  2PQco*.  a. 
If  further  we  put  P  =  Q  +  F  and  P2  approximately  =  Q2  +  2  QF, 

\ve  then  obtain  :  

F  =  fV  Q24-  ^  QF  4-  Q2—  2  Q2cos.  a  —  2  .PQ  cos.  a 


of  which  the  cylinder  and  the  bed,  JE£TC,  are  composed;  this  allowance  would  again 
cause  a  new  pressure  and  friction,  and  thus  a  decreasing  geometrical  series  of  weights 
must  be  added  at  the  point  C,  having  for  the  first  term  such  a  part  of  M^as  is  expressed 
by  the  relation  of  pressure  to  friction,  in  the  case  ot  the  given  materials,  and  for  a  com- 
mon ratio  of  the  progression,  the  fraction  expressing  the  same  relation.  The  sum  of  all 
the  terms,  continued  to  zero,  will  be  the  actual  amount  of  P  at  the  moment  when  motion 
commences.  The  sum  of  all  the  terms  following  the  first^  will  be  found  by  rtitUtipfying 
together  the  first  and  second  terms  of  the  series^  and  dividing  the  product  by  their  difference.  The 
quotient  added  to  the  first  term  gives  the  sum  of  the  teries  required.  The  applicability  of  a 
similar  method  of  computation  10  the  friction  on  the  gudgeons  of  water  wheels,  moved 
by  the  gravity  of  water,  is  too  obvious  to  require  demonstration. 

If  instead  of  applying  a  weight  at  P  only,  we  should  apply,  as  above  supposed,  two 
equal  forces,  one  in  the  direction  of  CJP.  and  the  other  in  that  of  EM^  the  amount  of 
friction  caused  by  the  former  -would  be  relieved  by  the  latter,  and  consequently,  there 
xvould  remain  only  the  friction  of  the  cylinder.  The  same  would  be  true  if  the  forces 
were  to  take  either  the  directions  AT  and  HT,  or  J§L0  and  JDS  respectively.  Supposing 
the  cylinder  to  be  placed  on  an  axis  smaller  in  any  given  proportion  than  its  own  dia- 
meter, as  GYi  then  the  whole  effect  of  gravity  would  be  transferred,  to  this  axis,  and  if 
this  were  to  be  caused  to  revolve  by  a  force  applied  tangentially  to  the  axis  itself,  it  must 
be  of  the  same  magnitude  as  that  which  had  before  been  applied  to  the  cylinder  when 
placed  in  the  groove.  But  if  applied  to  the  exterior  of  the  cylinder,  it  must  be  as  much 
less  than  before  as  the  diameter  of  the  axis  is  less  than  that  of  the  cylinder.  In  other 
words,  the  difficulty  of  overcoming  friction  at  the  axle,  is  to  that  of  overcoming  the  same 
at  the  outer  periphery,  when,  confined  in  a  bearing,  as  the  diameter  of  the  axle  is  to  that 
of  the  cylinder.  If  I)  be  the  diameter  of  the  cylinder^  d  of  The  axle,  and  jF  the  relation 

of  weight  to  friction,  we  shall  have  the  proportion  D  :  d  =  F   :   —  =,  the  force  required 

to  overcome  the  friction  on  the  axle. 

This  subject  may  be  still  further  illustrated  by  Fig.  1SG3,  where  the  horizontal  plane 
Hh,  is  represented  as  furnished  at  equal  distances,  with  small  balls  or  prominences  so 
attached  to  its  surface  as  to  present  equal  obstructions  to  the  dragging  of  heavy  bodies 
along  that  surface. 

Fig.  186;?. 


The  exterior  of  the  wheel  J5Z>  is  likewise  represented  as  furnished  wiib  equal  promi- 
nences at  equal  distances.  When,  therefore,  the  wheel  is  compelled  to  make  one  revo- 
lution without  advancing,  as  many  prominences  would  b&  broken  from  its  periphery  as 
would,  be  dislodged  from  the  plane  surface  while  st^adTsmeedj  wi*l*out  revolving 
through  a  space  equal  to  its  circumference.  This  applies  to  a  locomotive  slipping  its 
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—  cos.  ^(Q2+QF*)=2fsin.  ^  </Q2+  QF,  which  again 
may  be  put   =  2fsin.  -  (Q+  &  -F),  if  we  have  regard  to  the  two 


•wheels  on  the  rails  in  the  one  case,  and  sliding  with  wheels  clogged  or  engine  reversed  in 
the  other.  But  -when  the  wheel  is  allowed  both  to  revolve  and  to  advance  in  such  a 
manner  as  to  apply  its  periphery  to  a  length  of  plane  just  equal  to  the  space  tra- 
versed by  the  centre,  the  prominences  will  be  geared  together  like  the  teeth  of  a  rack 
and  pinion.  But  in  the  latter  case  the  prominences  may  all  remain  unbroken.  But 
•when  the  wheel  rests  with  its  whole  weight  on  an  axle,  as  ad,  the  number  of  promi- 
nences which  can  be  disposed  at  the  same  distances  as  before,  on  the  circumference  of 
the  ajtle,  will  be  diminished,  in  proportion  as  the  radius  £d  of  the  axle  is  smaller  than 
JB/>,  that  of  the  wheel. 

When  a  wheel  or  cylinder  rolls  on  a  surface  as  nearly  plane  as  it  is  possible  for  art  to 
produce,  the  amount  of  friction,  being  no  more  than  is  due  to  the  moment  of  inertia,  is 
extremely  small  compared  with  that  of  dragging,  but  the  observations  already  made, 
and  the  examples  cited,  will  be  sufficient  to  show  that  the  actual  advancement  tends,  by 
a  force  equal  to  that  which  produces  the  rotation,  to  break  down  the  prominences  of  the 
surface,  for  if  we  consider  the  cylinder  rolled  forward  by  a  fine  thread  unrolled  from  Us 
upper  side,  we  may  consider  also  the  plane  beneath  to  oppose  a  force  tending  to  draw  it 
in  the  opposite  direction,  and  this  force  is  friction. 

In  experimenting  with  wheel  carriages,  or  cars  descending  by  their  own  gravity  along 
inclined  planes,  to  ascertain  the  ratio  of  friction  to  weigfif^  we  have  to  determine  separately 
the  rolling  friction  of  wheels  and  axles  with  various  weights  and  diameters,  and  then  their 
influence  combined  with  that  of  the  insistent  weight  of  cars  and  loads,  which  latter  can 
alone  produce  sliding  friction  at  the  axle.  The  -weight  of  the  wheels  resisted  only  by 
the  slight  amount  of  rolling  friction  at  the  periphery,  tends  to  accelerate  the  velocity  of 
the  car  and  load.  If  we  suppose  the  wheels  and  axle  only  to  be  placed  on  a  plane  nqo, 
Fig.  1 863,  so  little  inclined  as  just  to  continue  their  rolling  motion,  and  afterwards  on 
another  npo  so  much  inclined  as  to  allow  a  car  to  descend  with  all  the  friction  at  its 
axles,  we  shall  readily  conceive  that  over  the  latter  plane  the  wheels  would,  by  them- 
selves, have  descended  with  a  constantly  accelerated  motion,  and  consequently,  that  they 

Fig.  186,. 
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first  members  of  the  square  root  only.    Now  if  F — f  F  sin.  -  is  given 

£ 

=  2fQsin.  *,  then  the   friction  sought  is 


would,  to  the  extent  of  their  accelerating  force,  overcome  a.  portion  of  the  resistance  which 
i  riction  opposes  to  the  motion  of  the  ear. 

Thus,  in  every  case  where  we  would  compute  the  effect  of  friction  by  comparing  the 
actual  distance  passed  over  by  a  carriage,  with  the  theoretical  descent  as  cau&ed  by  the 
inclination  of  the  plane,  we  must  consider  the  weight  of  the  car  and  load  as  the  cause  of 
friction  on  the  axle,  and  the  gravitating  power  of  the  wheels  (and  that  of  the  axles  when 
they  revolve  with  the  wheels),  as  aiding  to  overcome  the  friction  occasioned  by  the  load. 

To  compute  the  effect  of  any  obstacle  of  given  height  which  a  rolling  body  is  compelled 
to  surmount,  as  dependent  on  the  diameter  of  the  wheel,  we  may  take  two  wheels  J5L5Z) 
and  £a<f,  Fig.  1864,  of  different  heights,  intended  to  surmount  the  equal  obstacles  TJH  andta. 
Let  the  weights  ^Fand  w  be  the  same  for  both  wheels,  and  the  powers  P  and  p  be  «uch 
as  to  produce  an  equilibrium  in  the  wheels  DjStlS  and  dae  respectively.  Then  since  (§  70 
and  139)  three  ibrces  are  in  equilibrium,  where  each  is  represented  by  the  sine  of  the  angle 
comprehended  between  the  directions  of  the  other  t-wo,  the  direction  of  gravity  and  that  of  the 
horizontal  line  of  traction  being  at  right  angles  to  each  other,  the  sine  of  the  angle  com- 
prehended between  their  directions  is  equal  to  radius^  and  is.  therefore,  represented  by 
CJt  or  ca.  Again,  the  horizontal  force  is  represented  by  the  bine  of  the  angle  jBCJl  or 
6ca,  which  is  the  line  3*d  or  6a,  while  the  vertical  ibree  or  gravitating  power  of  IV  is 
represented  in  the  two  cases  by  the  sines  of  jBJ$C  and  bac  respectively,  which  are  the 
lines  JBC  and  be.  These  two  forces  multiplied  respectively  by  the*  distance  at  which  they 
act,  in  a  perpendicular  direction  from  the  point  JL  or  a,  about  which  the  wheel  must  re- 
volve in  order  to  surmount  the  obstacle,  ought  to  give  equal  moments  to  those  of 


tiplied  by  Bd  and  ba.     Hence  BJ!  X  W=  BC  x  P,  or  P  =  and  ba  X  W= 

be  X  Pi  or  P  —      °     __      J11  order,  therefore,  to  know  the  absolute  values  of  P  and  p? 

we  must  determine  the  actual  lengths  of  BJ1  and  J5C,  of  ba  and  be.  BC  is  easily  found 
by  subtracting  the  perpendicular  height  of  the  obstacle  from  the  radiiis,  and  B*.d  ia»  fount! 
by  subtracting  the  square  of  JBC  from  that  of  -/2C,  and  extracting  the  square  root  of  the 
remainder.  Thus  C^2  —  J3C2  =  BJP-  But  BC  =~_CJl  —  BD,  therefore  J3C2—  c3j2-— 
2  CJl  X  J5JD+-  B£P.  Substitutingjhis  value  of  BC*  in  the  equation  C^—  #0*  =  JBjP, 
we  obtain  2  CjZ  X  JRZ>  —  ^>°  =  JLff*  ;  hence  J9>4=r  ,^/g  C.A  x  JBjD  —  JtJP*.  The  value 


T-U.-U- 
of  P,  therefore,  must  be  -  ^  ^  ,    —  ±-  -      ..,.,  ,  which  is  now  expressed  in  terms  of 


the  radius  and  versed  sine.     Substituting  R  for  tbe  radius  of  the  larger  wheel,  and  r  for 
that  of  the  smaller,  as  also  h  for  the  perpendicular  height  of  the  obstacle  iu  both  cases,  the 

above  expression  of  the  value  of  P  becomes  -  ^  ^  -  ,    and   by  a  course  of  rea- 

It  —  h 

stoning  precisely  similar,  we  obtain  p  ==  -  ^  **     r  -  -.    Hence 


p        _  yj—      .  _  ^       Bh—h*  .   y/2  rA—  Aa 

"F  ^  —  A  '  ^Tft  '         —         R  —  h        '         r  —  h 

or,  as  the  sines  of  the  angles  DC*fi?  dca*  divided  by  the  cosines  of  the  same  angles,  And 
since  the  relation  of  sine  to  cosine  is  the  same  as  that  of  tangent  to  radius,  we  may  sub- 

atitute  the  proportion  P  :  p  =  tan&-  -D(^*  .   tan$-  dcaif   "We  may  be  assured  tbat  this  state- 

R  T 

ment  is  true,  "when  we  consider  that  the  centre  of  gravity  of  the  wheel,  -where  we  sup- 
pose the  force  Per  p,  to  be  applied,  rntist  describe  the  curve  CNYor  cny^  mtid  tbat  it  must 
commence  its  motion  in  the  direction  CO  or  co,  Fig.  1  8©4,  and  that  the  grseate«t  effort 
•wilt  be  required  when  the  centre  is  at  Cand  c  respectively,  JBwt  the  tsifcgwrit  CO?  which 
expresses  the  length  of  the  inclined  plane  which  the  weight  begma  to  surmount,  is  of  the 
same  magnitude  as  the  tang-em  DT  of  the  angle  J9CV&  and  the  succeservie  planes  will 
be  rttore  necu-ly  coiockient  with  the  horizontal  line*  Having,  on  the  foapqeoirjg  principles, 

15* 
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2f  Q  sin.  * 
F  = -,  which  generally  is  =  2f  Q  nn.  *  (l  +fsin.cL\ 

-r  /.      -         tt  2    \  -*/ 

1  — f  sin.  - 
and  indeed  very  often  =  2^/  Q  5m.  ~.     In  order  to  draw  the   cord 


determined  the  effect  of  obstacles  which  oppose  the  rolling  of  a  wheel,  we  may  proceed 
to  consider  the  influence  of  that  resistance  on  the  quantity  of  friction  at  the  axle. 

As  carriage  wheels  are  ordinarily  constructed,  and  as  roads,  and  especially  raihoads, 
are  commonly  made,  the  resistance  of  obstacles  at  the  circumference  is  much  more  easily 
overcome  than  that  of  faction  at  the  nave.  Thus,  in  Fig.  1S65,  where  the  wheel 

Fig.  186,. 


turns  on  its  axle,  *O,  the  line  or  spoke  *-D  becomes  the  proper  representative  of  a 
suspended  lever,  impelled  at  the  upper  end  in  the  direction  of  star  CtP  by  the  resistance 
of  friction  at  s,  and  at  the  lower  by  the  resistance  of  opposing  obstacles,  (the  amount  of 
which  resistance  has  just  been  stated,)  in  the  direction  DH.  It  generally  happens,  how- 
ever, that,  except  on  very  rough  roads,  the  resistance  from  the  latter  cause  is  less  than 
that  from  the  former.  Hence,  the  wheel  commences  its  forward  motion  sooner  than  the 
axle  begins  to  slide  in  the  box ;  so  that  its  sliding  motion  is  not  (except  in  cases  of  great 
resistance  at  the  periphery),  in  the  direction  of  the  tangent  st,  but  in  that  of  some  other 
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over  the  edge,  a  force  P  =   Q  4-  F  —  I  1  H 


and  inversely,  to  prevent  the  descent  of  the  weight  Q  by  the  cord,  a 


line,  as  JTZl  The  axle,  then,  ought  to  be  found  bearing  not  on  the  bottom,  but  on  a  part 
back  of  the.  lowest  line,  of  the  cylinder.  Having  been  led  to  this  conclusion  from  the  theory 
now  developed,  the  writer  was  induced  to  inquire  of  several  wheelwrights,  coach- 
makers,  carriage- smiths,  and  keepers  of  livery  stables,  "whether  they  had  ever  noticed  the 
fact,  or  whether  they  supposed  it  to  be  true,  that  the  axle  did  rest  in  its  box  elsewhere 
than  on  its  lowest  part;  all,  after  a  moment's  reflection,  answered,  that  as  a  force  was 
applied  to  draw  it  forward,  it  must  press  and  be  most  worn  against  its  front  and  lower 
side  5  but  upon  examining  the  old  axles  in  their  possession,  they  have  uniformly  found 
the  above  views  to  be  confirmed  by  evidence  which  they  could  not  doubt.  In  moving  gr 
carriage,  then,  the  animal  exerts  his  strength  to  bring  the  axle  into  such  a  position,  that  it 
will  descend  by  the  gravity  of  the  load  along  an  inclined  plane  as  if  to  follow  some  direc- 
tion?  as  IT.  If  the  axle  be  smaller  than  the  box,  so  as  to  leave  considerable  space  be- 
tween them,  the  centre  may  retreat  from  the  vertical  CXZ),  ascendiug  at  the  same  time 
from  Cj  to  Ca,  where  it  exercises  a  gravitating  force  due  to  the  weight,  and  in  the  direc- 
tion Cft  Z)15  acting  of  course  on  the  arm  of  the  lever  equal  in  length  to  £>,  and  J9,  and 
which  would,  if  the  force  P  were  relaxed,  cause  the  wheel  to  retreat  and  again  depress 
the  point  m  towards  ar,  describing  the  portion  wir  of  a  cycloidal  curve.  This  effect  is  often 
observed  to  take  place.  This  position  of  the  axle  likewise  accounts  for  the  retr ograde rota- 
tion of  a  wheel  which  is  sometimes  observed  to  take  place  through  a  portion  of  a  revo- 
lution, when  a  heavily  loaded  car  first  passes  from  rough  ground  to  smooth  ice.  The 
gravitating  force,  when  the  centre  takes  die  position  Ca,  may  be  resolved  into  Ct  75  per- 
pendicular to  the  side  of  the  box,  and  the  inclined  tangent  /g-;  then  the  force  which 
presses  the  surface  causes  the  friction  and  opposes  motion,  is  less  than  when  it  lies  on 
the  horizontal  plane  £/,  and  the  friction  is  diminished  in  proportion  as  C,  I  is  less  than 
Cag-.  Again,  as  the  force  P  now  acts  in  the  direction  C«  P,,  it  tends  to  relieve  even  the 
remaining  portion  C9  /,  in  the  ratio  of  that  line  to  C2K.  When  the  force  necessary  to 
surmount  the  obstacle  becomes  infinite,  the  centre  of  the  axle  will  take  the  position  C3, 
but  this  can  happen  only  when  the  height  of  the  obstacle  is  equal  to  the  radius  of  the 
wheel.  The  tangent  of  the  angle  formed  at  the  centre  will  then  be  infinite  also,  and  the 

expression  before  given,  viz.    P  =  —^ ,  will  be  as  applicable  to  this  extreme 

R 
ease  as  to  any  other  where  the  height  of  obstacle  is  less. 

The  conclusions  drawn  from  the  foregoing  remarks,  are,  that  the  friction  of  a  roller, 
moving  over  a  horizontal  surface,  depends  on  the  relation  between  the  velocity  of  the 
periphery  and  that  of  the  centre  of  gravity;  also,  that  this  relation  between  the  tangen- 
tial velocity  and  that  of  transportation,  will  depend  on  the  moment  of  inertia  of  the  cylinder. 

Again,  the  advantage  of  a  wheel  over  a  sledge,  where  the  same  materials  are  em- 
ployed to  slide  over  each  other  as  those  which  compose  the  box  and  axle,  is  as  the  radius 
of  the  u&eel  to  that  of  the  axle. 

if  friction  wheels  be  employed,  the  ratio  just  stated  must  be  multiplied  by  the  relation 
between  their  diameter  and  that  of  their  axles. 

The  amount  of  friction  at  the  axle  to  be  overcome  by  the  moving  force  will  be  pro- 
portional to  the  weight  of  the  load,  but  will  depend  also  on  the  obstacles  which  oppose 
the  progressive  rotation,  and  will  attain  its  maximum  when  the  height  of  the  obstacle  is 
equal  to  the  radius  of  the  wheel,  at  which  moment  the  advantage  of  the  wheel  to  sur- 
mount the  obstacle  is  a  minimum  or  zero. 

The  advantage  of  a  wheel  to  overcome  any  obstacle  of  a  given  height  when  the  plane 
over  which  the  wheel  moves,  and  the  line  of  draught,  are  both  horizontal  wi|l  be  a*  the 
tangent  of  the  angle  formed  by  a  vertical  drawn  from  the.  centre  of  the  wheel  downwards^  and 
another  line  drawn  from  the  same  point  to  the  top  of  the  obstacle^  divided  by  the  radix*  of  the 
wheel 

For  a  more  full  exposition  of  the  views  of  the  writer  of  this  note  on  the  friction  of 
carriage  wheels,  see  Journal  of  the  Frank&n  Institute?  vol.  v.  p.  57rf — Ax*  EB. 
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P  = 

P  = 


is  requisite;  therefore  approximately 


.  4-  2/«n.|  (l  +/»»•  I)]  Q'or  more  s^P^'™  mayPut 

+  2/  sin.  ^\  Q,  and 
Q 


Q 


+  f 
l-2/^n. 


,  or  more  simply 


If  the  cord  passes  over  several   edges,  the   forces  P  «$£***£ 

other  extremity  of  the  cord  may  be  in 

Fig.  188.  like  manner  calculated  by  the  repeated 

il  application  of  these  formula?.  Let  us 
take  the  simple  case  of  a  cord  J3SC9 
Fig.  188,  passing  over  a  body  of  n 
edges,  and  at  each  edge  making  the 
same  small  angle  a.  The  tension  of 
the  first  portion  of  the  cord  will  be  Q:= 
/I  +  Zfsin.  I  \  Q,  that  of  the  ex- 
tremity  be  =  Q,  that  of  the  second 


+ 


Q;   that    of    the 


third  Q3  =(l  +  */*».  1)  Q,  -  (l  + 
the  force  at  the  remaining  extremity  P  -  (l  +  Zfan.  |)»  Q,  in  so 
far  as  motion  takes  place  in  the  direction  of  the  force  P.  If  we  change 
P  into  Q,  and  Q  into  P,  we  obtain  P,  =  -  -  »  provid- 


ed  only  a  motion  in  the  direction  of  Q  is  to  be  prevented. 
The  friction  F=P—  Q  is  in  the  first  case  =  £(l  +  2/  sin.  |)  —  1  J 

Q,  and  in  the  second  =  Q—  Pl  =   [(l  +  2/««-  |)n— 
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The  same  formulae  are  applicable   to  F»g-  *S9. 

a  body  winding  round  a  cylinder,  and 
consisting  of  members,  as,  for  instance, 
a  chain  JIBE,  Fig.  189,  where  n  is  the 
number  of  links  in  contact,  the  length 
JIB  of  a  link  =  I,  and  the  distance  CJl 
of  the  axis  Ji  of  a  link  from  the  centre 
of  the  arc  covered  =  r,  we  then  have 

.          a   =    J_ 

Stn'    2         2r* 

Example.  What  is  the  amount  of  friction  at  the 
circumference  of  a  wheel  4  feet  in  diameter,  if 
twenty  links  of  a  chainr  five  inches  long  and  one 
inch  thick,  pass  over  it,  one  end  of  which  is  fixed,  and  the  other  stretched  by  a  force  of 


50  Ibs.?    Here  Pt  =  50  Ibs.n  : 


20,  sin.  - : 
2 


: s=  — ,  let  us  now  put  for  /  the 

48+1          49  *  J 


mean  value  0,35,  we  then  obtain  the  friction  -with  which  the  chain  acts  against  the  wheel 
in  its  revolution : 

,       35 


490 


—  1        .50 


149  Ibs. 


§  176.  A  stretched  cord  J3B,  Fig.  190,  lies 
about  a  fixed  and  cylindrically  rounded  body 
J1CB,  the  friction  may  be  likewise  found  from 
the  rule  of  the  former  paragraph.  Here  the 
angle  of  deviation  EDB  =  a°  =  the  angle  JiCB 
at  the  centre  subtended  by  the  arc  of  the  cord 
J1B\  if  we  divide  this  into  equal  parts,  and 
consider  the  arc  JIB  as  consisting  of  n  straight 
lines,  we  have  then  n  corners,  each  with  a  de- 
viation of  — ,  and  consequently  the  equation  be- 
n 

tween  the  power  and  weight,  as  in  the  former  §: 


Fig.    190. 


From  the  smallness  of  —  we  may  put  the  sin.  -^-  =  -^L,  whence 

2n  2n         2n 


—  (i  +J-^\  Q,   If  further  we  make  use  of  the  binomial  series,  we 
\  n  / 

'*,»(» 


obtain : 


n  ^       1.2         n2     +          1  .2.3  n3       ' 

but  as  n  is  very  great,  therefore  n — 1  =  n — 2  =  n — 3  .... 
it  may  be  put : 

IT  \ 

Q. 


n 


P  = 

But  now 


st* 


1.2.3* 

3? 


*,  where  e  denotes 
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the  base  2,71828   ...  of  the  hyperbolic  system  of  logarithms,  there- 
fore, it  may  also  be  put : 

P  =  ef«-  .  Q,  as  also  Q  =  Perf*,  lastly  a  =  _  hyp.  Log.  — 


given  in  parts  of  *t,  but  in  degrees, 

n 

;  if  lastly,  it  be  expressed 


If  the  arc  of  the  cord  is  not 
we  have  then  to  substitute  a  =  .  " 

by  the  number  of  coils  w,  we  have  then  to  put  a  =  2  *  u. 

The  formula  P  =  ef*  .  Q  expresses  that  the  friction  of  the  cord 
F  =  P —  Q  upon  a  fixed  cylinder  is  not  dependent  on  the  diameter 
of  the  same,  but  on  the  number  of  coils  of  the  cord,  and  moreover 
shows  that  it  may  very  easily  be  increased,  almost  to  infinity.  If  we 
put  f  =  ^,  we  have : 

For  i  of  a  winding  P  ==  1,69  Q 

2,85  Q 
8,12  Q 


J  of  a  winding  P 
&  "  P 

1  "  P 

2  "  P 
4             "            P 


65,94  Q 
4348,56 


&c. 


Fig.  191. 


Example.  To  let  down  a  shaft  a  load  P  of  1200 
Ibs.  from  a  certain,  height,  the  rope  to  which  this 
weight  is  attached  is  wrapped  If  times  about  a  round 
firmly  clamped  holder  JIB,  Fig.  191,  and  the  other 
extremity  of  the  rope  is  held  by  the  hand.  With 
what  force  must  this  extremity  be  stretched,  that  the 
load  may  slowly  and  uniformly  descend?  If  we 
put  /=  0,3  we  obtain  this  power  Q  =  Pe — f* 
~  "  *  33 


8» 1200.fi 


—0,3  . 


SB  1200  .e  —  J7> 


40 


there- 


fore, hyp.  Log.  Q 

—  2,5918  =  4,4983  .  Log.  Q 
Ibs. 


33 


hyp.  Log.  1200  __„.=:  7,0901 
40 


;  1,9536*  Q  =  89,9 


or 


§  177.  Rigidity  of  Chains. — If  ropes, 
other  similar  bodies,  &c.,  are  placed 
over  a  pulley,  or  on  the  circumference  of 
other  cylinders  revolving  about  an  axis,  the  cord  or  chain  friction 
considered  in  the  foregoing  paragraph  ceases,  because  the  circum- 
ference of  the  wheel  has  the  same  velocity  as  the  rope;  but  now  the 
force  of  bending  by  the  winding  of  the  rope  about  the  pulley,  and  also 
that  of  unbending  by  the  unwinding,  becomes  perceptible.  If  it  is  a 
chain  which  winds  round  a  drum,  there  arises  the  resistance  of  the 
winding  and  unwinding  manifested  in  a  friction  of  the  chain  pins,  while 
these  last  are  revolving  through  a  certain  angle.  If  *#B,  Fig.  192,  is 
one  link,  and  JBG  the  one  lying  next,  if,  further,  C  is  the  axis  of  revo- 
lution of  the  wheel  on  which  the  chain  stretched  by  the  weight  Q  winds 
itself,  if,  lastly,  CM  and  CJVare  let  fall  perpendicularly  to  the  longer 
axes  of  the  links  JiB  and  BGy  JlfCJV*==  a°  is  the  angle  through  which 
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the  wheel  revolves  whilst  afresh  link  is  Fig.  1  92. 

laid  on,  FBG=  180°  --  QBE  is  the  angle 
by  which  the  link  BG  with  its  bolt  BD 
revolves  about  the  link  JIB.  If  now  BD 
=  BE=rl  is  the  radius  of  the  bolt,  the 
point  of  friction  or  pressure  D  describes 
an  arc  DE^^r^  and  the  mechanical  effect 
of  friction  fi  Q  hereby  produced  at  the 
point  B  is  jft  Q  .  rt».  The  force  P2  ex- 
pended in  overcoming  this  friction,  acting 
in  the  direction  of  the  longer  axis  -BG, 
describes  the  simultaneous  space  s=  CJV* 
times  the  arc  of  the  angle  MCJ\T=  CJV\  a, 
and  the  mechanical  effect  =  P1  .  CJV  .  a; 
by  equating  both  labors  we  havePx  .  CJV*  I 
,  a  =y*1  -  Q?Vs  and  the  required  force,  if 
a  represent  the  radius  of  the  drum  CJV*  increased  by  half  the  thickness 

of  the  chain:   Pl^flQ  .  ^L. 

a 

Without  regard  to  friction,  the  force   for  a  revolution  of  the  wheel 
would  be  P  =  Q,  having  regard  to  the  friction  in  the  winding  up  of 

the  chain  P  =  Q  +  PX  —    l  4-  ,/i  -^-     Q-     If  the  chain  unwinds  itself 


from  the  drum,  an  equal  resistance  takes  place  ;  if,  therefore,  a  wind- 
ing on  one  side,  and  an  unwinding  on  the  other  take  place,  the  force 

P 


IL\    Q,  or  approximately  : 


Lastly,  if  the  pressure  on  the  axle  =  R,  and  its  radius 
follows  that  the  force,  taking  into  account  all  resistances,  is  : 


r,  it 


Fig.  193. 


Example.  What  is  the  magnitude  of  a  force  P  at  the  ex- 
tremity of  a  chain  passing  over  a  pulley  J1CB,  Fig.  193.  if  the 
•weight  Q  drawing  vertically  downwards  =110  Ibs.,  the 
weight  of  the  pulley  with  the  chain  50  lbsM  the  radius  of  the 
policy  measured  to  the  middle  of  the  chain  =s  7  in.,  that  of 
the  axle  C  £  inch,  and  that  the  chain  bolts  =  §  in.  ?  The 
co-efficients  of  friction  /  =  0>075  and  /,  s=  0.15,  therefore 
from  the  last  formula  we  obtain  the  force : 

P  =  (l+2  .0,15  .  _£_.)  .  HO-f-0,075  ._L_(11CH-5C4-P), 

or,  if  we  assume  JP  on  the  right  hand  nearly  =  110  Ibs. 
P  =  1,016  .  110  +  0,0067  .  270  =  111,76  +  1,81  +  113,6 
Ibs. 

§  178.  Kigidit'y  of  Cords. — In  bending  a  cord  over  a  pulley  or 
wheel,  rigidity  comes  in  as  a  resistance  opposed  to  motion.  The 
same  takes  place,  but  in  a  far  less  degree,  in  the  nsrolKng  from 
cylinders.  Amontons  and  Coulomb  set  about  measuring  the  amount 


ISO 
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Fig.  194. 


of  this  resistance  by  experiment.  The  results  obtained  by  them  are 
by  no  means  satisfactory ;  partly  because  they  are  not  in  sufficient 
accordance  with  each  other,  and  partly  because  they  have  not  that 
extension  so  desirable  for  practical  application.  The  experiments  of 
Coulomb,  which  are  those  only  of  which  we  shall  speak,  were  mostly 
made  with  hempen  cords,  of  J  to  f  inch  thick,  and  with  pulleys  of 
from  1  to  4  inches  diameter.  Other  experiments  must  be  made  be- 
fore we  can  know  what  is  the  resistance  of  rigidity  of  a  hempen  rope 
of  from  2  to  3  inches  thick,  when  wrapped  round  a  drum  of  from  1  to 
6  feet  in  height;  and  also  what  is  the  amount  of  this  resistance  in  the 
case  of  the  wire-ropes,  now  come  generally  into  use.* 

Coulomb  made  his  experiments  in  two 
ways ;  at  one  time  with  the  apparatus  of 
Amontons,  Fig.  194,  where  JIB  is  a  roller, 
with  two  cords  winding  round  it,  the  tension 
is  effected  by  a  weight  Q,  and  the  rolling 
down  of  the  cylinder  by  a  second  one  P, 
which  pulls,  by  means  of  a  thin  string  at 
this  roller ;  at  another  time,  with  a  cylinder, 
which  was  allowed  to  roll  upon  a  horizontal 
line,  and  round  which  a  cord  was  wound, 
and  from  the  difference  of  the  weights  sus- 
pended at  both  extremities,  which  effected  a 
slow  rolling  forward,  and  after  abstraction  of 
the  rolling  friction,  the  resistance  of  the  rigidity 
was  deduced. 

It  results  from  the  experiments  of  Coulomb,  that  the  rigidity  in- 
creases equally  with  the  tension  of  the  winding  cord;  that  it  consists, 
moreover,  of  a  constant  part  K,  which  is  no  more  than  might  be  ex- 
pected, because  a  certain  force  is  necessary  to  bend  an  unstretched 
cord.  It  also  appears  that  this  resistance  increases  inversely  as  the 
diameter  of  the  pulley;  that  it  is,  therefore,  with  twice  the  diameter 
of  the  pulley,  only  half  as  great;  with  three  times  the  diameter,  one- 
third,  &c.  The  relation  between  the  thickness  and  the  rigidity  of 
the  cord  is  only  approximately  given  from  these  experiments,  since 
the  rigidity  depends  upon  the  quality  of  the  materials,  the  twisting  of 
the  strings,  &c.  For  new  ropes,  the  rigidity  was  found  proportional 
to  the  power  dl?79  for  old  d1'4,  d  being  the  diameter  of  the  rope.  It  is, 
therefore,  only  an  approximation,  when  some  assume  that  this  resist- 
ance increases  proportionally  with  the  thickness,  others  with  the 
square  of  the  thickness  of  the  rope. 

§  179.  The  rigidity  of  cords  may  be  therefore  expressed  by  the 
formulae : 

dn 
S  «=  —  (K  +  v  Q),  where  d  is  the  thickness  of  the  cord, 


a 


a  the  radius  of  the  pulley  measured  to  the  axis  of  the  cord,  ny  K  and 


*   See  Appendix. 
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numbers  from  experiment.      Prony  deduced  from  Coulombs  experi- 
ments that  for  new  cords 

S  =  —  (2,45  +  0,053  Q),  and  for  old 

a 


#i=  -  (2,45  +  0,053  Q),  a  and  d  being  expressed  in 

CL 

lines,  Q  and  S  in  pounds.    These  expressions  refer  to  the  Paris  mea- 
sure ;   expressed  in  Prussian  inches  and  pounds,  they  become, 

S  =  —  (14,23  +  0,295  Q)  and  &  =  —  (6,83  -h  0,141  Q). 
a  a 

As  these  complicated  formulae  do  not  always  give  the  results  in 
accordance  with  experiment,  we  may,  until  other  experiments  super- 
sede them,  put  with  Eytelwein 

S=*v.  —  Q=  -  —  ,    provided    that   a,   be   expressed    in 
a  3500  a 

Prussian  feet,  and  d  in  Prussian   lines,  Q  and  S  in  the  same  weight, 
which,    however,    may    be    arbitrary.      For    the    metrical    standard 

dp"   Q 
iSf=l8,6.  -  —.     This  formula,    as   might   be   expected,   will  give 

satisfactory  approximative   results  only  for  great   tensions,  as  they 
generally  occur  in  practice, 

The  rigidity  of  tarred  ropes  is  found  to  be  about  £th  greater  than 
that  of  untarred;  for  wetted  ropes,  however,  there  is  no  determinate 
relation  of  this  kind. 

Example.  With  a,  tension  of  350  Ibs.,  and  a  radius  of  the  pulley  of  2J  inches,  the 
rigidity  of  a  new  rope  of  9  lines  =0/78  (English)  inches,  according  to  JProny^  is: 
S  s=  f  .  (j)  1'7  .  14,23  +  0,295  .  350)  ==  0,613  .  47,0  ==  28.8  Ibs.;  (according  to  JEytel- 

wein)  S=  9*  -  35Q   -  24  __  38j9  2bg.     Were   the  tension  Q  only   150   Ibs.,  we  should 
3500  .  5 

have  from  Prony,  S  =  0,613  .  23,4  ass  14,34  Ibs.;  from  Eytelwein  :  =  81  *  24'3=  16,7 

350 

Ibs.,  therefore,  here  a  better  accordance.     We  see  from  these  examples,  how  little  reli- 
ance is  to  be  placed  on  the  ibnrmla. 

Remark.  A  farther  extension  of  this  subject,  viz.  in  respect  to  the  rigidity  of  -wire 
ropes,  •will  be  given,  under  the  article,  windlass  and  capstan. 

§  180.  Let  us  now  apply  the  formula  given  for  the  rigidity  of  cords, 
to  the  theory  of  pulleys.   The  radius  CJ1  of  a  fixed  pulley  =  a,  Fig.  195, 
the  radius  of  the  axle  ==  r,  the  thickness  of  rope 
=  d,  the  weight  Q  at  one  extremity  of  the   cord,  Fig.  195. 

(whose  weight  ==  G,)and  the  power  which  must  be 
applied  to  the  other  extremity  to  draw  it  slowly 
up  s=a  P.  Without  friction  on  the  axle,  and  with- 
out rigidity,  P  would  be  =  Q,  but  because  the 
axle  exerts  a  pressure  P  +  Q  +  G  against  its 
bearing,  there  arises  a  friction  f  (P  +  Q  +  G) 
which,  since  it  acts  at  the  radius  r,  makes  an 

increase  of  power  *^_  (P  +  Q  +  G)   necessary  ; 
a 

since  the  rigidity  of  the  rope  must  be  added  to  this,  which  manifests 
16 
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itself  in  this,  that  the  cord  does  not  at  once  take  the  curvature  of  the 
circumference  of  the  pulley,  but  lays  itself  upon  the  pulley  with  an 
increasing  curvature,  and  in  this  manner  causes  an  extension  of  the 
arm  of  Q  ;  the  arm,  therefore,  of  the  weight  Q  is  not  CJi  but  CD9 
and  the  force  at  the  arm  CB 


The  complete  equation  between  the  power  and  the  weight  is  now 


In  the  wheel  and  axle  the  power  P  acts  at  a  different  arm  a  to  that 
of  the  weight,  whose  arm  =  b,  therefore, 

Pa=*Qb+d»(K+v  Q)+fr(P  +  Q+  G),  and 

P  =  b-Q  +  £  (K+  ,  Q)  4-f—  (P  +  Q  +  G). 
an  a 

Hence  the  force 

G 


a  —  fr 

JExampk  —  A  weight  Q  =  200  Ibs.  is  to  be  raised  with  the  wheel  and  axle  by  a 
power  P  ==  50  Ibs.;  suppose  the  wheel  to  be  1^  feet,  and  the  pivot  •§  inch  radius,  and 
the  rope  applied  $  an  inch  thick,  and  the  weight  of  the  whole  machine  70  Ibs.,  what 
radius  must  we  give  to  the  axle1?  It  must  be: 

b  =  [P<z—  d-  (jST-f-  Y  Q)—/r  (P  +  Q-h  G)3  -s-  Q, 

therefore,  in  numbers  if  we  pm/=  0,075, 

b  =  [50  .  18—  (4)  x  '  7  .  (14,23+  0,295  .  200)—  0,075  .  £  .  320]  -5-  200 

-SB  [90O--O,3U8  .  73,23  —  12]  -i-  200  =  865,4  -=-  200  =  4,327  inches. 
Without  additional  resistances  b  would  be 

=  Pa-5-  Q  =  75  -=-  200  ass  0,375  feet  =  4£  inches. 


CHAPTER    VI. 

ELASTICITY    AND     RIGIDITY. 

§  181.  Elasticity. — The  parts  of  a  rigid  body  adhere  to  each  other 
with  a  certain  force,  -which  is  called  cohesion,  and  which  must  be 
overcome  when  bodies  are  changed  in  their  figure  and  extension,  or 
broken.  The  first  effect  which  forces  produce  in  a  body,  is  a  change 
in  the  position  of  their  parts  relatively  to  each  other,  and  a  resulting 
change  of  form  or  volume  of  the  body.  If  the  forces  acting  upon  a 
body  exceed  certain  limits,  a  separation  of  the  parts,  and  a  breaking 
of  the  whole  body  ultimately  take  place.  The  capability  of  bodies, 
•which  suffer  a  change  of  form  by  the  action  of  forces,  to  resume  per- 
fectly their  former  state  after  the  withdrawal  of  the  forces,  is  called 
elasticity.  The  elasticity  of  every  body  has  a  certain  limit.  If  the 
change  of  form  or  volume  exceeds  a  certain  amount,  the  body  retains 
an  alteration  of  its  volume,  even  when  the  forces  which  have  effected 
it  cease  to  act.  The  limit  of  elasticity  is  different  for  different  bodies. 
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Bodies  which  suffer  a  considerable  change  of  form  before  this  limit  is 
attained,  are  called  perfectly  elastic.  Those,  on  the  other  hand,  in 
which  there  is  scarcely  any  appreciable  change  of  form  preceding 
the  limit,  are  called  inelastic,  although  in  reality  there  exist  no  bodies 
of  this  kind. 

It  is  an  important  rule  in  building  and  in  machinery  never  to  load 
the  materials  to  such  an  extent,  that  any  alteration  of  their  form  should 
attain,  much  less  exceed,  the  limits  of  elasticity. 

§  182.  Elasticity  and  Strength. — Different  bodies  present  different 
phenomena  when  their  form  is  changed  beyond  the  limits  of  elasticity. 
If  a  body  be  brittle,  it  flies  into  pieces.  If  it  be  ductile,  as  many  of  the 
metals,  it  will  admit  of  alterations  of  form  beyond  the  limits  of  elas- 
ticity, without  suffering  a  separation  of  its  parts.  Many  bodies  are 
hard,  others  soft  ;  the  one  opposes  a  great  resistance  to  a  separation 
of  their  parts,  whilst  the  others  easily  allow  of  this  to  be  brought 
about.1* 

In  the  restricted  sense  of  the  word,  we  understand  by  elasticity,  the 
resistances  which  a  body  opposes  to  a  change  of  form  ;  on  the  other 
hand,  by  strength,  the  resistance  which  a  body  opposes  to  a  separa- 
tion of  its  parts.  We  will  accordingly,  in  what  follows,  consider  each 
of  these  separately. 

According  to  the  way  in  which  external  forces  act  upon  a  body, 
and  change  their  form  and  dimensions,  we  distinguish  the  elasticity 
and  strength  of  bodies,  into : 

1.  The  absolute  resistance, 

2.  The  relative  resistance, 

3.  The  resistance  to  compression,  and 

4.  The  resistance  to  torsion. 

If  two  external  forces  act  by  tension  in  the  direction  of  the  axis  of 
a  body,  it  resists  by  its  absolute  elasticity  and  strength  any  extension 
or  rupture.  If,  on  the  other  hand,  these  forces  act  at  right  angles  to 
the  axis  of  a  body,  the  body  will  resist  by  its  relative  elasticity  and 
strength  any  bending  or  fracture.  If,  further,  two  forces  act  in  the 
direction  of  the  axis  of  a  body  by  compression,  so  that  the  body  be- 
comes either  compressed  or  crushed,  then  there  is  the  elasticity  and 
strength  of  compression  to  be  overcome.  If,  lastly,  forces  strive  to 
tarn  a  body  in  opposite  directions  about  an  axis,  or  which  do  not  act 
in  the  same  plane  normal  to  the  axis,  then  there  is  the  elasticity  and 
strength  of  torsion  to  be  overcome. 

§  183,  Modulus  of  Elasticity* — The  change  of  volume  within  the 
limits  of  elasticity,  t.  e.  the  extension  or  compression  of  a  body,  is 
pretty  nearly  proportional  to  the  force  exerted,  but  if  this  change  ex- 
ceeds that  limit,  this  proportionality  ceases,  and  the  change  goes  on 
rapidly  to  that  of  rupture  or  crushing.  As  a  measure  of  the  elasticity, 
the  modulus  of  elasticity  E,  is  that  which  expresses  the  force  which 
is  necessary  to  elongate  a  prismatic  body  of  a  transverse  section,  unity 
as  £.  e.  a  square  foot,  to  double,  or  to  compress  it  to  one-half  of  its 
original  length*  A  different  modulus  corresponds  to  different  mate- 
See  Appendix. 
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rials:  for  each  substance  it  must  be  determined  by  experiment.  For 
the  rest,  we  must  bear  in  mind  that  the  modulus  of  elasticity  only 
holds  good  for  extensions  and  compressions  within  the  limit  of  elas- 
ticity, and  its  measure  is  one,  not  of  observation,  but  of  hy- 
196.  pothesis  and  calculation,  because  it  is  not  easy  to  find  a  body 
which,  without  exceeding  the  limit  of  elasticity,  allows  so 
great  a  change  of  form  as  the  modulus  of  elasticity  supposes.* 
A  body  JiC,  Fig.  196,  which  has  the  initial  length  J1D  = 
BC  =  Z,  and  the  transverse  section  1,  requires  for  its  exten- 
sion DG=l,  the  force  E9  if,  however,  its  transverse  section  is 
F,  that  is,  if  it  consists  of  F  contiguous  prisms,  this  force 
is  then  F  .  E.  If,  on  the  other  hand,  this  body  is  to  be  ex- 
tended a  length  Z>JV  =  CM  =  *,  then  for  the  force  P 
P  :  F  .  E  =  M  Z,  it  therefore  follows 


1.   That  P  =  y  F  .  E,  and  inversely,  2.  *,  =      ^     .  /. 

*  F .  E 

The  same  formulae  are  also  applicable  to  a  body  ^C,Fig.  197,  of  the 
length  J1D  =  /,  and  the  transverse  section  J2B  =  F, 
Fig.  197.  •£•  jt  kecome  shortened  a  length  x  by  the  compression 

of  a  force  P. 

By  the  aid  of  these  formulae  we  may  calculate  from 
the  change  of  volume  (A.)  the  corresponding  force  P, 
or  from  the  force  P  the  quantity  of  the  extension  or 
compression. 

Example.  If  the  modulus  of  elasticity  of  brass  wire  amounts  to 
14625000  lbs.3  what  force  is  necessary  to  stretch  ^  inch  a  wire  5 
feet  in  length  and  J  inch  in  thickness?  ?==  5  . 12  =  60  inches,  \ 

sa=  JL  inch  consequently  3  — = ;  further  ^=  _^ s=  0,7854 

0,0218  square  inches,  the  required  force  accordingly  is  P  =— 0,0218  . 

14625000  — •  442  Ibs.  —  2.     The  modulus  of  elasticity  of  iron  wire   is  263250000  Ibs. ; 
if  an  iron  chain,  60  feet  long  and  0,2  inches  thick,  be  stretched  by  a  force  of  1 50  Ibs.,  the 

J^       .         ,  150  .  60  .  12  108000 

same  will  be  increased  by  a  lengtn  A  ; 


____  .    263250QQQ          31416 
=  0,013  inches  =  0,156  lines. 

§  184.  Modulus  of  Working  Load  and  Strength.  —  The  force  T, 
which  a  body  of  the  transverse  section  unity  accumulates  "when  its 
extension  attains  the  limit  of  elasticity,  is  easily  determined  from  the 
modulus  of  elasticity  E  and  the  elongation  x  corresponding  to  this 
limit,  for  T  :  E  =  x,  :  1,  therefore,  T  =  *  E.  This  is  the  strain 
beyond  which  materials  used  in  construction  and  machinery  must  not 
be  loaded  if  they  are  to  maintain  sufficient  safety  together  with  dura- 
bility. If  the  transverse  section  of  a  body,  which  has  to  sustain  a 
tensile  strain  P  be  ===  F,  we  have  then 

1.  P  —  FT,  and  2.  F  =   * 

The  force  T  by  which  we  judge  of  the  working  load  of  bodies,  may 
be  introduced  into  calculations  under  the  name  of  modulus  of  working 
load. 

*  See  Appendix. 
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The  modulus  of  strength  Ky  which  expresses  the  force  by  -which  a 
body  of  the  transverse  section  unity  becomes  ruptured,  is  entirely  dif- 
ferent from  this  modulus.  If  the  transverse  section  of  a  prismatic 
body,  or  its  least  section  ==  F,  it  follows  that  the  force,  for  the  rup- 
ture of  this  body,  is: 

1.  Px  =  FK9  and  inversely,  2.  F  =  ?±. 

K 

Generally  the  strength  of  materials  of  construction  and  parts  of 
machines  are  calculated  by  the  co-efficient  jfiC,  which  is  divided  for 
security's  sake,  by  one  of  the  numbers  3,  4  to  10,  This  makes  little 
difference  in  the  result,  as  we  may  see  from  a  comparison  of  the 
values  found  in  the  succeeding  table,  but  the  supposition  is  incorrect* 
or  to  be  justified  only  in  so  far  as  the  modulus  of  strength  is  from  3, 
4  to  10  times  that  of  the  modulus  of  tenacity,  or  generally  bears  a 
constant  relation  to  it. 

If  the  section  of  the  body  be  a  circle  of  the  diameter  d,  we  have 
therefore, 


=  F,  so  that  d  =-=  1, 


and  hence,  from  the  load  or  strain  P  on  a  body,  and  the  modulus  of 
tenacity  T  of  its  material,  the  strength  may  be  found,  for  which  the 
body  will  not  be  strained  beyond  the  limit  of  elasticity. 

Example,  What  load  will  a  column  of  fir  sustain,  if  it  be  5  inches  in  breadth  and  4 
inches  in  thickness  ?  The  modulus  of  tenacity  being  taken  at  3000  Ibs.  and  the  section 
JP  being  =a  5  .  4  =  20  square  inches,  we  obtain  P  =  20  .  3000  =  6000  Ibs.  for  the 
power  of  tenacity  of  this  column.  But  if  -we  take  the  modulus  of  strength  JBT  =  1200O 

1  2OOO 
Ibs.,  and  assume  a  triple  security,  we  obtain  P  =  20  .  -  =  80000  Ibs.;    but  to 

3 

maintain  security  for  a  long  period,  we  must  only  take  one-tenth  of  JT,  and  we  shall  then 
have  P  =  20  .  1200  =  24000  Ibs.  —  2.  A  round  and  wrought  iron  pump-rod  is  to  sus- 
tain a  weight  of  4500  Ibs.  ;  what  diameter  ought  it  to  have  ?  Here  T  s=  20000  Ibs., 

therefore,  d  =  3  ,128     /-1522-.   -—  1128  .       /-2-  =  0,535  feet  The  modulus  of  strength 

*sj  2CKJUO  *»J40 

for  wrought  iron  of  the  medium  kind  =  58000  lba.3  and  if  we  take  one-sixth  for  the 

security,  we  then  obtain  K  =s  10000  Ibs.,  and  d  =  1,128     /  ,nnAri     ==  0.756  inch,  the 

^   1UOOO 

requisite  thickness  of  the  rod. 

§  185.  Strongest  Form  of  Body.  —  If  a  vertically  suspended  prisma- 
tic body,  for  example,  a  pole  or  cord,  is  very  long,  its  weight  G  must 
be  added  to  the  force  of  rupture,  and,  therefore,  P  +  G  must  be  put 
ss=  FT.  If  now  I  be  the  length  of  the  body,  and  y  the  weight  of  a 
cubic  inch  of  its  mass,  we  have  then  G=  Fly^  and,  therefore,  P  =  F 


(  T—  /y),  as  inversely  F  =      P     .     If  a  body  ABC  .  .  G,  Fig- 198* 

consists  of  equal  portions,  each  of  the  length  19  its  successive  trans- 
verse sections  are  as  follows.     The  section  of  the  first  portion  is  as 

_P  -n 

before  JF\  =*  ~ — *     For  the  second  portion,  whose  section  is  Fz 

16 
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and  weight  Zy,  P  +  FJy  +  Fzlr  —  FZT,  hence  Fz 


A.  4.       Zy      V      For  the  third   portion  it  follows  that 
x  \     ^   T—  l*tf 


'  and  generally  for  the  nth  p°r- 


tion;   *  .t  .      l+  or  *  =  l  +  .  the 


corresponding'  section. 

If  I  is  very  small,  the  portions  therefore  very  short,  -we  may  then  put  : 

" 


If  the  number  of  portions  is  very  great,  or  if  the  thickness  of  the 
body  ./tfG,  Fig.  199,  increases  uniformly  from  below  upwards,  we 
may  then  (from  the  reasons  in  §  175,)  put  the  cross  section 

F*  —  J  -  e     ~T=  J  *  e  ^  =  T  *  e~T 

where  e  represents  the  base  2,71828  ...  of  the 
Fig.  198.    Fig.  199.      Naperien  logarithms,  and  L  the  entire  length  of 
the  body. 

A  body  of  uniform,  thickness  to  have  the   same 

tenacity  throughout,  must  have  a  transverse  sec- 

p 
tion  F=  *      If  Ly  is  small   as  compared 

T Jvy 

with  T,  — £  is  a  small  fraction,  so  that  we  may  put : 


. 

further,  the  weight  of  the  first  body  is 

JP  r.        1  iy  .   1  /iy\n  P  r 

-  ^  +  .  (_)  J  _  ir  5 


__. 

and  that  of  the  second  ==  F  .  Ly 


. 

hence  the  prismatic  body  is  heavier,  and  on  that  account  more  costly 
than  one  having  at  each  point  in  its  length  a  cross  section  corre- 
sponding to  the  load  it  has  to  bear,  and  which  may  therefore  be  called 
a  body  of  uniform  resistance,  or  a  body  of  the  strongest  form. 

Examples.  —  1.  What  cross  section  ought  a  -wrought  iron  shaft  100  feet  long  to  have, 
when  besides  its  own  weight  it  has  to  sustain  a  load  JP=7  5000  Ibs.  ?  The  modulus  of  tena- 
city or  strain  is  taken  at  jT=  £  J5T=  10311  Ibs.,  and  the  weight  of  a  cubic  inch  of  wrought 

iron  y  =   7>6°  '  62'4  =  0,27444  Ibs.     The  section,  sought  is  F  —       P       — 
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75000 


. — —  7.51  square  inches,  and   the  weight  of  the   thaft  G  =  _F  .  L-, 

10311 — 1200.0,27444  ' 

=  7,51  .  1200  .  0,27444  =  2473  Ibs. — 2.  If  we  were  to  give  to  this  shaft  the  form  of  a 

body  of  uniform  resistance,  we  should  then  obtain  for  the  least  section  JP  =  _  =  it}JJJ 
*  T        103L1 

_  0,27444.0,116  O.G31S3 

=  7,28  square  inches;   for  the  greatest  section  jPn  «  7,28  .e  =  7,28  .  e          = 

7.513  square  inches,  and  the  weight  =    f  7,2S+7,513\    _   329,3  =  2435,5  Ibs.  (approxi- 
mately). 

§  186.  Numerical  Values. — In  the  following  table  are  given  the 
mean  values  of  the  different  moduli,  of  elasticity,  tenacity,  and 
strength  of  the  materials  most  commonly  occurring  in  construction. 

TABLE  I. 

THE  MODULI   OP  ELASTICITY  AND   STRENGTH. 


1 

37AMES  OF  THE  SUBSTANCES. 

! 

Extension  at  tlio 
limits  of  the  elasticity. 
X 

T' 

«  ^     ' 

.2  "§      I 

|1^  i 

s;  I 

S?       ^= 

I    i1 

1      £ 

&    •              tiS 

^  1  ^   'c  k"  i 
g-    g 

3     -r 

i   l 

Modulus  of  safety, 
K, 

Box,  oak,  fir,  firm  Scotch  fir  - 

i 

1856005 
26808964 

29902306   ! 

26808969 
17528938 

30933420 
45369016 

97955830 
149511530 
48462358 
721779 

1031114 
2680896 

3094 
21650 
20622 

14436 
37120 
98987 

7218 
20622 
3093 
1547 
722 

12373 

S7645  j 

59S05 
56712 
19592 

123700 

150543 

38151 
75271 

18560 
75271 
35058 
92S 

2062 

2062 
9280 
7218 
5156 

. 

1237 
14436 

10311 
9280 
3094 

20622 

24740 

6187 
12370 

3093 
12370 
5774 
329 

351 

206 
3093 
2371 
1753 
299 

600 

1 

1250 
1 

15-20 
1 

Cast  iron  ------- 

Q+/=nil 

1200 
1 

Hard  cast  steel  -  -  -  *  - 

S35 

4500 
1 

"t>_o_e 

1320 
1 
742 
1 
1590 
1 
477 
1 

T  A**/}            . 

1500 

Ropes  under  1  inch   *  -  «* 
«    1  —  3  inches  -  -  - 
t:   above  3  tt  -  -  -  - 

188 
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The  values  contained  in  the  second  vertical  column  of  this  table,  of 
the  relative  extension       -\  at  the  limits  of  elasticity,  give  likewise 


the  relation  —  of  the  values  of  the  fourth  and  third  columns.     The 

JE 

sixth  column  is  derived  from  the  fifth,  if  we  divide  the  woods  by  10, 
the  metals  by  6,  and  the  cords  by  3.  The  strength  of  wires  is  always 
greater  than  that  of  rods,  because  the  enveloping  crust  of  wires  is 
stronger  than  their  nucleus. 

§  187.   Flexure  of  Bodies. — A  prismatic  body  ABCD,  Fig.  200, 

is  fixed   at  one  extremity,  for  in- 

F'g-  20°-  stance,  imbedded  in  a  wall,  and  at 

the  other  extremity  acted  upon  by 
a  force  P ;  strains  then  take  place 
in  this  body,  in  consequence  of 
wrhich,  one  part  is  extended,  ana 
the  other  compressed,  and  the  whole 
becomes  deflected.  If  we  imagine 
the  whole  body  to  be  decomposed 
into  thin  laminse  by  planes  parallel 
to  the  axis,  and  at  right  angles  to 
the  direction  of  force,  we  may  then 
assume  that  there  is  a  certain  mean  lamina  KLJ\f^  which  is  called  the 
neutral  surface  or  the  neutral  axis  of  the  laminse,  which  is  not  strained 
by  this  flexure,  and  remains  unaltered  in  length,  while  the  laminse  oa 
the  convex  side  undergo  an  extension,  and  those  on  the  concave  side 
a  compression.  Let  JIB  Ci  J915  Fig.  201,  be  the  longitudinal  section 

of  the  body,  KL  its  neutral  axis, 
JVOj  an  extended  and  UV^  a  short- 
ened or  compressed  lamina.  If  the 
flexure  had  taken  place  without  any 
change  of  volume,  KL  would  be  = 
J1D  =  JV*O,  &c.  ;  i.  e.  the  length 
of  all  the  lamina  would  be  one  and 
the  same ;  the  body  also  would  have 
the  form  j£BCD,  but  because  the 
body  has  sustained  extensions  and 
compressions,  certain  laminse,  such 
as  JU>,  JVO,  &c.,  have-  undergone 
the  elongations  DDV  OO19  &c.,  and 


Fig.  201. 


others,  as  BC  and  UV,  the   compressions^  CC^,  W19  &c.,  and  the 

In  every  case  the 


ULilClO,    0.2»      JJ\s      O.IIU.    U  r  ,      LUC      UVJJJ-lpI  Coi»lUiJ.iS      Vx  V/j,      i 

form  of  the  body  has  changed  to  that  of  JllBC^D^  ^  V-T^J  ^«0&  me 
elongations  DD^  OO^  and  the  compressions  CCiy  W19  &c.,  are  pro- 
portional to  the  distances  LD,  LOy  LC,  LV^  &c.,  from  the  neutral 
axis.  But  the  strains  in  the  direction  of  the  laminse  are  in  the  ratio 
of  the  elongations  and  compressions  effected  by  them ;  we  must,  there- 
fore, assume  that  these  strains  are  proportional  to  the  distances  from 


See  Appendix. 
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Fig.  202. 


the  neutral  axis.  If,  then,  we  put  the  strain  on  a  fibre,  or  layer  of 
fibres,  of  a  transverse  section  equal  to  unity  (a  square  inch),  and  at  a 
unit  of  distance  (one  inch)  from  the  neutral  axis  =  S;  the  strain  for 
the  distance  KJV=z  is  Sz,  and  for  the  section  F,  it  is  FSz.  If  now 
the  experimental  number  S  represents  both  the  extension  and  com- 
pression, we  know  the  sum  of  all  the  strains  ==  (J?1^1+ F2z2+  .  .)  S, 
where  FI9  F^  &c.,  are  the  sections  and  zl9  £2,  &c.?  the  distances  from 
the  neutral  axis.  In  order  that  the  tensions  may  produce  no  pressure, 
and  therefore  no  alteration  in  the  length,  at  the  extremity  A"  of  the 
neutral  axis,  which  we  may  regard  as  the  fulcrum  of  a  lever,  the  sum 
of  the  tensions  (F^ -$-F2z2-i-  .  .  .)  S,  and  therefore  also  F^  +  F^ 
+  .  .  .  must  be  »  0 ;  i.  e.  the  neutral  axis  or  the  neutral  lamina  must 
pass  through  the  centre  of  gravity  of  the  cross  section  of  the  body. 

We  may  now  compare  the  condition  of  the  body  with  the  equi- 
librium of  a  bent  lever.  The  force  P  acts  at  the  arm  KH  =  /,  the 
moment  is?  therefore,  M  =  PI,  and  balances  the  collective  forces  of 
extension  and  compression,  whose  moments  are  z^  .  FTSz,  z2  .  F2Sz2, 
&c.,  or  Fp*  .  S,  Ff*  .  S)  &c.;  consequently  we  must  put 
M  =  PI  =  (F^z*  +  F2z2*  +  ...).& 

This  formula  holds  good  for  each  cross 
section  of  the  body,  only  for  I  we  must 
substitute  its  distance  each  time  from  the 
point  of  application  L  of  the  force  P, 
The  factor  Fp*  +  Fzz*  +  v  -  is  de- 
pendent only  on  the  cross  section  of  the 
deflected  body,  and  may  be  represented 
by  the  letter  W.  Hence  we  may  put 
M  =  PI  »  WS,  and  assert  that  the 
tension  or  strain  of  a  transverse  section 
is  proportional  to  its  distance  I  from  the 
point  of  application  of  the  force. 

§  188.  From  the  modulus  of  elasticity 
JB,  the  length  of  a  fibre  /  at  a  unit  of 
distance  (an  inch)  from  the  neutral  axis, 
and  the  elongation  T.  which  it  undergoes,  the  corresponding  tension 

S  =?=  -j  E  is  known.     If  now  JIBC^D^  Fig.  202,  is  a  short  portion 

of  the  deflected  body,  KL  =  I  its  length,  and  MK  =  ML  =  P  its 
radius  of  curvature,  we  have  then  DZ^  :  KL  =  LD  :  ML^  and  also 
OOl  :  KL  =a  LO  :  ML;  L  e.  OOI :  I  =  LO  :  p.  If  we  now  assume 
LO  =  1  and  OO1  =  a.,  we  obtain  A  :  I  =  1  :  f>,  and  hence  S 

ss  ~  E  —  —      If,    finally,  we  substitute  this  value   of   S  in   the 
I  f> 


formula 


WE 


=  WS,  we  have  the  moment  M  =   ,  and  inversely, 

WE  =  Jlfp. 
The  product  WE  is  called  the  moment  of  flexure,  and  hence  the 
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product  of  the  moment  M  and  the  radius  of  curvature  p  is  equivalent 
to  the  moment  of  flexure  for  all  cross  sections. 

If  we  divide  the  neutral   axis  KL,  Fig.  204,  into  n  equal  parts,  as 

Fig.  203.  Fig.  204. 


&c.   «=   -,   and   determine  the  radii  of  curvature 
fi> 

Pl,  MyL^  =  PJJ,  &c.,  corresponding  to  these  parts,  the   angle 
of  curvature  LMLl  =  <j>x°,  L^M^LZ  =  $2°,  &c.,  which  every  two  radii 

of  curvature  include,  are  known,  viz.  LL±  =  —  =  Pl  $I9  L^L2  =  — 

n  n 

ss=  p2$2,  &c.,  and  therefore  $.  =  ,  $    =  ,   &c.      If,  further, 

»PI      2         ?ip2 

we   substitute  p1  =  ,  $2  =  ,  &c.,  we    then  obtain   ^   =s 

Jrx^  *"^2 

1    ,  ^2  =        2    ,  &c.;  and  by  the  summation  of  all  these  angles 
nWJE  n  WE 

we   find   the   angle  LOK  =  a°,  by  which  a  greater  portion,    or  the 
whole  neutral  axis,  is  deflected* 

§  189.  Elastic  Curve. — If  we  suppose  a  small  flexure,  we  may 
take  the  projection  CL  ==  JOT4,  parallel  to  the  initial  direction  of  the 
undeflected  beam,  and  equal  to  the  length  of  the  beam  itself,  and 
likewise  the  projections  £-D1?  LJD^  &c.,  equal  to  the  parts  LL^  L^L^ 

&c.,  of  the  neutral  axis,  i.  e.  = — ,  and  we  obtain  the  moments 

n 

M,   =  — ,  Jkf0  =   2  Pl,  M,  =    3Pl,    &c.      If  we    substitute   these 
1  n y      2  n  3  n 

values  in  the  formulae  for  $>!>  §>2,  &c.,  then  the  measures  of  the  angles 
of  curvature  are  given : 

PI*  2Plz  3PP 


ELASTIC    CURVE. 


191 


and  by  addition,  the  measure  of  the  whole  angle  of  curvature  KOL 
=  a  of  the  neutral  axis  : 

PI2      ,  0  N  PP         r?  PP 


"  =  n*  WE  ...  = 

With  the  assistance  of  the  last  for- 
mula, we  may  now  find  the  equation 
to  the  curve  formed  by  the  neutral 
axis,  KL9  Fig.  205.  Let  us  divide  the 
absciss  JJV*=  x,  commencing  at  the 
point  Ly  into  m  equal  parts,  and  find 
the  parts  of  the  ordinate  JV*Q—  y  cor- 
responding to  them.  Since  the  radius 
of  curvature  QR  is  perpendicular  to 
the  part  of  the  arc  QQ1?  the  angle 
QQXET=  QRK=  a2,  and  therefore  the 
part  QU  of  the  ordinate  y±  =  QJJ  . 
tang.  <*2, 

or  QJJ  being  put  =  —  and  tang.  a2 


n2  WE 


2  WE  • 


Fig.  205. 


m 


Now  *2  «  LOK  — 


PI2 


Px2 


X 


2  WE 
p 


(P  —  x2);    it    follows, 


therefore,  that  Ql/-=_  . 

m     2WE 


2WE 

(P — ar2).    If  for  x2  we  substitute  suc- 


cessively ( —  J  ,  ( — \  ,  ( — )  ,  &c.,  "we  then  obtain  by  the  last  formula 
\m/     \m/    \m/ 

all  the  parts  of  y,  and  by  the  addition  of  these,  the  -whole  ordinate  : 


y 


Px 


2  WE 

By  this  formula  we  may  calculate  for  every  absciss  x  the  corre- 
sponding1 ordinate  y,  and  likewise  for  the  whole  length  CL  =  I,  the 
height  of  the  arc  CK  =  a.     This  last  is : 
PI     /„        P\          PP 

£C 


2WE  V         3/        3WE 

Therefore,  the  height  of  the  arc  increases  as  the  force  and  the  cube  of 
the  length. 

If  we  have  a  by  measurement,  we  may  find  from  this  formula  the 

PI3 

modulus  of  elasticity,  E 


an 


190.  If  the  whole  load  is  uniformly  distributed  over  the  beam, 
if  each  unit  of  length    sustains    a  portion  «=  q,  therefore,  for 
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the  -whole  length  /,    Q  =  lq,  we   must  substitute  for  the  moments 

I    PI,    *    PI,    §  PJ,  &c.,  the  moments  Jg   (-}*,&  (—  }*>  iff  (^ 
n  n  n  \n/  \  n  /  \  n 


I          21          31 
&c.,  because  the  centres  of  gravity  of  the  loads  g  .  -,  q  .  —  ,  q  --  , 


&c0  lie  in  the  middle  of  i:,  — ,  — ,  the  arms  are,  therefore,  &.-,£. 

~     ~      ?i  n 

22-?'3     ,    _i        &.qP      - 


—,%  .—.     Hence  we  obtain 


And  therefore, 


and  likewise, 


From  this  last  measure  of  the  angles  an  element  of  the  ordinate 

_  JOL  a  =  —  .  2 (P  —  ar3),  and  now  for  a?  putting  successively 

m     2       wit       6  JVE 

q 

I,|      |      J      t    |      J        "V.^C^TW^         =        •       ~ 

^7n 


TOZ3~ 


'  -6WE 
qx 


the  equation  of  the  curve  sought. 

If  a^ain  we  take  x  =  Z,  we  obtain  the  height  of  the  arc 

ql          ,  73  ql3  ___  Q^3      _   .          Ql3         . 

a  "    6  TFJS    '  *  8  TT£    ~    8  WE    ~  *  '    3  WE  ' 


|-ths  as  great  as  if  the  load  Q  were  suspended  at  the  extremity  of  the 
beam. 

If  the  beam  is  loaded  by  a  weight  Q,  uniformly  distributed,  and  by 
a  force  P  at  the  extremity,  the  height  of  the  arc  is  then 

PP      .       Ql3    _  /P,    Q\     P 
a  =    3  WE   +  8  WE  ~  \3    "*"    8/    WE* 

If  a  beam  J1MB,  Fig.  206,  is  supported  at  both  extremities,  and 
loaded  in  its  middle  by  a  weight  P,  both  the  extremities  are  deflected 
upwards  by  the  reactions  ^  P  and  £  P,  as  was  in  the  former  case 

(§  189),  the  one  extremity  downwards,  the  formula  then  found  here 

p 
holds  good,  if  instead  of  P,  we  put  —  ,  and  instead  of  the  whole  length 

£ 

LL  =  /,  half  the  length  KL  =  -  .     Hence  the  height  of  the  arc  is  : 
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Fig.  206. 


PP 


3  WE 

.  =    a    sixteenth   of 

the  height  of  the  arc  of  the 
beam,  which  is  loaded  at  its 
extremity. 

If,  lastly,  the  load  Q  =  ql 
is  uniformly  distributed  over 
the  body  JIB,  Fig,  207,  sup- 


(Jc 
~~v~  + 
o 

T)T 


in  place  of  I,  — , 

At 


Fig.  207. 


P  +  Q 


and 


in  place  of  P, 

& 

for   Qy — ,  because  with 

At 

respect  to  K,  the  weight  ~  at 

£ 

the  arm  —  is  opposed  to  the 


reaction 


P  +  Q 


at  the  arm 


-.     Consequently 


For  P 


(*+!«) 


48  WE 

;  the  load  is,  therefore,  uniformly  dis- 

times  as 


48  WE 

tributed  over  the  whole  arc,  and  the  height  of  the  arc  is 
great  as  if  the  weight  acted  at  the  middle  of  the  beam. 

§  191.  Rectangular  Beams, — In  order  to  give  the  relations  of  flexure 
of  a  beam  or  other  prismatic  body,  and  the  elastic  curve  formed  by  its 
neutral  axis,  the  transverse  section  of  the  body  must  be  known,  and 
the  moment  of  flexure  WE,  calculated  from  it. 

If  the  section  of  the  beam  be  a  rectangle  JIBCD, 
Fig.  208,  of  the  width  MB  »  CD  =  &,  the  height  J3D 


BC  —  h,  the  moment  of  flexure  WE  =  (P;  z*  + 
F^z*  +  -.-)  E  will  be  known  if  we  decompose  this 
cross  section  by  lines  parallel  to  the  neutral  axis  JV*O 

into  2  n  equal  laminse,  each  having  the  area  b  .  —  = 

_ :   and  determine  the  moments  of  these  laminae,  and 
2n' 

17 


Fig.  208. 
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add  them  together.    If  we  put  successively—  ._,_.—,_._  for  z   in 

n     2  n     2  n     2 

_  .  z2  E,  we  shall  then  obtain  the  moments  of  the  laminse  on  one  side 

2n 

of  the  neutral  axis;  but  if  we  double  their  sum,  we  have  the  complete 

moment  of  flexure 

WE  -  2  .  ** 

2n/  \2n 

**  .  E. 


.  .  -- 

n        \2n/  4.3  12 

The  moment  of  flexure,  therefore,  of  a  rectangular  beam  increases 
as  the  width  and  the  cube  of  the  depth  of  the  beam. 

pp 
If  we  put  this  value  of  WE  into  the  formula  a  =  —          of  §  189, 

O    rr  JLJ 
PI3  1        P  I3 

we  shall  obtain  a  =  4  .  -  ,  but  if  into  the  formula  a  -. 


bh3E7  .........    .......  ------  48    WE 

PI3 

of  §  190,  then  a  =   -  .     Inversely,   the   modulus  of  elasticity 
4  b  n?  E 

follows  from  the  height  of  the  arc  a  E  =  -  for    the  one,   and 

ab  A3 

P  I3 

E  =  -  _-   for  the  other  case. 
4  a  b  h 

Example.  —  1.  A.  -wooden  beam,  10  feet  =120   inches  in   length,  8   inches  in  -width, 
and  10  inches  in  height,  is  to  be  supported  at  both  its  ends,  and  bear  a  uniform  load  Q 

as=  10000  Ibs-  what  flexure  will  it  undergo  ?     The  height  of  the  arc  is  a  s=*  £        ^       ..„. 

8     4  bh*JE 

180000°  lbs- 


it  follows  that  a  =  -  s^  0,1875  inches.  —  2.  If  a  rectangular  cast  iron  bar,  2  inches 

4  .  180 

wide  and  £  inch  thick,  has  been  deflected  J  inch  by  a  weight  P  =  1  8  Ibs.  lying  in  the 
middle  of  it,  whilst  the  distance  of  the  supports  amounts  to  5  feet,  the  modulus  of  elas- 

ticity of  cast  iron  will  be  E  =      Pl*     =       18  '  6°3       «-    18  •  6°3     _  72  .  216000  » 


15552000  Ibs. 

§  192.  Reduction  of  the  Moment  of  Flexure.  —  If  we  know   the 
moment  of  flexure  of  a  body,  J1BCD,  Fig.  209, 

_  Fig-  209-  _  about  an  axis  ^\r1O1,  lying  without  the  centre 
of  gravity,  the  moment  about  another  axis  NO, 
passing  through  the  centre  of  gravity  S,  and 
running  parallel  with  the  former,  may  be  found. 
If  the  distance  HH^  =  KKl  of  both  axes  =  d  , 
and  the  distances  of  the  elementary  surfaces 
jPj  F29  &c.,  from  the  neutral  axis  JV*O  =  za,  z?9 
&c.,  we  shall  have  the  distances  from  the  axis 
-A^Oj,  =  d  +  zl9  d  +  z2,  &c.,  and  the  moment 
of  flexure  will  be  W^E  =  [J^  (d  +  z,)2  -h  F2 
(d  +  zj* 
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F^  +.-0  +  (Fiz*  +  F2  Z22  +  •  •  •)  3-  But  JF,  +  j;  +  .  .  .  as  the 
sum  of  all  the  elements  =  the  transverse  section  F  of  the  whole  body; 
further,  Flzl  +  Fzz2  +  .  .  .  as  the  sum  of  the  moments  about  an  axis 
passing  through  the  centre  of  gravity  of  the  body  =  0,  and  Ff*  +  Fz 
z22  +.  .  .  is  the  moment  of  flexure  WE  about  the  neutral  axis  JV*O ;  it 
follows,  therefore,  that  WJS  =  ( F  d2  +  W)  E,  or  WI  =  F  d2  4-  W; 
and  inversely,  W  =  Wl  —  F  d?. 

The  measure  W  of  the  moment  of  flexure  about  the  neutral  axis  is 
equal  to  the  measure  W1  of 'the  moment  of  flexure  about  a  second  parallel 
axis,  less  the  product  of  the  transverse  section  F  and  the  square  (cP)  of 
the  distance  of  both  axes.  Hence  it  follows,  that  of  all  the  moments 
of  flexure,  that  about  the  neutral  axis  is  the  least. 

The  moments  of  flexure  of  many  bodies  about  any  axis  may  be 
easily  found  ;  we  may  therefore  avail  ourselves  of  these  to  determine, 
by  means  of  the  formulae  found,  the  moments  about  the  neutral  axis. 

§  193.  To  find  the  moment  of  flexure  of  a 
prism  having  a  triangular  transverse  section  Fig,  210. 

JlBC9  we  must  decompose  this  section  by 
lines  parallel  to  the  base  JIB  into  n  thin 
laminae,  and  determine  the  moments  of  these 
about  the  axis  -A^Oj  passing  through  the  point 
C  parallel  to  AB.  If  h  is  the  height  CD,  and 
6  the  breadth  JIB  of  the  triangular  section 
JIBCy  we  have  the  height  of  these  laminse  «= 

A  *!.  •  -I  ~*v  b  2Z>  3b  «  .  nb  , 
-,  their  lengths  =  — ,  —  ,  — ,  <fec.,  to  —  and 

tn  fft.        <n  *n  m  * 


71 


their  distances  from  JV.O.  =  -,—  ,    —  ,  &c.,  to  —  .    From   these  the 

n    n        n 


areas  of  the  lamina  are^  =        ,  P2 

71 


*A*   F.  -  1**   and  their 


moments 


and  the  moment  of  flexure  about  the  axis 

bh* 


1          n*   v  ,..,.-,-_     n4    -    4  4 

The  distance  of  the  centre  of  gravity  tf  from  the  point  C  is  tf  = 

|  A,  and  the  area  of  the  whole  triangle  F  =   — ;  therefore   Fd2  »s 

>& 

_  ,  -  A2  =  ,  and  the  moment  of  flexure  about  the  neutral  axis 

299' 

J\f  O  sought  is  : 


a  third  of  the  moment  of  flexure  of  the  rectangular  beam,  which  has 
the  same  depth  and  width  as  the  triangular  one.  But  since ^this  beam 
has  double  the  volume,  it  then  follows,  that  under  otherwise  similar 
circumstances,  the  triangular  beam  has  §•  of  the  moment  of  flexure  of 
the  rectangular. 
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Fig.  211. 


We  may  find  in  the  same  manner  the  mo- 
ments of  flexure  of  many  other  bodies  used 
in  construction.  For  the  transverse  section 
of  a  T-shaped  body  Jl^B^CD,  Fig.  211,  whose 
dimensions  are  J2B  =  6,  J2B  —  -^i-Si  =  «A/2t 
+  BB1  =  619  JID  =  BC  =  k  and  JlD^  = 
BC^  =  BC  —  CCj  =  &!,  the  moment  of 
flexure  about  the  lower  edge  Jl^B^  =  the  mo- 
ment of  the  rectangular  figure  J1BCD,  less  the 
moments  of  the  rectangles  ^-Dj  and  -BjC^,  i.  e. 

w  =  I   b(2hy  _  i    Ai^A)I  —  &&3*!— V 

1       2'      12  2  '         12        ~"          3          * 

as  follows,  if  we  consider  each  of  these  rectangles  as  the  half  of 
rectangles  having  double  the  height  with  the  neutral  axis  JVjC^. 
Now  the  area  Ji^CJO  =  bh  —  4A>  and  its  moment  Fd  =  bh  . 

| —  &A  .  A  =  *  (5A2  —  6 A2);  hence  it  follows  that  the  arm  MS 


T     7    2N2    »     /?.  7»  2L    2,    \ 

:is  passing  throug 


and  the  moment  of  flexure  about  the  neutral  axis  passing  through  the 
centre  of  gravity  S: 


12    6A  —  6 


12   4A  _ 


Fig.  212. 


§  194.  Hollow  Beams. — The  moment  of  flexure  of  a  hollow  rectan- 
gular beam  J?BCD,  Fig.  212,  is  determined, 
if  we  deduct  from  the  moment  of  the  complete 
beam  that  of  the  hollow  part.  AB  =  b  is  the 
external  breadth,  and  BC  =  h  the  height,  and 
JI^BI  ==  &x  the  internal  breadth,  and  B^C^  =  A, 
the  height,  we  then  have  the  moments  of  fle 


lexure 


of  both  =         and 
12 


12 


-,  and  by  subtraction  -we 
get  the  moment  of  flexure  of  the   hollow  beam 

Tnrr          bh3  b  A3 

r  r      ssss  --    ••  •  • •. 


213. 


We  may  find  in  an  exactly  similar  manner  the 
moment  of  flexure  of  a  body  ABCD+  Fig.  213, 
hollowed  out  at  the  sides.  JlB  =  6  is  the  outer 
breadth  and  BC  =  h  the  height;  and  if  JIB  — 
^Bl  =  b^  and  B^CI  =  A15  the  sum  of  the  breadth 
and  the  heights  of  both  hollows,  by  subtraction  we 
have 


W   «r  

12 
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Fig.  214. 


The  moment  of  flexure  of  a  body  JIB  CD,  Fig.  214,  of  a  cross- 
shaped  section,  may  be  obtained  in  the  same 
manner.  Here  JIB  =  b  the  width,  and  BC 
=  h  the  height  of  the  middle  piece,  and  if 
Ji1B^  —  Ji.B  =•  b^  and  J^^D^  =  h^  are  the  sum 
of  the  breadths  and  the  height  of  the  side  ribs; 
by  addition  we  have  the  moment  of  flexure : 


W 


bh3  + 


12 


It  is  besides  easy  to  see,  that  deep,  hollow, 
and  ribbed  or  flanged  sections  of  the  same  area 
have  a  greater  moment  of  flexure  than  square 
sections.  Because  this  moment  increases  with  the  transverse  section 
F  and  the  square  (zz)  of  the  distance  from  the  neutral  axis,  one  and 
the  same  fibre  affords,  therefore,  a  greater  resistance  to  flexure,  the 
further  it  is  distant  from  the  neutral  axis.  If,  for  example,  the  height 
A  of  a  massive  rectangular  beam  be  equal  to  double  its  breadth  6,  its 

b  .  (2  bY          o  ,4  2  b  .  b3 

-  ^  -  £-      =s=     «•   O4  Or    sa=s     - 

12  *  12 


moment  of  flexure  will  be  either  W  -. 


=  J  b4,  according  as  we  put  up  the  beam  with  the  lesser  breadth  b, 
or  the  greater  2  b  ;  in  the  first  case,  therefore,  the  moment  of  flexure 
is  four  times  greater  than  in  the  second.  If  we  replace  the  massive 
beam  of  the  cross  section  bh  by  a  hollow  one,  whose  hollow  bh  is 
equal  to  the  massive  part  of  the  section  bji^  —  bht  if,  therefore,  61^1 
—  bh  ass  bh)  z.  e.  b^  =  26A,  or  bi  =  \/2  and  k^  =  h  v'S,  we  shall 

,  ,  .    +,  ,     fa  r-     ,     ^bji*—bh*     b  v^2(Av/2)3—  bk* 

obtain  the  moment  of  flexure  of  the  last    x  1  .  -  =—  —  v    ^    }  - 

12  12 

=  T3j  &A3,  i.  e.  three  times  as  great  as  for  the  first. 

§  195.    Cylinders.  —  The  moment  of  flexure  of  a  cylinder  is  deter- 
mined in  the  following  manner.      Let  JlOBN,  Fig.  215,  be  the  cir- 


Fig. 215. 


cular  transverse  section,  and  JVO  the  neu- 
tral axis  of  the  cylinder.  The  diameter 
JiB^  divides  this  section  into  two  equal 
parts,  having  equal  moments  of  flexure, 
and  the  moment  of  flexure  of  the  whole 
may  be  found  by  doubling  the  moment  of 
the  half  JINB.  The  half  may  be  divided 
by  sections  DE9  FG,  &c.,  parallel  to  J3B, 
and  at  right  angles  to  JVO  into  thin  lamina, 
•which  may  be  considered  as  rectangular. 
The  moment  of  flexure  of  such  a  portion 

TCT      T)  W® 
I>EFG,  «=          '          *    Now  O/2=  CJV=r  the  radius  of  the  circular 


section,  a  quadrant 


therefore,  the  area 


and  if  we  divide 


this  into  n  equal  parts,  any  such  part  DC?  =»  —  .  — - 

H         & 

17* 
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projection  parallel  to  CJV,  GH=  KL  corresponds  to  this  part,  and 
may  be  determined  by  putting,  GH :  GD  =  GK  :  CG,  and,  there- 
fore, GH  =*.  GD  '  GK  =  —  .  GK.  Hence  we  have  for  the  mo- 

O  Or  ^  71 

ment  of  flexure  of  the  part 

J)EFG=—  .  GK  . 

2n  ix  on 

If  we  put  the  variable   angle   corresponding  to  the  section  GF, 
J2CG~$a,  we  shall  obtain  the  ordinate  GK=r  cos.  $,  and  for  the  last 

„  rt  ft      ,  4         *      4     3  +  4  co^.  2  9  4-  cos.  4  $ 

moment  of  flexure  =  -—  r*  co^.  ^  =  -—  r   . • 

on  on  o 

The  moment  of  flexure  of  the  half  cylinder  will  be  now  found,  if  for 

1  f\  Q  /M  W 

9  we  successively  put  the  values  _.,._.,-.  _,  &c.,  to  -  .  -,  and 

yr^          -I  4 

add   the    results.     But   £ —  .  -  =  — —  is    a   common  factor ;    we 

o  ft       o 


have,  therefore,  only  to  consider  the  sum  of  such  values,  as 
3-l_4  cos.  2  $  +  cos.  4  9.  The  number  3  added  n  times  gives  3  TI; 
the  sum  of  all  values  of  the  cos.  2  $  which  present  themselves, 

when  9  is  made  to  increase  from  0  successively  to  —  ,  and,  there- 

fore, 2  $  from  0  to  *,  equal  to  0,  because  the  cosines  in  the  second 
quadrant  are  equal  and  opposite  to  the  cosines  in  the  first;  lastly, 
the  sum  of  all  the  cosines  of  all  angles  from  0  to  2  it  =  0,  hence  the 
sum  of  all  values  of  3  +  4  cos.  2$  +  cos.  4  $  taken  between  the  limits  $  = 

0   and  $  =  ~  is  =»  3  nt  and  the  measure  of  the  moment  of  flexure 

At 

of  the  half  cylinder  =  ^-f-  .  3  n  =  ~,  and,  lastly,  that  of  the 

2471  O 

whole  cylinder  : 

W=  *r*  =  0,7854  r4. 

4 

For  a  tube  or  hollow  cylinder  with  the  outer  radius  rx  and  the 
inner  r 


To  find  the  moment  of  flexure  of  a  body  having  a  semi-circular 

transverse  section  JUDB,  Fig.  216,  we 
Fig.  216.  may   make  use   of  the    rule  found  m 

§  192,  from  which  the  moment  about 
the  axis  JVO  passing  through  the  cen- 
tre of  gravity  S  is  equivalent  to  the 
moment  about  the  diameter  JIB,  con- 
sidered as  a  second  axis,  less  the  trans-. 
verse  section  F  (=  ^  ^r2)  times  the 
square  of  the  distance  CS  of  both  axes. 
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From  this  we  obtain  the  moment   sought  =  __.!!  r4 *  r2  .  CS2 

24  2 

*r4         1       2 


§  196.  —  Relative  Strength.  —  When  we  know  the  moment  of  flexure 
of  a  prismatic  body,  we  may  determine  from  it  by  simple  multipli- 
cation the  working  load  and  the  absolute  strength  of  the  body.  If  a 
single  fibre,  or  layer  of  fibres,  is  extended  or  compressed  to  the 
limits  of  elasticity,  the  body  has  then  attained  the  limits  of  its 
tenacity.  If  we  again  represent  by  T  the  modulus  of  tenacity  and 
the  distance  of  the  furthermost  fibre  from  the  neutral  axis  by  e, 

we  shall  have  T  =  -=•  E,  and  y  ,  or  the  relative  elongation,  =  —,  hence 

LI  p 

77*  71  T1  V 

—  =  —  .      If  we  substitute  —  for  —  in  the  formula  for  the  moment 

P  e        J  eJ        P  J  J 

of  flexure,  it  will  then  give  the  statical  moment  of  the  tenacity.     We 

EW  TW 

have  Px  =  SW  =  -  ,  therefore,  also,  Px  =  -  .    It  is  evident  that 

p  e 

this  moment  is  a  maximum  when  x  =  £,  or  when  the  arm  =  /;  from 
this  we  may  conclude,  that  at  the  extremity  where  the  beam  is  fixed, 
the  greatest  flexure  ensues,  and  the  limit  of  elasticity  is  first  attained. 
Accordingly,  the  working  load  of  a  beam  is  determined  by  the 
formula 


In  like  manner,  the  strength,  or  the  resistance  to  rupture  of  the 
beam,  may  be  determined.  If  a  fibre  is  strained  to  the  point  of  rup- 
ture, the  breaking  of  the  whole  beam  takes  place,  because  the  beam 
has  now  a  section  smaller  by  the  section  of  these  fibres,  and  there- 
fore a  greater  deflexion  ensues,  and  thus  a  rupture  of  the  succeeding 
fibres  or  layer  of  fibres  follows.  If  we  put  the  modulus  of  strength 

jo  rr 

SB  jfiT,  we  have  ~  =  —  ,  and,  therefore,  the  force  for  the  rupture  of  the 

P          e 
beam: 

KW 

jP  =  TT 

In  a  uniform  rectangular  beam,  the  distance    of  the    outermost 

lamina  of  fibres  from  the  neutral  axis  =5  ~,  hence  the  formula  PI  « 

2f 

—  -  —  o  (§  *^*)  S^VGS  ^e  resistance  to  rupture 

D       2  K     bh3          bh*     v 

p~"Tr-i2/~6"r  *• 

If  the  beam  is  hollow,  as  in  Fig.  212,  we  have  P  «  -  rV  a  *  ,  .  JT, 

o  M 

so  that  the  formula  also  holds  good  for  a  body,  as  in  Fig*  213,  hol- 
lowed out  at  the  sides. 
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In  a  prismatic  body  of  a  triangular  cross  section,  as  in  Fig.  210, 

e  =  |-  A,  hence  P  =  —  „ -== ,  K.    According  to  this,  rectan- 

•g-  fi      oo  I       24  I 

gular  beams  for  a  similar  section  have  twice  the  tenacity  of  triangular 
beams. 

For  a  cylinder  of  radius  r,  e  =  r,  therefore, 

._.  ,  J\-  it  A  ft  «j        fr- 

Pl  =  —  .-r*=-r*K. 
r      4  4 

If  the  cylinder  is  hollow,  we  have  PI  =  ~  ir^ 

If  we  substitute  the  modulus  of  the  working  load  7*  for  that  of  the 
strength,  or  for  K,  an  aliquot  part,  i.  e.  Tyh,  the  working  load  is 
given  by  the  formula  already  found. 

§  197.  Experiments.* — To  find  the  deflexion  and  tenacity  of 
beams,  we  may  make  use  of  the  experimental  values  for  E  and  T  in 
§  186;  but  as  concerns  the  strength  of  beams,  it  is  safer  to  replace 
the  modulus  of  strength  there  given  and  derived  from  experiments 
on  tensile  strain,  by  those  values  of  K  which  have  been  found  from 
experiments  on  compression,  A  perfect  accordance  cannot  exist 
between  the  moduli  found  by  these  two  methods,  because  in  rupture, 
not  only  an  extension,  but  also  a  compression  takes  place,  and  both 
of  these  not  only  in  the  direction  of  the  axis,  but  also  in  the  trans- 
verse section,  though  here  not  to  the  same  amount.  Besides,  many 
other  circumstances  affect  the  elasticity,  tenacity  and  strength  of 
bodies,  on  which  account,  considerable  variations  in  the  results  always 
present  themselves.  Timber,  for  example,  is  stronger  at  the  core  and 
at  the  root  than  at  the  sap  and  the  top.  Timber  will  also  bear  a 
greater  strain  when  the  force  acts  perpendicular  to  the  annual  rings, 


Fig.  217. 


*  See  Appendix. 
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than  when  parallel  to  them.  Lastly,  the  soil  and  the  situation  where 
it  has  grown,  temperature,  dry  ness,  age,  &c.,  affect  the  resistance  of 
woods.  Besides,  the  deflexion  of  a  body  after  it  has  been  loaded  for 
a  long  time,  is  always  somewhat  greater  than  on  the  immediate  appli- 
cation of  the  load. 

Experiments  upon  elasticity  and  strain  were  made  by  Eytelwein 
and  Gerstner  i  with  the  apparatus  represented  in  Fig.  217.  Ji B  ^1B1 
are  two  tressels,  C  and  C^  two  iron  supports.  DD^  the  rectangular 
beam  for  experiment  resting  upon  them.  The  load  P  for  the  flexure 
of  the  body  lies  upon  a  scale-pan  EE2  suspended  to  a  stirrup  JUTJV", 
whose  upper  and  rounded  extremity  lies  in  the  middle  M  of  the  beam. 
In  order  to  find  the  deflexion  corresponding  to  a  load  Py  Eytelwein 
applied  two  fine  horizontal  threads  FF1  and  GG^  and  likewise  a  scale 
Jif  resting  upon  the  middle  of  the  beam;  von  Gerstner ,  on  the  other 
hand,  availed  himself  of  a  long  one-armed  delicate  lever  OKy  whose 
fulcrum  was  at  JkT,  and  whose  extremity,  like  the  hand  of  a  watch, 
indicated  upon  a  vertical  scale  KK±  the  deflexion  of  M  to  fifteen  times 
its  amount, 

Remark.  Experiments  on  elasticity,  &c.,  have  been  made  by  Banks,  Barlow,  BufFon, 
Burg,  Ebbels,  Eytelwein,  Finchan,  von  Gerstner,  Gfiuthey,  Muschenbroek,  Rennie,  Ron- 
delet,  Tredgold,  &e.  An  ample  summary  of  these,  and  besides  a  theory  somewhat  dif- 
ferent from  the  above,  is  given  by  Burg  in  the  19th  and  20th  vols.  of  the  "  Jahrbucher 
des  polytechnischen  Institute  in  Wien."  The  experiments  of  Eytelwein  and  von  Gerst- 
ner are  described  in  Eytelwein's  "  Handbuch  der  Statik  fester  Korper/'  vols.  ii.,  and  an 
von  Gerstner 's  u  Handbuch  der  Mechanik,"  vol.  L  The  Treatise  printed  from  the  trans- 
actions of  the  Association  of  Prussian  Industry,  "  Elementare  Berechnung  des  Wider- 
standes  prismatischer  Korper  gegen  Biegung,"  by  Brix,  has  been  used  for  the  preparation 
of  the  foregoing  article. 

§  198.  Modulus  of  Relative  Strength. — The  following  table  con- 
tains the  mean  values  of  the  modulus  of  rupture  for  several  bodies  met 
with  in  the  arts.  To  find,  with  the  assistance  of  these,  the  pressures 
which  bodies  can  sustain  with  safety  for  a  long  duration,  we  must 
put  for  wood  the  tenth,  for  metals  and  stones,  from  the  third  to  the 
fourth  of  K.* 

TABLE  II. 

THE  MODULUS  OF  FRACTURE  OR  MODULUS  OF  STRENGTH  FOR  THE  FUS3CURE 

OF  BODIES. 


Names  of 
Substances, 

Modulus  of 
Fracture  K. 

Names  of 
Substances. 

Modulus  of 
Fracture  K. 

"R^             .    .    .    - 

1  0000  to  24000 

"Flm          ..... 

6000  to  12000 

rvs»t                   -    -     . 

800O  **  24000 

^C?ast  Iron   —     »     »     • 

2400Q  "  56000 

8000  **  130QG 

Limestone      »     •.    » 

700  u     1700 

Scotch  Fir      -    -     - 
TVftB»i      -     -     ... 

7000  «  17000 
7000  **  14000 

Sandstone       -     -    • 

600  «       800 
ISO  "       340 

According  to  this,  we  may  assume  for  wood  as  a  mean  Ks=&  12000 
and  for  cast-iron  JT=  4000O  pounds,  and  we  shall  tliaa  ofataia  for  a 
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rectangular  beam  imbedded  in  a  wall  at  one  extremity  and  loaded  at 
the  other  : 

1.  PI  =  200  .  6A2,  if  it  consist  of  wood,  and  tenfold  security  be 

allowed. 

2.  PI  =  1000  .  bh\  if  the  beam  be  of  cast-iron,  and  fourfold  security 
be  given. 

If  the  body  be  cylindrical,  we  then  have  for  wood 

3.  PI  =  950  r3,  and  for  cast-iron 

4.  PI  =  4700  r5. 

P,  Z,  by  h,  ry  have  the  denominations  hitherto  used. 
For  wrought  iron  K  is  taken  20  per  cent,  less,  because  this  bends 
more  than  cast  iron  ;  here  therefore  we  must  put 

PI  =  800  bhz  =  3600  r3. 

If  the  load  Q  be  uniformly  distributed  over  the  beam,  the  beam 
will  bear  as  much  again,  wherefore  the  above  co-efficients  must 
be  doubled.  If  the  beam  rest  at  its  extremities  on  points  of  sup- 
port, whose  distance  is  Z,  and  if  the  load  P  act  in  the  middle  be- 

p  i 

tween  these  points,  then  for  P  we  must  put  —  and  for  Z,  — ,  where- 

£  2r 


PI 
fore  PI  becomes  — ,  and  the  the  tenacity  quadrupled. 


But  if  the 


load  between  the  points  be  uniformly  distributed  over  the  beam,  we 
then  shall  have  for  the  pressure  — ,  which  acts  from  below  upwards 

at  a  point  of  support,  the  moment  —   .   — ;   and  for  the  opposite 

pressure ~  as  the  half  of  the  load  pulling  downwards  at  the 

2 

centre  of  gravity,  the  moment JL  .  __  .  —  _ Ii — ;   hence 

,£         &         s£  o 


there  will  remain  as  the  pressure  for  rupture  at  the  middle,  the  mo- 
r\i         r\7        r\7  nz  ^ 

K,  also  =  8.^t 
4 


ment       _       =      ,  and  therefore  Ql 

488 


therefore  the  strength  or  tenacity  is  twice  as  great  as  if  the  load  acted 
at  the  middle,  and  eight  times  as  great  as  if  it  pulled  downwards  at 
one  extremity  whilst  the  other  remained  fixed. 

If  a  beam,  Fig.  218,*  is  imbed- 

Fig.  sis.  £e(l  in  a  way  at  both  extremities,  or 

if  its  extremities  are  fixed,  then  the 
beam  sustains  as  much  again  as  if 
it  rested  freely  at  its  extremities  ; 
for  in  this  case  the  greatest  flexure 
is  not  only  in  the  middle,  but  like- 
wise at  the  extremities;  the  beam, 
therefore,  breaks  at  the  same  time 
in  the  middle  and  at  the  extremi- 


*  See  Appendix. 
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ties  ;  -whilst  at  the  intermediate  points  Cand  JD,  where  the  convexity 
passes  into  concavity,  no  flexure  at  all  ensues.     Consequently,  for  a 

portion  J3.C,  the  pressure  =  —  ,  the  arm  =  -,  and  the  moment  =  — 

%  4:  2 

I         PI 

•  T  ==  -K--     ^>  finally,  in  this  last  case  the  load  Q  is  uniformly  distri* 
4         o 

buted  over  the  beam,  the  moment  presents  itself  =  —  ,  because  we 

16 

may  suppose,  that  the  one  half  of  Q  is  immediately  sustained  by  the 
points  of  support,  and  that  the  other  half  acts  in  the  middle  of  Q. 

The  weight  G  of  a  beam  acts  exactly  as  if  the  load  Q  were  distri- 
buted uniformly  over  the  beam  ;  for  a  beam  fixed  at  one  extremity, 
therefore,  the  moment  =  PI  +  ^  Gl  ;  but  for  a  beam  resting  on  both 

T*        7          f*       1          C* 

extremities  and  loaded  in  the  middle,  it  is  =  —  .  --  (  --  .  --  — 

2222         2" 


Example.  —  1.  A  rectangular  beam  of  fir,  7  inches  thick  and  9  inches  in  depth,  is  to 
rest  on  both  its  extremities,  so  that  the  distance  of  the  points  of  support  may  amount  to 
20  feet;  what  load,  suspended  from  the  middle,  will  it  sustain?  6  =  7,  A  =  9,  £==20 
feet  =  240  inches  ;  hence  240  .  P  =  4  .  200  .  7  .  9*;  consequently  this  load  P  =  70  .  27  as 
1890  Ibs.  —  2.  A  round  wooden  water-wheel,  and  its  axle,  10  feet  long,  is  to  sustain  at 
the  wheel,  together  with  its  own  weight,  a  uniformly  distributed  load  Q==  10000  Ibs.; 
what  diameter  must  the  wheel  have?  Q!  ==  10000  .  120  =  12000OO,  —  8  .  950  .  r*,  or  r» 

1200000  3  - 

sss  -  -  -  =  157,9;  hence  the  radius  sought  r  =  V/167J9  =s  5,4  inches,  and  the  dia- 

8  .  950 

meter  of  the  axle  2  r  =  10,8  inches,  for  which  we  may  assume  one  foot.  —  3.  To  what 
height  may  the  corn  in  a  granary  be  heaped  up  if  the  bottom  rest  upon  beams  of  25  feet 
in  length,  10  inches  in  breadth,  and  12  in  depth,  the  distance  between  the  axes  of  any 
two  beams  =  3  feet,  and  one  cubic  foot  of  corn  weighs  48,5  Ibs.  ?  If  we  apply  the 
formula  Qf  =  16  .  200  .  bh\  we  must  put  6  =  10,  h  =  12,  I  =  25  .  12  ===  30O  ;  consequently 
Q._,16.  200  »  10.  144  _  1536Q  Ib3f  A  paraiielopiped,  25  feet  long,  3  feet  broad,  x  feet 

300 
deep,  -weighs  =  25  .3.x.  48,5  Ibs.;  hence,  if  we  put  this  value  =  Q,  it  follows  that 

x  ass  _  SSB  4,22  feet,  the  requisite  height  to  which  the  grain  may  be  heaped  up. 
75  .  48,5 

§  199.   Strongest  Beams.  —  Bodies  of  equal  section  very  often  pos- 

sess different  relative  strengths  ;  the  formula  PI  =  —  .  bhz  shows  that 

6 

the  strength  increases,  as  the  breadth,  as  the  square  of  the  depth,  and 
inversely  as  the  length  of  the  beam.  The  depth  has  consequently  a 
greater  influence  upon  the  tenacity  than  the  breadth;  a  beam  of 
double  the  breadth  bears  twice  as  much,  i.  e*  as  much  as  two  single 
beams;  on  the  other  hand,  a  beam  of  double  the  depth,  four  times 
that  of  a  beam  of  the  same  depth.  For  this  reason  beams  are  made, 
namely,  when  they  are  of  cast  iron,  much  deeper  than  broad  ;  they  are 
hollowed  out  near  the  middle,  and  what  is  taken  away  replaced  by 
parts  at  a  greater  distance  from  the  neutral  axis;  but  this  rule  must 
be  particularly  attended  to,  viz.,  always  to  lay  the  beam  on  the  least 
side,  or  rather  so  to  lay  it,  that  the  pressure  may  act  In  the  direction 
of  the  greater  side. 
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The  strength  of  a  round  trunk,  or  of  any  other  cylindrical  body,  is 

p_  *  iL  K  ,  that  of  a  square  with  equal  breadths  and  depths  2  r, 
^—4  *  Z 

_p  _2?-*(2r)2     #  _  4     ^^.    if  we   compare    both    pressures 
1  I  631 

with  each  other,  —  =  -  .  -  =   0,588  ;    the    cylindrical  body  has, 

PI        4     4 

therefore,  only  about  59  per  cent,  the  strength  of  a  beam  having  a 
square  transverse  section.  Wooden  beams  are  hewn  or  cut  from 
round  trunks  of  trees,  and  thereby  are  much  weakened.  But  the 
question  now  is,  which  is  the  strongest  form  of  beam  that  can  be  cut 
from  a  cylindrical  trunk  ? 

Let  ABDE,  Fig.  219,  be  the  section  of  the  trunk,  AD  =  d  its 
diameter,   further  AB  =  DE  =  b  the  breadth, 
Ffg-  219-  and  AE  ==    BD   =  h  the  depth  of  the  beam. 

Then  62  +  &  =  d*,  or  A2  =  d2  —  b  *,  and  the 
moment  of  rupture. 


PI  =          .  Wi«  =         6  (d3—  6*). 


The  problem  amounts  to  making  b  (d2  —  62)  = 
bd?  —  b3  as  great  as  possible.  If  instead  of  b, 
we  put  b  +  x,  where  x  is  very  small,  we  then 
obtain  for  the  last  expression 


(6  -^  x)  <P—(b  +_  xf  =  bd?—b*  +_  (dz—3  b2)  x—3 
provided  we  neglect  ir3,  and  the  dijETerence  of  the  two  =  (+  g?2 
x  +  3  bx*.  That  the  first  value  bd*  —  b3  may  in  every  case  be  greater 
than  the  last,  the  difierence  +"(^—3  62)  x  +  3  ftor*  must  be  put 
positive,  whether  we  take  b  greater  or  less  than  x.  But  this  is  only 
possible  if  d?  —  3  b2  =  0,  for  the  difference  then  =  3  fix2,  therefore 
positive,  whereas,  if  d2  —  3  6%  is  a  real  positive  or  negative  value,  3 
for3  may  be  neglected,  and  the  difference  may  be  put  ==  +  (d2  —  3  62) 
ar,  which  if  x  has  the  same  sign,  is  at  one  time  positive,  at  another 
negative.  But  if  we  put  d?  —  3  b2  «  0,  we  obtain  the  breadth 
sought  b  =  d  +S  J,  and  the  corresponding  depth  h  =  v7  d?—b* 


therefore,  the  ratio  of  the  depth  to  the  breadth:  ~  =  ^-     =  1,414  or 


about  J.  The  trunk  must  be  so  fashioned  that  it  shall  produce  a  beam 
whose  depth  to  its  breadth  is  as  7  to  5.  To  find  the  section  corre- 
sponding to  greatest  strength,  let  us  divide  the  diameter  AD  into  three 
equal  parts,  raise  at  the  points  of  division  M  and  JV*  perpendiculars 
MB  and  J\TE,  and  finally  connect  the  points  of  intersection  B  and  E 
by  the  circle  with  the  extremities  Ji  and  D  of  the  straight  line  AD. 
J1BDE  is  the  section  of  greatest  resistance  ;  for  since  AM  :  JIB  = 
AB  :  AD  and  AN  :  AE  =  AE  :  AD,  AB  =  6  =  v'  AM.  AD  = 
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d .  d   =  d v/     and  AE  =  h  =  ^/AJV  .  JID  =  <sd  .  d  = 


therefore    j-  =  — ,  which  is  actually  requisite. 


Remark.  The  trunk  has  the  moment  of  rupture  PI  =  ~ r3,  but  the  beam  of  greatest 

4 

JT  K  __        S  JT 

resistance  formed  from  It  PZ  ==  ^-  .  rf*y*£  .  •§•  d°  ===  =rr~  .  d3 ••   r$~    the 

6         ^  V'243  v'243 

trunk,  therefore,  loses  by  squaring  about  1 ==   •  ==  *  —  0,65  =  0,35,  i.  e.  35  per 

^243        * 

cent,  of  its  strength.    To  spare  this  loss,  the  trunk  is  often  hewed  not  quite  square,  but  the 
corners  rounded  off.     A  beam  with  a  square  section  formed  from  the   same   trunk,  has 

JP*  __    ftt  ___ 

the  moment  PI  =—  —   .  d^/^.  — ,  because  here  the  breadth  =  the  depth  =  d  */"£  === 
62 

0,707  d,  hence  the  loss  here  =1 ! -  .  jL  =  1  — L-  =  1  —  0,60  ==  0,40 

6  .  2  -v/2       K  3  w-v/2 

t. «.  40  per  cent. 

§  200.  Hollow  and  Elliptical  Seams. — Very  frequently  bodies  are 
hollowed  at  the  inside  or  outside,  and  provided  with  ribs  or  flanges, 
either  with  a  view  to  save  material,  or  what  comes  to  the  same  thing, 
to  gain  in  strength.  For  a  hollow  rectangular  beam  of  iron  P  =  1000  . 

— ~  l  1  y  the  hollow  may  be  of  the  depth  hl  and  breadth  5Z>  made 
til 

within  or  without  at  the  sides.     For  a  hollow  cylindrical  body  P  = 

-  4 T  4 

4700  .  _L_ *~.     In  such  cases  the  thickness  of  the  solid  part  T^  —  r2 

lrl 

is  commonly  made  =  §  of  the  outer  radius  3^;  whence  it  follows: 
P  -  4700  .  ^-(0^)'  =  470Q   0,8704  r,»  =  4090  r>    Anequal. 
lr~  I  I 




ly  heavy  solid  cylinder  has  the  radius  r—  +/  r*  —  r22  =  */  rf — 0,36  r* 
=  0,8  TI  ;  hence  its  moment  of  resistance  =  4700  .  (0,8  r)3  »  2406  r3, 
namely,  about  41  per  cent,  less  than  that  of  the  hollow  cylinder* 

We  gain  also  in  strength,  when,  instead  of  a  cylinder,  we  apply  ^a 
prismatic  body  with  an  elliptical  section,  and  place  its  greater  axis 
upright  or  parallel  to  the  direction  of  the  pressure.  If  we  suppose 
a  circle  J3O^BJV\  whose  radius  CJ1  =  CB  =  a  the  semi-axis  major, 
described  about  this  elliptical  section  ^5OJ5JV,  Fig.  220,  the  strength 
of  resistance  of  the  body  having  an  elliptical 
section  may  be  calculated  simply  from  that  Fig.  220. 

having  a  circular  section.     The  length  of  any 
element  DE  of  the  elliptic  elements  parallel  to 

its  minor  axis  JVO  =  2  b  is   always  —  of  the 

<t 

length  of  the  circular  element  DJS^ ;  but  now 
the  elasticity  and  strength  are  proportional  to 
these  dimensions  singly  j  therefore,  also  the 
strength  of  the  elliptic  element  to  that  of  the 
circular  element,  is  as  b  to  a,  and,  finally,  the 
18 
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strength  for  the  whole  ellipse  a  -  times  the  strength  of  the  whole 

circle,  t.  e. 

PI  =  *  .  -  .  a3  K  =  2  b  a2  K,  for  cast  iron  =  4700  a*  b. 

4      a  ** 

If  now  it  be  an  elliptical  hollowing  whose  axes  are  0,1  and  bl9  there 
will  remain 

PI  =  -  .  ba*        bia^  K,  for  cast  iron, 


If,  lastly,  a  body  having  a  rectangular  section 
J1BCD  =  bh,  Fig.  221,  be  hollowed  at  the  flanks 
by  the  semi-ellipses  EFG7  HKL,  and  if  the  semi- 
axes  of  these  are  =  al  and  b19  we  shall  have  then 
n,  „  K  x  bM,  „  2bh*—3*  b,a*  „ 


12  h 


for  cast  iron 
PI  = 


200 


_  4,712  g13 


Examples. — 1.  A  transverse  beam  of  oakr  0  inches  broad  and  11  inches  deep,  of 
known  sufficient  tenacity,  is  to  be  replaced  by  a  hollow  cast  iron  beam,  of  5  inches  in 
outer  breadth  and  10  in  depth ;  of  what  thickness  of  metal  must  it  be  cast  ?  Let  this 
thickness  =  ar,  we  have  then  for  the  breadth  of  the  hollowing  =5  —  x,  and  its  depth 
s=s  10  —  a::  consequently,  for  the  hollow  beam  btht*  —  b2hj  =  5  .  10»  —  (5  —  x) 
(10 x)8  sssss  25OO  x  —  450  x*  +  35  Xs  —  ar*.  Since  the  moment  of  resistance  of  the 

wooden  beam  ms  20O  .9.11*  =  217800,  we  shall  have  to  put:  i_  (2500  x  —  450 
x*  -f-  35  x9  —  ar»)  =  217800,  or  2500  x  —  450  x1  +  35  x*  —  x*  ess  2187.     As  a  first 


approximation  x 
364,5;  35x3 


2178 
2500s 
25,5,  x*  = 


.  0,9  inches.     But  this  value  gives  450  *  a?  =  450  .  0,81 


:  0,7 ;  we  may  therefore  put :  x . 


2178+364,5—25,5  +  0,7 
*  2500 


25OU 


1,01  inch  for  the  requisite  thickness  of  iron. — 2.  If  in  a  T-shaped  girder  of 


Fig.  222. 


cast  iron,  the  breadth  J$B  =  CD  ass:  b  is  equal  to  the  depth  h 
and  the  thickness  Jlt  jB,  =  CCt  =  £  6,  therefore  bt  ==  f  b, 
and  h%  asss  £  &;  we  shall  then  have  for  the  moment  of  re- 
sistance ($  193): 


~~  12 

or  by  substituting  e  : 


(bk  — 


—  &Ay  —  4 


=^1000 


(S*  —  0,512  6g)a  —  4  .  0,64  6*  .  (6  —  0,8  5)i 

63  —  0,512  fca 
0^381^.2,56.0,04 


0,488  0,488 

If,  now,  such  a  girder,  4  feet  in  length,  rest  on  both  its  extremities,  and  is  to  bear  a  load 
in  its  middle  of  7400  Ibs,,  PI  would  then  =  7400  .  4  .  12  =  35520O,  and  therefore,  4  . 
278  6*  sag  355200-  whence  we  should  have  the  extreme  depth  and  breadth  b  =s  k  = 

X35520Q 
^ -KB.  6,84  in,  and  the  thickness  of  iron  -J  6  s=  1,35  inches. 
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§  201.  Oblique  Pressure.  —  If  the  pressure  P  act  obliquely  to  the 
axis  of  a  beam,  which  for  example  is  inclined  to  the  horizon  whilst 
the  pressure  acts  vertically,  we  have  then  only  to  take  into  account 
its  components  directed  at  right  angles  to  the  axis.  If,  for  example, 
the  inclined  stretcher  *#J?,  Fig.  223, 
supports  an  accumulated  load  Q,  this 
may  be  decomposed  into  the  compo- 
nents Qx  and  JV,  and  for  an  inclina- 
tion a  to  the  horizon  of  the  stretcher, 
the  pressure  Q1?  counteracted  by  the 
stretcher  =  Q  .  cos.  «,  and  the  pres- 
sure JV  counteracted  by  the  lateral  wall 
BC  a=s  Q  $in.  a.  Taking  the  friction 
into  account  =  Ql  =  Q  .  (cos.  a  —  f 
sin.  a)  and  hence  for  a  round  stretcher  : 


/->    f  ^       -  \ 

Q  (cos.      —  f  sin.  a) 


Q 

8 


- 


being  the  radius  and  /  the  length  of  the 
stretcher. 

If  the  pressure  P  be  applied  directly 
to  the  beam  JIB,  Fig.  224,  deviating  from  the  axis  by  the  angle 
PJIR  =  »,  two  components  present  themselves,  JV  =  P  sin.  »  and  R 
ass  P  cos.  a,  of  which  the  one  brings 
into  play  the  relative,  and  the  other  the 
absolute  elasticity  of  the  beam.  If  F 
be  the  cross  section  of  the  beam,  every 
unit  of  it  is  stretched  by  the  force 

—  c°£'  a,  and,  therefore,  the  modulus  of 


Fig.  224, 


elasticity  K  must  be  taken  at 


P  cos.  <* 


less ;  therefore,  we  must  substitute  for  K9  K  — 
follows  that : 

.        P  COS.  a\    W 


P  COS*  a 


whence  it 


*\   W 

Vir 


therefore,  for  a  rectangular  beam  P  sin.  a, 
and  the  pressure  for  rupture :  P  = 


•"* 


6  /  sin.  a     cos. 

n         ri 


bh? 


for 


P  cos*  a\    5A2 
F~)   6T 

For  a°  =  90°, 
0,  $m*  «*  ss»  0, 


^in.  a  as  1,  cos.  *  a  0,  hence  P  =  —  .  -— , 

6        / 

cos,  a,  =  1,  hence  P  =  jfiCF,  as  it  should  be,  for  we  hare  here  only 
to  consider  the  absolute  strength* 

Example*  What  distance  from  each  other  must  the  XO-jneh  strefit^jers  of  *&SB*  Fig, 
222,  be  laid,  if  it  be  4 J  feet  wide,  and  ITUJQ  for  60  feet  up  a  yeM  having  a  slope  or  incli- 
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nation  of  70°;  the  weight  of  a  cubic  foot  of  the  ground  to  be  supported  being  65  Ibs.,  the 
coefficient  of  friction  upon  the  supports  is  taken  at  i?  Let  x  feet  be  the  distance  of  two 
rafters,  the  weight  sustained  by  one  rafter  =  4,5  .  00  .  65  x  =  17550  .  x  Ibs.,  and  from 
the  theory  of  the  inclined  plane,  this  rafter  will  have  only  to  sustain  the  pressure  Qt 
a  (*m.  70°  —  J  cot.  70)  .  1755U  x  =  (0,9397  —  0,1140)  .  17550  x  =  0,8257  .  17550 

»*3  Q  *>O      *>«5 

x  ==  14402  x  Ibs.     But  the  rafter  sustains  8  .  950  .  L  =  S  .  '.  ...    —  17592  ?  we  must, 

I  v*i 

therefore,  put:  14402  x  =  17502,  and  x  =  ^|||  =  2^i4  feet  =  14>6  ^ches.  We 
must,  therefore,  only  leave  an  interval  between  any  two  rafters  of  14,6  inches. 

§  202.  Loading  beyond  the  middle.  —  If  a  pressure  P  acts^upon  a 
beam,  supported  at  both  ends,  not  at  the   middle,  but  at  a  point  D  at 


distances   JDldf 


and  DB  =  lz  from   the    points  of  support,   the 


beam  then  can    bear  a  greater  load.      According  to  the   equality  of 
certain  statical   moments,  the  point  of  support  Ji  sustains  the   pres- 


sure P2  =         2 P,  and  the  point  B  the  pressure  Pz 


P, 


OU.J.C     Jt    i     '-"' -'- --      . .£.     •     CLJAVA     L..U.W     t^K^**-*.**  — -*•     »•*»».    Jt      "**•"•"  ***  ^"*    ""•    3     •  ^ ^j      -••    y 

hence  the  moment^of  rupture  at  the  point  of  application  D  —  DA  .  Px 

P2  —.      i  2          For  any  other 


Fig.  225. 


point  £  this  moment  JBB  .  P2  is  less, 
because  the  arm  j&B  is  less  than  the 
arm  DB  ==  Z2;  the  greatest  deflexion 
also  takes  place  at  J9,  and  fracture  first 
occurs  at  this  point.  Accordingly  we 

PI  I           KW 
must  put  ^-  sss or  the  whole 


K 


length  ll  + 


being  represented  by  I, 
K 


—  .  6A2,  if  the  beam  is  rectangular.     The  pressure  P  =  — 
6  6 

»  bh2  is  moreover  =  co,  when  l:  or  /2  very  nearly  ==  0,  and  is  infi- 
nitely less,  the  more  lt  and  12  approach  to  equality.  If,  lastly,  l^  = 
£2>  i.  «,  if  the  pressure  P  acts  in  the  middle  of  the  beam,  P  becomes 

a  minimum,  because,  if  we  put  l±  »  ~  +  x  and 
duct  forming  the  denominator  l^  I, 


—  —  x,  the  pro- 


t  = of2  is  always  less  than  ^, 

4c  "TE 

whether  -  be  made  somewhat  (a?)  greater  or  less.     A  beam,  therefore, 

supported  at  its  extremities,  sustains 

Fig.  226.  least  when  the  load  is  applied  at  its 

middle,  and  one  so  much  the  greater 
the  nearer  the  load  approaches  one  of 
the  points  of  support, 

If  a  load  Q  be  uniformly  distributed 
over  the  length  c,  the  centre  of  which  is 
l^  and  lz  distant  from  the  points  of  sup- 
port Ji  and  B,  Fig.  226,  we  shall  then 
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--   x  2  —  -~  .  — 

t  £      4 

because  the  pressure  Q^  =  -^  at  the  arm  l^  and  half  the  weight 


have  to  take  the  difference  --   x  2  —  -~  .  —  for  the  moment  of  rupture, 

t  £      4 


acting  at  the  arm  -  is  opposed  to  it.      Therefore 

_ 
S 

Example.  What  load  does  a  hollow  cast  iron  beam  sustain,  if  its  outer  depth  and 
breadth  amount  to  8  inches  and  4  inches,  and  inner  breadth  and  depth  6  inches  and 
2  inches  ;  and  if  further,  the  middle  of  the  load,  uniformly  distributed  over  3  feet  in 
length,  is  distant  from  one  point  of  support  4,  and  from  the  other  2  feet?  It  is 
W-  W  4.612-3.  216 


=  >_ 

inches;  hence,  —  Q  =  1000  .  202  ;  and  consequently^  ^  =  17565  Ibs. 

§  203.  Plane  of  Rupture.  —  If  the  beams  are  not  prismatic,  if  they 
hare  different  transverse  sections  at  different  places,  the  plane  of  rup- 
ture, i.  e.  the  plane  in  -which  rupture  will  ensue,  will  no  longer  be 
the  same  as  for  prismatic  bodies,  because  this  place  is  not  only  de- 
pendent on  the  arm  or,  but  also  on  the  transverse  section.  If  we  sup- 
pose a  rectangular  section  of  variable  breadth  w,  and  height  2:,  and 
assume  the  beam  to  be  fixed  at  one  extremity,  and  at  the  other  acted 
upon  by  a  pressure  P9  and  the  distance  of  the  transverse  section  wz, 
from  the  extremity  where  the  pressure  acts  =  x9  we  must  then  put 

p  =  _  .  wz  ,  and  find  the  minimum  value  of  2?2L  in   order  to  de- 

6         x  & 

terrnine  the  weakest  part,  or  plane  of  rupture  of  the  beam. 

Here  many  cases  present  themselves  ;  let  us  consider  only  the  fol- 
lowing. Let  the  body  JlBEG,  Fig.  227,  be  a  truncated  wedge,  or 
have  the  form,  of  a  prism  with 

a    trapezoidal    base,    let     the  Fig.  227. 

breadth  DE  =  FG  at  the  ex- 
tremity =  6,  the  depth  EF  = 
DG=h9  and  the  distance  UK 
of  the  edge  cut  off  from  the 
terminating  surface  EG9  =  c. 
Let  us  now  assume  that  the 
plane  of  rupture  JVX  is  distant 
UV  =  x  from  the  terminat- 
ing surface,  we  shall  then  ob- 
tain for  it  the  depth  ML  «=  z, 

^==,fL+-h=k(l  +  -\*  whilst  the  uniform  breadth  is 


The  value  2^-  *£  (l  +  ^  =  ftWi  +  *  +  -*  )  iB.cre^es  and 

X  X     \  C/  \X          C  <?  / 

diminishes  simultaneously  with-  +  -^,  and  is,  tlusardfarfe,  &Iso  a  mini- 


SC 

*18 
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mum,  when  this  latter  term  is  of  the  last  value.  But  if  in  place  of 
or,  we  put  c  +  uy  where  u  is  a  small  number,  we  shall  then  obtain 
for  it  : 


u  _u   ^  \  -L  JL  —  -  4-  —  .     As  now  in  this  last 

~~"+~ 


c  c  cc 

expression  u  appears  only  as  a  square,  it  follows  that  every  other 
value,  which  is  obtained  when  the  distance  x  is  assumed  greater 
or  less  than  c,  gives  a  greater  value  than  for  x  =  c,  that  con- 

sequently   for    x   —    c,  I  +  -,    and,    therefore,    also    2L5L  =   SA2 


- 

!  4-  §  -4-  1\  =  4  &^2  is  a  minimum*      From  hence  it  follows,  that 
c         c         c/  c  . 

the  magnitude  of  the  surface  of  rupture  =  6  .  2  A  =*  2  bh,  and  is  dis- 
tant from  the  terminating  surface  EG  =  bh  as  much  again  as  the  edge 
HK  of  the  portion  cut  off. 

In  a  similar  manner,  the  distance  of  the  plane  of  rupture  from 
the  terminating  surface  of  a  truncated  pyramid  or  truncated  cone  is 
equal  to  half  the  height  of  the  supplementary  pyramid  or  supple- 
mentary cone. 

§  204.  Beams  of  the  Strongest  Form.  —  A  beam,  which  opposes  an 
equal  resistance  to  rupture  throughout  all  its  sections,  of  which,  there- 
fore, each  may  be  considered  as  a  plane  of  rupture,  is  called  a  beam 
of  the  strongest  form.  Of  all  beams  of  equal  strength,  the  body  of 
equal  resistance  at  each  point  of  its  length  has  the  least  quantity  of 
material,  and  is,  therefore,  the  most  suitable,  and  that  which  should  be 
selected  for  architectural  construction,  and  for  machines,  not  only  out 
of  regard  to  economy,  but  also,  that  the  weight  may  not  be  increased 
unnecessarily. 

If  we  put  the  distance  of  a  plane  of  rupture  from  the  further  ex- 
tremity =  x,  and  the  measure  of  the  moment  of  flexure  for  that  section 

=s  W9  we  then  have  the  pressure  requisite  for  rupture  P  =  --    As 

e  cc 

W 

K  is  a  constant  factor,  a  beam  of  the  strongest  form  —  must  be 

e  *c 

constant  also,  €.  e.  it  must  be  of  the  same  value  for  every  possible 
section.  If  for  a  beam  of  a  rectangular  section  the  variable  breadth 
as  w,  and  the  depth  =  t?;  but  the  breadth  at  the  origin,  or  end 
supposed  fixed  =  ft,  and  the  depth  there  —  A,  we  have  generally 

W^  UV*  ,  and  e  =  ^,  hence  P  =  -^-  »  ~  ,  and  for  the  origin,  for 
12  2  x         6 

which  sc  has  become  /,  P  «=  —  —  .  -—  . 

I         6 

If  we  make  these  two  values  of  P  equal,  we  obtain  the  equation 

uv    M  for  the  beam  of  the  strongest  form.     In  a  beam  of  equal 

x  I 
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Fig.  228. 


12  fir  7}  cr 

breadth  u  =  b  is  —  =  — -,  therefore,  --  =  -,  which  is  the    equation 
x          I  h?        I 

to  the  parabola  (§  35,  Remark),  and 
points  out  that  the  longitudinal 
section  JIBE,  Fig.  228,  must  have 
the  form  of  a  parabola  whose  vertex 
is  the  extremity  or  point  of  suspen- 
sion E  of  the  load.  If  the  beam 
JIB,  Fig.  229,  rests  upon  its  extre- 
mities, and  sustains  a  load  in  its 
middle  C,  or  if  a  beam  ~3J3,  Fig. 
230,  is  supported  in  its  middle  C, 
and  two  pressures,  balancing  each 
other,  are  applied  at  the  extremities 
Ji  and  2?,  then  the  longitudinal  pro- 
file has  the  form  of  two  parabolas  meeting  in  the  middle.  The  last 


Fig.  229. 


Fig.  230. 


case  occurs  in  balances,  which,  as  they  are  weakened  by  the  holes  at 
the  points  *>#,  C,  JB,  are  provided  with  ribs,  or  have  a  middle  piece  JiH 

given  to  them.  If  the  depth  v  =  h  is  constant  —  =  —  or  -  =  -,  for 
0  x  I  b  I 

the  breadth  u  is  proportional  to  its  distance  from  the  extremity,  the 
horizontal  projection,  therefore,  of  the  beam  JlBD,  Fig.  231,  forms  a 
triangle  BCD,  and  the  whole  beam  a  wedge  with  a  vertical  edge 
coinciding  with  the  direction  of  force,  If  the  body  jlBD,  Fig.  232, 


is  to  have  similar  transverse  sections,  we  shall  then  have  ~  : 

h 


:  «- 
b 


,  hence 


i.  e.  —  =  ~  ,  therefore,  the  breadth  and  the  depth  in- 
fr3        * 


Fig.  231. 


Fig.  232. 
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crease  as  the  cube  roots  of  the  corresponding  arms.  For  example,  a 
section  eight  times  further  from  the  outer  end  than  a  given  section, 
would  only  have  double  the  height  and  breadth  of  that  of  the  given 
section. 

If  a  beam  be  uniformly  loaded,  we  have  the  variable  load  Q  =  qx, 

nc 
and  its  arm  =*  ~,  hence,  instead  of  Px,  we  must  put  xq  .  ~  « 


whence 


consequently 


=  uv 
uv2 


K 


and  also 


Pg 


must  be  taken 


bh*  —,  and 
6 


—     Were  the  breadth  invariable,  that  is  u  =  6, 


we  should  have  !-.=  _,  therefore,  also  ~  =  ~  and,  therefore,  a  tri- 

hr        I2  hi 

angle  Jl BE  for  the  longitudinal  section,  and  a  wedge  JIBED,  Fig. 
233,  for  the  body  of  the  strongest  form.     If  we  take  a  uniform  depth 


Fig.  233. 


Fig.  234. 


t?  =  A,  we  then  obtain 


u 


and,  therefore,  for  the  plane  a  surface 


7,  bounded  by  a  parabolic  arc,  as  in  Fig.  234.     If  we  again  make 

it?       x2 

similar  transverse  sections,  then  -»  **  --  so  that  we  have  both  in  the 

b          lr 

vertical  as  in  the  horizontal  profile,  a  cubic  parabola,  in  which  the 
cubes  of  the  ordinates  increase,  as  the  squares  of  the  abscisses. 
If  a  body  JIB  supported  at  both  extremities,  Fig.  235,  is  uniformly 

loaded  over  its  whole  length,  we 

Fig.  235,  have  for  the  moment  of  rupture  at 

a  distance  from  a  point  of  support 


on  the  other  hand  for  the  middle 

point: 

jQ      l_Q     l_  W_$P 
Z   *  2        2*4         8  "   8  * 

If  we  suppose  the  body  to  be  of 
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uniform  breadth,  we  have  to  put  j-  (Ix  —  or2)  =  bv2  .  —  and  ^-  =  6A2 

2  68 

K         ,  ,       ,.   .  -       V2         Ix  —  3?  „        /&\2/7         «        ^T 

.  —  ,  and  by  division  —  =  —          ,  or  vz  =  (  —  )   (fa  —  x2).      \\  ere 
G  ht  -%  I  \jg  I/ 

h  =  ijz  I,  v2  would  be  «=  Ix  —  or8,  and  therefore  the  longitudinal  section 
would  be  a  circle  ^D^B  described  with  I  as   a  radius,  but  because 

Ix  —  x2  must  still  be  multiplied  by  /  —\  in  order  to  obtain  the  square 

v2  of  every  ordinate  OJIf,  this  circle  passes  into  an  ellipse  J2DB,  whose 
semi-axes  are  CJ1  =  a  =  ^  I  and  CD  =  £  =  h. 

The  same  relations  exist  for  bodies  with  circular  sections  as  for 
those  with  similar  rectangular  sections.  In  the  case  of  a  beam  im- 

lJ/3  rt* 

bedded  in  a  wall  at  one  extremity,  and  loaded  at  the  other  —  =  _, 

r3         I 

L  e.  the  radii  increase  as  the  cubes  of  the  distances  from  the  point  of 
application. 

§  205.  The  Thickness  of  Jlxles.  —  In  the  parts  of  machines,  as  the 
shafts,  axles,  &c.,  flexures  may  prejudicially  affect  the  working  of 
machines,  by  giving  rise  to  vibrations  and  shocks;  and  it  is  here, 
therefore,  often  more  desirable  to  determine  the  sections,  not  ac- 
cording to  their  strength,  but  according  to  their  degree  of  flexure. 
Gerstner  and  Tredgold  maintain  that  a  beam  of  wood,  supported  at 
both  extremities  and  loaded  in  the  middle,  may  suffer  a  deflexion 

a  —  „_  .  I  without  disadvantage,  and  that  such  a  beam  of  cast  or 
288 

wrought  iron  can  only  undergo  a  deflexion  or  height  of  arc  a  =  -—  -  .  I. 

4oO 


But  now  from  §  190  :  a  ==  L   ,  and  from  §  191  ;  W  =  —  ,  hence 

P  P  a  P  lz 

follows  the  height  of  arc  :  a  =  —  _  —  and  ~-  =  —  -         .    If  now  we 

put  -^-  =  —  —  ,  and  E  =  1800000,  we  obtain  for  wooden  beams  the 
I 


tenacity  or  strength  at  the  middle  : 

a      4  bh3  E          1        4  bh3  ,  1800000 


=  T  '  ~  ¥~=  288  --  P  - 
For  cast  iron  ^  =  .JL,  and  E  =  17000000,  hence  : 


.  17000000  ==  142000 


If  further  we  take  for  cast  iron  ^  »          ,and  JB=290(XXX)01bs,, 

I         48O 

we  obtain  for  a  rectangular  beam  of  this  material ; 

P  =  242000  .  ^. 
The  co-efficients  25000,  142000,  24200G  must  be  multiplied  by 
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3  ft  =  9,42,  and  h  and  b  be  replaced  by  r,  for  cylindrical  beams  as 
round  axles,  &c.  The  following  table  gives  the  dimensions  of  the 
transverse  sections,  I  being  expressed  in  feet,  b,  A,  r  in  inches,  and 
P  in  pounds. 

Substances.  *     Rectangular  section,     j         Circular  section. 


f 

W*  —    Pl* 

(  — 
_     PP 

k 

1            170 

IbOO 
r*-     P^ 

i 

9250 
^_     PP 

Wrougiit  iron       -     -  Si 

i 

s 

1680 

15SOO 

If  the  load  Q  be  uniformly  distributed  over  the  beam,  P  must  be 
replaced  by  £  Q,  §  190,  and  if  the  weight  of  the  beam  be  taken  into 
account,  by  P  +  £  G.  If  it  be  the  case  of  a  beam  which  is  fixed 
at  one  extremity  and  loaded  at  the  other,  P  and  /  must  then  be 
doubled,  therefore,  PI2  to  be  multiplied  by  eight;  if,  lastly,  the  beam 
fixed  at  one  extremity  sustains  a  load  Q  uniformly  distributed,  for 
P  l\  we  must  substitute  f  .  8  Ql2  —  3  Ql2  for  P  P. 

Ejcampk$.  —  1.  What  load   will  a  wooden   beam,  20  feet  long,  7  inches  thick  and  9 
deep,  reposing  on  both  its   extremities,  sustain  for  a  length  of  time  ?     This  load  is  P 

-170.    JL*L«i70.    LliS=  U90,  I2L.  2170  Ibs. 

P  202  400 

In  §  19SP  was  found  =  1890  Iba.  —  2.  What  thickness  must  an  iron  axle,  12  feet  long, 
be  cast,  if  the  same  has  to  sustain  a  uniformly  distributed  load  Q  =  40000  Ibs.,  without 

any  detrimental  flexure?  H  a=     *  QP    ,  therefore  here  r*  =  5.  .  4QQOQ  *  12*  =228, 

15SOO  8          15800  ' 

4  _ 

and  r  =  ^/  228    —  3,89  inches  j  consequently,  the  thickness  of  the  axle  2  r  =  7,7  8}  or 
about  7j  inches.     By  the  formula  for  strength,  if  the  modulus  of  tenacity  of  wrought  iron 

be  taken  at  M  "^63  that  of  cast  iron:  r**=  _  5?  _  =  40QQQ  '  144  '  9   ==  98,5: 
5  8  .         .  4700  8.14  .  4700  ' 


_ 

hence,  r  ^/  9S,5  ==  4,62  inches,  and  2  r  *=s  9,24  inches. 

§  206-  Rupture  by  Compression.  —  If  prismatic  bodies  are  so  strongly 
compressed  in  the  direction  of  their  axes,  as  to  amount  to  rupture, 
their  resistance  to  compression  has  to  be  overcome.  This  rupture 
may  take  place  in  two  ways.  If  the  body  be  short,  if  it  approximates 
to  a  cube,  it  will  fall  to  pieces  without  undergoing  flexure,  but  if  the 
body  is  longer  than  it  is  broad  and  thick,  flexure  similar  to  that  which 
takes  place  will  precede  the  rupture.  The  one  kind  of  rupture  con- 
sists in  a  crushing,  bruising,  transverse  strain,  or  splitting  asunder  of 
the  body  or  its  parts  ;  the  other,  in  a  fracture  or  destruction  of  a  section 
of  the  body.  Hence  a  distinction  is  made  between  the  crushing  strength 
and  strength  of  rupture  under  compression* 

The  resistance  to  crushing  is,  for  similar  sections,  proportional  to 
their  areas  ;  for  regular  sections,  however,  somewhat  greater  than  for 
irregular,  and  greatest  of  all  for  circular  sections.  It  is  besides  inde- 
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pendent  for  the  most  part  of  the  length  of  the  body.  Short  \vooden 
prisms  split  asunder  in  the  direction  of  their  length,  or  form  a  bulge ; 
stones  break  into  several  pieces  or  separate  along  an  inclined  plane. 
Ten  times  the  absolute  strength  is  given  to  wood  and  stones ;  to  iron, 
only  one  of  five  times;  and  to  walls  of  rough  stones,  twenty  times.  If 
K  be  the  modulus  of  resistance  to  crushing,  and  .Fthe  transverse  sec- 
tion of  the  bodies,  the  working  load  will  be 

P  =  FK^  and  F  =  — ,  where  for  K19  -I  K  to  fa  K  must  be  substi- 

1 

tuted. 

TABLE 
OF  THE  MODULUS  OF  RESISTANCE  TO  CRUSHING. 


Names  of  substances. 

\ 
Modulus  J5T. 

Names  of  substances.  $         Modulus  K. 

Basalt 
Gneiss 
Granite     - 
Limestone 
Marble     - 
Mortar 
Sandstone 

t 

1 
j 
) 

27000 
5100 
0000  to  11000 
1500  **     6000 
3200  "   12000 
450  "        900 
1400  "   13000 

Brick 
Oak 

Pine 
Fir 
Cast  iron 

Wrought  iron 
Copper  - 

™ 

580  to  2200 
2800  «  6800 
6800  "  SOOO 
2000 
146000 
72000 
60000 

The  values  of  K  contained  in  the  preceding  table  are  not  unfre- 
quently,  especially  for  wooden  columns,  applicable  even  when  the 
bodies  are  very  long,  only  it  has  been  found  necessary  to  diminish 
these  values  by  one,  two,  or  three-sixths,  when  the  columns  are 
twelve,  twenty-four  or  forty-eight  times  as  long  as  they  are  thick. 
Accordingly,  for  a  column  of  oak,  one  foot  thick  and  twenty-four 
long,  K  must  be  taken  at  from  2800  (1  — §)  =  1900  Ibs.  to  6800  .  f 
=  4500  Ibs.  The  formulae  developed  in  §  185  for  the  transverse 
section  of  bodies  of  considerable  weight,  and  of  bodies  of  the  strongest 
form,  here  find  their  application.* 

Examples. — 1.  What  load  can  a  round  column  of  pine,  12  feet  long  and  11  inches  dia- 
r  .  Ua 


meter,  sustain?    J? 

>  + 


95  square  inches;  if  we  now  take  for  JT  a  mean  value 


=  7400,  and  diminish  the  value  one-sixth,  because  the  length  5s  13 

sss  6200  Ibs.;  and  give  aten- 
95  MS  58900  Ibs, — 2.  How 


times  that  of  the  thickness,  and  therefore  put  K  sss  7400  .  £ 
times  security,  we  shall  then  have  P  = 


6200. 


10 


:  620 


thick  must  be  the  foundation  walls  of  a  massive  building  of  20000000  Ibs.  weight,  60  feet 
outer  length,  and  40  feet  breadth,  if  for  this  purpose  -we  use  well  finished  blocks  of 
gneiss  ?  Let  x  be  the  requisite  thickness,  60  —  a:  is  the  mean  length,  and  40  —  x  the 
breadth  ;  therefore  the  mean  perimeter  2  (60 — x  -f-  40 — x)  =  200  — •  4  x ;  if  we  mul- 
tiply this  by  x,  we  obtain  the  base  of  the  walls  (200 — 4  x)  x  square  feet  =  144(200—4  x) 
x  =  576  (50-^a:)  x  square  inches.  For  a  twenty-fold  security,  a  square  inch  of  gneiss 

sustains  a  pressure  =  =  255  Ibs,  j  hence  we  have  to  put  255  .  576  (50— #)  x  s= 


20 


S0000000,or  50  x—a* 


146880 


=  136.     Now  x  = 


50 


J  or  aboat  x  -. 


336 
50 


*  See  Appendix* 


216 


RUPTURE    UNDER    COMPRESSION. 


136+  7 
50 


143 
50 


=  2,7  feel.     Now  ar1  being  put  =  2,7a  =  7,  more  accurately  x  -. 
ass  2,86  feet,  ibr  which  we  may  take  2,9  feet,  =  35  inches. 

§  207.  Rupture  under  Compression. — If  a  prismatic  body  JIB  CD, 
Fig.  236,  be  fixed  at  one  extremity,  and  at  the  other  be  acted  on  by 
a  pressure  P,  which  acts  in  the  direction  of  the  axis  of  the  body,  the 
relations  of  deflexion  will  come  out  otherwise  than  when  the  pressure 
acts  perpendicular  to  the  axis.  The  neutral  axis  KL  assumes  another 
form,  because  the  arms  of  the  pressure  P  are  not  formed  by  the  ab- 
scisses, but  by  the  ordinates,  as  HK.  From  §  188,  we  have  for  the 
angles  of  curvature  LML19  L^M^L^  &c.?  of  the  neutral  axis  KL,  Fig. 


Fig.  236. 


Fig.  237. 


JW.   m.  JUJLt* 

WE     " 


— a  '     *   2,  &c.,  but  here  the  moments  are 


P  . 


,  &c.,  hence  we  have  the  measures 
P  '  ^  ftc.     If 


Jfc^     3=35      P    .    JDjjLj,    Jlfg 

of  the  angles :  $ 2  = 

we  introduce  the  tangential  angles  L3LDl  =*  J5COL  =  a,  LJLJE^, 

we  suppose  only  a   small  curvature,  we^  may  then  write : 

~~-,LzL3 


,  &c.  ;  if  further  we  di- 


vide  the  entire  height  of  the  arc  CK  =  a  into  n  equal  parts,  we  may 
then  put;  D^  «*  CCj  =  jB2L2  =   CXC2,  &c.  r=  -,  butD^  =  ?^, 

71  71 

3a 

JD3L3  =  — ,  &c.,  and  by  the  substitution  of  these  values  it  follows 
n 


that: 


P    -    — 

n  * na 


Pa2 


P  .—  . 


n  a, 


2  Pa* 


WE 


3  Pa2 
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2  Pa2 


WE  n%2 
3  Pa2 


WEn 
The  sum  $>ta  + 
Pa2 


T>  &c* 


a*  +  .  .  . 


Pa2 


_(1  + 


3+... 


Pa2 


.,  and  may  be  also  found,  if  a  be  divided 


+  n) 


into  m  equal  parts,  and  any  such  part  — ,  be  put  =  $x  =<j>2  = 


771 


We  shall  then  obtain^  ^  +  ^>3  <zx  +  $3  <z2  +. .  .  =  —  .  a+  —  (  a — —  \ 

m  jn  \         ?n/ 

_L.  —  (a, j  +  . .  »  j .  —  by  taking  out  the  common  factor 

m \  m/  m     m 

•i\  ,  and  writing  it  in  an  inverse  order  =  /_! )  (1  +  2+. . . 
m/  \m/ 


Fig.  238. 


ft*        <w»™  rt* 

—  —  .  _  _  __,  and  by  making  these  two  sums  equal  to  each  other 
m2      2          2  ° 

a2  —       °  »  an  equation  between  the  angle  of  curvature  LOK  =  a°, 

FrLE/ 

and  the  height  of  the  arc  CK  =  a. 
For  the  equation  of  the  elastic 
line  LK,  Fig.  238,  let  us  take 
Z,JV*  =  x  and  J\TQ  =  ^  as  co-or- 
dinates, and  put  the  correspond- 
ing angle  of  curvature  LMQ  =04. 
In  the  last  equation,  if  we  put  a 
for  y?  and  y  for  a,  we  then  have 
to  replace  the  sum  ^  #  + 

,      a2-  r 

+  . .  .  by 


-;  hence, 


if  we  represent  the  supplementary 
angle  QSK  =  a  —  ax  by  a3,  we 
afterwards  obtain  a2  —  aJ*  == 


—      f    P 


**s=a2~iArandso 

since    c^0    «=    ^    QQxr,    and 

TQ   element  6  of  the  ordinate  y 

element  *  of  the  absciss  x9 


* — y* .       But 


Fig.  239. 


^/  a2-— -^r2. 

If  in  a  rectangular  triangle  J3BC,  Fig.  239, 
with  the  hypothemise  J%B  ==  a,  the  angle  dtfJB 
increases  by  a  small  amount  JSJIB^  =  4°,  the 
perpendicular  BC  ~  y  increases  by  the  amount  I 

19 
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DBl  a*  a,  and  the  base  JiC  decreases  by  the  amount  DB=  C^C,  then 
* 


,    .  *.-. 

.AB  04, 


.  and  hence 


=7.   By 


comparing  the  two  expressions  — 


a2  —  y2  and  — 


•  —  y%  we  obtain  the  equation  4  = 
Therefore  the  ratio  of  the  element  f  of  the  absciss  to  the  element  of  the 


tp  e  I  WE 

F  "jfrjp  or  ^T  =  *J  ~P"~* 


arc 


is  invariable,  and  =      |          ,  and  hence,  also,  the  ratio  of  the 


,  and 

' 


absciss  x  to  the  whole   arc  Ji  ==      f — — - ,  i.  e.  — -   =       . 

^^     Jr  mfjL  ^      Jr 

Ji  -.  a:     f    ^         If,  finally,  we  substitute  this  value  of  Jl  in  the  equa- 

^J  WE 

tion  jBC=  *^JS  ^in.  ^2;  i.  e.  y  =  a  sin.  A,  we  obtain  the  equation 
sought :  

P  \ 


-  a  sin.  (x     f- 


WE/ 

With  the  assistance  of  this  last  formula  we  may  find  the  ordinate 
y  corresponding  to  any  absciss  JJV  =   x,  Fig.   240.    ^If 
in  this  we   put  x  =    I    and   y  =   a,  we  then   obtain   a 

,  ^  ^        in, 

L  whence  it  follows  that 


a  sn. 


Fig.  240. 


As  this  formula  does  not  con- 
tain the  height  of  the  arc  ay  it 
follows  that  the  force  P  is  capa- 
ble of  maintaining  equilibrium 
for  every  deflexion  of  the  body. 
This  remarkable  circumstance  is 
explained  by  the  fact  that  an  in- 
crease of  the  arm  or  of  the  stati- 
cal moment  is  combined  with  an 
increase  of  the  deflexion.  Hence, 
therefore,  the  force  for  rupture  is : 


§  208.    Columns.— If  we  put  in  the  formula  P  =  l^-\    .    WE  for 
W=  -^  y»  ^v^^  then  obtain  in  P  the  resisting  strength  of  a  rectangular 

-&         A  A3 

-  jEJ. 


12 
column  P  =  -—  . 
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The  strength,  therefore,  of  a  parallelepiped  increases  as  the  breadth 
or  greater  dimension,  and  the  cube  of  the  thickness  or  less  dimension  of 
the  transverse  section,  and  inversely  as  the  square  of  the  length. 

If,  on  the  other  hand,  we  put  W=  ~  r4,  then  for  a  cylindrical  co- 

r4E 
—-. 
16 


,  ,  «        * 

lumn  we  have  /*  =  —- 


=- 
I2 


The  strength  of  a  cylinder  increases,  therefore,  as  the  fourth  power 
of  the  diameter,  and  inversely  as  the  square  of  the  length. 
For  a  hollow  column  with  the  radii  r, 

_3          /•-  4         **  4\    TP 


l9  and  r2 


rt 

16 


If  the  column  be  not  fixed  at  the  lower  extremity,  it  -will  assume  a 
curvature  BJIB^  Fig.  241,  by  which  the  lower  half  will  be  as  strongly 
deflected  as  the  upper,  and  the  greatest  curvature  take  place  in  the 
middle.  Therefore  this  beam  must  be  regarded  as  the  double  of  one 

imbedded  in  a  wall,  and  for  I,  —  must  be   sub-  Fi    241 

stituted,  so  that  for  the  rectangular  and  for  the 
cylindrical  columns, 


12       P    ~'~  4        I*       ' 

ija  both  cases,  however,  there  is  a  fourfold  tena- 
city. These  formulae,  when  the  columns  are  not 
very  long,  give  generally  a  greater  tenacity  than 
the  formula  for  the  crushing  strength,  wherefore 
the  ratios  of  the  sections  are  often  determined 
from  the  last.  It  is  at  least  advisable  only  to 
make  use  of  the  formula  for  rupture  under  com- 
pression when  the  length  is  at  least  twenty  times 
that  of  the  thickness,  and  then,  further,  to  allow 
a  twenty-fold  security.* 


JExamples. — 1.  For  a  column  of  fir,  12  feet  long  and  11  inches  thick,  the  tenacity  is 


•tv  *  -CV/  ^&*tS  A\J 

Example  No.  1,  of  §  206,  58900  Ibs.  ooly,  therefore  about  §  of  the  above,  was  found. 

2.  How  thick  must  a  column  of  oak,  30  feet  high,  be  in  order  to  be  able  to  bear  a  load 
of  00000  Ibs.? 

Here  r=    */*•**** 4/4  .  60OOO  .  (30  .  12)3   4/8  .  6  .  360* 

Wlr*E~        W         31  .  180OOOQ  W    31  .  18       " 

20 
quentijr,  the  thickness  is  about  21  inches.     The  strength  of  crushing  requires,  if  1C  be 

1         A         *5QAA     1      AGAn  fi/^/^k 


pw.JL  4 

*         10 


6~ 


:  320  Ibs.,  the  transverse  section  JF  ; 


320 
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square  inches;  whence,  r  = 


-  =  13,7  .  0,664  =5=  7,7  inches,  and  the  t&fekness 


Bhould  be  1*>4  inches.     For  this  case  the  first  value  must  be  taken. 

§  209.    Torsion.— When  a  body  J1BC*  Fig.  242,  fixed  at  one  ex- 

*   See  Appendix. 
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tremity,  is  acted  upon  by  a  force  whose  direction  lies  in  the  plane 
normal  to  the  axis,  and,  therefore,  endeavors  to  turn  the  body  about 
the  axis,  or  when  two  forces  of  revolution  P  and  Q  act  in  different 
normal  planes  upon  a  body  JIB,  fixed  by  its  axis,  Fig,  243,  the  fibres 
running  parallel  to  the  axis  undergo  a  wrenching  or  torsion,  the 
amount  of  which  we  wish  to  determine.  Let  JIB,  Fig.  242,  be  a 


Fig.  242, 


Fig.  243. 


fibre  before,  and  jUDihe  same  fibre  during  the  torsion,  and,  therefore, 
let  the  extremity  of  the  fibre  B  be  advanced  by  the  force  of  torsion  to 
JO.  If  now  I  be  the  initial  length  J3B,  and  %  its  extension,  therefore 
I  +  x  the  length  J3D  during  the  torsion,  and  if  s  be  the  corresponding 
torsion  BD,  we  have  after  the  Pythagoreanjaw  to  put 

JW*  «  JttP  +  BD2 

(I  +  *.)*  «*  p  +  $*,  or  P  +  2  h  +  *?  =  P  +  $*,  may  be  put  approxi- 
mately a  x  =  ~.  If  further  F  be  the  section  of  such  a  fibre,  we 
then  have  for  the  force  required  to  produce  this  extension  in  the  direc- 
tion of  the  fibre  S  =  ^  .  F  .  E.  But  this  force  or  tension  (S)  of  a 

-•-/ 

fibre  is  only  a  component  of  the  force  of  torsion  R,  which  produces 
besides  a  further  pressure  JV,  normal  to  the  fibres.  From  the  simi- 
larity of  the  triangles  RDS  and  BDJ5,  it  follows  that  S  :  R  =  s  :  I, 

??o 

hence  S  =  -—,  and  by  equating  both  values  of  S: 


Fig.  244. 


Therefore  the  force  of  torsion  of  a  fibre 
increases  as  the  torsion  (s),  and  the  transverse 
section  F,  and  inversely  as  the  length  (I)  of 
the  fibre. 

To  find  the  force  of  torsion  of  a  cylindrical 
axle  CBjJy  Fig.  244,  let  us  divide  its  radius 
r  into  n  equal  parts,  and  suppose  concentric 
circles  passing  through  the  points  of  divi- 
sion, so  that  the  transverse  section  becomes 
decomposed  into  annular  elements  of  the 
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thickness  -,  and  radii  L9  J-,  JL 9 .  m?L..      The  solid  contents  of  these 
n  n    n     n          n 

elements    are   F1   =   2  ft  .  ~  .  -  =  2  *  (L\*,  F2  =  2  * .  —  .  -  = 

n     n  \n/  n       n 

4  *  (~\  ,F3*=x2rt.  —  .-=SS:6rt  (~\  ,  &c.     If  all  the   fibres   are 
\n/  n      n  \n/ 

twisted  by  the  angle  BCD  =  a°,  they  have  the  corresponding  tor- 

¥  2y  3r* 

sions  $i  ==  —  a,  5*2  =  —  a,  5-  =s  —  a,,  and  hence  the  forces  of  torsion 
n  n  n 


—- — {  — j  JE7,  &c.     If  further  we  multiply  these  forces  by  the  arms 
/     \n/  * 


.»,  —  ,  —  ,  and  add  together  the  values  so  obtained-  we  have  for  the 
n    n     n 

moments  of  torsion  Pa  =  ^  fL\*  (I3  +  23  +  33  +  .  .  .  +  n3)  E,  L  e. 

*    \n/ 

Pa  =  ^__  (  —  j    ._._.=-.  f^L  .  JEJ,  and   inversely,  the  measure  of  the 

I    \n/       4          4  / 
angle  of  torsion: 

4  I.  Pa 
"  =    ^r4!:  ' 
If  the  axle  be  hollow  and  have  radii  rx  and  rz>  we  have  then 

Pa  .  -  £  (^  _  r/),  therefore  .  .  ^  £  ^  ^ 

The  application  of  hollow  axles  gives  also  with  resp>ect  to  torsion  a 
saving  in  material,  for  if  we  put  rz  =  r,  and  rz  =  r  \/2,  we  then  ob- 
tain for  the  hollow  axle,  which  has  the  same  section  as  a  solid  one, 
the  moment  of  torsion  : 

«,  ^  (4,*  _  r«)  -  3  . 

thrice  as  great  as  for  the  solid  axle. 

§  210.  For  a  shaft  or  axle  of  a  rectangular  section  J1BDE,  Fig. 
245,  the  moment  of  torsion  is  found  in  the  fol- 
lowing manner.     If  we  divide  half  the  breadth  Fis-  245< 

JIG  =  b  into  n  equal  parts,  and  carry  through 
the  points  of  division  the  parallel  planes  HL9 
*WJV~,  &c.,  we  obtain  elements  of  equal  sections, 

each  M  —  .  hy  where  h  represents  half  the  height 
n 

j?jF==  GC  of  the  section.  If  now  we  divide  one 
of  these  elementary  strips  into  m  equal  parts,  we 


have  for  its  area  —  .  —  «=  -*^-.    Let  the  normal  distance  Cffof  the 

m      n         m» 

strip  HL  from  the  centre  C,  »  c,  and  the  distanee  JCffof  tfee  element 

19* 


222  TORSION. 

K  from  the  normal  CH ,  =  e,  then  the  distance  of  the  element  from 
the  axis  is  CK  =  v^fe2,  accordingly  the  arc  of  torsion  =  o 
and  the  moment  of  torsion 


If  now  we  successively  put  e  =  — A,  —  A,  —  A,  &c.,  and  sum  the 

771          771  771 

results,  we  have  the  moment  of  the  strip: 


jjut  1+4  +  9  +  .. .  +  m2  =  — ,  hence  the  moment  of  the  strip  = 

o 

"us 


(<?  +    ^  \  E.     To  obtain  the  moments  of  all  the  strips,  let 
\  3  / 

ap-ain  put  c  =«  -,  — ,  — ,  &c.»  and  again  sum  the  results,  we  shall 
8        r  n    n     n 

b\*.L.  A  (b\*+. 

+ 4  w  + 


2nl 
agaii 
then  have : 


2* 
Generally  the  sections  are  square,  and  therefore  6  =  h.     As  we 

have  only  considered  a  fourth  part  of  the  shaft,  it  follows  for  the 
whole  shaft  that : 

»-*-£*• 

For  a  cylindrical  axle  P1a1  =  ?*      E-9  if  we  put  6  =  r  we  then 

4  I  . 

obtain  Pa  =s  7-  »  -.  *  a?< .  ,„  E  =«  —  -Pi^i>  the  moment  of  the  square  is, 

0  n      4s  I  3ft 

1  /* 

therefore,  *«  —  =»  1,756  times  as  great  as  that  of  the  round  axle. 
But  if  we  make  45*  =*  *r*,  and,  therefore,  both  sections  equal,  we  then 

obtain  Pa  =  **  ^  E  =  -^1  .  1  .  P,a.  «  ^   P.*,,    therefore   the 
4  .  3Z  4.3     «        2  z        3       a  x 

square  shaft  is  only  a  little  stronger  than  the  cylindrical  axle. 

If  the  axle  be  hallow,  and  the  outer  and  inner  radii  be  261  and  2&2, 
we  then  have  : 

Pa 
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§  211.  Breaking  Twist.  —  When  the  torsion  exceeds  a  certain  limit, 

the  fibres  are  torn  asunder,  and  the  cylindrical  axle  is  twisted  asunder. 

jr 

For  the  moment  of  rupture  of  the  fibre  furthest  from  the   axis  —  *=*  —  -, 

t       E 


51    =       \~ 

&  ^^ 

The  statical  moment  of  twisting  for  the  round  axle  is  : 


but  y  is  also  =  J       =  J        hence  it  follows  that 

L  £  L  £  L 


JE 


.  21L 

2    V 


E          4  2  2 

but  for  the  square  shaft,  where  the  greatest  distance  of  a  fibre  is  half 
the  diagonal  &  >/  2,  it  follows  that 

|  _    *££  since  ** 
E  21*  I 

Since  the  fibres  are  not  only  extended  by  torsion,  but  also  com- 
pressed, and  as  we  have  only  had  regard  to  extension  in  our  develop- 
ment, so  it  may  be  expected  that  the  formulae  found  do  not  in  their 
quantitative  relations  quite  correspond  with  experiment  and,  therefore, 
it  is  necessary  to  take  the  constants  E  and  ^/  KE  from  experiments 
made  especially  to  determine  them. 

If  a.  be  given  in  degrees,  such  observations  admit  of  our  putting  for 
the  torsion  : 


Substances. 


Circular  section.  |  Square  section. 


Wood        - 
Cast  iron  .... 

Steel  and  wrought  iron 

pa  ___  3590      *°1l^lli        i 

pa  «=  f>«r>r>    «064 

ra                         i 
pa  —  160000  r*_.r4  . 

Z 

pa  —  _  2gr>oOO  *°^ 

Pa  —  28000^  *  *"* 

pa  —  470000  *0fr4 

In  what  relates  to  the  strength  of  torsion,  numerous  experiments 

made  upon  cast  iron  have  given     f  KE   =  30000  to  66000  Ibs,,  if 

^N/     2 

I  j£f* 

therefore,  a  five-fold  security  be  taken,  then  is  -     f  =  12600  Ibs. 

therefore,  for  the  round  cast  iron  axle  Pa  =  12600  r3,  and  for  the 
square  —  15000  b3. 

The  same  formulae  hold  good  for  axles  of  wrought  iron,  but  for 
wooden  .ones  we  may  put  Pa  =  1260  r3  and  =  1500  63,  i.  e.  the 
modulus  of  strength  =  T^  that  of  iron  axles.  The  modulus  of 

strength  for  steel     I JE5.  »a^st  be  taken  at  twice  that  of  iron,  and  gun, 

N     2 
metal  at  one  half.* 

*  See  Appendix. 
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JExampks.  —  1.  The  iron  upright  axle  of  a   turbine    exerts  at  the  circumference  of  a 
toothed  wheel   of  15   inches  radius  reposing  upon  it,  a  force  of  2500  Ibs.  ;  what  thick- 

ness must  be  given  to  it?     Pa  ==  2500  .  15  =  37500,  and  if  we  put  r3  ^  -_fL~  55=5 

.375OQ  —a  _375  ,  we  shall   obtain  r  =     /  375  aa  1,44  inches:  hence,  the   thickness  of 
12600  126  '  W  126 

the  axle  2r  s=  2,88  inches,  for  "which  3  inches  may  be  assumed.     If  the  distance  of  the 
toothed  wheel  from  the  water   wheel  is  GO  inches,  the  torsion  of  the  axle  =  <*°  = 
Pal  37500  .60      _    375  .  6    _  14,06 


3,jtherefore 

1600OO  r*  160OOO  .  1,44*  160.4,28  4,28 
—2.  On  a  square  axle  of  fir,  a  force  P  =  500  Ibs.,  acts  at  an  arm.  of  20  feet,  whilst 
the  load  is  applied  at  an  arm  of  2  feet,  the  distance  measured  in  the  direction  of  the 
axis  t=s.  10  feet;  how  thick  must  this  axle  be  made,  and  how  great  is  the  torsion  ?  It  is 

Pa  =  Qb  =  500  .2.12  =  120000  inch  Ibs.  j  but  the  load  Q  =  J?  P==5000  Ibs.;  half 

6 

the  side  b  of  the  axle  is  determined  by  b3  =     .        =  —  =   80  ;   hence  b 

loOO  150O 

r=ss  4,31    incheSj  and  the   vtrhole  side  ==  8,62  inches.     The    torsion  amounts  to  «°    == 
™       _  120000  .  12  .  10  _  1440QQ  _  ?0     ^^^     here  considerable.     In 

58OO  .M  5800.  4,31*  58.345 

genera]  s  less  torsion  is  allowed,  and  therefore  the  axles  are  made  much  stronger.    Gene- 
rally, this  angle  does  not  amount  to  jt  a  degree.     If,  however,  we  put  «°  =  £°.  for  this 

144OOO  *   _ 

case  we  shall  obtain  b*   =  -  =  4965,  hence  b  ss=   ^/4965  s=s:  8,4  inches,  and  26 

58  .  ^f 

=s  16,8  inches.     According  to  Gerstner,  the  angle  of  torsion  of  an  axle  ought  not  to 
amount  to  more  than  0,1°. 

Jfcmark.  If  an  axle  has  to  sustain  relative  elasticity  and  that  of  torsion,  we  must  make 
the  calculation  for  both}  and  apply  the  greater  ratio  of  the  dimensions  found. 


KINDS    OF   MOTION— RECTILINEAR   MOTION. 
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SECTION  IV. 


DYNAMICS  OF  RIGID  BODIES. 


CHAPTER    I. 


Fig.  246. 


DOCTRINE    OF    THE    MOMENT    OF    INERTIA. 

§  212.  Kinds  of  Motion. — The  motion  of  a  rigid  body  is  either  one 
of  translation,  or  one  of  rotation,  or  both.  The  spaces  described  by 
the  particles  of  a  body  in  motion  of  transla- 
tion or  progression  are  parallel  and  equal  to 
each  other;  on  the  other  hand,  in  motion  of 
revolution  or  rotation,  the  particles  of  a  body 
describe  concentric  circles  about  a  certain 
straight  line,  which  is  called  the  axis  of  revo- 
lution. Compound  motion  may  be  regarded 
as  a  motion  of  revolution  about  a  moving 
axis.  The  latter  is  either  uniform  or  varia- 
ble. 

The  piston  DE,  or  the  piston-rod  BF  of 
a  pump  or  steam-engine.  Fig.  246,  has  a 
motion  of  translation,  whilst  the  arm  or  the 
crank  J1C  has  one  of  rotation,  and  the  con- 
necting rod  JIB  a  compound  motion ;  for  one 
"of  its  extremities  B  has  a  progressive,  the 
other  J3.  a  rotatory  motion.  The  axis  of 
revolution,  in  a  rotating  cylinder,  is  invaria- 
ble ;  that  of  the  connecting  rod  JiB,  on  the 
other  hand,  is  variable ;  for  it  is  the  inter- 
section M  of  the  perpendicular  to  the  direc- 
tion of  the  axis  of  the  rod'  UJkf,  and  the 
prolongation  of  the  crank  GJl* 

§  213.  Rectilinear  .Motion. — The  laws  of  motion  of  a  material 
point  found  in  §  81,  &c«,  have  their  direct  application  in  rectilinear 
progressive  motion.  The  particles  of  the  mass  JWj,  Jtf^  M3>  &c»,  of  a 
body,  moving  with  the  acceleration  p  by  their  inertia,  offer  resistance 
to  motion  with  the  forces  Mjp,  Mj>9  M^  &c.  (§  53);  and  since  the 
motions  of  all  these  take  place  In  lines  parallel  to  ea#h  other,  the 
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directions,  therefore,  of  these  forces  are  parallel  ;  hence,  the  resultant 
of  all  these  forces  arising  from  the  inertia  is  equivalent  to  the  sum 
M&,  +  JI4p+  Jkfap,  +  .  .  .  =  (Mi  +  Mz  +  M3  +  .  ..}p  =  Mp,  where 
Jfcf  represents  the  mass  of  the  whole  body,  and  its  point  of  application 
coincides  with  the  centre  of  gravity  of  the  body.  In  order,  therefore, 
to  change  the  motion  of  an  otherwise  freely  moving  body  of  the  mass 
M  or  of  the  weight  G  =  Mg  into  one  rectilinear  and  progressive,  a 

force  P  =  Mp  =    ^,  whose  direction  passes  through  the  centre  of 

£ 

gravity  8  of  the  body,  is  requisite.  If,  in  virtue  of  the  action  of  the 
force  P,  the  velocity  c  acquired  while  the  body  describes  the  space  s, 
increases  to  the  velocity  v9  then  the  mechanical  effect  accumulated  in 
the  mass  (§  71)  is  : 


Kxamplt.  The  piston  of  a  pump,  with  its  rod  or  that  of  a  steam  engine  or  blowing 
machine,  has  a  variable  motion  ;  it  has  no  velocity  at  its  highest  and  lowest  positions, 
and  at  its  mean  position  its  velocity  is  a  maximum.  If  the  weight  of  the  piston  and  rod 
be  ==  Gr,  and  its  maximum  velocity  at  the  middle  of  its  ascent  and  descent  =  r,  the 

effect  which  it  will  accumulate  by  virtue  of  its  inertia  in  the  first  half  of  its  path,  and 

~y 
will  give  out  again  in  the  second  half  r=  _  G.     For  G  =  800  ibs.  and  v  =  5  ft  this 

2# 

effect  =0,0155  .  5*  ,  800  =  310  ft.  Ibs.;  were  half  the  path  of  the  piston  *=  4  feet,  we 
should  then  have  the  mean  force  which  would  be  requisite  to  accelerate  the  motion  of 
the  piston  in  the  first  half  of  this  path,  and  which  it  would  exert  in  the  second  half  by 
its  retardation  : 


§  214.  Motion  of  Rotation.  —  If  the  moving  force  P  of  a  body 
Fig.  247,  does  not  pass  through  the  centre  of  gravity  S,  the  body 
will  take  up  a  rotation  about  this  point,  and  this 
Fig.  247.  _  motion  will  go  on  as  if  the  force  were  directly 
applied  to  it,  as  may  be  proved  in  the  following 
manner.  From  the  centre  of  gravity  let  a  per- 
pendicular SJi  be  drawn  to  the  direction  of  the 
force  ;  let  this  be  prolonged  backwards  and  the 
prolongation  SB  be  made  equal  to  the  perpen- 
dicular, and  let  two  forces,  balancing  each  other 
and  acting  parallel  to  P,  the  one  +  &  P,  and 
the  other  —  £  P,  be  applied  to  the  point  B.  The 
force  +  ^  P  will  give,  when  combined  with  half 
the  force  P  applied  at  */2,  the  force  applied  at  the 
centre  of  gravity  S9  P  =  £  P  +  £  P  «  P,  for  which  the  force  —  £  P 
will  form  a  couple  with  the  second  half  of  P  applied  at  *tf  ;  there  will 
result,  therefore,  from  the  excentrically  acting  force  P,  a  force  P  acting 
through  the  centre  of  gravity,  which  will  move  forward  this  point,  to- 
gether with  the  whole  body,  and  a  couple  (  J-  P,  —  J  P),  which  will  cause 
the  body  to  rotate  about  the  centre  of  gravity  without  producing  a 
pressure  on  it.  The  statical  moment  of  this  couple  will  be  =  SA  .  J- 
P  +  SB  *  %  P  =  &2  .  P  equivalent  to  the  statical  moments  of  the 
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force  applied  at  Ji ;  consequently  the  resultant  rotation  will  be  the 
same  as  if  the  centre  of  gravity  S  were  fixed,  and  P  acted  alone. 

According  to  this,  therefore,  every  arbitrarily  directed  force  com- 
municates two  motions  to  a  body;  one  of  translation  and  one  of  rota- 
tion ;  and  hence  it  is  necessary  to  study  the  laws  of  this  latter. 

If,  finally,  a  body  be  constrained  by  a  path  or  directrix  to  assume 
a  motion  of  translation,  an  excentric  force  will  then  produce  the  same 
effect  as  if  it  were  applied  to  the  centre  of  gravity, 

because  the  forces  of  rotation  will  be  taken  up     Fig,  248. 

by  the  directrix. 

§  215.  Moment  of  Inertia. — In  the  rotation 
of  a  body  JIB,  Fig.  248,  about  a  fixed  axis  C, 
all  its  points  describe  equal  angles  in  equal 
times.  If  the  body  rotate  in  a  certain  time 

through  the  angle  $°  or  arc  $>  ==      *       .  *,  the 

s.  o  \j 

elements  of  the  body  JVfa,  M2  .  .  .  will  describe 
at  the  distances  CJMi  =  yl9  CM2  =*  y2>  &c., 
from  the  axis,  the  spaces  $y^  $y2,  &c.  If  the 
angular  velocity,  i.  e.  the  velocity  of  those  points  of  the  body  which 
are  distant  a  unit  of  length  fa  foot)  from  the  axis  of  revolution  =  a, 
then  the  simultaneous  velocities  of  the  elements  of  the  mass  at  the 
distances  yiv  y&  &c.,  will  be  =  oy15  oy2?  &c. ;  hence  their  vis  viva  is 
OyJ2  Ml9  ("»y3)2  M#  &c.,  and  the  sum,  or  the  vis  viva  of  the  whole 
body :  (w^)*  J^i  +  (w#s)2  -^2  +  •  -  •  =  w2  (3^*  +  ^-$£  +•••)* 

The  sum  of  the  product  of  the  particles  of  the  mass  and  the  squares 
of  their  distances  from  the  axis  of  revolution,  is  called  the  moment  of 
inertia  of  the  body,  the  moment  of  rotation,  and  the  moment  of  the 
mass.  If  we  represent  this  by  7",  and  therefore  put  7"=  JV*^2  + 
JW^2  j^  ^  ^  ^  ^  we  then  obtain  c*>2T  for  the  vis  viva  of  a  body  revolving 
with  the  angular  velocity  *.  Hence,  to  communicate  to  a  body, 
already  in  a  state  of  rest,  an  angular  velocity  «,  a  mechanical  effect 
Ps  SBS  ^  w2  T  must  be  expended  ;  and  inversely,  a  body  produces  this 
effect  when  it  passes  from  this  angular  velocity  into  a  state  of  rest. 
If,  generally,  the  initial  angular  velocity  of  a  rotating  body  =  *,  and 
the  terminal  angular  velocity  =  w,  we  then  have  for  the  mechanical 

(^2  ..       r  ^2  v 
~ — j    T;  and    inversely,    the    terminal 

velocity  corresponding  to   an  expended  or  accumulated  mechanical 
effect  Ps ;  

•    g** 

"^     T  * 

Example.  If  a  body,  j&B,  Fig.  248,  originally  at  rest,  and  capable  of  turning  about  a 
fixed  axis  C,  possesses  a  moment  of  inertia  of  50  ft.  lbs.»  and  by  means  of  a  oord  lying 
over  a  pulley  is  made  to  rotate  in  a  path  *  =  5  feet,  the  acquired  angular  velocity  of  this 

body  will  be  w  =     f  =     /     •  4U  •>  o  — ...  ^  4  =s  2  feet,  t.  e^  each  point  at  the  dis- 

tance of  one  foot  from  the  axis  of  revolution  will  describe,  after  tlie  accumulation  of  this 
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O  — 

mechanical  effect,  two  feet  in  a  second.     The  time  of  a  revolution  t  »  —   —    3,1416 

60  60 

seconds,  and  the  number  of  revolutions  per  minute  w  =s  —  =    - 


angular  velocity  found  <*:=2  feet,  passes  into  the^ velocity  *=£  feet,  then  this  mass  pro- 
duces the  mechanical  effect  P^sss  j^2a —  VJ"/  J    '  If  s=s  \4 — 16V    "  25  ^  16  " 
as=  S5503  ft.  Ibs.;   for  instance,  a  weight  P,  of  10  Ibs.,  raised  8,593  feet  high.^ 

§  216.  Reduction  of  Inert  Masses. — If  the  angular  velocities  of  two 
masses  M^  and  M2  be  equal,  if,  for  instance,  these  masses  belong  to 
one  and  the  same  rotating  body,  their  vires  viva  will  be  to  each  other 
as  their  moments  of  inertia,  T^  =  M,  y?  and  Tz  »  M2y22,  and  if  these 
be  equal  to  each  other,  the  masses  will  possess  equal  v^resv^v<e.  Two 
masses  have,  therefore,  an  equal  influence  on  the  state  of  motion  of  a 
revolving  body,  and  one  may  be  replaced  by  the  other  without  causing 
any  change  in  the  condition  of  motion,  if  they  possess  equal  moments 
of  inertia,  M^y*  and  Jtfsya»,  and  are  inversely  as  the  squares  of  their 
distances  from  the  axis  of  revolution.  By  help  of  the  formula  M^  y± 
aa-  JW2y22,  a  mass  may  be  reduced  from  one  distance  to  another;  i*e.9 
a  mass  JVf3  may  be  found,  which,  at  the  distance  y^  has  the  same  in- 
fluence on  the  condition  of  motion  of  the  revolving  body,  as  a  given 

mass  MI  at  the  distance  y^ ;  namely,  Mz  =  *  3  -  ~  ~~i>  *•  e'9  ^ 

y%.          *y% 

mass  reduced  to  the  distance  yz  is  the  quotient  of  t he  moment  of  inertia 
of  the  mass  o.nd  the  square  of  that  distance. 

Two  weights,  Q  and  Q19  attached  to  an 
Fig.  249.  axle,  Fig.  249,  with  the  arms  CB  ===  6  and 

CB±  «s  a9  have  an  equal  influence,  in  virtue 
of  their  masses,  on  the  motion  of  the  wheel 
and  axle,  if  Qj  a3  —  Qb2 ;  therefore,  Qz  = 

Q&2,     Hence,  if  a  force  P  act  at  the  arm 

a2 

CJi  as  CBi  =»  a,  and  cause  rotation  in  a 
mass  of  the  weight  Q  at  the  distance  CB 
saa  by  we  shall  have  then  to  reduce  the  latter 
to  the  arm  a  of  the  force  P ;  therefore,  for 

Q  substitute  Qx  =  -?L-   and  the    mass    set 


into  motion  by  P  will  be  =     P  +  ""    **"  *"  ;  whence  tte  accelerated 
motion  of  the  weight  : 

p_      —  force  —       P 

P  —  P  —  ~  3  *  e 


mass  ~  P+Q63  *      ~  Pa*  + 


a2 

and  the  angular  acceleration  ^  =  — -^ --r-r  .  &. 

&  a        Pa*  +  Qbz     *~ 

JZxampk.  The  weight  of  a  rotating  mass  Q  =  360  Ibs.,  its  distance  from  the  axis  of 
rotation  b  ==  2,5  feet,  the  weight  constituting  the  moving  ibrce  P  =24  Ibs.,  and  its  arm 


a  • 


:  1,5  feet,  the  inert  mass  put  into  accelerated  motion  by  JP=    |  P-f-   (^z)    Q    I- 
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g  =  0,03]    ^24  +   —    .    360^  =  0,031  .  1024  =  31,75  Ibs. ;  and  hence  the  accelerated 

motion  of  the  weight  :p  =  —  0,756   feet;  on  the  other  hand  the  acceleration  of 

3 1,75 

the  motion  of  the  mass  Q,  =  — . .  p  =  —^ p  =  — — =  1,26  ft.,  and  the  angular  accele- 

a  15  3 

ration  =  —  =  0  .  504  feet.    After  4  seconds  the  acquired  angular  velocity  will  be  «  = 
a 

0  .  504  .4  =  2,016  feet,  and  the  corresponding  distance  =  — : —  =  4,032  feet;  con- 
sequently the  angle  of  revolution  <j>°  =  4?Q32.  .  180°  =  1,28  .  180°  =  230°  24' ;  conse- 

7T 

quently  the  space  described  by  the  weight  P  =:  -?L-  =  — I : —  =  6,05  feet. 

§  217.  Reduction  of  the  Moment  of  Inertia. — When  the  moment 
of  inertia  of  a  body  or  system  of  bodies  about  an  axis,  passing  through 
the  centre  of  gravity  S  of  the  body,  is  known,  the  moment  of  inertia 
about  any  other  axis  running  parallel  to  it,  may  be  easily  found.  Let 
Fig.  250  be  the  first  axis  of  revolution,  passing  through  the  centre  of 
gravity  S,  D  the  second  axis,  for  which  the 

moment  of  inertia  of  the  body  is  to  be  deter-    ^ Fig. 250. 

mined;  further,  let  SD=e  be  the  distance  of 
the  two  axes,  and  let  SNI=x1  and  JVmrMl=y1 
the  rectangular  co-ordinates  of  a  particle  of 
the  mass  M^  of  the  body.  Now  the  moment 
of  inertia_of  this  particle  about  D^M^ .  DM* 


and  about  S  =  M:  .  SM*  =  M1  .  (SJYf  +  JV^8)  =  M,  (x*  + 
hence  the  difference  of  both  moments: 


=      I  e  ^—     ,  ^. 

For  another  particle  of  the  mass  Mz,  it  is  =  M^  +  2  Jkf2  ex^  for  a 
third  =  Msez+2  M3  ex^  &c.^  and  for  all  the  particles  together: 


=  (M^rM^rM^r  .  .  .)  ez+2e  (M^  +  M&+  Mp3+  .  .  .)• 
But  M1+M.t+  ...  is  the  sum  M  of  all  the  masses,  and  M^+ 
j\fzx2-{-  .  .  .  the  sum  MX  of  their  statical  moments;  hence  the  differ- 
ence between  the  moment  of  inertia  T^  of  the  whole  body  aboxit  the 
axis  D  and  the  moment  of  inertia  T  about  S:  T^  —  T=Me*+2  eMx. 
But  since,  lastly,  for  every  plane  passing  through  the  centre  of  gravity, 
the  sum  of  the  statical  moments  of  the  particles  on  the  one  side  is  as 
great  as  that  of  those  on  the  other,  the  algebraical  sum  of  all  the  par- 
ticles therefore  —  0;  we  have,  also,  MX  =  0,  and,  therefore,  T^  —  T 
=  Me2-,  i.  e.  7\  =  T+  Me2. 

The  moment  of  inertia  of  a  body  about  an  axis  not  passing  through 
the  centre  is  equivalent  to  its  moment  of  inertia  about  an  axis  running 
parallel  to  it  through  the  centre  of  gravity,  increased  by  the  product  of 
the  mass  of  the  body  and  the  square  of  the  distance  of  the  two^  axes. 

It  is  also  seen  from  this  that  of  all  the  moments  of  inertia  about 
parallel  axes,  that  one  is  the  least  whose  axis  is  a  line  of  gravity  of 
the  body. 
20 
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§  218.  It  is  necessary  to  know  the  moments  of  inertia  of  the  prin- 
cipal geometric  bodies,  because  they  very  often  come  into  application 
in  mechanical  investigations.  If  these  bodies  are  homogeneous,  as 
in  the  following  we  will  always  suppose  to  be  the  case,  the  particles 
of  the  mass  JUV  JV/,,  &c.,  are  proportional  to  the  corresponding  parti- 
cles of  the  volume  V,,  V&  Sec.,  and  hence  the  measure  of  the  moment 
of  inertia  may  be  replaced  by  the  sum  of  the  particles  of  the  volume, 
and  the  squares  of  their  distances  from  the  axis  of  revolution.  In 
this  sense  the  moments  of  inertia  of  lines  and  surfaces  may  also  be 

found. 

If  the  whole  mass  of  a  body  be  supposed  to  be  collected  into  one 
point,  its  distance  from  the  axis  may  be  determined  on  the  supposi- 
tion, that  the  mass  so  concentrated  possesses  the  same  moment  of 
inertia  as  if  distributed  over  its  space.  This  distance  is  called  the 
radius  of  gyration,  or  of  inertia.  If  T  be  the  moment  of  inertia,  M 
the  mass,  andjMhe  radius  of  gyration,  we  then  have  Mr*=  T,  and 

hence  r  ==      f  —     We  must  bear  in  mind  that  this  radius  by  no  means 

\IM 

gives  a  determinate  point,  but  a  circle  only,  within  whose  circum- 
ference the  mass  may  be  considered  as  arbitrarily  distributed. 

If  into  the  formula  Ti  =  T  +  JMe2,  we  introduce  T  »  Mr*  and 
3P  «  JMTj3,  we  obtain  rx2  =  r2  +  e2,  i.  e.  the  square  of  the  radius  of 
gyration  referred  to  a  given  axis  =  the  square  of  the  radius  of  gyra- 
tion referred  to  a  parallel  line  of  gravity,  plus  the  square  of  the  dis- 
tance between  the  two  axes. 

§  219.    The  Rod. — The  moment  of  inertia  of  a  rod  JIB,  Fig.  251, 

which  turns  about  an  axis  XX  through  its 
Fis-  25U  middle  point  C,  may  be  determined  in  the 

following  manner.  The  cross  section  of 
the  rod  =  F,  its  half  length  CJ1  —  19  and 
the  angle  which  its  axis  includes  with  the 
axis  of  rotation  J1CX  —  a.  If  we  divide 
half  the  length  into  n  parts,  we  then 
obtain  n  portions  each  of  the  contents 

7^7  I    21    31 

_;  the  distances  of  these  portions  from  the  middle  C  are  -,  — , — 9 
n  ?  *  n     n     n 

2  %i 

&c.,  hence  their  distances  from  the  axis  XX  are  JWJ\T,  «  -  sin.  a  — 
7  n  n 

31      ,  0  .    ,  /I  sin.  o\2    A  (I  sin.  a\2 

si7i.  a  —  5i7i.  a,  &c.,  and  these  squares  =  f )  ,  4  ( )  9 

n  \       n      /         \       n      / 

9  I1  sin*  a.\*  £c.    By  the  multiplication  of  these  with  the  contents  of 

•pii 

an  element  — 5  and  by  the  addition  of  all  the  products,  we  have  the 

moment  of  half  the  rod: 
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FP 


sin.  a." 


or, 


ttj 


Fl3  sin.  a? 


But  as  the  volume  of  half  the  rod  Fl  is  to  be 


considered  as  the  mass  JV/,  it  follows,  finally,  that  T  =  J  JWP  sin.  a2. 
The  distance  of  the  end  of  the  rod  from  the  axis  XX  is  J1D  =  a  =  / 
sin.  a,  hence  it  follows  more  simply  that  T  =  |  JUiz2,  which  formula 
is  also  to  be  applied  to  the  whole  rod,  if  M  be  the  mass  of  the  whole. 
A  mass  Mt  at  the  extremity  Ji  of  the  rod,  has  the  moment  of  inertia 
M:a2,  hence  if  we  make  M:  =  J  M,  it  has  then  the  same  moment  of 
inertia  as  the  rod.  Whether,  therefore,  the  mass  be  uniformly  dis- 
tributed over  the  rod,  or  its  third  part  be  collected  at  the  extremity  *#, 
it  comes  to  the  same  thing. 

If  we  put  T  =  Jfcfr*,  we  obtain  r2  =  J  a2,  and  hence  the  radius  of 
gyration  of  the  rod:  r  =  a  \/  J  =  0,5773  .  a. 

If  the  rod  stands  perpendicularly  to  the  axis  of  rotation  a  =  /, 
therefore,  T  —  |  JWZ2.  If,  lastly,  the  rod  *#JS,  Fig. 

252,  be  not  in  the  same  plane  with  the  axis  of  ro-  Fi£-  232- 
tation,  and  if  the  shortest  distance  between  the  two 

axes   be  CE  =  e,  we  shall  then  have  from  §  217, 
the  moment  of  inertia  T;  =   T  +  Me*  =  M  (e2  + 

§  220.  Rectangle  and  Parallelepiped. — The  mo- 
ment of  inertia  of  a  rectangular  plate,  JHtDE>  Fig. 

253,  which  turns  about  an  axis  XX passing  through 

its  middle  C,  and  parallel  to  a  side,  is  as   for  a  rod  =  \  J\fl2,  but  if 

the  axis  YY  stand  perpendicular  to  the  plane,  the 

moment  of  inertia  is  then  determined  from  the 

former  paragraph  in  the  following  manner ;  the 

half  AEFG  is  divided  by  lines  parallel  to  the  side 

JlE  into  strips  of  equal  breadth,  such  as  KL,  the 

moments  of  these  strips  determine,  and  then  added 

together.     If  the  half  length  FE  =  GJi  =  I,  half 

the  breadth  CF  =  CG  »  6,  and  the  number  of 

parts  =  n*  the  area  of  a  part  =  —  .  2  6  == . 

n  n 

The  distances  from  C  of  these  strips  are  in  the 


Fig.  253. 


series  »,  —9  ^  &c.,  therefore  their  squares  (L\*,4(L\*9  9  (~\Z, 
n    n     n  \n/        \n/        \n/ 


hence  moments  of  inertia  are : 
2  bl 


n 


and  the  moment  of  inertia  of  half  the  plate  : 

2  bl  r  / 1\*  (1  +  4  +  9  +  _  +  n»j  +  „      - 
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_  2  U  r  (l\z     tf 
5T  L  W    '   3" 


2  bl  (I2  +  62) 


3   J  3 

because  2  bl  must  be  considered  as  the  mass  of  half  the  plate.     As 

the  semi-diagonal  CJl  == 

Fig.  254. 


d 


=  v/  I2  +  b2,' we  may  put:  r 
If  Jlf  represent  the  whole  mass,  the  for- 
mula holds  good  for  the  moment  of  in- 
ertia of  the  whole  plate.  Since,  further, 
a  parallelepiped  BEF,  Fig.  254,  may  be 
decomposed  by  parallel  planes  into  equal 
rectangular  plates,  the  above  formula  is 
also  applicable  to  this,  if  the  axis  of  ro- 
tation pass  through  the  middle  points  of 
any  two  opposite  surfaces.  It  follows, 
besides,  from  this  formula,  that  the  mo- 
ment of  inertia  of  the  parallelepiped  is 
equivalent  to  the  moment  of  inertia  of  the  third  part  of  its  mass 
applied  at  a  corner  Ji. 

From  the  formula  for  the  moment  of  inertia  of  a  parallelepiped, 
that  of  a  triangular  prism  may  be  also  calculated.  The  diagonal 
plane  J1DF  divides  the  parallelepiped  into  two  equal  triangular 

prisms  with  rectangular  and  triangu- 
lar bases  ABD,  Fig.  255  ;  hence, 
for  the  rotation  about  an  axis  XX, 
passing  through  the  middle  C  and  K 
of  the  hypothenuse,  the  moment  of 
inertia  =  J  Md?.  If  now  we  make 
use  of  the  proposition  §  217,  we  ob- 
tain the  moment  of  inertia  about  an 


Fig.  255. 


axis  YY,  passing 
of  gravity  S  anc 


through  the  centres 
S*  of  the  bases  :  T 


_  M .  CS* 

as  |  Md*,  and  it  follows  also  that  the  moment  of  inertia  about  a  side 
edge  BH: 

Tl  =  T+  Jfc 


Fig.  256. 


•—  f  M<r  +  M  (§<*)*=§  Md2  =  f  JWif2,  where 
d  always  represents  half  the  hypothenuse  of  the  triangular  base. 
§  221.   Prisms  and  Cylinders. — For  a  prism  JiDFE,  Fig.  256, 

with  isosceles  triangular  bases,  the  mo- 
ment of  inertia  about  an  axis  XX,  which 
connects  the  middle  points  of  the  bases, 
T  =  f  Md2,  if  d  represent  half  the  side 
J1D  of  the  surface  of  the  base,  because 
this  surface  may  be  decomposed  by  the 
line  of  the  height  J?B  into  two  equal 
rectangular  triangles.  If  now  the  height 
"  JIB  of  the  isosceles  triangular  base  =  A, 
we  have  then  for  the  moment  of  inertia 
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of  this  prism  about  the  axis  YY  passing  through  the  centres  of  <rrav.'tv 
oi  the  base  :  ° 


and  finally    the  moment  of  inertia  about   the   edge  passing  through 
the  points  Ji  and  F  of  the  bases  :  - 


—  -9  + 


TT          ,,  \  a          y          y  /       -       •         •     ' 

oK  +  %6  m°ment  of  inertia  of  a  right  and  regular  prism  revolving 
about  its  geometric  axis  may  be  found.  Let  h  be  the  height  Cjt 
th  A-  °ne  supplementary  triangles,  Otf  =  C5  =  2  d=  r 

oftht  !!iff  •  baSC  x^of  a  supplementary  triangle,  and  M  the  mass 
of  the  entire  prism.  We  have  then  by  the  last  formula : 

,  2 


The  regular  prism  becomes  a  cylinder 
when  h  =  r,  hence  the  moment  of'inertia 
ot  a_right  cylinder  about  its  geometric 
axis  is : 

2*  -  *  Jtf 


Fig.  257. 


m    The  moment  of  inertia  of  a   cylinder 

is,  therefore,  equivalent  to  the  moment  of 

inertia  of  half  the   mass  of  the   cylinder 

collected  at  its  circumference,  or  equivalent  to  the  moment  of  inertia 

of  the  entire  mass,  at  the  distance  r  ^/i 

=  0,7071  .  r.  Fig.  25S. 

If  the  cylinder  ABDE  be  hollow, 
Fig.  258,  the  moment  of  inertia  of  the 
hollow  space  must  be  subtracted  from 
that  of  the  solid  cylinder.  If  the  outer 
radius  CJ1  =  r^  and  the  inner  CG 
=  ?"2,  we  then  have  from  what  has 
preceded  the  moment  of  inertia  of  the 
hollow  cylinder : 


=i  *  (ri2 — r22)  (ri24-r22)=i  -M(r3.2 
because  the  volume  considered  as  the  mass  =  ** 


the  mean  radius 


.  'i2  —  r22>      If  rbe 
?,  and  b  the  breadth   of  the   annular  surface, 


we  then,  have  T  =  M  (r*  +  *!V 


§  222.  Cone  and  Sphere. — The  moment  of  inertia  of  a  right  cone, 
as  well  as  that  of  a  sphere,  may  be  calculated  from  the  formula 
for  the  moment  of  inertia  of  a  cylinder.  Let  ^CB9  Fig,  259, 
be  a  cone  revolving  about  its  geometric  axis,  DJ3  »  X>B  »  r 
the  radius  of  its  base,  and  CD  =  h  its  height  coinciding  with  the  axis, 

20 
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If  we  make  n  slices  parallel  to  the  base  at  equal  distances,  we  then 

.   n 


Fig.  259. 


7*  T  7* 

obtain  thin  discs  of  the  radii  -,  2  — ,  3  — 

n       n        n 


-,  and  of  the  common  height  -.      The  half  vol- 


n 


n 


/r  v  2       ^         /2r  \  2 

uines  of  these  discs  are  it  {  —  )    .  —  ,  *  (  —  \ 

\nj       2n       \n  / 


—   *  .  /_^\    .  —  ,  &c.,  and 
2n          \n/       2n 

ments  of  inertia: 


hence   their  mo- 


/r\4       h        /2r\4h        /3r\ 

(-\     .  -  ,  rt   {  -  )  -  ,  *(  -  I 

W       2n       \nj2n      \n/ 


/3r\4   h 

- 

2n 


e 

,  &C.  ; 


the  sum  of  these  values  gives,  finally,  the  mo- 
ment of  inertia  of  the  entire  cone  : 


T  B 


2n5 


and  as  I4  -f  24  + 

Fig.  260. 


!L,  we  have 
5 


jj_ 

To 


10          10        3 

For  the  right  pyramid  JlCE,  Fig.  260,  with 
rectangular  base,  under  the  same  circum- 
stances T  =  -I  J\fd2,  if  d  represent  the  semi- 
diagonal  DA  of  the  base.  Also  by  subtraction 
of  the  two  moments  of  inertia,  the  moment  of 
inertia  of  a  right  truncated  cone  with  the  radii 
rl  and  r3  and  the  heights  Ax  and  k2  may  be  ob- 
tained : 


L  or,  since  the  mass 

Fig.  261.  "      ^3  l~ 


—  — 


In  a  similar  manner,  we  find  the  moment 
of  inertia  of  a  sphere,  revolving  about  one  of 
its  diameters  T>E  =  2  r.  Let  us  divide  the 
hemisphere  JIDB,  Fig.  261,  by  sections  paral- 
lel to  the  base  JICB^  into  n  equally  thick  cir- 
cular slices,  as  GKff,  &e.,  and  determine 
their  moments.  The  square  GK2of  the  radius 
of  any  such  slice  is  : 


hence  its  moment  of  inertia 
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Jt/   /^-4 .._.    jjjr2  CK.2   \ 

Let  us  put  in  succession  for  CK  — ,  — ,  —,  &c.,  to  — ,  and  add  the 

71       71          71  71 

results,  we  shall  then  have  the  moment  of  inertia  of  the  sphere: 


—  Yn  .  r4  — 
2n  L 


2r* 

n 


+  2a  -f-  3a  +   .  .  +  n2)  + 


Now  the  solid  contents  of  a  hemisphere  M  =  f  ^r5,  hence  we  may 
put ; 

2        2   _,«3       «3  J2     7lfr2 

— —     v     .    \,     ftf         •    t         — —      £    »jrJL/     , 

and  if  we  take  M  for  the  whole  sphere,  the  formula  will  hold  good  for 
the  case. 

The  formula  T  =  f  JV/r2  is  true  also  for  a  spheroid  whose  equa- 
torial radius  =  r  (§  117). 

If  the  sphere  revolves  about  another  axis  at  the  distance  e  from  its 
centre,  the  moment  of  inertia  is  then 

T  =  M  (e2  +  %  r2). 

The  radius  of  gyration  =  r  \/%  =  0,6324  .  r;  two* fifths  of  the 
mass  of  the  sphere  at  a  distance  from  the  axis  of  rotation  equal  to 
the  radius  of  the  sphere,  have  the  same  moment  of  inertia  as  the  whole 
sphere. 

§  223.  The  moment  of  inertia  of  a  circular  disc  J1BDE,  Fig.  262, 
revolving  about  its  diameter  BE*  is,  as  for  the  mo- 

rtr4  Vr2  Fig.  262. 

ment  of  flexure  of  a  cylinder,  (§  195)  =  — —  =  ^— r— 5 

consequently  the  radius  of  gyration  ==  r  «S  \  =  ^  r9 
L  e.  half  the  radius  of  the  circle. 

From  this  we  may  now  find  the  moment  of  inertia 
of  a  cylinder  JLBDE,,  Fig.  263,  which  revolves  about 
a  diameter  FG,  passing  through  the  centre  of  gra- 
vity #.     If  /  be  half  the  height  and  r  the  radius  of 
the  cylinder,  we  then  have  the  volume  of 
half  the  cylinder  =  nr2/,  and  if  we  make 
equi-distant  sections  parallel  to  the  base, 
we  decompose  this  body  into  n  equal  parts, 

each  of  which  =  ^ — ,  the  first  is  distant 
n 

_  from  the  centre  of  gravity 
n 


Fig,  263, 


the  second 


,  the  third  f       &c. 
n  n 


In  virtue  of  the  for- 


mula, §  217,  the  moments  of  inertia  of  these  circular  slices  are: 
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&c.,  their  sum  gives  the  moment  of  inertia  of  half  the  cylinder: 

r=^p 

71        L 


which  holds  good  likewise  for  the  whole  cylinder,  if  M  represents  its 
mass. 

We  find  in  like  manner  for  the   right  cone  ABT)^  Fig.  264,  whose 

axis     of    revolution    passes 

Fig.  264.  Fig.  265.  through    its   centre   of  gra- 

vity,  and   is   perpendicular 
to  the  geometrical  axis  CD 


bh* 
36 


For  a  plate  ^3J5C,  Fig. 
265,  in  the  form  of  a  rectan- 
gular triangle,  the  moment 
of  inertia  about  an  axis 
passing  through  the  centre 
of  gravity  S9  and  parallel  to 
the  side  JiC,  is  according 
to  §  193: 


if  the  breadth  b  parallel  to  the  axis  of  revolution,  and  k  the  height 
perpendicular  to  it  be  given.  This  formula  holds  good  even  for  an 
oblique  angled  triangle,  if  the  axis  runs  parallel  to  the  base,  and  h 
represents  the  height  of  the  triangle.  From  this  the  moment  of 
inertia  of  a  triangular  prism  J1DEF+  Fig.  266,  may  be  found,  if 
the  axis  of  revolution  XX  passes  through  its  centre  of  gravity  S, 

and    is    parallel    to   the 

Fis-  266-  Fig.  267.  side  DE  of  the  surface 

of  the  base,  it  follows 
from  the  same  method 
as  that  adopted  for  the 
cylinder,  that 


where  /  represents  half 
the  length  of  the  prism. 
§  224.  Segments.  — 
The  moment  of  inertia 
of  a  paraboloid  of  revo- 


, - 

lution, BJiD9  Fig.  267,  which  turns  about  its  axis  of  rotation  JiC^  is 
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determined  in  a  similar  manner  to  that  of  a  sphere.     Let  the  radius  of 
the  base  CB  =  CD  =  a,  the  height  CJi  =  A,  and  the  body  consist  of 

n  slices,  each  of  the  height  ~,  we  have  then  the  contents  of  these 

71 

A  12A        2    2    A        3    2    fi 

— .  *•*  /y*  «w*  /T**  *^  /71*        A7  f* 
—     •     7*     •    —    Ci    ,     — —    *v    .    —    €*    ,     — —     .     71   —    C*    ,     tX-U  • , 

n  n         n         n         n         n 

because  the  squares  of  the  radii  are  as  the  heights.     From  this  the 
moments  of  inertia  are  given 

__  A     ft     a4    A     *     4  #4    A     ft     $  a4    o 

Tl       <£       71,       '71       ,£          71          71       &          7i 

and  hence,  finally,  it  follows  that  the  moment  of  inertia  of  the  whole 
paraboloid  is 


2n3 


20  «*  7 

O 

because  the  volume  of  this  body  is  JI/=  7ta     « 

J  2 

The  same  formula  is  applicable  to  a  small  segment  of  a  sphere,  but 
if  the  height  h  is  not  very  small  compared  with  a,  we  have  to  put  the 
moment  of  inertia  of  slices 

Ttfv  A  Tt'tf  TO    f  r\  7  \o  Ttflt  f  A        "77.O  jt         tti      L^i\ 

-— :  —  .  a4  =  —  .  hr  (2  r — A)3  =  —  .  (4  r2  A2 — 4  rA3+A4), 
where  r  represents  the  radius  of  the  sphere.     If  now  we  take  suc- 
cessively for  A  the  values  -,  — ,  — ,  &c.,  we  then  obtain  for  the  mo- 

n    n      n 

ment  of  inertia  of  a  segment  of  a  sphere 

(h  \  ~ 


(20  7^—15  rh+3  A2). 
j 

The  contents  of  the  segment  are  Jlf  ==  yth2  (r  —  J  A),  hence 


Generally  T=  f  JH&  (r  —  T55  A)  is  sufficiently  correct.    This  formula 
finds  its  application  in  pendulum-bobs. 

The  moment  of  inertia  of  the  surface  of  a  Fls-  268- 

parabola  J2BD,  Fig.  268,  which  revolves 
about  an  axis  JOT,  passing  through  the  mid- 
dle C  of  the  chord  BD9  is  found  if  the  sur- 
face be  decomposed  into  equally  broad 
stripes,  such  as  EF,  and  their  moments 
added  together.  Let  J$C=*l  be  the  length, 
and  CB  =  b  half  the  breadth  of  the  sur- 
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face,  CF  =  x  the   absciss,   and   EF  =  y  the  ordinate  or  length  of 
an  element.      Its   moment  of  inertia   is  then  =  -  y  ( z?  +  -^  }  ;  but  as 

',  therefore  #=  /  /I — ^)>    it    follows    that  this    moment 

2-23  ^ 

±_\      .    If  now  x  be   successively  put 


b2  I 


_  ~ 

-s  *,  2^y  ^^  &C.,  and  the  results  added,  we  obtain  the  moment  of 

n     n       n  * 
inertia  of  half  the  surface  of  the  parabola: 

r_ 


P  +  t  *>)  -  i  -if  H  P  +  6»), 

3  .  30       3  .  Q/ 

because  the  surface  of  the  parabola  is  M  =  f  ol. 

This  formula,  which  holds  good  for  the  entire  surface  of  the  para- 
bola, is  also  applicable  to  a  prism  having  a  parabolic  surface  for  the 
base,  as  in  vibrating  beams. 

§  225.  Wheel  and  Axle.  —  The  theory  of  the  moment  of  inertia 
finds  its  most  frequent  application  in  machines  and  instruments,  be- 
cause in  these  rotatory  motions  about  a  fixed  axis  are  those  which 
generally  present  themselves.  Many  applications  of  this  doctrine 
will  be  met  with  in  the  sequel,  hence  it  will  suffice  to  treat  of  only  a 
few  simple  cases  for  the  present. 

If  two  weights  P  and  Q,  act  on  awheel  and  axle  J1CDB,  Fig.  269, 

with  the  arms  CJl=a  and  DB=b  through 
Fig.  269.  the  medium  of  a  perfectly  flexible  string, 

and  if  the  radius  of  the  gudgeons  be  so 
small  that  their  friction  may  be  neglected, 
it  will  remain  in  equilibrium  if  the  stati- 
cal moments  P  .  CJ%  and  Q  .  DB  are 
equal,  and  therefore  Pa=  Qjb.  But  if  the 
moment  of  the  weight  P  is  greater  than 
that  of  Q,  therefore,  Pa  r>  Qb9  P  will  de- 
scend and  Q  ascend  ;  if  Pa  <  Qb,  P  will 
ascend  and  Q  descend.  Let  us  now  ex- 
amine the  conditions  of  motion  in  one  of 

the  latter  cases.     Let  us  suppose  that  Pa  >  Qb.      The  force  corre- 
sponding to  the  weight  Q  and  acting  at  the  arm  b  generates   at  the 

arm  a  a  force   ^    ,  which  acts  opposite  to  the  force  corresponding  to 


a 


the  weight  P,  and  hence  there  is  a  residuary  moving  force  P  --  -1— 

G> 

acting  at  «3.      The  mass  ~  is  reduced  by  its  transference  from   the 


distance  b  to  that  of  a  to  -—  ,  hence  the  mass  moved  by  P  --  is 

* 


(p  +  -^- 
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-s-  <£f,  or,  if  the  moment  of  inertia  of  the  %vheel  and 


axle  =  —  -  ^-,  and,  therefore,  its  inert  mass  reduced  to  Ji  =  —  ^,  we 

g  gi* 

have  more  exactly  : 


From  thence  it  follows  that  the  accelerated  motion  of  the  weight 
together  with  that  of  the  circumference  of  the  wheel,  namely 

P-® 

moving  force  a  . 

P  -s-    -  S  --  =  __   .    tra2 

e  mass  Pa2  +  Q62  +  Gy*     *> 

Pa—Qb 

• 


_  _ 

Pa2  +  Qb*  + 

on  the  other  hand,  the  accelerated  motion  of  the  ascending  weight  Q, 
or  of  the  circumference  of  the  wheel  is  : 

b  Pa—  Qb  , 

Q  =  —  p  —  •  _  ——-i  _  .  £•#. 

*        <T        Pa3+Qb*+Gy*    & 

The  tension  of  the  string  by  P  is  S  =  P  _  5?  =  P  A  _-P\  (§  73), 

#  \         g/    " 

that  of  the  string  by  Q  :  T  =  Q  +  ^?.  =  Q  (l  +  $\  hence  thepres- 

g  \         g/ 

sure  on  the  gudgeon  is  : 

S+  T-P+  Q-f  +  f  -  r 

the  pressure,  therefore,  on  the  gudgeons  for  a  revolving  wheel  and 
axle  is  here  less  than  in  a  state  of  equilibrium.  Lastly,  from  the 
accelerating  forces  p  and  qy  the  rest  of  the  relations  of  motion  may  be 
found.  After  t  seconds  the  velocity  of  P  is  v  =  pty  of  Q  :  z?x  =  qt,  and 
the  space  described  by  P  :  s  =  £  pt2,  by  Q  :  $x  =  ^  j*2* 

Example.  Let  the  weight  JP  at  the  wheel  be  =  60  Ibs.,  that  at  the  axle  Q  =  360  Ibs., 
the  arm  of  the  first  C./2  =  a  =  20  inches,  that  of  the  second  DJB  =6  =  6  inches  ;  fur- 
ther, let  the  axle  consist  of  a  solid  cylinder  of  10  Ibs.  weight,  and  the  wheel  of  two  iron 
rings  and  four  arms,  the  rings  of  40  and  12  Ibs.,  the  arms,  together,  of  15  Ibs.  weight: 
lastly,  let  the  radii  of  the  greater  ring  J1E  =  20  and  19  inches,  that  of  the  less  FG  =  S 
and  6  inches.  Required,  the  conditions  of  motion  of  this  machine.  The  moving  force 
at  the  circumference  of  the  wheel  is  : 

P—  ^  Q  =  60  —  .  —  .  160  =  60  —  48  =  12  Ibs., 

a  20 

the  moment  of  inertia  of  the  machine,  neglecting  the  masses  of  the  gudgeons  and  the 

strings,  is  equivalent  to  the  moment  of  inertia  of  the  axle  =  -  =s  —  J  -  r=  ISO,  plus 
the  moment  of  the  smaller  ring  -«  J?»(r*8+ral)  =  12  •  (S2+S2)  =  60o,  plus  the  mo- 

40    C^O^  -I-  19a"\ 
ment  of  the  larger  ring  =  -  1^1  —  JL  -  £=  15220,  plus   the  moment  of  the  armg, 


approximately  •.  •*<**-**>  =          a+  ^+  rf)  _  15  .  (19'+  19  .  8  +  8^ 

Sfa  —  fa)  3  3 

hence,  collectively,  Gy  =:  180  +  600  +  15220  +  2885  =  18885,  or  for  foot  measure 
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.    =5  131714.     The  collective  mass,  reduced  to  the  circumference  of  the  wheel 


—  ("GO  -f-  160  .  0,09  +  lSSS->)  .  0,031  =  121,61  X  0,031  =  377  Ibs. 

V  400  / 

Accordingly,  the  accelerated  motion  of  the  weight  P,  together  with  that  of  the  circurrr 
ference  of  the  wheel,  is : 

a  g==    *"    TT-  3,1S3  feet:   on  the  other  hand,  that  of  Q  :  q  =  ~.p 

;#»_L  Gy*  3,77  a 


—    3  183  =  0,954   feet:   further,  the  tension  of  the  string  by  P  is  =  (  1  —  £\  P 
20       '  \  g/ 

A  _  3)133\  .  60  =  64,07  Ibs.;  that  by  Q,  on  the  other  hand,  Q  =    (i  4.  L\ 
V  32,27  V      '    ff/ 


=—(14.  0,925  .  0,031)  .  100  =  1,030  .  160  =  164,8  Ibs.;  and  consequently  the  pressure 
on  the  gudgeons  S  +  T  =  54,06  +  164,80  =  218,86  Ibs.,  or  inclusive  of  the  weight  of 
the  machine  =  218,80  +  77  =s=  295,86  Ibs.  After  10  seconds,  P  has  acquired  the 

velocity  pt  =  3SOS4  .   10  =  30,84  feet,  and  described  the  space  9  =  ^f  =  30,84  .  5 

2 

=  154,2  feet,  and  Q  has  ascended  a  height  —s  =  0,3  .  154,2  =  46,26  feet. 

a 

§  226.  The  -weight  P  which   communicates  to  the  weight    Q  the 
accelerated  motion  q  =  —^  —   ,        ~  a  .  g  may   also   be  replaced 

-f- 


by  another  weight  Pa»  without  changing  the  acceleration  of  the  mo- 
tion Q,  if  it  act  at  the  arm  a,  for  which  : 

P^—Qb  _  Pa—Qb 

P1<*?+  Q^+  %2    ~    P&+  Q*2+  Gy*  * 

The  magnitude     a  "^       JT  ^>  represented  by  A:,  and  we  obtain  a* 
PGL  —  Q6 

the  arm  ta  questton  . 


We  may  also  find  by  help  of  the  differential  calculus,  that  the  motion 
of  Q  is  most  accelerated  by  the  weight  P,  -when  the  arm  of  the  latter 
corresponds  to  the  equation  Pa3  —  2  Qab  =  Q63  +  Gy*,  therefore, 


P  , 

The  formula  found  above  assumes  a  complicated  form  if  the  friction 
of  the  gudgeons  and  the  rigidity  of  the  cord  are  taken  into  account. 
If  we  represent  the  statical  moments  of  both  resistances  by  Fr,  we 

must  then  substitute  for  the  moving  force  P Q,  the  value  P 

a 

—  ^  "*" — T,  whence  the  acceleration  of  Q  comes  out 
a 
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JO 


Qb  +  Fr  I  /Qb  +  Fr\*         Qb*+  Gy* 

~~  — 


Examples.  —  1.  The  weights  P  =  30  Ibs.  Q  =  80  Ibs.  act  at  the  arms  a  =  2  feet,  and 
6  s=  £  foot  of  a  wheel  and  axle,  and  their  moments  of  inertia  Ghf  amount  to  60  Ibs.  j  then 
the  accelerated  motion  of  the  ascending-  weight  Q  is  : 

_       30  .  2  .  j  —  SO  .  (£)*  _         30  _  20  322 


_ 

30  .  24-80  .  (i)a+60  '  8  —  120+20+60  *  32'2  ***  ~200~~  ***  1|61  feet>  Bm 
if  a  weight  P±  =  45  Ibs.  generates  the  same  acceleration  in  the  motion  of  Q,  the  arm  of 
Pl  is  then  :  _  ^  _ 


32 

25  _        -=  5  +  £  11,358=  5+  3,786  =  8,786  feet,  or  1,214  feet.  —  2.  The  accele- 
3  —  — 

rated  motion  of  Q  comes  out   greatest  if  the  arm  of  the    force  or  radius  of  the  wheel 
amount  to  : 


20+60         4  /  16    ,     24         4+  v/4U          0x^1^    r 

SO"    '    J    V30/    r-3Cr-==S3-  +  jT+ir^  3  =  3>4415    feet' 

and  <?   is  =  (      30.1.7207-20      \  31.621  The 

\  30  .  (3,44 15)a  +  SO  /  435,32      S 

moment  of  the  friction,  together  with  the  rigidity  of  the  string,  is  J?r  =  8  5  then,  instead 

of  Q6,  we -must  put  Q6  +  Fr  =  40  +    8=48;  whence  it  follows  that :  a  =    _    + 

.._.  30 


40\a         8  - 

—  J    +  —  =  1,6  +  Y/  5,227  =3,886,  and  the  correspondent  maximum  accelerating 

force  ^30.  1,943-8.  £-20  34,2_9     32  ^  ft  _  ^ 

^  30  .  (3,886)3+80  533 

§  227.  Jittwood^s  Machine.  —  The  formulae  found  in  §  225  for  the 
wheel  and  axle  hold  good  also  for  the  simple  fixed  pulley,  for  if  &=a, 
the  wheel  and  axle  becomes  either  a  pulley  or  an  axle.  Retaining 
the  other  denominations  of  the  paragraph  mentioned,  we  have  then  for 
the  accelerating  motion  with  which  P  descends  and  Q  ascends:  p  =  q 


having  regard  to  friction: 


_   (p_Q)  a*—  Far 


In  order  to  diminish  the  friction  of  the  gudgeons,  the  gudgeon  C 
of  the  pulley  */£B,  Fig.  270,  is  placed  upon  the  friction  wheels  DEF 
and  I>^E^F^.  The  moments  of  inertia  of  these  are  G-^y^9  and  their 
radii  DE  =*=  D^E*  =  a^  we  then  have  to  put: 

(P—  Q)  a2—  Far 

p  ^  q  =  -  L  -- 


because  the  inert  masses  of  these  wheels  reduced  to  the  circumference 

of  the  friction  wheels,  or  to  the  gudgeon  of  the  wheel,  ass  —  ffi1  .    By 

af 

inversion  we  obtain  the  accelerating  force  of  gravity  : 
21 
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er    — »-• 


Fig.  270. 


(P — Q)  a2 — Far  "  ^" 

For  a  small  difference  of  the  two  weights  P — Q  the   accelerating 

force  p  comes  out  small,  hence  the  motion 
goes  on  slowly,  and  if  the  resistance  opposed 
to  the  weight  by  the  air  be  inconsiderable, 
with  the  assistance  of  experiments  upon  the 
descent  of  weights  in  such  an  arrangement, 
the  accelerating  force  of  gravity  may  be 
measured  with  tolerable  accuracy,  which 
by  a  body  falling  freely  it  is  impossible  to 
do.  Experiments  of  this  kind  were  first  in- 
stituted by  Attwood,*  whence  this  arrange- 
ment is  known  by  the  name  of  Attwood's 
machine.  To  determine  the  spaces  fallen 
through,  there  is  a  scale  HK  along  which 
the  weight  P  descends.  From  the  space 
fallen  through  s,  and  the  corresponding  time 

ty  it  follows  of  course  that  p  =  — !_£.•  if,  how- 

o 

ever,  during  the  descent,  the  moving  force 
be  removed,  while  an  equal  weight  LL± 
forming  a  hollow  ring  is  taken  up  by  a 
fixed  narrower  ring  J\W?,  the  remaining 

part  of  the  space  s:  will   be   described  with    a    uniform   motion,  and 
having  the  time  observed  by  a  good  clock,  the  velocity  will  be  given  v 

sss  fi. ,  and  the  accelerating  force  p 


-  =  --i.  If  tl  =  t  =  l,expe- 


Fig.  271. 


riment  gives  directly  p  »  ^,  and  by  putting  the 
value  found  in  the  above  formula,  it  will  give  the 
accelerating  force  of  gravity. 

§  228.  The  acceleration  of  the  motion  of  the 
weights  P  and  Q,  which  are  suspended  to  a 
system  consisting  of  a  fixed  pulley  ~&J8,  and  a 
movable  pulley  EG,  is  given  in  the  following 
manner.  Let  the  weights  of  the  pulleys  JiB  and 
EG  =  G  and  G15  their  moments  of  inertia 
and  G^y**  and  the  radii  CJi  =  a  and  DE  = 
therefore  the  masses  reduced  to  the  circumference 
of  the  wheel 

J\I  —  —  .  ?L,  and  JkT.  =  — J  .  ^i-. 
g     ^  S      a? 

If  the  weight  descend  a  certain  space  $,  Q  +  Gx  will  then  ascend 
by  J  #  (§  151),  hence  the  mechanical  effect  produced  will  be  Ps  — - 

(Q  +  G1)  -;  if  by  this  descent  P  acquires   the    velocity   v,   then 
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Q  +  Gt  takes  the  velocity  ~,  and  the  pulley  JIB  at  its  circumference 

>£ 

the  velocity  v9  and  the  pulley  EG,  since  in  rolling  motion  ^the  pro- 
gressive and  rotary  motion  are  equal  to  each  other,  at  its  circumfer- 

ence the  velocity  -.     The  sum  of  the  vis  viva  corresponding  to  these 

masses  and  their  velocities  is  —  .  v*  -f-  -=—  —  i-  *  (  ~  J    ^  --  ~  *  v*  4- 

g  g  \2/  a? 

&  .  (-\  ,  and  if  their  halves  be  equated  to  the  mechanical  effect 
flj         \%/ 
expended,  we  shall  obtain  the  equation: 


. 

Hence,  the  velocity  corresponding  to  the  space  $  described  by  P: 


For  the   acceleration  ^?s  =  —  -  ;  hence,  here 


The  acceleration  of  Q+  Gx  is  =  ^,  and  the  rotary  acceleration  of  Gx 

*£ 

is  equal  to  it* 

The  tension  of  the  string  BE9  connecting  both  pulleys,  is  tf  =  P  — 

/>  +  ^£\  P9  because  the  force  (p  +  ®£\  I  is    expended    upon 
\  a2  /  g  \  a>*  /  g 

the  acceleration  of  the   motions  of  P  and  G.     The  tension   of  the 
fixed  string  GH,  on  the  other  hand  : 


because  the  pulley  EG  is  put  into  rotation  by  the  difference  #  —  $i 
of  the  tensions  of  the  strings. 

Example.  In  a  system  of  pulleys,  Fig.  271,  the  weights  P  =  40  Ibs.  and  Q  =  66  Ibs. 
are  suspended,  and  each  of  the  solid  pulleys  weighs  6  Ibs.  ;  required,  the  acceleration 

of  the  motions  of  these  -weights.     The  moving  force  is  P  —  Silt  —  i  =  40  -  --  -  — 

=  4  lbsn  the  mass  of  a  pulley  reduced  to  its  circumference  is  :  —  ^-  =  ~  *  ^-  ==  —   = 
F        ^  ^          «•«!*          2^ 

ft  o 

_  ss=  —  (§  221),  and  the  aggregate  of  the  inert  masses  : 
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hence  the  accelerated  motion  of  the  descending  weisht  is:  z>  —  _   .  4  g  — 

^  6  ~~ 
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32  2  51  5  2 

1—  =  2,086  feet;  on  the  other  hand,  the  accelerated  motion  of   the 


-  -  —        - 

*^47  24  / 

ascending  weight  :  ¥~  =  1,043  feet.     The  tension  of  the  string  BJE  is  : 


S«P—  (P  +  -f )  £  =  40  —  43  .  ££!?  —  40  —  2,782   =  37,218  Ibs.j    that    of 
\  •*  /     §  o2,<& 

the  string  GH,  =  S  —  SL    .  JL  =  37,218  —  3  .   j«043  ==  36,247  Ibs. 
2        2g  32,2 

§  229.  The  motion  is  more  complicated,  if  the  pulley  EG,  Fig. 
272,  be  suspended  only  by  a  string  passing  round  it. 
Fig.  272.  Let  us  assume  that  P  descends  with  the  accelerating 

force  p,  and  Q  ascends  with  the  accelerating  force 
<?,  we  then  obtain  the  acceleration  of  the  rotary  mo- 
tion at  the  circumference  of  the  loose  pulley  q^  =  p 
—  q  (§  42).  Let  us  now  put  the  tension  of  the 
strings  at  JIE  *=  S,  we  then  obtain  P  —  S  = 


(P  + 


5  further>  S~(Q+  GJ  -  (Q  + 


-?.,  since  from  §  214,  it  may  be  assumed  that  S  acts 

o 

/"*        2 

at  the  centre  of  gravity  D  of  EG;  and  lastly,  S  =      1^1    .  Sk,   since 

ai2       S 
it  may  also  be  assumed  that  the  centre  of  gravity  D  is  fixed,  and  the 

pulley  put  into  rotation  by  S.     The  last  three  formula  give  the  ac- 
celerating force 

P  —  S   „  „        /#—  (Q+G2) 

~  :=  J 


all  three  being  put  into  the  equation  ql  =  p  —  q,  we  obtain 

^_  £•  — -    ZZ cr iVg   "T-          i)    _ 

Gi#i  p         GVZ  Q  +    G! 

whence  the  tension  of  the  string  follows 

#_  2  Pa«  +   Qy» 


The  accelerating  forces  are  given  from  the  value  of  S  by  the  appli- 
cation of  the  above  formulae. 

If  we  neglect  the  mass  G  of  the  fixed  pulley,  and  also  put  Q  =  0, 
we  obtain  simply: 

o  2  Pa* 


P  (a?  +  y*)  a*  +  Ga?y*         G,y?  +  P  (a*  +  y/)' 
If  the  extremity  of  the  string  J1E?  instead  of  passing  over  the  pulley 
*3B,  is  fixed,  we  have  then  the  accelerating  force  p  «  0,  hence  g± 
=  —  g,  and  consequently  the  tension 
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( Q  +   GI)  a,]2  +   ^^y\  * 

If  the  rolling  body  Gx  be  a  solid   cylinder,  we  have  then  — ^ 

a2 

=  %  G19  and  for  the  first  the  tension  S  =  —  ,  and  for  the 

3  jP  +  GL 

second  S  =  — *.      If  in  the  first  case  the  weight  P  descends,  p  is 
o 

then  negative,  therefore  : 

S>  P;  i.  e.  2  PG&*  >  PG&?  +  P2  (a*  +  y?}, 

/~Y  _   2 

simply  ~  =^  1  H — ^;  further,  that  G:  may  descend,  it  is  necessary 
that  S  <:  G19  therefore  ^  >  1  ^L. 

Example.  If  when  in  a  system  of  pulleys,  Fig.  2 71,  the  string  GvH"  suddenly  breaks,  the 
string  J3jE  at  the  commencement  becomes  stretched  by  the  force 


ZL^2 2  .40+3 


83-72  5,210 


25  .  43  +  72         1147 
The  accelerated  motion,  of  the  descending  -weight  P  will  be  : 


/     P~S      W  _  /10-5,310\  ^  ^  a  =  _34,79  _  g 

(  p  +   ^  )  V  40  +  3  /          '  43 

Further,  that  of  the  descending  pulley: 

/72^5,210X  66/79^  _ 

\         72          /       '  72  '  J 


and  the  acceleration  of  rotation,  of  this  pulley  : 


CHAPTER    II. 

CENTRIFUGAL      FOKCE. 

§  230.  Normal  Force. — When  a  material  point  moves  in  a  curved 
line,  it  has  in  every  point  of  its  path  an  accelerated  motion,  deviating 
from  that  of  the  direction  of  motion,  which  we  have  become  acquainted 
with  in  phoronomics  under  the  name  of  the  normal  accelerating  force. 
If  the  radius  of  curvature  at  any  place  of  the  path  of  the  moving  point 
=  ry  and  its  velocity  =  v,  we  have  then  for  the  normal  accelerating 

««2 

force  p  as  —  (§  41).    Let  now  the  mass  of  the  point  —  M,  the  normal 
r 

21 
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If"    2 

accelerating  force  will  then  be  JWp  =  t   v,  ,  which  we  must  regard  as 

the  first  cause  of  the  point  changing  its  direction  of  motion  at  each 
position.  If  no  other  tangential  force  hut  the  normal  act  upon  the 
point,  its  velocity  v  will  be  invariable  and  =  c,  and  hence  the  normal 

••  ff> 

force  P  »  -  -  will  be  dependent  only  on  the  curvature  at  each  mo- 

T 

ment  and  on  the  radius  of  curvature,  and  will  be  greater,  the  greater 
the  curvature  or  its  radius  j  for  double  the  radius  of  curvature,  for 
instance,  the  normal  force  is  only  half  as  great  as  for  a  single  radius 
of  curvature.  If  a  material  point  M  is  constrained  by  a  horizontal 
path,  Fig.  273,  to  describe  a  curve  ABDFH,  it  will  have,  disregard- 

ing the  friction  at  all  places,  the  same 
-  273'  velocity  c,  and  will  exert  at  each  place 

a  pressure  equivalent  to  the  normal 

force    against   the    concave    surface. 

During  the  description  of  the  arc  AB, 


the  pressure  _        L,  during  that  of 


and  for  the  arc  FH 


KF 


EB,  GD,  and  KF  are  the  radii  of  curvature  of  the  portions  of  the 
path  AB>  JBD,  DF,  and  FH. 

§  231.  Centripetal  and  Centrifugal  Force.  —  When  a  material  point 
or  body  moves  in  a  circle,  the  normal  force  acts  radially  inwards, 
whence  it  is  called  the  centripetal  force  ;  whilst  the  force  which  the  body 
opposes,  by  virtue  of  its  inertia,  i.  e.y  which  acts  radially  outwards 
has  received  the  name  of  centrifugal  force.  The  centripetal  force  is 
that  which  acts  directly  upon  the  body;  the  centrifugal  is  the  reacting- 
force  of  the  body.  Each  is  equal  in  amount  and  opposite  in  direction 
to  the  other  (§  62). 

In  the  revolution  of  the  planets  about  the  sun,  the  attractive  force 
of  the  sun  is  the  centripetal;  but  were  the  body  constrained  by  a 
directrix,  Fig.  273,  to  describe  its  circular  orbit,  this  directrix  would 
act,  by  its  rigidity,  as  a  centripetal  force,  and  opposed  to  the  centri- 
fugal force  of  the  body. 

If,  lastly,  the  revolving  body  be  connected  by  a  thread  or  by  a  rod 
with  the  centre  of  revolution,  the  elasticity  of  the  rod  will  then  be  in 
equilibrium  with  the  centrifugal  force  of  the  body,  and  thereby  act 
a  centrietal  force.  J 


as 

Let  G  be  the  weight  of  the  revolving  body,  therefore  its   mass 
M  =  —  ,  the  radius  of  the  circle  in  which  it  revolves  =*  ry  and  the 

velocity  of  revolution  =  v; 
force  : 


from  the  last  §  we  have  the  centrifugal 
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r>  Mv2*          Gv*          0         Vz        G     +,          r  ,         „        -,  n        V* 

P  _  -  =  -  =  2  .  —  .  —  ,  therefore  also  P  :  G  =  2  .  —  :  r, 
r  g-r  %      r  2g 

i.  e.y  the  centrifugal  force  is  to  the  weight  of  the  body  as  double  the 
height  due  to  the  velocity  is  to  the  radius  of  revolution. 

If  the  motion  be  uniform,  which  always  takes  place  if  no  other 
force  (tangential  force)  than  the  centripetal  act  upon  the  body,  the 
velocity  v  ==  c  may  be  expressed  by  the  time  of  revolution  T,  if  we 

put  c  =  -£  -  =  —  -=?  ,  and  hence  we  shall  obtain  for  the  centrifugal 
time  JL 

force  : 

»  M 


Since  4*2  =  39,4784,  and  for  the  measure  in  feet      =  0,031,  we 

g 
then  have  more  conveniently  for  calculation 

P  _  2£S*  .  Mr  -  1,324  .   * 

The  number  n  of  revolutions  per  minute  is  often  given,  and  there- 

60/;  . 

fore  T  is  replaced  by  -  ,  whence  it  follows  : 

n 

QQ  A.7RA. 

P  =    a*'*'~*  n2  Mr  =  0,010966  nz  Mr  =  0,000331  n3  Gr. 
3oOO 

Hence,  for  equal  times  of  revolution,  or  for  an  equal  number  of 
revolutions  in  a  given  time,  the  centrifugal  force  increases  as  the  pro- 
duct of  the  mass  and  radius  of  revolution,  and  is  inversely  propor- 
tional, other  circumstances  being  alike,  to  the  squares  of  the  times  of 
revolution,  or  directly  proportional  to  the  squares  of  the  number  of 

2rt 

revolutions.  As_  is  the  angular  velocity  *>,  we  may  finally  put:  P 
=  w2  .  Mr. 

Examples.  —  1.  If  a  body  of  50  Ibs.  weight  describe  a  circle  of  3  feet  radius  400  times 
per  minute,  its  centrifugal  force  will  then  be: 

P  =  0,000331  .  400°  .  50  .  3  =  52,96  .  50  .  3  =  7944  Ibs. 

If  this  body  be  connected  with  an  axis  by  a  hempen  cord,  and  the  modulus  of 
strength  of  the  cord  (§  186)  be  700  Ibs.,  it  will  follow  that  7944  =  7000  .  Ft  hence 

7944 

the  section  of  this  cord  will  be  :  F  s=s  -  =  1,1342  square  inches,  and  its  radius 
_  _  7000 

D  =     r  •**    —      K5468    .„_  ^144  -==   12  inch.      But  for   a  threefold    security  J) 
N/     TT  *s/3,1416    _   v     »  » 

must  be  taken  =  1,2-^/3  =  1,2  .  1,732  =  2,077  inches.  —  2.  From  the  earth's 
radius  r  =  20£  millions  of  feet,  and  the  time  of  rotation  or  length  of  a  day  37  =  24  h. 
=  24  .  60  .  60  =  86400",  the  centrifugal  force  of  a  body  at  the  earth's  equator  is 

P  =  1,224  .  g*  20.2*0000^  ^  .  G  _  J_  ,  G  nearly;  but  were  the  length  of 
86400°  864a  300  ' 

the  day  jftii  part  only,  then  :  _  =  1  h,  24  m.  42  sec.  this  force  would  be  172=289  times 

as  great,  therefore  equal  to  about  the  weight  of  the  body.  At  the  equator,  there- 
fore, the  centrifugal  force  would  be  equivalent  to  that  of  gravity,  and  the  body  would 
neither  rise  nor  fell.  In  the  revolution  of  the  moon  about  the  earth,  its  centrifugal  force 
is  counteracted  by  the  attraction  of  the  earth.  Let  O  be  the  weight  of  the  moon,  r  its 
distance  from  the  earth,  and  T  its  time  of  revolution  $  the  centrifugal  force  of  this 


248 


CENTRIFUGAL    FORCES. 


heavenly  body  =  1,224  .    EL.     Let  a  be  the  radius  of  the  earth,  and   let  us  assume 

that  the  force  of  gravity  at  different  distances   from  its  centre  increases  inversely  as  a 
power  of  these  distances ;   we  have  then  the  gravity  of  the  moon  or  the  attractive  force 

of  the  earth  =  G       — ">  and  if  we  equate  both   forces  to  each  other,  we  then  obtain 


: 39342 


Fig.  274. 


SLY  =  1,224  .  —  . 

Xow  —  sss  -L.  r  =  1250  million  feet,  and  T  =  27  days,  7  hours,  42  minutes  \ 

r          60 
minutes  =  39342  .  60  seconds;  hence  it  follows: 

(±.Y  -  *.g29.1250  »  _L_  nearly  _  (UY 
\GO/     ""    393,4a.36  3GUO  V60/ 

and  hence,  n  =  2 ;  i.  <>.,  the  gravitating   force  of  the   earth  is  in  an   inverse  ratio  to  the 
square  of  the  distance. 

§  232.  Centrifugal  Forces  of  Extended  Masses. — For  any  system 
of  "masses,  or  for  a  mass  of  finite  extension,  the  formula  above  found 
for  the  centrifugal  force  is  not  directly  applicable,  because  we  know 

not  beforehand  what  radius  of  gyration 
we  have  to  introduce  into  the  calculation. 
To  find  this,  we  proceed  in  the  following 
manner.  In  Fig.  274,  let  CZ  be  the  axis 
of  revolution,  CX  and  CFits  two  rectan- 
gular co-ordinate  axes,  further  let  M  be 
a  particle  M19  and  MK  =  x,  MM  =  y, 
and  MJV  =  z,  its  distances  from  the  co- 
ordinate planes  FZ,  XZ  and  XY.  As  the 
centrifugal  force  P  acts  radially,  its  point 
of  application  may  be  transferred  to  its 
point  of  intersection  O  with  the  axis  of 
revolution.  If  now  we  resolve  this  force 
in  the  direction  of  the  axes  CX  and  CF^ 

we  shall  obtain   the   component  forces  OQ  =   Q  and  OR  =  R,  for 
which  OQ  :  OP  =  OL  :  OM,  and  OR  :  OP  =  OK :  OM,  whence 

Q  ==  ^  P  and  R  =  ?  P,  where  r  represents  the  distance  OM  of  the 
r  r  ^ 

particle  from  the  axis  of  revolution.     Let  us  proceed  in  a  similar 

manner  with  all  the  particles,  and  we 
Pig.  275.  shall  obtain  two  systems  of  parallel 

forces,  one  in  the  plane  XZ,  and 
the  other  in  the  plane  FZ,  but  each, 
acting  perpendicularly  to  the  axis 
CZ.  For  distinction,  let  us  avail  our- 
selves of  the  index  numbers  1,  2,  3, 
&c.,  and,  therefore,  put  for  the  par- 
ticles of  the  mass,  Miy  M2,  M3,  and 
for  their  distances  xiy  x2,  x3,  &c.,  we 


shall  obtain  the  resultant  of  the 
system,  Fig.  275, 

Q  —  Q!  +  Q2  +  Q3  +  - . . 


one 
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+  M^cz  +  .  .  0  and  that  of  the  other  R  =  JRj  +  J?2  +  -  -  - 
+  J^a  +  •••)•  ^et  us  finally  put  the  distances  of 
the  particles  from  the  plane  XY,  CO17  CO2,  &c.,  =  za,  z2,  &c.,  we 
shall  obtain  for  the  points  of  application  of  these  resultants  the  dis- 
tances CU  =  u,  and  CV  =  v  by  the  equations  (Qa  +  Q2  +  .  *  .)  u 
Qi*i  +  Q***  +  •  -  -  and  (jR,  +  J?2  +  .  .  .)  v  »  JZ^ 
whence  it  follows  : 


Hence,  therefore,  in  general,  the  centrifugal  forces  of  a  system  of 
bodies,  or  an  extended  body,  may  be  reduced  to  two  forces,  which, 
so  long  as  u  and  v  are  unequal,  cannot  be  resolved  into  a  single  one. 

Example.  The  masses  of  a  system  are 

J^^slOIbs.,     Jf2=15     Iba.,     3f3  =  IS     lbs,5    Jfef4  —  12     Ibs., 

and  their  distances  xt  ss=     0  inches,  ara  =    4  inches,  xs  =    2  inches,  o:4  ==  6  inches, 

y,=     3       «        yfl=     1       -         y3=     5       «          y4  =  3         « 

"•     —       O          {t  S"     —  —       ^          "  •*     _  -       *^          {{  --     —       A  u 

*.j  —      ^  sra  —     ti  ^3  =     ^  ,t,4  —     u 

\ve  have  then  the  following  mean  centrifugal  forces 

Q  =  „*  .  (10.  0+  15  .4+18  .  2+  12  .  6)  =  168  .  «3,  and 

R  =  «3  .  (10  .  3  4-  15  .  1  +  18  .  5  4-  12  .  3)  =  171  .  «%  and  the  distances  of  their 

ix>ints  of  application  from  the  origin  C  : 

10.0.2+15.4.3+18.2.3+12.6.0         288          12        ,-,,.     v  , 

«  =  -  !_  -  JL  -  -J_  -  —-  -  ^_  —  —  —  .  1,714  inches  and 

10.0+15.4+18.2+12.6  16S  7 

30.3.2+15.1.3+18.5.3+12.3.0         375  125         0  100  •     v, 

77  -as  -  f  --  !  --  !  --  =—  -  =—  -  a--  2,193  inches. 

10.3+15.1  +  18.5+12.3  171  57 

The  difference  of   these    two  values  of  u  and  v  shows  that  the  centrifugal  forces 
cannot  be  replaced  by  a  single  force. 

§  233.  If  the  particles  of  the  mass  lie  in  a  plane  at  right  angles  to 
the  axis  of  revolution,  Fig.  276, 

their  centrifugal  forces   may  be  re-  Fi£*  276- 

duced  to  a  single  force,  because  their 
directions  intersect  at  a  point  in  the 
axis.  Retaining  the  denominations 
of  the  former  §,  we  shall  obtain  the 
resultant  centrifugal  force  in  this 
case  : 
P  = 


-  -  O2  +  (MiVi  +  M^ 

Now  CK  aas  X)  and  CL  =  y,  are  the 
co-ordinates  of  the  centre  of  gravity 
of  the  system  M  =  Jl^  +  Mz  +  .  .  .,  we  then  have: 

Jkf^  +  J^f2or2  +  .  .  .  =  JWo:  and 
hence  the  centrifugal  force  : 

P  =  W2  <SM*X*+  j^y  =  ^2  JW  v/^+y5  =  to3  Mr, 


provided  further  that  r  =  v'is2  +  y2  represent  the  distance  CSof  the 
centre  of  gravity  from  the  axis  of  revolution  CZ. 

For  the  angle  PCX  =  a,  which  this  force  Jnjc^fipifete  ^willi  the  axis 
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-  ;  hence  the  direction  of  the  centrifugal 


Fig.  277. 


CX9  tang.  a  ~  —  ~  -=r-- 

Q        J\fx        z 

force  p&sses  through  the  centre  of  gravity  of  the  system,  and  centrifugal 
force  is  exactly  the  same  as  if  the  collective  masses  were  united  at  the 
centre  of  gravity. 

For  a  disc  j2JB  at  right  angles  to  the  axis  of 
revolution  ZZ,  Fig.  277,  the  centrifugal  force 
is  from  this  ==  «2  Mr,  if  M  rep  resents  its  mass, 
and  r  the  distance  CS  of  its  centre  of  gravity 
S  from  the  axis.  To  find  the  centrifugal  force 
of  another  body  J1BDE,  Fig.  278,  \^e  must 
decompose  it  into  elementary  discs  by  planes 
at  right  angles  to  the  axis  ZZ,  find  their  centres 
of  gravity  S^  S2,  &c.?  and  determine  the  cen- 
trifugal forces  by  help  of  these  last,  decompose 
each  of  them  in  the  direction  of  the  axes  CX 
and  C  Y  into  component  forces,  and  reduce  the 
forces  in  the  plane  ZCX  to  a  resultant  Qy  and 
those  in  the  plane  ZCYto  a  resultant  R. 

If  the  centres  of  gravity  of  the  aggregate 
discs  lie  in  a  line  parallel  to  the  axis  of  revo- 
lution, x  =  xl  =  x#  &c.,  and  y  =  yx  ==  y^  &c., 
and  therefore  also  r  =  rx  ==  r2,  &c.,  hence  the 
centrifugal  force  of  the  whole  body  P  —  W2 
(MjT  4-  Mf  +...)=  a2  Mr,  and  the  dis- 
tance of  its  point  of  application  from  the  plane 
XY* 


Fig.  278. 


(Jlf1  +  Jfcr?+  •  -)     r  Ml  +  M2+.. 

According  to  these  equations,  the  centrifugal  force  of  a  body,  whose 
elements  are  in  a  line  parallel  to  the  axis,  is  equivalent  to  the  centri- 
fugal force  of  the  mass  of  this  body,  reduced  to  its  centre  of  gravity, 
and  its  point  of  application  and  centre  of  gravity  coincide.  From  this 
the  centrifugal  forces  of  all  rotary  bodies,  whose  geometric  axes  run 
parallel  with  the  axis  of  rotation  may  be  found.  If  the  geometric  axis 
of  any  such  body  coincide  with  the  axis  of  rotation,  the  centrifugal 
force  is  equal  to  nothing. 


ensions,  tlxe  density,  and  strength  of  a  millstone,  JlBDQ  Fig.  279, 
are  given  ;  it  is  required  to  find  the  angu- 
lar  velocity  *,  in  consequence  of  which 
rupture  will  take  place  in  virtue  of  centri- 
fugal force,  If  we  put  the  radius  of  the 
millstone  =  rly  the  radius  CJT  of  its  eye 
=  r9  the  height  JZE  =  GH=  I,  the  density 
sss  y,  and  the  modulus  of  strength  =  .g"  vve 
obtain  the  force  required  for  rupture  =  ^ 
Oj  —  ra)  IK,  the  weight  of  the  stone  G  =  w 
(r*  —  r-ta)  7y,  and  the  radius  of  gyration  of 
each  half  of  the  stone,  *.  e.  the  distance  of 
its  centre  of  gravity  from  the  axis  of  rota- 
tion  (§  109),  r  ».  *.  .  ±2.  At 
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moment  of  rupture,  the  centrifugal  force  of  half  the  stone  is  equivalent  to  the  strength  ; 
we  hence  obtain  the  equation  of  condition  <»2  .  £  —  =  2  (r: — ra)  IIT,  i.  e.  &* .  •§•  (r^ — r33) 

—  =  2  (r j — r2)  £8T,  or  leaving  out  2  Z  on  both  sides,  it  follows  that 


•J1- 


If  r,  =  2  feet  =  24  inches,  ra  =  4   inches,  .K"  =  750  Ibs.,  and  tHe  specific  gravity  of 

A^?  *>  ^^  5  ^5 
the  millstone  =  2,5,  therefore  the  -weight  of  a  cubic  inch  of  its  mass  =  —  -  -  —  1- 

1728 
==  0,0903    Ibs.,  it  follows    that   the   angular   velocity  at   the   moment  of  rupture  is: 

J3  .  12  .  32,2  .  750  /869400          ^« 

688  .  0,0903       -  JaMS6i  "  lWs 

If  the  number  of  rotations  per  minute  =«,  we  have  then  »=r    .ff71;   hence,  inversely, 

60 

n  =  ,  but  here  =  30  •  112,1  _  1070i     ^he  average  number  of  rotations  of  such  a 


Fig.  280. 


millstone  is  only  120,  therefore  9  times  less. 

§  233.  If  the  collective  particles  MI9  Jkf2,  of  a  system  of  masses, 
Fig.  280,  or  the  centres  of  gravity  of  the 
elements  of  a  body  lie  in  a  plane  passing 
through  their  axis  of  revolution,  the  cen- 
trifugal forces  will  then  form  a  system  of 
parallel  forces,  and  these  may  be  reduced 
according  to  the  rule  to  a  single  force. 
The  distances  of  the  particles  or  the  ele- 
ments from  the  axis  of  revolution  ZZ,  are 


=  r,> 


for  their  centrifugal  forces : 


r2,  &c.,  we  obtain 


.  -  &c-» 
and  hence  the  resultant  centrifugal  force: 


r  representing  the  distance  of  the  centre  of  gravity  of  the  mass  M 
from  the  axis  of  revolution.  Therefore,  here  also  the  distance  of  the 
centre  of  gravity  from  the  axis  of  revolution  must  be  regarded  as  the 
radius  of  gyration.  But  to  find  the  point  of  application  O  of  the 
resultant  centrifugal  force,  let  us  put  the  distances  of  the  particles  of 
the  mass  from  the  normal  plane;  CO1  =  zl9  CO2  =  z2,  &c.,  into  the 
formula; 

y      |     J\f  7*  2T    —I •-»  Fj^f*  28 1-  , 


CO 


By  help  of  the  formula  P  «  <*2  Mr,  the 
centrifugal  forces  of  rotary  bodies  and 
other  geometric  bodies  may  be  found, 
when  their  axes  and  the  axis  of  revolu- 
tion lie  in  one  plane.  The  centrifugal 
force  of  a  right  cone  J3DB,  Fig.  281, 
may  be  found,  if  the  distance  SJV*  of  its 
centre  of  gravity  *y  from  the  axis  of  re* 
volution  ZZ  be  put  as  r  into  the  formula. 
If  the  height  of  the  cone  CD  =  A,  the 
distance  DF  of  the  point  D  from  the  axis 
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of  revolution  —  &,  and  the  angle  CGE,  by  which  the  geometrical  axis 
deviates  from  the  axis  of  revolution  ZZ  ==  a,  we  have  then  r  =  a  +  f  h 
sin.  a.     For  a  rod  JIB,  Fig.  282,  whose  length  AB  =  /,  and  angle  of 
inclination  ABZ  to  the  axis  of  revolution  BZ 
Fig.  282.  -—  aj  we  have  r  =  SJV  =  ^  I  sin.  a,  therefore, 

the  centrifugal  force : 

P  =  J*  .  ^  M  I  sin.  a;  but  to  find  the  point  of 
application  O  of  this  force,  in  the  expression  ^2 
M  o     M    „    * 

„  X  Sin.  a  .  X  COS.  a  =  cu     „  Or  5t7l.  a  COS.  a 

n  n 

JVL 

for  the  moment  of  the  element  —  of  the  rod,  let 

71 

us  put  for  x  successively  the  values  — ,  — ,  — , 

*•  n     n      n 

&c.,   and   add  the  results,  in  this  manner  we 


shall  obtain  the  moment  of  the  entire  rod : 


sin.  a  COS.  a 


cos.  a, 
cos.  a 


JVfZ 


sn.  a 


=    -  Z  cos.  a    and 


the  distance  of  the  point  of  application  O  from 
Fig.  2S3.  the  extremity  of  the  rod  B  lying  in   the   axis, 

BO  =  §  L 

If  the  rod  J?J3,  Fig.  283,  does  not  reach  the 


axis,  we  then  have : 


sn. 


2  —  Z22),  and  the  moment  : 

2 


•-4 


Cis: 


Fig.  284, 


Pz  =  £  co*  Jb'  Sin.  a  COS.  a 

because  the  mass  of  CJi^  =»  the  cross  section  into 
the  length,  =  Fl^  and  the  mass  of  CB  =  -F72, 
hence  it  follows  that  the  distance  of  the  point  of 
application  O  from  its  intersection  with  the  axis 

i*-i 


where  /  expresses  the  distance  CS  of  the 
centre  of  gravity,  but  /x — lz  the  length  of  the 
rod  JIB. 

This  formula  is  also  applicable  to  a  rectan- 
gular plate  MBDE,  Fig.  284,  which  is  di- 
vided into  two  congruent  right  angles  by  the 
plane  of  the  axis  COZ,  because  the  centri- 
fugal force  acts  at  the  middle  of  each  of  the 
elements,  which  are  obtained  by  sections 
normal  to  CZ.  Therefore  the  distances  CF 
and  CG  of  the  two  bases  JIB  and  DE  from 


the  point  C  of  the  axis,  are 

<2      I  s i 

here  also  CO  =  -^  .  _JL — . 

O  /  :..,(, 


and  Za,  we  have 
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§  234.  In  the  case  where  the  particles  of  the  body  neither  lie  in  a 
plane  normal  to,  nor  in  a  plane  passing  through  the  axis  of  revolution, 
the  resultant  centrifugal  forces, 

Q  =  «2  (M^Xi  +  M2x2  +  .  .)  and  R  =  <o2  (M^  +  M^/2  +  .  .)  cannot 
be  reduced  to  a  single  force,  nevertheless  it  is  possible  to  replace  these 
forces  by  a  force  acting  at  the  centre  of  gravity: 

P  =  v/  Q2  +  R*  «  <**  Mr, 

and  by  a  couple  composed  of  Q  and  R.  If,  namely,  we  apply  to  the 
centre  of  gravity  S,  four  forces  +  Q  and  —  Q,  +  jR  and  —  R  balanc- 
ing each  other,  the  positive  parts  will  give  a  resultant  P=«2  +/  Q2+ JR2, 
and  the  negative  parts  on  the  other  hand,  — Q  and  — -R,  will  form  the 
couples  (Q,  — Q)  a*id  (jR,  — R)  with  the  centrifugal  forces  applied  at 
U  and  V,  which  may  be  reduced  to  a  single  couple.  In  order  to 
make  ourselves  acquainted  with  this  reduction  of  the  centrifugal 
forces  of  a  rotary  body,  let  us  take  the 
following  simple  case.  Let  the  bar 
JIB,  Fig.  285,  which  turns  about  the 
axis  ZZ,  lie  parallel  to  the  plane  TZ, 
and  rest  with  its  extremity  jB  on  the 
axis  CX.  Let  the  length  of  this  bar 
=  /,  its  weight  =  G,  the  angle  BAD 
at  which  it  is  inclined  to  the  axis  of 
rotation  =*  a,  and  its  distance  CB  from 
the  plane  YZ,  which  is  also  its  shortest 
distance  from  the  axis  ZZ~=  a.  Let 


285. 


M 


bar, 


now  E  be  an  element  —  of  the 

n 

and  BE  =  x  its  distance  from  the  ex- 
tremity B9  we  shall  then  have  the  pro* 
jection  jBJV*=  x  sin.  a,  and  hence  the 
components  of  the  centrifugal  force  Px  of  this  element: 
M      nn         *     M      _„„  T>          * ,    M 


1±  .  CB  = 


M          A 
—  a  ana 


BJV  =  <**  .  J^L 


M 


n 


n  n  n 

x  sin.  a,  and  their  moments  about  the  principal  plane  XCY: 

Q.z.  =  <»*  .  —  .  CB  .  EN  =  co2  .  —  ax  cos.  a  and  R.z.  =  «2 .  _  x2 
n  n  n 

sin.  a  cos.  ».     The  several  components  parallel  to  the  plane  XZ  give 
the  resultant  Q  =  Qx  +  Q2  +  .  .  .  *    M 


n 


— a  =  «2 .  Jtfa  and  its 


n 


moment  Qw  = 


+  •  *  *  = 


or,  as  a?-  is  to  be  taken  =  -,  x 


n 


2    M  f 

>3  .  —  a  cos.  a  (a:, 

n 

X~    s=s   — .  &C** 

3         n9        ' 


a  cos. 


n 


n 
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_.  .  !L  -..  -  «2  .  JVIaZ  cos.  a;  the  distance,  therefore,  of  the  point  of 

n      2         2 

application  of  this  component  from  the  plane  XYis: 

-r  n                       i-  w2  Mai  COS.  a  T     7 

jL£  as   U  =    ? =   1  Z  COS.  a, 

w2  Jtfa  ^ 

t.  e.  it  coincides  with  the  centre  of  gravity  of  the  bar.  The  com- 
ponents, which  act  parallel  to  YZ,  give  the  resultant  R  =  JJX  +  -R2 

+  .  .  .  as  w2  .  —  sin.  a  (x,  +  xz  +  •  •  • )   ==    "2  .   —  sift.  <*  —  .  — 
n  7i  n      2 

jjf 
=  ^  o2  JKZ  sin.  o  with  the  moment  «2 sin.  a  cos.  a  (a:/  +  x£  +  .  .  .) 

2     Jlf    .  /P        4P   t  \          z    MP      . 

=   w2  .  SZtt.  o  COS.   a  .    ( _  -L.   .   .  .  I  ==  fc/*  . _    SZ7Z.    a    COS.    a 

n  \n2        n2  /  7i  n2 

Tlf         p  n3 

(1  +  4  +  9  +  .  .  +  7i2)  =  «2  .  —  .  —  sin.  a  cos.  a  .  —  =  J  J2-  M  P 

n      n*  3 

sin*  a,  cos.  a;  the  distance  of  the  point  of  application  of  the  force  from 

.          Tr/.  4  to2  Jlf  P  Stn.  a  COS.  a          o  7 

the  plane  Jf  Y  is  :  JfO  =  v  =  ^ — = — _.._-. =  f  I  cos.  a,  ^.  e» 

r  %  w2  M  I  sin.  a 

this  point  lies  about  (§  —  %)  I  cos.  a  =  J  7  cos.  a  ==  J  of  the  pro- 
jection *#D  parallel  to  the  axis  above  the  centre  of  gravity  S  of  the 
bar. 

From  the  forces  Q  =  «2  M  a,  and  R  =  ^  a?  M I  sin.  a,  the  final 
resultant  applied  at  the  centre  of  gravity  of  the  bar  follows  : 
P  =  ^/Q2+  jRP  =  «2  M  \/a*+  %Psin.a?9  and  the  couple  (^ — jR) 
wdth  the  moment 

U  +  'SO  =  ^  «2  Jkf  /  sin.  a  .  }  /  =  y^  «2  Jkf  Z2  szn.  a. 

§  235.  JFree  Jixes. — In  general,  the  centrifugal  forces  of  a  body, 
revolving  uniformly  about  an  axis,  exert  a  pressure  upon  the  axis ;  it 
is,  nevertheless,  possible  that  these  forces  mutually  counteract  each 
other,  and  for  this  reason  the  axis  will  have  no  pressure  to  sustain. 
This  case  presents  itself,  for  instance,  in  every  solid  of  rotation  revolv- 
ing-about  its  geometric  axis,  or  its  axis  of  symmetry,  and  especially 
in  the  wheel  and  axle,  and  in  the  water-wheel,  &c.  If,  under  these 
circumstances,  no  external  forces  act  upon  a  rotary  body,  or  upon 
such  a  system,  the  body  will  remain  for  ever  in  this  .state  of  revolu- 
tion, without  its  being  necessary  that  the  axis  of  revolution  should  be 
fixed.  This  axis  is  called,  for  this  reason,  a  free  axis.-  From  the 
preceding,  the  conditions  immediately  follow  by  which  an  axis  of 
revolution  becomes  a  free  axis.  It  is  requisite  not  only  that  the  re- 
sultants P  and  Q  of  the  components  of  the  centrifugal  forces  acting 
parallel  to  the  planes  of  the'  axes  XZ'aud  YZ,  but  that  the  sum  of  the 
statical  moments  of  each  of  the  two  systems  of  forces,  should  »=  0. 
Hence,  from  this : 

1.  M^  +  M^r2  +  .  .  .  =  0, 
>  2.  Jlf^  +  M^2  +....,—  0,  further 

3.  M^z^  -f-  Mzx^  +...==  0,  and 

4.  Mtffr  +  M&&  +   .  .  .  n  0. 
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The  two  first  equations  require  that  the  free  axis  pass  through  the 
centre  of  gravity  of  the  body  or  system.  The  two  last  afford  the 
elements  for  determining  the  position  of  this  axis.  It  may,  besides, 
be  proved  that  every  body  or  system  has  at  least  three  free  axes,  and 
that  these  axes  meet  at  right  angles  in  the  centre  of  gravity  of  the 
system. 

The  higher  mechanics  distinguish  other  axes  besides  the  free, 
-which  run  parallel  to  these  and  intersect  each  other  in  a  point  of  the 
system,  and  are  called  the  principal  axes.  It  may  be  also  proved  that 
the  moment  of  inertia  of  a  body  about  one  of  the  principal  axes^is  a 
maximum,  about  a  second  axis  a  minimum,  and  about  a  third  neither 
one  nor  the  other. 

§  236.  If  the  particles  of  a  mass  lie  in  one  plane,  for  instance,  if 
the  mass  forms  a  thin  plate  or  plane 

figure,   then  the    straight    line   passing      Flg' 286' 

through  the  centre  of  gravity  of  the  en-     ' ~~~"  — 

tire  mass,  and   normal  to  its  plane,  is  a 
free  axis  of  the  mass ;  for  in  this  case 
the  mass  has  no  radius  of  gyration,  and 
hence  the  only  possible  centrifugal  force 
is  —    0.      To  find  the  other  two   free 
axes,  let  us    proceed  in   the  following 
manner.     Let  S7  Fig.  286,  be  the_cen- 
tre  of  gravity  of  a  mass,  and  let  UU  and 
FT"  be  two  co-ordinate  axes  in  the  plane 
of  the  mass ;  let  us  determine  the  mole- 
cules by  co-ordinates  parallel  to  these  axes,  viz.  the  molecules  M  by 
the  co-ordinates  Jfc^JV"  =  t^  and  M:O  =  t?r     Let  XX,  on  the  other 
hand,  be  a  free  axis,  ZZ  an  axis  perpendicular  to  it ;  further,  let  the 
angle  to  be  determined  XSU9  which  the  free   axis   makes  with  the 
co-ordinate  axis  SU,  =  <j>,  and  let  the  co-ordinates   of  the  particles 
referred  to  the  axes  XX  and  ZZ:  be  xl9  xz  .  . ,  zx,  z2  .  . ,  therefore  for 
the  particle  M^  :  M^K  =  x^  and  MJL  =  z^     From  this  we  easily 
obtain : 

xl^=MlK^SR+RL^SO  cos.  9  +  OM1  sin.  $»— wi  cos.  <p  +  v^  sin.  $ 
zl^=M1LL  =  —  OR+  OF==  — SO  sin.  $+  OM^cos.  $  =  — utsin. 
cos.  $  y  and  hence  the  product : 

xlz1=(ui  cos.  ^  +  vt  sin.  <f>)  ( — u^  sin.  Q+V^  cos.  $) 

—  —  (u*  —  v^}  sin.  $  cos.  $ +UyV^  (cos.  ^  —  sin. 
or,  since  sin.  $  cos.  t==^  5^7?r-  2  <j>  and  cos.  $2 —  sin.  qp^cos.  2 
*=  —  J  (u*  —  v^)  sin*  2  $  +  u^t  cos.  2  $,  and  hence  the  moment  of 
the  particle  M^. 

MyXjSt  =  ^    (uf  —  tfj2)  sin.  2  $  +  M^v^  .cos.  2  t.     The  mo- 

£ 
ment  of  the  particle  M^ : 

=  —  ^¥*.    uz  —  »2    sin.   2  $  +  Mu       cos.  2  $,  &c.,  and 
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the  sum  of  the  moments  of  all  the  particles,  or  the  moment  of  the 

entire  mass :  „     _  . 

M^z^  +  Mjcfz  4-  .  .  .  =  —  i  sin.  2  $  [  (Mji*  +  M2u*  +  .  .) 

That   XX  may  become  a  free  axis,  its  moment    from  the  former 
paragraph  must  be  =  0 ;  hence  we  must  put 

-      '      2      "  ^  "" 


&  sin.  2  *  [(Jfcf^8  +  JMXa  +  ..-)  —  C-^i^i2 
—  .  cos.  2  $  (M^Vi  +  Jlf3Ma«3  -TV.-) 
and  from  this  we  obtain  the  equation  of  condition  : 
.  0  s£».  2  9  __  2  (^i^i^i  4-  -^2^2 

io^,  2  9  -  ^75-;  -  (Mlu1*+Mj*f+.  .  0  —  (J 


+ 


+  -  -  0 
twice  the  moment  of  the  centrifugal  force 

===        difference  of  the  moments  of  inertia 

By  this  formula,  two  values  for  2  $  are  given,  which  vary  180°  from 
each  other,  and  therefore  also  two  values  of  9,  which  vary  9O°  from 
each  other;  on  this  account,  not  only  is  the_axis  XX  determined  by 
this  angle  $,  a  free  axis,  but  also  the  axis  ZZ  perpendicular  to  it. 

§  237.  The  free  axes  of  many  surfaces  and  bodies  are  known 
without  any  calculation*  In  symmetrical  figures,  for  instance,  the 
axis  of  symmetry  is  a  free  axis,  the  perpendicular  to  the  centre  of 
gravity  is  a  second,  and  the  axis  perpendicular  to^  the  plane  of  the 
figure  a  third  free  axis.  The  axis  of  rotation  ZZjof  ajrotary  body 
JIB,  Fig.  287,  is  a  free  axis,  so  is  every  normal  XX,  YY  .  .  to  this, 
passing  through  the  centre  of  gravity^.  Every  diameter  of  a  sphere 
is  a  free  axis,  the  axes  XX9  YY,  ZZ,  of  a  right  parallelepiped  J1BD, 


Fig,  287. 


288. 


g-  289. 


Fig.  288,  bounded  by  six  rectangles,  passing  through  the  centre  of 

gravity  S,  and  normal  to  the  sides 
SD9  J2J3,  and  J1D,  or  running  par- 
allel with  the  edges,  are  free  axes. 
Let  us  now  determine  the  free 
axes  of  an  acute  angled  parallelo- 
gram J1BCD,  Fig.  289.  Let  us 
draw  through  its  centre  of  gravity 
S,  the  co-ordinate  axes  UU  and 
VV  at  right  angles  to  each  other, 
so  that  one  of  the  sides  JIB  of  the 
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parallelogram  may  run  parallel  to  it,  and  let  us  decompose  the  parallelo- 
gram by  parallel  lines  into  2n  equal  strips,  such  as  FG.  If,  now,  one 
side  JIB  =2  a,  the  other  AD  =  26,  and  the  angle  J1DC  between  the 
two  sides  =  a,  we  then  obtain  for  the  strip  FG,  distant  from  UU, 
SE=x,  the  length  of  one  part: 

EG  =  KG  +  EK  =  a  +  x  cotg.  a, 

and  that  of  the  other  EF  =  a  —  x  cotang.  a,  and  since  —  sin.  a  is 

n 

the  breadth  of  both,  the  area  of  these  strips  =  b  snn'  a  (a+x  cotg.  a) 

n 

and  -  '—  (a  —  x  cotg.  a)  ;  the  measure  of  the   centrifugal   forces 
n 

about  the  axis  VV  is  therefore  : 

b  sin.  a  f     .  ,        \     i    /     ,  j\         b  sin.  a  /     ,  ,        \» 

—  -  (a+x  cotg.  a)  .  %  (a+x  cotg.  a)  =  -  (a+x  cotg.  a)2 
n  2  7i 

and  —  sin'  tt  (a  —  x  cotg.  a)2,  and  their  moments  about  the  axis  UU: 
%n 

b  sin.  a  f  ,        NO  j  b  sin.  a  /  >.>  *      ,     .t    ,,1 

-  (a  +  x  cotg.  a)3  x,  and  —  -  -  (a  —  x  cos.  a)2  x.     As  both  the 
%n  2  n 

forces  about  VV  act  opposite  to  each  other,  the  uniting  of  their  mo- 
ments gives  the  difference: 

X  SIU~  a  cotg.  a)2  —  (a  —  x  cotg.}2]  =  —  abx?  cos.  a. 

n 


If  we  substitute  in  this  formula  for  x  the  values  : 

b  sin.  a     2  b  sin.  a     3  b  sin.  a.     « 
-  j  -  ?  -  ,  etc., 

71  71  71 

successively,  and  add  the  results,  we  shall  obtain  the  measure  of  the 
moment  of  the  centrifugal  force  of  half,  the  parallelogram  : 


cos.-*.         *•«*     i»+2a+3»+  .  .  +^2   -=S  abssin.a?  cos. 


..  .  .  .  .     . 

n  n  3n 

2 

=:  —  ab3  sin.  a?  cos.  a,  and,  therefore,  for  the  whole  parallelogram,  or 
o 

4 

M1u1v^+M2u2v2+  ,  .  .  =  —  abs  sin.  a2  cos.  a.     The  moment  of  inertia 

3 

of  a  strip  jPG  about  the  axis  VV  is  : 

_  &  sin.  »   /(a+x  cotg.  a)3         (a  —  x  cotg.  a) 

==  __     ^       _         j.  __    _ 

'  tt      3         ax2  coJfg-.  o2)  =  -  —  sin.  a  (a2+3  3?  cotg.  a2);  if 


3  n 

now  we  substitute  in  succession  for  x: 

b  sin.  a     2  b  sin.  a     3  b  sin.  a,    « 
-  ,  -  ,  -  ,  &c., 

Ti-71  n 

and  sum  the  resulting  values,  we  shall  have  the  moment  of  Inertia  of 

c> 

a  half  =  -  ab  sin.  a  (a2  -f  62  cos.  a2),  and  hence  that  of  the  whole 
3 

22* 
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=5  1  ab  $in.  Q  (a2+62  cos.  a2).     On  the  other  hand,  the  moment  of 
A  _ 

inertia  of  the  parallelogram  about  the  axis  of  revolution  UU  is  =  4  ab 
sin.  *  .  b*sin-a2  =  f  ab3  sin.  a3  (§  220);  hence  the  difference  of  the 

O  o 

moments  of  inertia  sought,  i.  e. 


-  ab  sin.  a  (a?+b*  cos.  a2)  —  _  ab3  sin.  a3 
3  3 

-  ab  sin.  a  [a2+&2  (c0s.  a2  —  sw.  a2)] 

O 

_  aJ  sm,  a  (fl2+52  cos.  2  a), 
3 


__ 

Lastly  for  the  angle  U5T=$>,  which  the  free  axis  XX  makes  with  the 
co-ordinate  axis  UU  or  the  side  JIB  from  §  236  : 
tang  2,  ,  __  2  (Mlulvl+Mzuj,z+  .  .) 
*'  2 


4 
2  -  ai3  SW.  a2  C05.  a 

3  62  5Z71.  2  a 


4    7    .        /  2  ,  TO         rt    ^         a2+b2  cos.  2  a 
-  ao  sin.  a  (a2  +  &2  cos.  2  a)  ^ 

o 

In  the  rhombus  0  =  6,  hence 

***'  2  a  2  ^  a  c^'  a 


2 


1  +  COS.  2  a          I  +  COS.  a? — Sin.  a2 

2  sin.  a  cos,  ok 


n  2  - 

2  COS.  a2 

therefore  2  ^  ==*  a,  and  t  =  5-     As  this  angle  gives  the  direction  of 

/£ 

the  diagonal,  it  follows  that  the  diagonals  are  free  axes  of  the  rhombus. 

ExampU.  The  sides  of  the  acute  angled  parallelogram,  */iBCD,Fig.289,  AB  =  2  a  = 
16  inches,  and  £C  s=  26  =  10  inches,  and  the  angle  of  the  perimeter  JlBC=  «  ss=  60°, 
what  directions  have  its  free  axis  ? 


tang.  2  t  =      5a'^120°      =     S5-^6Q°     _  S5  .  0,86603  _ 

8ft+  5s  .  cos.  120°        64—25  coc.  60°  ""  64—25  .  0,5  ~~    3 

—  tang.  22°  48',  or  tang.  202°  48'.  From  this  it  follows,  that  $  =  11°  24'  and  101°  24' 
are  the  angles  of  inclination  of  the  two  free  axes  to  the  side  &B.  The  third  free  axis 
stands  at  right  angles  to  the  plane  of  the  parallelogram.  These  angles  determine  also 
the  free  axes  of  a  right  parallelepiped  with  rhomboidal  bases. 
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CHAPTER    III. 

OF  THE  ACTION  OF  GRAVITY  ON  MOTIONS  AJLONG  CONSTRAINED  PATHS. 

§  238.  Inclined  Plane. — A  heavy  body  may  be  impeded  in  various 
ways  from  falling  freely,  and  in  the  following  we  shall  consider  only 
two  cases,  the  one  where  a  body  is  supported  on  an  inclined  plane, 
and  the  other  where  it  revolves  about  a  horizontal  axis.  In  both 
cases  the  paths  of  the  body  are  contained  in  a  vertical  plane.  If  the 
body  rests  on  an  inclined  plane,  its  weight  may  be  resolved  into  two 
components,  of  which  the  one  is  directed  normal  to  the  plane  and 
resisted  by  it,  and  the  other  parallel  to  the  plane,  and  acts  upon  the 
body  as  a  moving  force.  If  G  be  the  weight  of  the  body  JIBCD, 
Fig.  290,  and  a  the  inclination  of  the 
inclined  plane  FHR  to  the  horizon,  Fis-  290. 

we  shall  then  have  from  §  134,  for  the 
normal  pressure  ;  N  =  G  cos.  a,  and 
the  moving  force  P  =  G  sin.  a.  The 
motion  of  the  body  may  be  either 
sliding  or  rolling,  let  us  next  consider 
the  first  only.  In  this  case  all  the 
parts  of  the  body  equally  participate 
in  its  motion,  and  hence  have  a  com- 
mon motion  of  acceleration  p,  which  is  given  by  the  known  formula : 
force  P  Gsin.  a 

p  a—    ---    _«-   —a   _ f    or  — =  cr  sin.  CU 

^        mass'         M  G         *       & 

Therefore  p  :  g  =  sin.  <»  :  1,  i.  g.  the  accelerated  motion  of  a  body  on 
an  inclined  plane  is  to  the  accelerated  motion  of  free  descent  as  the  sine 
of  the  angle  of  descent  to  unity.  In  consequence  of  the  friction  which 
takes  place,  this  formula  is  rarely  sufficiently  accurate,  hence  it  is 
necessary  in  many  cases  of  application  to  take  this  into  account. 

If  the  body  moves  on  a  curved  surface,  the  accelerating  force  is 
variable,  and  at  each  place  equal  to  the  accelerating  force,  which  cor- 
responds with  the  plane  of  contact  to  the  curved  surface. 

§  239.  A  body  slides  with  the  initial  velocity  0  down  an  inclined 
plane,  without  friction,  from  §  10  the  final  velocity  after  t  seconds  is: 
v  =  g  sin.  »  .  t  ass  32,2  sin.  a,  .  t  ft.,  and  the  space  described :  s  a=a  ^ 
g  sin.  a  .  t2  =  16,1  sin.  a  .  t2  ft.  In  free  descent  v^  =  gt,  and  sl  =  ^ 
gt*9  hence  we  may  put:  v  :  t/\  «=  s  :  s:  s=  sin.  a  :  1,  *.  e.  the  final 
velocity  and  the  space  of  descent  'down  the  inclined  plane  are  to  the 
final  velocity  and  space  of  free  descent  as  the  sine  of  the  angle  of  in- 
clination  of  the  inclined  plane  to  unity. 
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Fig.  291.  The   perpendicular  FH  of  a  right-angled  triangle, 

FGH,  Fig.  291,  with  vertical  hypothenuse  FG,  = 
FG  sin.  FGH  =  FG  sin.  FHR  =*  FG  sin.  a,  if  a  is 
the  angle  of  inclination  of  this  perpendicular  to  the 
horizon,  hence  FH  :  FG  =  sin.  a  :  1,  and  a  body 
describes  the  vertical  hypothenuse  FG,  and  the  in- 
clined side  FH  in  one  and  the  same  time.  The 
space  of  free  descent  corresponding  to  the  space 
of  descent  down  the  inclined  plane  may  be  found 
from  this,  and  the  latter  from  the  former  by  construc- 
tion. Since  the  angles  of  the  periphery  FH^G,  FHZG, 
&c.?  on  the  diameter  FG,  Fig.  292,  are  right  angles,  the  semicircle  on 

FG  cuts  off  from  all  the  inclined  planes, 
commencing  at  F,  the  spaces  described 
with  this  diameter,  and  therefore,  in  equal 
times,  FH19  FH2,&c.,  hence  it  is  asserted, 
the  chords  of  a  circle  and  its  diameter  will 
descend  simultaneously  or  isochronously. 
This  isochronism  is  besides  true,  not  only 
for  the  chords  FH19  FH2,  &c.,  which  have 
their  origin  at  the  highest  point  F  of  the 
circle,  but  also  for  the  chords  K^G,  KZG, 
&c.,  which  commence  at  the  lowest  point 
G,  for  chords  FK^  FKZ,  &c.,  may  be 
drawn  through  F,  which  have  like  posi- 
tions and  equal  lengths  with  the  chords  GHl9  GH2,  &c. 


Fig.  292. 


§  240.   From  the   equation  s  =  —  = 


sin. 


-,  it  follows  that 


s  sin.  a  =  — ,  and,  inversely,  v 


gs  sn.  a. 


But  now  s 


Fig.  293. 


is  the  height  FR  of  the  inclined  plane  or  the 
vertical  projection  ^  of  the  space  FH  =  s 
upon  it,  hence  the  final  velocities  of  bodies 
which  descend  with  an  initial  velocity  0 
down  planes  of  equal  heights  F^H^,  F2HZ, 
&CM  and  of  different  inclination,  Fig.  293, 
are  equal,  and  also  equal  "to  the  velocity 
which  a  body  would  acquire  if  it  fell  freely 
from  the  height  FR  of  these  planes. 
=  i  g  sin.  *  *  ^  follows  the  formula  for  the 


2  s  sin.  a 


2  .  FR 


Jff  $in«  a        sin.  a,  ^         g  sin.  a 

But  for  a  free  descent  through  the  height  FR  the  time  is; 


| 


accordingly 


sin.  a  =  FH^  :  FR,  the 


time  of  descent  down  the  inclined  plane  is  to  the  time  of  free  descent 
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from  the  height  of  this  plane  as  the  length  of  tlie  inclined  plane  is  to 
its  height. 


Examples.  —  1.  The  initial  point  F  of  an  inclined  plane 
FH,  Fig.  294,  is  given,  and  the  final  point  H  in  a  given 
line  JIB  ;  required  to  determine  the  descent  down  the  plane 
so  that  it  may  take  place  in  the  shortest  time.  If  the 
horizontal  line  FG  be  drawn  through  F  to  its  intersection 
•with  ^J3,  and  GH  be  made  =  GF,  we  shall  obtain  in  H 
the  point  sought,  and,  therefore,  in  FH  the  plane  of  quickest 
descent  ;  for  if  through  F  and  H  a  circle  tangent  to  FG  and 
FH  be  carried,  its  isochronously  described  chords  FK^ 
FK2,  &c.,  will  be  shorter  than  the  lengths  FH»  FH»  &c., 
of  the  corresponding  inclined  planes;  consequently,  there- 
fore, the  time  of  descent  for  these  chords  will  be  less  than 
for  these  lengths,  and  the  time  of  descent  for  the  inclined 
plane  FH,  which  coincides  with  a  chord,  will  be  the 
shortest. 

2.  Required  the  inclination  of  that  inclined  plane 
Fig.  295,  down  which  a  body  would  fall  in  the  same 
time  as  if  it  originally  fell  freely  from  the  height  FR, 
and  then  proceeded  with  the  acquired  velocity  horizon- 
tally to  J?t.     The  time  of  falling  down  from  the  vertical 
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Fig.  295. 


height  FR 


is  tl 


H 

*J  g 


and  the  acquired  velo- 


city at  R :  v  =  v/2  gs^  If  now  no  loss  of  velocity  ensue 
in  transition  from  the  vertical  to  the  horizontal  motion, 
which  would  follow  if  the  corner  R  were  rounded,  the 
space  RH±  =  st  cotg.  tt  will  be  uniformly  described,  and 

S,   COtg.  tt 


in  the  time 


•  COtg.  a 


The  time  of  descent  down 


the  inclined  plane  is  t 
the  equation  of  condition 


sin.  a, 
I 


8 


hence,  if  we  put  t  =  ^  -}-  t^  we  shall  obtain 
i  cotg.  A,  whose  solution  will  give  tang,  a  =  J. 


sin.  a, 

In  the  corresponding  inclined  plane,  accordingly,  the  height  is  to  the  base  and  to  the 
length  as  3  is  to  4  is  to  5,  and  the  angle  of  inclination  is  a  =  36°  52f  11". — 3.  The  time 
for  sliding  down  an  inclined  plane  of  a  given  base  a  is 

4  a 


J  g  sin.  a,         **lg  sin.  a,  CO9.  a,         *    g  sin.  2  &  3 
hence  the  descent  is  quickest  when  sin.  2  a  is  a  maximum,  i.  e.  ==  1  ;  therefore  2  «? 
=  90°,  or  a°  =  45°.     Hence,  water  falls  down  in  the  shortest  time  from  roofs  of  45° 
inclination. 

§  241,  If  the  motion  on  an  inclined  plane  proceeds  with  a  certain 
initial  velocity  c,  we  shall  then  have  to  apply  the  formulae  found  in 
§  13  and  §  14.  According  to  these  the  terminal  velocity  of  a  body 
ascending  an  inclined  plane  is  v  =  c  —  g  sin.  a  .  ty  and  the  space 
described  $  =  ct  —  ^  gsin.  a,  .  22-  oh  the  other  harxd>  for  a  body  falling- 
down  the  inclined  plane: 

v  =  c  +  g  sin.  a  .  ty  and  5  =  ct  +  \  g  sin.  c*  .  t2. 
In  both  cases  of  motion  the  formula  is  true  : 


. 

or  s  s^n.  a 


-     . 
2g  2g       2g 

The  vertical  projection,  therefore,  (s  sin.  a)  of  the  space  (s)  described 
along  the  inclined  plane  is  always  equal  to  the  difference  of  the  heights 
dice  to  the  velocity. 
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Fig.  296. 


If  two  inclined  planes  FGQ  and  GHR,  Fig.  296,  meet  each  other 

in  a  rounded  edge,  no  impulse  will  take 
place  in  the  passage  from  one  plane  to  the 
other,  and  for  this  reason,  no  loss  of  velo- 
city ensue  ;  the  rule  for  the  descent  of  a 
body  down  this  combination  of  two  planes 
is  also  true,  the  height  of  descent  (FR]  is 
equal  to  the  difference  of  the  heights  due 
to  the  velocity.  It  is  easy  to  ascertain  that 
this  rule  is  correct  also  for  the  ascent  or 
descent  on  any  system  of  any  number  of 


planes,  and  for  the  ascent  or  descent  on  curved  lines  or  surfaces. 
(Compare  §  82.) 

Examples. — 1.   A  body  ascends  with  a  21  feet  initial  velocity  an  inclined  plane  of  22° 
inclination,  what  is  the  amount  of  its  velocity  and  its  space   described  in   l£  seconds'? 


The  velocity  is : 

v  =  21  —  32,2  sin.  22°  .  1,5  ==21  —  32,2  ,  0,3746  .  1,5  =  2,906  feet;  and  the  space  : 

.21  +  2,906    .  A  =  23'906  •  3  =  17,928  feet. 
2  4 


t 
. 


2  2 

2.  How  high  does  a  body,  with  an  initial  velocity  of  36  feet,  ascend  an  inclined  plane  of 


*  acclivity  ?     The  vertical  height  is  st  s=  . 


0}01550 


0,0155  .  36a  ==  21,638 


feet  :  hence  the  whole  space  up   the   inclined  plane  :  s  • 


gt     ___  21,638 
!  sin.  a,         sin.  48° 


=  28,494 


feet. 


The  time  required  is  : 


28'494  _  1,583  seconds. 


36  18 

§  242.  Sliding  friction  exerts  a  considerable  influence  upon  the 
ascent  and  descent  of  a  body  along  an  inclined  plane.  From  the 
weight  G  of  the  body,  and  from  the  angle  of  inclination  a  of  the  in- 
clined plane,  the  normal  pressure  follows,  J\T  =  G  cos.  a,  and  again 
from  this,  the  friction  F  =  f  JV*  =  f  G  cos.  a.  If  we  subtract  this 
from  the  force  P  =  G  sin.  a,  with  which  gravity  urges  the  body 
down  the  plane,  there  then  remains  for  the  moving  force  =  G  sin.  a, 
—  f  G  cos.  a,  and  the  accelerating  force  of  the  body  sliding  down 
the  plane  is  known  : 

p  =  t  e   orce  ^  — Mn.  a  —f cos.^      _  £^  a  — j.  CQS^  ^  ^ 

the  mass  G 

The  moving  force  of  the  body  ascending  the  inclined  plane  is  nega- 
tive and  ==  G  sin.  <*  +  f .  G  cos.  a,  hence  also  the  accelerating  force 

p  is  negative  and  =  —  (sin.  a,  +  f  cos. 

Fig-  297.  a)  ^ 

If  two  bodies  are  supported  on  dif- 
ferent planes  FG  and  FH,  Fig.  297, 
by  perfectly  flexible  strings  connected 
with  each  other,  passing  over  a  rolled 
Cy  it  is  then  possible  for  one  of  the 
two  bodies  to  descend  and  pull  up  the 
other.  If  we  represent  the  weights 
of  these  bodies  by  G  and  <?a,  and  the 
angles  of  inclination  of  the  inclined  planes  along  which  they  move  by 
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a  and  a1?  and  if  we  assume  that  G  descends  and  draws  Gl  upwards, 

we  shall  then  obtain  as  the  moving  force  : 

G  sin.  a — Gx  sin.  ax — f  G  cos.  a — f  Gl  cos.  04=  G  (sin.  a — -f  cos.  a) 

G  -4-  /^r 

—  Gx  (sin.  aj.  +  f  cos.  aj,  and  the  mass  moved  =  — — 


,  ,, 

hence  the 


accelerated  motion  with  which  G  descends  and  Gl  ascends  : 
G  (sin.  a.  —  f  cos.  a)  —  G..  (sin.  a.  +  f  cos.  a..) 

77      _...,.  \ •/ J_ 3    V 1       *     •/ I/    ^    {^ 

Since  friction  as  a  resisting  force  can  generate  no  motion,  it  is  requi- 
site for  the  fall  of  G  and  the  rise  of  G19  that 

G  (sin.  a,  — f  cos.  a)  be  :>  Gx  (sin.  ax  +  f  cos.  aj,  therefore 

—  ^$in'  q*  +>/c^'  *i.     If,  on  the  other  hand,  G,  descend,  and  G 

Gj         Stn.  a y   COS.  a 

be  drawn  up,  then  must: 

G^  i_        sin.  a  -4-  f  cos.  a 
-^  be  > 31=/ ,  or, 

Or  SZ71.  a, /  COS.  a. 

1        «/  1 

y^» 

So  long,  however,  as  —  lies  within  the  limits : 


G  sin.  a.  —  f  cos.  a, 
—  <  —  -  ^  -  ^-  -  -1 
Gl  s^n.  a  +  f  cos.  a 


sn 


+  f  cos. 


,  sin  a1  —  f  cos.  ax 
sm.  a  +  jF  cos.  a  * 


sin.  a  — f  cos. 
so  long  will  the  friction  resist  motion. 

Examples. — 1.  A  sledge  moves  down  an  inclined  snow  plane,  150  feet  long  and  20°  in- 
clination, and  when  arrived  at  the  bottom,  proceeds  along  a  horizontal  one  until  friction 
brings  it  to  rest.  If  the  co-efficient  of  friction  between  the  snow  and  the  sledge  be 
taken  =  0,03  feet,  what  space  will  the  sledge  describe  along  the  horizontal  plane,  neglect- 
ing the  resistance  of  the  air  ?  The  accelerating  force  p  =  (sin.  a  —  f  cos.  et)  g  =.  (sin. 
20°)  .  32,2  as  (0,3420  —  0,03  .  0,9397)  .  32,2  =  0,3138  .  32,2  ==  10,104  feet;  hence, 
the  final  velocity  of  descent  is, 

0  sss=  ^/  %  ps  =  ^/2  .  10,104  .  150  s=  v/ 3031,2  =  55,54  feet.     On  the  horizontal  plane 
the  accelerating  force  is  pl  =  — fg  =  —  0,03  .  32,2  =  0,966  feet;  hence,  the  space  sx 

a-  -JL  =  3Q31''2   =  1630  feet.     The  time  of  descent  is  *  =  if  =    30°    =:   5,22 
2/gr  1,932  v  55,54 

seconds,  and  that  for  sliding  onward  t^  •=.     s*  =  =  58,6  seconds;  hence  the  whole 

v  55,54 

time  of  the  course  t  -f-  1 4  =  63,82  seconds  =  lf  3,82/>/. — 2.  A 


filled  tub  JT,  Fig.  298,  of  250  Ibs.  clear  weight,  is  drawn  up  an 
inclined  plane  FH>  70  feet  long  and  of  50°  inclination,  by  a  de- 
scending weight  G  of  260  Ibs. ;  -what  will  be  the  time  required 
for  this,  if  the  co-efficient  of  friction  of  the  tub  along  its  path 
amount  to  0,36.  The  moving  force  is  ==  G  —  (sin.  a  +  f  c°s- 
«)  _£-=  260 —  (sin.  50°+0,36  .  cos.  50°)  .  250  =  260  —  0,9974 

.  250=10,6  lbs.j  hence,  the  accelerating  force  p  =  —       '6 


Fig.  298. 


10,6 


250 


;  0,0208  Ibs.;  further,  the  time 


/?.!=    /  14Q 

W^     -    ^0,020 


and  the  final  velocity  v  =  —  = 


-y/6731  =  82304  seconds  : 
140 


260 


22 


1,70  feet. 


§  243.  Rolling  Motion. — When  a  carriage  rolls  down  aa  inclined 
plane,  the  friction  of  the  axle  chiefly  acts  in  opposition  to  the  accele- 
rating force ;  if  r  be  the  radius  of  the  axle,  and  a  that  of  the  wheel, 
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the  friction  will  amount  to  £L  JV*  =  -2L  G  cos.  o,  and  hence  the  ac- 
es a 

celerating  force  p  =  (sin.  a,  —  ^—  cos.  a)  G. 

Of 

If  a  round  body  JJBy  a  cylinder  or  sphere,  for  example,  roll  down 

an  inclined  plane  FHy  Fig.  299,  we  have  to 
Fig.  299.  consider  a  progressive  and  a  rotatory  motion 

~  *"* "^  at  the  same  time.  Generally  the  accelera- 
tion of  the  progression  is  equal  to  that  of  the 
rotation  (§  156) ;  since  if  we  put  the  moment 
of  inertia  of  the  rolling  body  =  G  y*>  and  the 
radius  of  the  cylinder  =  a,  we  shall  then  ob- 
tain for  the  force  JlK  =  K,  with  which  the 
cylinder  is  set  into  revolution  by  virtue  of  the 

penetration  of  its  parts  into  those  of  the  inclined  plane  :*  Jf  =  p  .  — *. . 

But  the  force  K  acts  opposed  to  the  force  of  descent  G  sin.  o,  hence  it 
follows  that  the  moving  force  for  progressive  motion  =  G  sm.  a  —  K9 

y~t      *  „  IT" 

and  the  accelerating  force  p  »  '  °     —  -  g.     If  we  eliminate  K 

from  both  equations,  we  shall  obtain  G  p—  G  g  sin.  a  —  — ^-  .p,  con- 
sequently the  accelerating  force  sought : 


For  the  case  of  a  homogeneous  rolling  cylinder  yi  =  ^  a?  (§  221), 
hence  p  =  g  ^  "  =  f  g  sin.  «;  but  for  a  sphere  y2  «  f  a2  (§  222), 

1  +  4 

hence  p  =  &  $ln'~  =  |  g  sin.  a;  therefore,  the  accelerating  force  of 


§ 


the  rolling  cylinder  is  only  f  ,  that  of  a  rolling  sphere  only  f  that  of  a 
body  sliding  without  friction* 
The  force  of  rotation  is: 

„  _  g  sin.  a      Cty2  _   G  y5  sin,  a 
-  ' 


As  long  as  this  is  less  than  the  sliding  friction  JF  G  cos.  a,  the  body 
descends  rolling  perfectly  down  the  plane.  But  if 

K  Is  >  f  G  cos.  a,  L  e.  tang,  a  ^  f  (  1  +  ~  j, 

the  friction  is  no  longer  sufficient  to  communicate  to  the  body  a  velo- 
city of  rotation  equal  to  its  velocity  of  progression  ;  hence  the  accele- 
ration of  progression,  as  for  sliding  friction,  is  : 

*  See  above,  pages,  169  to  175,  note. 
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Gr  Sin.  a  —  -f  G  COS.  a  f    •  /.  . 

-  -  -    .  g  =  (Sin.  a—fcOS.  a)  g, 


and  that  of  rotation  : 

f  G  cos.  a 


For  a  carriage  of  the  weight  G  with  wheels  of  the  radius  a,  and  with 
the  moment  of  inertia  Gj/2,  we  have  : 

,-t     2  G  sin.  a  —  y  —  G  cos.  a,  —  K 


§<#  G 

g  (sin.  a  jf  —   COS.  a) 

a 


Ga2 

Examples. — 1.  A  loaded  \vagon  of  3600  Ibs.  weight,  with  wheels  4  feet  high,  and 
moment  of  inertia  2000  ft.  Ibs.,  rolls  down  an  inclined  plane  of  12°  inclination,  what  will 
be  its  accelerated  motion,  if  the  co-efficient  of  axle  friction  =  0,15,  and  the  thickness  of 
the  axles  of  the  wheels  amounts  to  3  inches? 

It    is       G'yQ    =        20°°        =   £_    =  0,139,  and  /  -  =  0,15   .       l       —    0,0094 
Ga*  3600  .  aa  36  J    a  4.4 

hence  the    accelerating    force    sought    is  p    _    32,2  (ri»»  12° -0,0094  .«*.  12°)    _ 

G  *  14.  0,139  ~~ 

32,2  (0,2079  -  0,0094 .  0,978)         32,2 .  0,1987  What  be 

1.139  1,139 

accelerating  forces  of  a  solid  cylinder  rolling  down  an  inclined  plane  of  a  40°  angle  of 
descent?  The  co-efficient  of  the  sliding  friction  of  the  cylinder  on  the  plane  =  0,24,  we 

have  then  /  (  1  -}-  .fl)  =  0,24  (1  +2)  =  0,72  j  but  now  the  tang.  40°  =  0,839,  hence 

the  tang,  a,  is  greater  than/  (  1  -j-  ~)?  and  the  acceleration  of  the  rolling  motion  less 

than  that  of  the  progressive.  The  last  is  p  =  (sin.  *  — /  cos.  *)  g  =  (0,6428 — 0,24  • 
0,7660)  .  32,2  =  0,459  .  32,2  =  14,78  feet,  but  the  first  only  jo4  =  0,24  .  2  .  32,2  cos.  40° 
=  11,85  feet. 

§  244.    Circular  Pendulum. — Equilibrium  subsists  in  a  body  sus- 
pended to  a  horizontal  axis  so  long  as  its  centre  of  gravity  lies  ver- 
tically below  the  axis ;  but  if  its  centre  of  gravity  be  drawn  out  of 
the  vertical  plane  containing  the  axis,  and  the  body  be   left  to  itself, 
it  will   take    an  oscillatory  motion ;    that  is,  it  will    move   up  and 
down  in  a  circle.     In  general,  however,  a  body  oscillating  about  a 
horizontal  axis  is   called  a  pendulum.     If  the  oscillating  body  is  a 
material  point,  and  its  connection  with  the  axis  of  revolution  be  made 
by  a  line  devoid  of  weight,  we  then  have  the  mathematical  or  simple 
pendulum;  but  if  the   pendulum  consists  of  a  body  having  dimen- 
sions, or  of  several  bodies,  we  have  then  a  compound,  physical,  or 
material  pendulum.     Such  a  pendulum  may  be  regarded  as  a  con- 
nection of  simple  pendulums  oscillating  about  a  common  axis.     The 
isimple  pendulum  is  an  imaginary  one  only,  but  its  assumption  pos- 
sesses great  advantage,  because  it  is  easy  to  reduce  the  theory  of  the 
motion  of  the  compound  to  that  of  the  simple  pendulum! 
23 
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Fig.  soo. 


If  the  pendulum  suspended  at  C,  Fig. 
300,  be  drawn  out  of  its  vertical  position 
CM  into  the  position  C/2,  and  then  left  to 
itself,  it  will  go  back  by  virtue  of  its  gravity 
with  an  accelerated  motion  towards  CM,  and 
its  mass  will  arrive  at  its  lowest  point  M 

with  a  velocity  v,  whose  height  —  is  equal 

to  the  height  of  descent  DM.  In  virtue  of 
this  velocity,  it  will  now  describe  on  the  other 
side  the  arc  MS  ==  MJl9  and  will  thereby 
ascend  to  the  height  DM.  From  B  it  will 

again  fall  back  to  M  and  Jl,  and  so  it  will  go  on  successively  describ- 
ing the  circular  arc  JIB.  If  the  resistance  of  the  air  and  friction  were 
entirely  set  aside,  this  oscillation  of  the  pendulum  would  go  on  in- 
definitely ;  but  because  these  resistances  can  never  be  done  away 
with,  the  amplitude  of  the  oscillation  will  become  smaller  and  smaller, 
and  the  pendulum  come  at  last  to  a  state  of  rest. 

The  motion  of  the  pendulum  from  Ji  to  B  is  called  an  oscillation, 
the  arc  JIB  the  amplitude,  the  angle  measuring  half  the  amplitude  by 
which  the  pendulum  is  distant  from  either  side  of  the  vertical  CM,  the 
angle  of  elongation  or  angle  of  deviation.  Lastly,  the  time  in  which 
the  pendulum  makes  an  oscillation,  is  called  the  time  of  oscillation. 
§  245.  On  account  of  the  frequent  application  of  the  pendulum  to 

the  purposes  of  life,  to  clocks  namely, 
it  is  of  consequence  to  know  the  times 
of  oscillation,  hence  the  determination 
of  these  is  one  of  the  principal  pro- 
blems in  mechanics.  With  the  view 
of  solving  this  problem,  let  us  put  the 
length  of  the  pendulum  AC  =  MC  = 
r,  Fig.  301,  and  the  height  of  ascent 
or  descent  corresponding  to  a  complete 
oscillation  MD  =  h.  Let  us  assume 
that  the  pendulum  has  fallen  from  j%  to 
G,  and  let  the  height  of  fall  DH  =  x 
correspond  to  this  motion,  we  may  then 
"  put  the  acquired  velocity  v  =*  ^/  2  gx, 
and  the  particle  of  time  in  which  the  particle  of  space  GK  is  de- 


-  301- 


scribed,    *    = 


If,  now,  from  the  centre  O  of  MD 


=  h  and  the  radius  OM  =  OD  =  \  h,  we  describe  the  semicircle 
JVJVTD,  we  then  have  a  portion  of  this  arc  J\rP  of  the  height  PQ  = 
KL  =  RH  equal  to  GjBT,  which  is  in  a  simple  ratio  to  this  particle  of 
space   GK.     From  the  similarity  of  the  triangles  GKL  and   CGH. 

GK.        CG 

and  from  the  similarity  of  the  triangles  NPQ  and 
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_  _  -_  _  ;  hence,  if  we  divide  these  two  equations  by  each  other, 
pq       JYH7  .  . 

and  bear  in  rnind  that  KL  =  PQ,  we  then  obtain  the  ratio  of  the  said 

C^JC         C*G    JV*// 

portion  of  arc  :  -  =  '  n     .     From  the  properties  of  the  circle, 

\jr_/i  . 


and  from  the  theorem  of  the  mean  proportional,  GHZ  =  MH  (2  CM  — 
MH}  and  J\T*  =  MH  .  DH;  hence  it  follows:         _ 
GK  CG  .  VDH 


CM—MH~  \h. 

and  the  time  for  describing  an  element  of  space  is: 

*  =  r^  JVP     =  2r  JVP 


(h—x)     ^/2gx        h^/2g[2r — (h — a:)] 


h— 


x 


2r 

In  most  cases  of  application,  a  small  angle  of  deviation  is  given  to 

the  pendulum,  and  for  this  reason  — ,  as  also  — ,  and,    therefore, 

also  x  is  so  small  a  quantity  that  we  may  neglect  it  as  well  as 

2r 


its  powers,  and  now  put  ?  a  |—  *  -T~  •  ^e  duration  of  a  semi- 
oscillation,  or  the  time  in  which  the  pendulum  describes  the  arc 
JIM,  is  equal  to  the  sum  of  all  the  particles  of  time  corresponding  to 

the  elements  GK  or  JVT,  or  as  ~  ,  f-  is  a  constant  factor,  equal 
to  j-  I-  times  the  sum  of  all  the  elements  forming  the  semicircle 

DNM;  L  e.  =  1    f~  times  the  semicircle  (—  \  itself,  therefore 

h+4g_  \2/  ' 
1     Ir       fth        *     Ir 

~  h*Jg  *  ~2~=  ?\g* 

The  pendulum,  however,  requires  the  same  time  for  ascending, 
for  here  the  velocities  are  the  same,  and  only  opposite  in  direction, 
and  for  this  reason  the  duration  of  a  complete  oscillation  is  twice  as 
great,  _ 

i.e.ts=*     \-9 

N  S 
§  246.  To  determine  the  duration  of  an  oscillation  with  greater 

accuracy,  which  is  necessary  where  the  angles  of  oscillation  are  large, 
let  us  transform  the  expression : 
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1  /  h o*\ JL 

* _   fi          a x\       ST 


f 


ft. .,.-         ,  ^.     ,         into  the  series 


and  we  shall  obtain  the  time  for  an  element  of  space 


If  we  put  the  angle  NOM,  subtended  at  the  centre  by  J\TM,  =  $,  we 
shall  then  also  obtain 

MH  =  h  —  x=  NO  (1  —  cos,  $)  =  \  h(l  —  cos.<j>);  hence: 


/  _ 

V 


+ 


4r 
If  we  divide  the  semicircle  DJOf  into  n  equal  parts,  and  if  we  put 

each  =  JV*P  =  —  ,  we  shall  obtain 
2n 


4r 


•)4i 


by  substituting  successively  for  *  =   ~,  — ,    —  .  .  .  to— ,  and  add- 

n    n       n  n 

ing  the  results,  we  shall  then  obtain  half  the  time  of  an  oscillation : 

t  =  (  n  +  ~-  (n — the  sum  of  all  the  cosines)  +  .  .  )     I  —  .  —  . 

V  8r  v  /  N  g      %n 

But  the  sum  of  the  cosines  of  all  the  angles  from  $  =  0  to  $  =  ft  is 

=  0 ;  hence,  we  have  more  correctly  :  t  =  ( 1  -| \  .  it      f  ~ . 

\          8r/          \  g 
If  we  have  regard  to  more  members  of  the  series,  we  shall  obtain: 


r-i 

-  L 


5F 


the  last  formula  but  one  Is,  however,  generally  sufficient.  If  the 
pendulum  oscillates  in  a  semicircle,  we  then  have  h  =  r;  hence  the 
duration  of  an  oscillation  : 


From  the  angle  of  elongation  a,  it  follows  that 

cos.  a  =  -  =  1  --  ,  therefore,  -  ==  l  —  cos.  a;  and  hence,  — 
r  r  r  8r 

1  —  cos.  a        !  /   .       a\2     .          ...  >       . 

=  ^  .  -  ^  -  =  ^  /  sin.  -_\  ;  from  this,  consequently,  the  cor- 

rection for  the  time  of  oscillation  corresponding  to  a  given  angle  of 
elongation  may  be  found.  If,  for  example,  this  angle  =  15°,  we  have 
fi  /  15°\2  /» 

—  =  J  /  sin.  __\   =  0,00426;  on  the  other  hand,  for  a  =  5°  :  — 
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=  0,00047 ;  for  the  latter  angle_of  elongation,  therefore.,  the  time  of 

oscillation  is  t  =  1,00047  .  *     I—. 

N  g 

We  may,  therefore,  for  a  deviation  under  5°,  put  tolerably  accurately 
the  time  of  oscillation: 


t  ™  *  ^  \ —  =  — =v/  r  ==  0,562  <S  r  . 

N  8         V  g 
§  247.  As  the  angle  of  deviation  does  not  appear  in  the  formula 

t  =  jt  f — ,  it  follows  that  the  small  times  of  oscillation  of  pen- 
dulums are  independent  of  this  angle,  and  therefore  that  pendulums 
of  equal  length,  but  of  different  angles  of  deviation,  vibrate  isochro- 
nously,  or  perform  their  oscillations  in  equal  times.  A  pendulum 
deviating  4°  has  the  same  time  of  oscillation  as  a  pendulum  de- 
viating 1°. 

If  we  compare  the  time  of  oscillation  t  with  the  time  of  free  descent, 
we  shall  then  arrive  at  the  following.  The  time  of  free  descent  from 
the  height  r  will  be  £x 


=      I—  =  v/2  .      f—  ,  hence  t  :  ^  =  M  : 

N  s  y  g. 


. 

the  time  of  an  oscillation  is,  therefore,  to  the  time  in  which  a  body 
of  the  length  of  the  pendulum  freely  descends,  as  ^  to  the  square 

root  of  2,  or  since  ^  is  also  =     f4  '  ^  r  =  2     f  iH  ,  the  time  of 

\l      g  \!    g 

oscillation  is  to  the  time  of  descent  of  half  the  length  of  the  pendulum 
as  *  is  to  2. 

If  we  put  the  times  of  oscillation  t  and  t19  corresponding  to  the 
lengths  of  the  pendulum  r  and  rz,  we  then  obtain  t  :  £x  =  \/r  :  \/r^ 
therefore,  for  one.  and  the  same  acceleration  of  gravity^  the  times  of 
oscillation  are  as  the  square  roots  of  the  lengths  of  the  pendulum.  On 
the  other  hand,  if  n  be  the  number  of  oscillations  which  a  pendulum 
makes  in  a  certain  time,  one  minute,  and  n^  the  number  which  ano- 

ther pendulum  makes  in  the  same  time,  we  then  have  £:£-==*—  :  —  , 

r  *  1        n      n^ 

hence,  inversely,  n  :  n1=  ^/r^  :  \/r9  i.  e.  the  number  of  oscillations 
is  in  an  inverse  ratio  to  the  square  roots  of  the  lengths  of  pendulums. 
A  pendulum  four  times  the  length  gives,  therefore,  half  the  number 
of  oscillations. 

A  pendulum  is  called  a  seconds  pendulum^  when  its  time  of  oscilla- 

tion is  one  second.     If  we  put  t  =  1  into  the  formula  t  =  rt     ]  —  , 

># 

we  obtain  the  length  of  the  seconds  pendulum  r  m  -^L  =  39,13929 

st 

inches  =  0,9938  meters. 

23* 
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From    the    formula    t   =   *       f-L    it    follows    by    inversion    that 

N  S 
g  =  ( ~ )    r  ;   the  acceleration   of   gravity  may  be  found,  therefore, 

from  the  length  of  a  pendulum,  and  from  its  time  of  oscillation  t. 
This  method  is  both  simpler  and  safer  than  that  of  Attwood's  ma- 
chine. 

Remark.  The  diminution  of  gravity  from  the  poles  to  the  equator  has  been  proved  by 
pendulum  observations,  and  its  quantity  determined.  This  diminution  is  due  to  the 
effect  of  the  centrifugal  force,  which  is  generated  by  the  diurnal  rotation  of  the  earth 
about  its  axis,  and  to  the  increase  of  the  earth's  radius  from  the  poles  to  the  equator.  The 

centrifugal  force  at  the  equator  diminishes  gravity  by of  its  value  (§  231),  whilst  at 

i&yu 

the  poles  it  is  null.  If  (3  be  the  latitude  of  the  place  of  observation,  the  accelerating  force 
of  gravity  from  pendulum  observations  will  be  g  =  32,2  (1  — 0,00259  cos.  2  #),  there- 
fore at  the  equator  where  £  =  0;  therefore  cos.  2  0  =  1,  g  =  32,2  (1  —  0,00259)  = 
32,11  feet,  and  at  the  poles,  where  B  =  90°;  therefore  cos.  2  B  —  cos.  180°  :=  —  1 ; 
g  =  32,2  .  1,00259  ==  32,2b3  ft.  For  the  rest  g  is  less  on  mountains  and  in  mines  than 
at  the  level  of  the  sea. 

§  248.  Cycloid. — We  may  in  an  infinite  number  of  ways  set  a 
body  into  vibration,  or  into  an  oscillating  motion,  and  we  call  every 
body  in  this  condition  of  motion  a  pendulum,  and  distinguish  accord- 
ingly several  kinds  of  pendulums,  for  example,  the  circular  pendulum, 

which  we  have  al- 

g.  302.  ready     considered, 

and  the  cycloidal, 
where  the  body,  by 
vi  rt u  e  of  gravity, 
oscillates  to  and  fro 
in  a  cycloidal  arc, 
and  the  torsion  pen- 
dulum, where  the 
body  vibrates  by 
virtue  of  the  torsion 
of  a  thread,  or  wire, 
&c.  We  shall  here  speak  only  of  the  cycloidal  pendulum. 

The  cycloid  J1D,  Fig.  302,  is  a  curved  line  described  by  a  point  A 
of  a  circle  JIPB  which  rolls  along  a  straight  line  BD.  If  this  gene- 
rating circle  has  rolled  forward  .RBj  =  CC19  and,  therefore,  come  into 
the  position  A^B^  it  has  then  also  revolved  through  the  arc  AP  = 
*#!-?!  =  J5S1  =s  PP19  consequently  the  ordinate  corresponding  to  any 
absciss  MPl  =  ordinate  MP  of  the  circle  plus  the  arc  of  revolution 
JiP,  In  this  rolling  the  generating  circle  revolves  about  the  point  of 
contact  at  each  instant  with  the  base  line,  if,  therefore,  it  be  in  Ji^B^ 
it  will  then  revolve  about  B^  and  describe  thereby  the  elementary  arc 
PjQa  of  the  cycloid;  consequently  the  chord  B^P^  will  be  the  direc- 
tion of  the  normal,  and  the  chord  A^P^  that  of  the  tangent  to  the 
cycloid  at  the  point  Pr  The  prolongationPQof  the  chord  JiP  reach- 
ing to  the  ordinate  OQ1  is,  therefore,  equal  to  the  element  of  the  cycloid 
PjQj,  as  farther  the  space  of  revolution  is  equal  to  the  space  RQ  of 
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progression,  PQ  is  then  the  base  line  of  an  isosceles  triangle  PRQ, 
and  equal  to  double  the  line  PJV*,  which  the  perpendicular  JUV*  cuts 
off,  but  PJ\T  is  the  difference  of  the  two  contiguous  chords  J3P?  J$R, 
and  consequently  the  element  of  the  cycloid  P1Ql  =  twice  the  dif- 
ference of  the  chords  (J1R — J1P}. 

As  the  continuous  elementary  arcs  make  up  together  the  whole  arc 
j?Px,  and  likewise  the  aggregate  of  the  differences  of  the  chords,  the 
whole  chord  »/?P,  the  length  of  the  cycloid al  arc  JIP^  is,  from  this, 
equal  to  double  the  chord  of  the  circle  JiP,  appertaining  to  it.  To  the 
semi- cycloid  JiP^D,  corresponds  the  diameter  as  a  chord  of  a  circle, 
hence  the  length  of  the  half  of  the  cycloid  is  equal  to  double  the 
diameter  of  the  generating  circle. 

§  249.  Cycloidal  Pendulum. — From  the  above  known  properties 
of  the  cycloid,  the  theory  of 

the   cycloidal  pendulum,  or  Fis-  303- 

the  formula  for  the  time  of 
oscillation  of  a  body  vibrat- 
ing in  a  cycloidal  arc,  may 
be  easily  developed.  Let 
J3KM9  Fig.  303,  be  the  half 
of  the  cycloidal  arc  in  which 
a  body  ascends  or  descends, 
or  oscillates,  and  ME  the 
generating  circle,  therefore, 
CE  =  CM  =  r  its  radius. 
If  the  body  has  described  the  arc  JIG,  it  has,  therefore,  fallen  from 
the  height  DH  =  x  (§  246),  it  has  then  acquired  the  velocity  v  = 
>/  2  gx9  with  which  it  describes  the  elementary  arc  CK  in  the  time  * 
GK  GK 


v 


But  from  the    similarity  of  the   triangles    GLK  and  FHM, 


GK 
'KL 


FM 


MH 


#  or  as  FM2  =  MH  .  ME, 


GK 

KL  '' 


MH  .  ME       V  ME 


MH 


the  similarity  of  the  triangles  JVPQ  and  OJfH, 
JVP  OJV* 


JVP 


MH 
OJV 


;  from 


or  since 


MH .  DH 


MH  .  DH 


JV.H*  ==  MH  .  DH, 

PQ 

it  follows  by  division : 
GK   _  V~ME 

WP  ~  V~MH 
or,  since  OJV  is  half  the  height  of  descent 

J>H=x:  

GK  _  */  2rx  _  2  V  1 
JVP~~      i  h      ~          h 


P  Q 

Now  KL  =  PQ,  hence 


ME  .  DH 

OJY         * 


2r,  and 
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-2  rx 


h 
2 


-2  rx 


formu}a  ,,  ^ 


.  JVP  =  -     \—  .  WP. 


By    putting    GK 
we  obtain : 


The  time  of  falling  from  Ji  to  M  is  the  sum  of  all  the  values  of  *, 
which   are  obtained;  if  for  JYP  all   the  particles  of  the  semicircle 

%       i  T 
DJVMbe  successively  substituted,  therefore,  =    -       /  -    times     the 

semicircle  JDJYllf  ( -  h  \.     In  this  manner  we    obtain    the  time   for 

falling  through  the  arc  JIM^      

*  ,       2     I   r 


and  as  the  time  for  ascending  the  arc  MS  is  likewise  as   great,  the 
time  of  oscillation,  or  the  time  of  describing  the  whole  arc  J3MB  : 


[IE. 

N   8 


As  this  quantity  is  quite  independent  of  the  length  of  the  arc,  it 
follows  that,  mathematically  speaking,  the  times  of  oscillation  for  all 
arcs  of  one  and  the  same  cycloid  are  equal,  the  oscillations  of  the 
cycloid  al  pendulum  are,  therefore,  perfectly  isochronous.  If  we  com- 
pare this  formula  with  the  formula  for  the  time  of  oscillation  of  a  cir- 
cular pendulum,  it  follows  that  the  times  of  oscillation  for  both  kinds 
of  pendulums  are  equal,  if  the  length  of  the  circular  pendulum  is 
equal  to  four  times  the  radius  of  the  generating  circle  of  the  cycloidal 
pendulum. 

Remark  1.  It  may  be  proved  by  the  higher  calculus   that  the  cycloid  has,  besides  the 

property  of  isochronism  or  tautochronism,  also  that 
Fig.  304. 


of  brachistochronismi  which  is  that  line  between 
two  given  points  in  which  a  body  falls  in  the 
shortest  time  from  one  point  to  the  other. 

Remark  2.  In  order  to  make  a  body,  suspended 
to  a  perfectly  flexible  thread,  vibrate  in  a  cy- 
cloidal arc,  and  thereby  represent  the  cycloidal 
pendulum,  we  suspend  the  body  bet  ween  two  cy- 
cloidal arcs  CO  and  CO19  Fig.  304,  so  that  the 
thread  for  every  deviation  unwinds  from  the  one 
arc  and  winds  round  the  other.  By  this  winding 
and  unwinding  of  the  thread  COP,  its  extremity 
P  describes  a  curve  similar  to  the  given  cycloid, 
and  it  may  be  similarly  represented  that  the  evo- 
lute  of  the  cycloid  is  a  similar  cycloid  in  an  inverse 
position.  As  the  length  of  half  the  cycloid  COd= 
CJD  =  2  *#J?,  we  have  likewise  the  arc  *=  to  the 
straight  line  evolved  OP :  but  the  arc  Oj£  =  2 
chord  -#Fi=2  GO,  hence 'also  PGr  =  GCh=j£F, 
and  J£N=s=.  J3.E.  If  now  we  describe  upon  &H  a  semicircle  DI£H  and  draw  the  ordinate 
JVP,we  then,  have  KH=PG;  and  hence  also  PJT  =  GH  =  ./£#— AG  =  AH—  JPO  = 
arc  dFB  —  arc  »&F  =  arc  BF  =  arc  D.KT;  and  lastly,  the  ordinate  NP  =  the  ordinate 
NJC  of  the  circle,  plus  the  corresponding  arc  DK ;  therefore  NP  is  the  ordinate  of  a 
cycloid,  antl  &PJL  the  cycloid  corresponding  to  the  generating  circle  DKH. 
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For  the  application  of  the  cycloidal  pendulum  to  clocks,  see  Jahrbucher  des  potytech. 
Institutes  in  Wien.,  vol.  xx.  art.  2. 

§  250.    Compound  Pendulum. — To    find  the   time  of  oscillation  of 
the  compound  pendulum,  or  that  of  any  other  body 
JIB,  Fig.  305,  oscillating  about  a  horizontal  axis  C,  Fis-  305« 

let  us  first  seek  the  centre  of  oscillation,  i.  e.  that 
point  K  of  the  body,  which  if  it  oscillates  of  itself 
about  Cy  or  forms  a  mathematical  pendulum,  has 
the  same  time  of  oscillation  as  the  whole  body.  It 
is  easily  seen  from  this  explanation  that  there  are 
several  centres  of  oscillation  in  a  body,  but  in 
general,  that  point  only  is  meant  which  lies  with  the 
centre  of  gravity,  in  one  and  the  same  perpendicular 
to  the  axis  of  revolution. 


From  the  variable  angle  of  deviation  KCF  =  $,  the  accelerating 
force  of  the  isolated  point  Ky  =  g  sin.  $,  because  we  may  suppose 
that  it  slides  down  an  inclined  plane  of  the  inclination  KHR  =  KCF. 
But  if  My2  be  the  moment  of  inertia  of  the  entire  body  or  set  of 
bodies  JIB,  Ms  will  be  its  statical  moment,  i.  e.  the  product  of  the 
mass,  and  the  distance  CS=  s  of  its  centre  of  gravity  S  from  the  axis  of 
revolution  07,  and  r  the  distance  CK  of  the  centre  of  oscillation  JSTfrom 
the  axis  of  revolution,  or  the  length  of  the  simple  pendulum  which 
vibrates  isochronously  with  the  material  pendulum  JlB,  we  have  then 

the  mass  reduced  to  K  =  — |l-,  and  the  force  of  revolution  reduced  to 

r2 

this  —   JW  g  sin*  $>;  consequently  the  accelerating  force   =    .orce   =: 
r  mass 

.£  Mg  sin.$-z-  — —  =  .  g  sin.  $.     That  this  pendulum  may  have 

r  r2  My2 

the  same  time  of  oscillation  as  a  mathematical  one,  it  is  requisite  that 
both  should  have  their  motion  in  every  position  equally  accelerated, 

that  therefore,  — —  .  g  sin.  $  =  g  sin.  $.    Now  this  equation  gives  : 

My*  moment  of  inertia. 

Ms  statical  moment  " 

We,  therefore,  jfind  the  distance  of  the  centre  of  oscillation  from  the 
centre  of  gyration,  or  the  length  of  the  simple  pendulum,,  which  has  a 
time  of  oscillation  equal  to  that  of  the  compound  one,  if  we  divide  the 
moment  of  inertia  of  the  compound  pendulum  by  its  statical  moment. 

If  we  substitute  this  value  in  the  formula  t  =  ft      \—9  we  obtain 

N  £* 
for  the  time  of  oscillation  of  the  compound  pendulum  the  formula 

f  ^y    =  *     f^-,  or  more  accurately  =  (l    +  — -\  *     f-^~. 
^jMgs  \jgs  \  8r/     \)  gs 


Inversely,  the  moment  of  inertia  may  be  found  from  the  time  of  oscil- 
lation of  a  suspended  body,  if  we  put: 

My2  =  (— )*  .  Mgs,  or  y*  —  (— )*  gs. 
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Fig.  306. 


Examples.  —  1.  Per  a  uniform  prismatic  rod  AB,  Fig.  306,  whose  centre 
of  oscillation  is  distant  CA  =  /,  and  CB  =  ?Q  from  the  extremities  A  and 
_B,  we  have  (5  219)  for  the  moment  of  inertia:  Mf  =  £  F  (I?  +  y), 
and  the  statical  moment  JMi  =  i  JF  (y_y»);  hence,  the_  length  of  the 
mathematical  pendulum  which  vibrates  isochronously  with  this  rod  is 

um  /,+  /„  and  d 


the 


r 
r 


Ms    ~~ 

difference 


.f  z  represent  th 
rod    beats    half 


entire    length 


I*  — If  6d 

7j  —  12.      If    this    rod    beats    half    seconds,  we    have 

i  .  0,10132  .  32,2  =  0,8156  feet  =  9,737  inches,  but  if  the 
of  the   rod  amount    to    12    inches,  we    must   then   put: 

o    _» 

_-.  <f  —  19  d  =  —  48  nearly;  hence  it  follows : 


6  d 
»       v/  JS9  __  3  neariy ;  anj  from  this 


Fig.  307.        7 


=  7 J  inches,  and  72  = 
2 


—  =s  4J  inches. 


2      ~   3    ~        ~  '  "  2 

- — 2.  For  a  pendulum  with  a  spherical  lenticular  bob  AB>  Fig.  307,  if  G 
be  the  weight  and  I  the  length  CA  of  the  rod  or  thread;  JT,  on  the  other 
hand,  the  weight  of  the  bob,  and  p  its  radius  MA  =  MB : 


IfT  now,  the  wire  is  0,05  lbsn  the  bob  1,5  Ibs.,  further,  the  length  of  the  rod 
1  foot,  and  the  radius  of  the  bob  1,15  inches,  we  then  have  the  distance  of 
the  centre  of  oscillation  of  this  pendulum  from  the  axis  of  rotation  : 

-------  -     -  -         ^  2,4  +  260,177  _  262,577 

'  -   20^25 

=  13,312 


£.0,05.  12+  1,5.13,15  0,3+  19,725 

262  577 
13jll2  inches.     Disregarding  the  rod,  r  would  —          ' 


Fig,  308. 


19,725 

inches;  and  the  inert  mass  of  the  bob  being  reduced  to  its  centre,  r  would  =  13,15 
inches.     The  time  of  oscillation  of  this  bob  is : 

t  =  v      LL  =  0,562     /iMil  B  0,562  v/ 1,0926.  .  =  0,5874  seconds. 
W  g  N/      12 

§  251.  The  centre  of  suspension  and  centre  of  oscillation  of  a  ma- 
terial pendulum  are  reciprocal,  i.  e.  the  one  may  be  interchanged 
with  the  other,  and  the  pendulum  may  be  suspended 
at  the  centre  of  oscillation,  without  the  time  of  oscil- 
lation being  altered.  The  proof  of  this  proposition 
may  be  given  by  aid  of  §  217,  in  the  following  man- 
ner. If  T  be  the  moment  of  inertia  of  the  com- 
pound pendulum  JIB,  Fig.  308,  oscillating  about 
the  centre  of  gravity  S,  we  have  then  for  a  revolu- 
tion about  the  axis  C,  distant  CS  =  s  from  the  cen- 
tre of  gravity  Sy  T^  =  7T+  Ms2,  hence  the  distance 
of  the  centre  of  oscillation  K  from  the  axis  of  revo- 
lution C: 


s. 


~  MS  Ms  Ms 

If  now  we  represent  the  distance  KS  =  r  —  $  of  the  centre  of  oscil- 
lation from  the  centre  of  gravity  by  sl9  we  then  obtain   the   simple 

T 

equation  ss^  =  _ ,  in  which  s  and  sl  appear  in  a  similar  manner,  and 

hence  maybe  substituted  one  for  the  other.     This  formula  is  not  only 
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Fi£- 


true  for  the  descent,  if  s  represents  the  distance  of  the  centre  of  oscil- 

lation from  the  centre  of  gravity,  but  also  inversely,  if  s  expresses  the 

distance  of  the  centre  of  oscillation,  and  s1  that  of  the  cen- 

tre of  gyration  from  the  centre  of  gravity,  and  C  will  there- 

fore   serve  for  the  centre  of  oscillation  if  K  serve  for  the 

centre  of  suspension.     We  avail  ourselves  of  this  property 

in  the  so-called  convertible  pendulum  JIB,  Fig.  309,  first 

proposed    by  Bohnenberger,    and    afterwards    applied    by 

Kater,  which  is  furnished  with  two  knife  edges  C  and  J5T, 

which  are  so  situated  with  regard  to  each  other,  that  the 

times  of  oscillation  remain  the  same  whether  the  pendulum 

oscillates  about  one  or  the  other  axis.     In  order  that  the 

axes  may  not  be  displaced  with  regard  to  each  other,  two 

sliding  weights  P  and  Q  are  applied,  the  smallest  of  which 

is  attached   by  a  fine  screw.     If  by  the  shifting  or  adjust- 

ment of  these  weights,  the  time  of  oscillation  comes  to  be 

the  same,  the  pendulum  may  be  suspended  at  C  or  at  JK9 

\ve  shall  then  obtain  in  the  distance  CK  of  the  two  edges, 

the   length   r   of    the    simple    pendulum   which    vibrates 

synchronously  with    the    convertible    pendulum,   and   we 

shall  now  obtain  the  time  of  oscillation  by  the  formula 

l~ 

=  rt     I  — 

N  g 
§  252.   The  swinging  or   rocking  of  a  body  with  cylindrical  base 

may  be   compared  with  the  oscillations 

of    a    pendulum.      This    rocking,    like 

every  other  rolling  motion,  is  composed 

of  a  progressive  and   a  rotary  motion, 

but  it  may  be  assumed  that  it  consists 

of  a  simple  rotary  motion  with  a  varia- 

ble axis  of  rotation.     This  axis  of  rota- 

tion is  the  point  of  support  P,  by  which 

the    vibrating   body    ABC,    Fig.    310, 

rests    on    the  horizontal  base   HR.     If 

CD  =   CP  is  the  radius  of  the  rolling 

base  J1DB  =  r,  and  the  distance  CS  of  the  centre  of  gravity  of  the 

entire  body  from  the  centre  C  of  this  base  «=  s,  we  have  then  for  the 

distance  corresponding  to  the  angle  of  rotation  SCP  =  $9  SP  =  y  of 

the  centre  of  gravity  from  the  centre  of  gyration: 

y*  =  r*  -4-  s2  —  2r  $  cos.  $  =  (r  —  s2  +  4  r  s 


t 


Fig.  310. 


(sin.  -iL  j  ; 

hence,  if  further  we  represent  the  moment  of  inertia  of  the  entire 
body  about  the  centre  of  gravity  S  by  JW&2,  we  shall  obtain  the 
moment  of  inertia  about  the  point  of  support  P  : 

T=  Jtf  (A?  +  y*)  =  M  [&*  +  (r  —  s)z 

which  for  small  angles  of  vibration  may  be  put 
—  M  [&2+  (r  —  s}*  + 


4rs  (sin.  ± 
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or  only  M  [&*  +  (r —  s}2].  Since  now  the  moment  of  force  =  G  . 
SJV*  =  Mg  .  CS  sin.  $  =  Mgs  sin.  <j>,  it  follows  that  the  angular  ac- 
celeration for  the  rotation  about  P : 

moment  of  force  Mg  s  sin.  $       __      g  s  sin.  $__ 

moment  of  inertia  ~~ 
For  the  simple  pendulum  it  is 


sin' 


,  if  rx  represent  is  length; 


if  both  are  to  vibrate  isochronously,  it  is  necessary  that: 
g  s  sin.  »     __   g  sin.  »  .  ^  e^  r    =  k2  +  (r — s) 


, 

The  time  of  the  vibration  of  the  balance  is  from  this: 

+  (r—sf 


t 


vg 


Fig.  3ii.         This  theory  may  also  be  applied  to  a  pendulum  JIB,  Fig. 
,^5%^       311,  with  a  rounded  axis  of  rotation  CM,  if  for  r  the  radius 
of  curvature  CM  of  the  axis  be  substituted.     If,  instead  of 
the   rounded  axis,  a  knife  edge  D  be  applied,  the  time  of 

vibration  will  then  be  

k2  + 


gDS 

the  distance  CD  "of  the  edge  from  the  centre  of  the  round 
axis  being  represented  by  x.     Both  pendulums  have  equal 
times  of  vibration  if 
&+(s— xf        &+(r—sY    .        & 
s- 


or 


X  = 


2  r. 


-X 


If  we  write 


fc2 


£  + 


s 

&x 


s — x  s 

approximately,   and  neglect  r2,   we 


shall  then  obtain  x 


Fig.  312. 


Remark  1.  In  the  Second  Part,  under  the  article  "Regulator,"  the 
conical  pendulum  will  be  mentioned. 

Remark  2.  Elastic  Pendulum, — Bodies  are  likewise  very  often  set 
into  vibratory  motion  by  elasticity.  A.  string,  or  fine  wire,  w5J3,  Fig. 
312,  is  stretched  by  a  weight  G  =  Mg.  If  this  weight  is  carried 
from  the  point  of  repose  C  to  Z>,  the  string  is  thereby  stretched 
CJD  =  r\  and  if  the  weight  be  afterwards  left  to  itself,  it  will,  by 
virtue  of  the  elasticity  of  the  string,  be  raised  again  to  C ;  it  will 
arrive  there  -with  a  certain  velocity,  and  ascend  by  its  vis  viva  to  JS, 
from  whence  it  -will  again  fall  to  D  and  C.  In  this  manner  the 
weight  will  oscillate  a  certain  time  in  the  space  DE  =  2  CD  =  2r 
to  and  fro,  and  the  question  now  is,  as  to  its  duration  of  oscillation. 
From  the  length  JIB  =  Zj  transverse  section  F  and  modulus  of 
elasticity  £  of  the  string,  it  ibllows,  §  183,  that  the  force  to  extend 


it  a  length  CM  =  x  is  P  =•  fl 


;  hence,  the  mechanical  effect 


r  "P  r 

required  to  extend  it  the  length  —  is  =         : 

n  n 


I 


Let 


us  now  put  successively  a:  =      ,       -,    —,  &c.T  and  add  the  cor- 

n        n         n 

responding  mechanical  effects,   we  shall  then  obtain  the   whole 
mechanical  effect  for  the  extension  of  the  string. 
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CD: 


•  :  L  =  JL  .  FE   (L  +  *L  +  .  .  .  )  =  II 
7W  \n          n  /         vt?l 


FE 


=  —  FE  .—=:—.  FE-.  and  for  the  extension  CM = 
nH  2  2/ 


2  +  ..+  «) 

X* 

"^   27 


If  now, 
inversely,  the  string  be  contracted  by  DM^  therefore  the  weight  Z>  ascend  from  Z>  to  Jfcf, 

/yJl  £.3^ 

z.  e.  r — x,  it  will  give  the  mechanical  effect  X  —  X:  =  f —  J  FE,  and  communicate 

to  the  weight  O  a  velocity  v  corresponding  to  the  vis  viva  ra  M  =  —  .  G  j  whence  we 

S 

tj2  /y3     _  .•  2T*\ 

shall  have  to  put G==s  f j   j^^,  and  the  variable  velocity  of  oscillation  will  be 

n  v       "T     / 


2g 


^/T-2 — jr»  maybe  put  equal  to  the  ordinate  MI£  =  y  of 

a  semicircle  described  upon  JDJS;  hence  it  follows,  more  simply,  thatt?  =     / .  y,  £ 

MN         '~ 

JtfZV 


the  instant  for  describing  the  particle  of  space  MN  : 


larity  of  the  triangles  KLH  and  KCM, 


KH 
KL 


KM 


ATZV 


,  and 


'$// 

.  From  the  simi- 


KL 


-.2-,  or 

r 


;^£; 

r 


hence,  it  follows  that  T  =  _      /  _  ;  and   lastly,  the  whole  time  of  oscillation,  or  the 

r 


_ 

time  of  describing  the  space  DE  is  :  t  =  _      /  -    times    the    sum  of  all  the  elements 

r    AJ  FE 


of  the  semicircle  =  — 
r 


times  the  semicircle 


If,  for  example,  an  iron  wire,  20  feet  long  and  0,1 
inch  thick,  be  stretched  by  a  weight  G  s=  100  Ibs. 
and  set  into  longitudinal  vibration,  the  duration  of 
the  oscillations  will  then  be,  since  from  §  186  E  f 
=s  26000000, 


Gl 
FE 


Fig.  313. 


100.20 


0,553 


/— 

W65  .  • 


r. 26000000 


:  0,05464  seconds. 


Remark  3.  We  have  a  torsion  pendulum  if  a 
string  or  wire  CZ>T  Fig.  313,  turns  about  an  arm 
*AB  and  is  brought  out  of  its  natural  position  MN 
into  the  position  »&B,  B.nd  then  left  to  itself.  The 
rod  or  arm  .-4.B  is  set  into  vibration  by  virtue  of  the 
torsion  of  the  string,  which  extends  to  an  equal 
distance  on  both  sides  of  MN->  so  that  *AM  =  A^M.^ 
If  we  put  the  force  of  torsion  for  the  distance  O ) 
and  for  the  arc  of  vibration  (1)  =s  K,  it  will  then 
be,  for  the  angle  of  vibration  MCP  =  <j»°,  =  j£7<fr, 

jp-.a 

and  the  corresponding  mechanical  eSect  — — ;  on  the  other  hand,  for  the  entire  angle 


» 

Zt  = .     If  now  the  inert  mass  of  the  entire  peaadulum 


of  elongation  M.CJI  =s= 

=  Jfbe  reduced  to  the  distance  (r),  and  the  angular  velocity  with  which  it  passes  from 


the  position  AM  into  that  of  PQ 


,  we  shall  then  have 


..__ _ 

hence,  at  sss     I-nC**  —  ^") ;  and  finally,  the  time  of  oscillation  /  =  «•     /— 

*4  M  **J  K 

24 
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CHAPTER    IV. 


Fig.  31 4. 


THE     DOCTRINE     OF     IMPACT. 

§  253.  Impact  in  General. — In  virtue  of  the  impenetrability  of 
matter,  two  bodies  cannot  simultaneously  occupy  one  and  the  same 
position.  But  when  two  bodies  in  motion  come  into  contact  with  one 
another,  so  that  the  one  strives  to  penetrate  the  space  occupied  by  the 
other,  a  reciprocal  action  takes  place,  producing  a  consequent  change 
in  the  conditions  of  motion  of  the  two  bodies.  This  reciprocal,  action 
is  what  is  called  impact  or  collision. 

The  relations  of  impact  depend  upon  the  law  of  equality  of  action 
and  reaction  (§  62);  during  impact,  the  one  body  presses  exactly  as 

forcibly  on  the  other  as  does  this 
latter  in  an  opposite  direction  on 
the  former.  The  straight  line,  per- 
pendicular to  the  surfaces  in  which 
the  two  bodies  touch,  and  passing 
through  the  point  of  contact,  is  the 
direction  of  the  impact.  If  the 
centres  of  gravity  of  the  two  bodies 
lie  within  this  line,  the  impact  is 
then  called  a  centric,  but  if  with- 
out, an  excentric,  impact.  The  bodies  Ji  and^  B,  in  Fig.  314,  give  a 
centric  impact,  because  their  centres  of  gravity  S^  and  S2  lie  in  the 
normal  JVVV*to  the  plane  of  contact  DE^  of  the  bodies  A  and  B,  Fig. 
315, ./?  thrusts  centrically,  and^  excentrically,  because  Sx  lies  within, 
and  #3  without,  the  normal  line  JV17V". 

With  respect  to  the  direction  of  motion,  we  distinguish  between 
direct  impact  and  oblique  impact.  The  direction  of  motion,  in  the 


Fig.  315. 


Fig.  316. 


case  of  direct  impact,  lies  in  the  line  of  impact  ;  but  in  that  of  oblique 
impact,  there  is  a  deviation  between  the  two  directions.  If,  for  ex- 
ample, the  bodies  Jl  and  B,  Fig.  316,  move  in  the  directions  St  Ca 


INELASTIC    IMPACT.  279 

and  SZC2,  which  deviate  from  the  normal  or  line  of  impact  JVJY*,  an 
oblique  impact  will  take  place;  whilst,  if  the  directions  coincided 
with  the  normal,  it  would  be  direct. 

We  make  the  further  distinction  of  the  impact  of  free  bodies  and 
the  impact  of  bodies  entirely  or  partially  supported. 

§  254.  The  time" occupied  in  the  communication  or  change  of 
motion  by  impact  is  indeed  very  small,  but  by  no  means  indefinitely 
small;  it  depends,  as  well  as  the  impact  itself,  upon  the  mass,  velo- 
city, and  elasticity  of  the  impinging  bodies.  We  may  regard  this 
time  as  consisting  of  two  periods.  In  the  first  period,  the  bodies 
become  mutually  compressed,  and  in  the  second,  they  again  partially 
or  entirely  extend  themselves.  Elasticity  is  brought  into  action  by 
this  compression,  and  puts  itself  into  equilibrium  with  the  inertia,  and 
thereby  alters  the  state  of  motion  of  the  impinging  bodies.  If  the 
limit  of  elasticity  is  not  exceeded  by  the  compression,  the  body  at  the 
end  of  the  impact  perfectly  recovers  its  former  figure,  and  we  then  call  it 
a. perfectly  elastic  body;  but  if,  at  the  end  of  the  impact,  a  disfigure- 
ment takes  place,  we  then  call  it  an  imperfectly  elastic  body ;  and 
lastly,  if  the  body  retains  its  original  form,  at  a  maximum  pressure, 
and  therefore  has  no  tendency  to  expansion,  we  call  it  an  inelastic 
body.  At  any  rate,  however,  the  distinction  must  only  be  taken  as 
correct  relatively  to  a  certain  strength  of  impact,  for  it  is  possible  that 
one  and  the  same  body  may  show  itself  elastic  to  a  weak,  and  inelastic 
to  a  stronger,  impact.  Strictly  speaking,  no  body  is  perfectly  elastic 
or  perfectly  inelastic ;  yet  we  shall,  in  the  sequel,  call  bodies  elastic 
which  nearly  recover  their  form  after  impact,  and  those  inelastic  which 
undergo  a  considerable  and  permanent  disfigurement  by  impact  (com- 
pare §  181). 

In  practical  mechanics,  impinging  bodies,  such  as  wood,  iron,  &c., 
are  generally  considered  inelastic  bodies,  because  they  possess  but 
little  elasticity,  and  by  repetition  of  the  blows,  lose  still  further  that 
elasticity.  It  is  a  most  important  rule,  moreover,  to  avoid,  as  far  as 
possible,  in  machines  and  constructions,  all  jars  or  impacts,  or  so  to 
moderate  their  effects  as  to  convert  them  into  elastic  ones  ;  because 
shocks  and  abrasions  would  be  thereby  produced,  and  a  part  of  the 
mechanical  effect  consumed. 

§255.     Inelastic    Impact*  —  Let 

us  in  the   first   place    develop  the  lg"    ^1 

laws  of  the  direct  central  impact  of 
freely  moving  bodies.  Let  us  sup- 
pose the  time  of  impact  to  be  made 
up  of  equal  parts  *,  and  let  us  as- 
sume that  the  pressure  during  the 
first  instant  is  Piy  during  the  second 
P2,  during  the  third  Psy  and  so  on. 
Let,  now,  the  mass  of  the  one  body 
be  j2=  M,  Fig.  317,  we  shall  then 
have  the  corresponding  accelerating1  force  : 
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but  from  §  19,  the  change  of  velocity  due  to  the   accelerating  force 
p  and  particle  of  time  *  is  *  =  p  *;  hence,  for  the  ensuing  fall,  we 

shall  have  the  elementary  increment  or  decrement:  %1  =  -^-,  *2  == 
1-*!L,  *  =  _^,  &c.,  and  the  consequent  increment  or  decrement 
of  velocity  of  the  mass  Mt  in  a  given  finite  time  *x+  *2+*3  +  •  •  •  — 
(P  -j~  P  4-  P  4-  .  -)  *->  as  also  the  consequent  change  of  velocity 

of  the  mass  J3  of  the  magnitude  M% :  =  (Pa  +  Pz  +  PS  +•  0  -Trf— 

JK£2  ^ 

In  the  following  or  impinging  body  Jl,  the  pressure  acts  opposite 
to  the  velocity  c1?  consequently  here  a  decrement  of  velocity  takes 
place ;  and  after  a  certain  time,  the  residuary  velocity  of  the  body  is : 

Vi  —  C][ (Px  4-  P3  +  -  •)    *     ;  in  tne  preceding  or  impinged  body 

B,  on  the  other  hand,  the  pressure  acts  in  the  ^direction  of  motion; 
hence  there  is  an  increment  of  velocity  c2,  and  it  is  converted  into 

If  we  eliminate  from  both  equations  (Px  +  P2  +  -  0  ^  there  wil1 
then  remain  the  general  formula: 

I.  Ml  (ct — t?j)  =  MS  (vz — c2),  or  M^  4-  Mpa  =  M&  +  M2c2. 

The  product  of  the  mass  and  velocity  of  a  body  is  called  the  mo- 
mentum of  the  body,  and  it  may  therefore  be  enunciated,  that  for  each 
instant  of  the  time  of  impact,  the  aggregate  of  the  momenta  of  the  two 
bodies  is  as  great  as  before  impact. 

At  the  instant  of  maximum  compression,  both  bodies  have  an  equal 
velocity;  hence,  instead  of  v^  and  v#  we  may  put  this  value  into  the 
equation  found;  then  M^v  +  Mzv  will  remain  =  M^  +  M^y  and  the 
velocity  of  the  two  bodies  at  the  instant  of  maximum  compression 
will  be: 


If  the  two  bodies  Ji  and  B  are  inelastic,  they  exert  therefore  no 
power  after  compression  to  re-expand  themselves,  and  the  communi- 
cation of  a  change  of  motion  will  then  cease,  if  both  bodies  are  com- 
pressed to  a  maximum  ;  and  hence  the  two  will  go  on  after  impact 
with  a  common  velocity: 


JSjcamples.  —  I.  An  inelastic  body  J?  of  30  Ibs.  weight,  moves  -with  a  3  feet  velocity,  and 
is  struck  by  another  inelastic  body  *5  having  a  7  feet  velocity,  the  two  will  then  proceed, 
after  the  blow,  with  the  velocity 

,  =  50-'7+30-3  _  350+90  «.  11  =  11=  0*  feet._2.  To  cause  a  body  of  120  Ibs. 
50+30  80  X         * 
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weight  to  pass  from  a  velocity  c2  =  1  £  feet  into  a  2  feet  velocity  t?,  it  is  struck  by  a  body 
of  50  Ibs.  "weight,  what  velocity  will  the  body  acquire?     Here 


§  256.  Elastic  Impact.  —  If  the  impinging  bodies  are  perfectly  elas- 
tic, they  will  then  expand  themselves  after  compression  in  the  first 
period,  gradually  again  in  the  second  period  of  the  time  of  impact, 
and  when  they  have  resumed  the  former  shape,  they  will  proceed  in 
their  motions  with  different  velocities.  But,  since  the  mechanical 
effect  which  is  expended  on  the  compression  of  an  elastic  body  is 
equal  to  the  effect  which  the  same  gives  out  again  by  its  expansion, 
no  loss  in  vis  viva  will  take  place  from  the  collision  of  elastic  bodies, 
and  hence  the  second  following  equation  will  be  also  true  for  this  case  : 
IL  M+MvM+M2,  or 


.        i—=2— 

From  the  equations  I.  and  II.,  the  velocities  vt  and^2  of  the  bodies 
affcer  impact  may  be  found.     First,  it  follows  by  division  that 

c2,  or  vz  —  »1  =  cl  —  c2;  if  now 

we  put  the  resulting  value  of  z?3  =  cx  +  v^  —  c2,  into  the  equation  I: 

!pp  or, 

cx  —  2Mz(ci  —  c2),  from  which  we  have  the 
value: 

2  Jit  ,         , 

)' 

2  M,  Cc.  —  c.) 

l  v    i          2/ 


Whilst  for  inelastic  bodies  the  loss  in  velocity  of  the  one  body  is 

M2  (Cf—  cg) 


cx— v_  cr 


for  elastic  bodies  it  comes  out  twice  as  great,  namely: 

c — v  —  — -J    •1~    -> 

1       *          Ml+Mz 

and  while  the  gain  in  velocity  of  the  other  body  for  inelastic  bodies  is : 


for  elastic  bodies  it  is 

2  Jkf  (c c  ^ 

i_L_i ^1,  likewise  twice  as  great. 


Example.  Two  perfectly  elastic  spheres,  the  one  of  10  Ibs.  the  other  of  1  6  Ibs.  weight, 
impinge  with  the  velocities  12  and  6  feet  against  each  other,  -what  will  be  their  velocities 
after  impact  ?  Here  Ml  =10  and  Cj  =  12  feet,  but  M2  =16  and  r3  =  —  -6  feet^  hence  the 
loss  of  velocity  of  the  first  body  will  be 


2     1O    1  fi 
and  the  gain  in  velocity  of  the  other:  v2  —  %  =  ±I_±:_LzZ  =  13,846  feet    From  this 

the  first  body  after  impact  will  recoil  with  the  velocity  ^  =  12  —  •  22,154  =  —  10,154 
feet;  and  the  other  with  that  of  —  ^6+  13,846  =  7,846  feet.     Moreover,  the  measure  of 

24* 
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vu  viva  of  the  two  bodies  after  impact  as  Jlftt?t9  +  M&£  =  10  .  10,1543  +  16 .  7,S462  = 
1031  +  985=  2016,  as  likewise  of  that  before  impact,  namely :  M^c^+  M2cJ=lO.  12a 
+  16  .  62=  1440  +  576  =  2016.  Were  these  bodies  inelastic,  the  first  would  only  lose 

in  velocity  5?       V*   s=  11,077  feet,  and  the  other  gain   l<<2  ~  C?  =  6,923  feet;  the  first 

\vould  still  retain,  after  impact,  the  velocity  12 — 11,077  =  0,923  feet,  and  the  second  ac- 
quire the  velocity  —  6+  6,92  3  =  0,923,  and  the  loss  of  mechanical  effect  would  be  (2016 — 
16)  0,923°) -7- 2§-=  (2016  —  22,2)  .  0,0153  =  29,35  ft.  IDS, 


§  257.  Particular  Cases. — The  formula  developed  in  the  foregoing 
paragraphs,  for  the  final  velocities  of  impact,  hold  good  also  in  the 
case  where  the  one  body  is  at  rest,  or  where  both  bodies  move  opposed 
to  each  other,  or  where  the  mass  of  the  one  is  indefinitely  great  com- 
pared with  the  other.  If  the  mass  Mz  be  at  rest,  we  then  have  c2  =  0, 
hence  for  the  inelastic  body 

— ,  and  for  the  elastic: 


Mi  + 

3.  *     —  — LIU — ?_  c    anc[ 

MI  +  J^        M.^  +  JW2 

2  Jfeflci  2  Jlf. 

i  i      _ _     i       /» 


, 
If  the   bodies  meet,  c2  is  therefore   negative,  and  for  an  inelastic 

body  it  will  follow  that  v  =  MI  c*       M2C2}  and  for  an  elastic  one  : 


If  in  this  case  the  momenta  be  equal,  M^  =  Mzc^  for  the  inelastic 
body  then  v  ==  0,  i.  e.  the  bodies  bring  each  other  to  rest,  but  for 
elastic  bodies  : 


v    -  c  —  2  (M*ci  +  -  c  —  2  c  __  c     and 

11  --  --  Cl  Cl  --  Cl'and 


then  the  bodies  rebound  after  impact  with  opposite  velocities.  If  on 
the  other  hand  the  masses  are  equal,  we  have  then  for  inelastic  bodies 

/*         rr-.iT.-_       /* 

v  =  -i— — £,  and  for  elastic  v:  =  —  c,  and  vz  =  c19  i.  e.  the  masses 

rebound  with  their  velocities  interchanged. 

If  the  masses  again  meet  in  the  same  direction,  and  if  the  preceding 
mass  Jkf2  be  indefinitely  great,  we  shall  then  have  for  inelastic  bodies 

v  =  -jjj*-  =  cz9  and  for  elastic  ^  =cz  —  2  (cx  —  cj  =  2  ca  —  cl9 

V2  =  cz  +  °  —  C2»  tlie  velocity  therefore  of  the  indefinitely  great  mass 
will  not  be  altered  by  the  collision  of  the  finite  mass.  If,  now,  the  in- 
definitely great  mass  be  at  rest,  therefore,  c2  =  0,  we  shall  then  have 
for  Inelastic  bodies  v  =  0,  and  for  elastic  t>x  =  —  c19  vz  —  0-  the 
indefinitely  great  mass  will  then  remain  at  rest,  but  in  the  first  case, 
the  impinging  body  will  entirely  lose  its  velocity,  and  in  the  second 
case  this  will  be  converted  into  an  opposite  one. 
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Examples.  —  1.  With  what  velocity  must  a  body  of  8  Ibs.  impinge  against  another  at  rest 
of  25  Ibs.,  in  order  that  the  last  may  have  a  velocity  of  2  feet  ?    Were  the  bodies  inelastic, 

we  should  then  have  to  put  :    v  =  -  fljur  '  l'e'  2  ~  —  /  %*  iience  ci  =  — 

the  required  velocity;  but  were  they  elastic,  we  should  have  v2  =  -  —  —  ;  hence,  Cj= 

JM-l  —  J—  *K(j 

H  =  4*  feet.—  2.  If  a  sphere  Jf«  Fig.  Fig  31g^ 

318,  strike  against  a  mass  at  rest  Mz  = 
fiJ^  with  the  velocity  cv  the  second,  a 
third  mass  JkT3  =  n  M2  =  n*  Mt  with 
the  velocity  communicated  by  the  im- 
pact, this  again  another  mass  M^  ==  nM3 
=  w3  ATM  &c.,  we  shall  have  from  the 
perfect  elasticity  of  these  masses,  the 
velocity 

2JkT,  2 


t?4    sss   ( V  cv  &c.     If,  for  example,  the  weight  of  each  mass  be  half  as  great  as 

that  of  the  succeeding  one,  and  we  have  therefore  the   exponents  of  the  geometrical 
series  formed  by  the  masses :  n  =  £,  it  will  follow  that 

4  /4V  f^\9  f^\* 

§  258.  Loss  of  Mechanical  Effect. — In  the  collision  of  inelastic 
masses,  a  loss  of  vis  viva  constantly  ensues,  whence  the  masses  sifter 
impact  have  not  the  power  of  producing  so  much  mechanical  effect, 
as  before  impact.  Before  impact  the  masses  Ml  and  M2  proceeding 
with  the  velocities  c^  and  c2,  contain  the  vis  viva,  M^c*  +  •M2c<?9 
but  after  impact  the  masses  proceeding  with  the  velocity  v  = 

TUT  r       \        Tlf /* 

77         "r8   have  the  vis  viva  MP*  +  MJV*  ;  hence  the  subtraction 
MI  +  <M2 

of  these  forces  will  give  the  loss  in  vis  viva  by  the  collision :  JST=  M^ 
(cx2 —  v2)  +  Mz  (c22  —  vz)  =  MI  (Cj  +  v)  (ct  —  v)  —  MS  (c2  -h  v) 


(»  —  c2),  but  Jtf^c,  —  «)  =  J»fa  (*  —  c2)  =  —,    hence 

«"*!    4~     ""j 

JL==    (Cj   4-V  -  C2  -  V) 


•        JMj  +  JIT,  Jtf,  +  Jtf,        ~"    J_    ,    JL* 

^       JW, 
If  the  weight  of  the  masses  are  G1  and  G2,  M  is,  therefore,  .= 

y^f  /""* 

—  i,  and  JkT2=  —  ?,  we  shall  from  this  have  the  loss  in  mechanical  effect; 
g  g 

L=*  (ci—c^Z   .       Gi  G*    .     We  call       G*  G*     the  harmonic  mean 

2g>  GI+  Gz  Ol+  G2 

of  Gx  and  C??,  and  we  may  from  this  assert  that  the  loss  in  mechanical 
effect  which  is  produced  by  the  impact  of  two  inelastic  masses,  and 
which  is  expended  upon  the  disfigurement  of  these,  is  equivalent  to  the 
product  of  the  harmonic  mean  of  both  masses,  and  of  the  height  of  fall 
which  is  due  to  the  difference  of  the  velocities  of  these  masses. 

If  one  of  the  masses,  for  example  Jkf2,  be  at  rest,  we  shall  have  the 
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2  /"*       /"^ 

loss  in  mechanical  effect  L  =  £*-  -  —  —  s  —  £-,  and  if  the  mass  moved 

2g*         G-j    +     Cr2 

Jkfj  be  very  great  in  comparison  with  the  one  at  rest,  Gi  will  vanish 
as  compared  with  G2,  and  there  will  remain  L  —  j£-  •  G> 

For  the  rest  we  may  put 

K  =  Jtf,  (Cl2  —  ^2)  +  JV/2  (c/  —  v2)  =  JW;  (c,2  —  2  Clv  +  v*  +  2  Clv 
—  2v*)  +  M2  (c22—2czv  +  v*+  2  c2v—2v22) 
=  M^  (q  —  Oa  +  2Mp  (q  —  v)  +  J»4(c3  —  *>)2  +  2  Mzv  (c2—  *>) 
_  JJJ1  (Cj  _  i,)*  +  JkT2  (c2  —  tf)2>  because  JW,  (cz  —  0)  =  M2  (y  —  ca). 

From  this,  therefore,  the  vis  viva  lost  by  inelastic  impacts  is  equiva- 
lent to  the  sum  of  the  products  of  the  masses  and  the  squares  of  their 
loss  or  gain  in  velocity. 

Examples.  _  1.  If  in  a  machine,  16  blows  per  minute  take  place  between  two  inelastic 

bodies  Mt  =  1QOQ  Ibs.  and  JlTa  =  *.2Q<?.  Ibs.,   with  the  velocities  cx  =  5  feet,  and  ca=  2 

K  & 

feet,  then  the  loss  in  mechanical  effect  from  these  blows  will  be  : 


60          3ff ^2200  15  11  11 

ft  Ibs.  per  second. — 2.  If  two  trains  upon  a  railroad  of  120000  Ibs.  and  160000  Ibs.  weight, 
come  into  collision  with  the  velocities  ct  =  20.  and  ca=  15  feet,  there  will  ensue  a  loss 
of  mechanical  effect  expended  upon  the  destruction  of  the  locomotives  and  carriages, 
which,  in  the  case  of  perfect  inelasticity  of  the  impinging  parts,  will  amount  to 
—  (2Q+15)*  .  120000  .  160000  =  3pm  OQ155    1920QQO   =  1302000  ft.  lbs. 
2#  280000  28 

§  259.  Pile  Driving. — The  effects  of  impact  are  very  often  applied 
to  ram  or  drive  one  body  B,  Fig.  319,  into  another  E9  a  soft  mass,  for 
instance.  If  the  resistance  which  the  latter  mass  opposes  to  the  pene- 
tration of  the  former  be  constant  and  =  Py  and  the  depth  of  penetra- 
tion by  one  blow  =  s,  a  mechanical  effect  P$  will  be  then  expended. 

If,  on  the  other  hand,  this  resistance   at  the 
Fig.  319.  commencement  be  =  0,  and  if  it  increase  si- 

multaneously with  the  depth  of  penetration,  so 
that  at  the  end,  after  the  body  has  penetrated 
the  second  mass  a  depth  $,  it  be  =»  jP,  the  me- 
chanical effect  expended  will  be  then  only 

— ^ — -  s  =  J  Ps.  If,  lastly,  the  initial  resist- 
ance be  ass  P1?  and  increase  simultaneously 
with  the  space,  so  that,  after  describing  a  space 


it  becomes  P«5  we  shall  then  have  to  put  the  mechanical  effect 
,  + 


2 

If  the  body  5,  whose  mass  may  be  M,  begins  with  the  velocity  v 
to  penetrate    a  mass,  and  if  this  velocity  of  penetration  increase,  it 
will,  in  virtue  of  its  vis  viva^  have  produced  the  mechanical  effect 
Mv*        v* 
"~2~~  ~  2~  <?,  if  G  =  Mg  represent  its  weight. 
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When  the  resistance  is  constant,  we  must  put:  Ps  =  —  £?;  on  the 
other  hand,  when  the  resistance  beginning  from  nought  gradually 
increases  :  Ps  =  —  ,  2  G  .  ;  and  when  it  increases  gradually  from 


The  initial  velocity  v  is  generated  if  a  third  mass  *£,  whose  magni- 
tude may  be  =  M^  and  weight  —  G»  be  allowed  to  impinge  upon 
the  second  mass  B,  with  a  certain  velocity  c-  If,  now,  these  masses 
are  inelastic,  we  then  have  the  velocity  with  which  the  two  proceed 
after  impact,  and  begin  to  penetrate  the  mass  E-. 


M  +  MI  G  +    Gx 

In  the  driving  of  a  pile  or  post,  Fig.  320,  B 
consists  of  a  pile  shod  with  iron,  and  ^  of  a 
heavy   body   falling   from    a    certain    height, 
which  is  called  a  ram,  or  block  of  iron.      If 
the  height  of  fall  =  H,  we  shall  have: 
£!_  j!  /     GI     \3      c?_  =  /_Gj\z    Q 
2g       \G  +  Gj      2g       \G  +  G/ 
hence  the  mechanical  effect  of  the  pile  due  to 
the  velocity  v 


Fig.  320. 


and  that  of  the  pile  and  ram  together 


But  if  the  resistance  of  the  bed  of  earth  be 
constant,  the  mechanical  effect  expended  in 
the  penetration  of  the  pile  will  be  =  Ps,  hence 
•we  shall  have  to  put  : 


the  first  if  the  ram  does  not,  during  penetration,  remain  upon  the  pile, 
and  the  second  if  both  go  down  together. 

The   weight   G  +  Gl   produces,   in  penetrating,  the    mechanical 
effect  (G  +  GJ  $9  we  may  then  more  correctly  put :  (P — G — GJ  $ 

—       *         ;  but  G  +  Gt  is  small  compared  with  P,  and  may  gene- 

G  +  Gx 
rally  be  neglected. 

Hence,  were  the  impact  perfectly  elastic,  we  should  have  to  put: 

as  for 


P$  - 

Ps  - 


"Were  G  small,  compared  with 


instance,  in  the  driving  of  a  nail,  we  should  have  either  Ps 
or  Ps  =  4  GH. 
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Example.  A  pile  of  400  Ibs.  weight  is  driven  by  the  last  round  of  20  blows  of  a 
700  Ibs.  ram,  falling  from  a  height  of  5  feet,  6  inches  deeper,  what  resistance  will 
the  ground  offer,  or  what  load  will  the  pile  sustain  without  penetrating  deeper? 

Here  G  ==:  400,  G,  =  700  Ibs.,  H  =  5,  and  s  =  2li  =  0,025  feet,  whereby  it  is 
supposed  that  the   pile  penetrates  equally  far  for  each  blow.     From  the  first  formula 

p-=  (        7QO       -V  4QO  '  5  —  (—}*.  80000  =  32400  Ibs.;  and  from  the  second: 
\700+4UO/      0,0-25  \11/ 

P  =  ..7Q°2:5,  =  1?22  .  200  =  89100  Ibs. 


to 


of  their 


Fig,  321. 


11 OU  .  0,025  11 

For  duration,  with   security,  such   piles  are   only  loaded  from 
strength. 

§  260.  The  formulae  found  above 
are  applicable  to  the  breaking  of 
bodies  by  descending  weights  or  balls. 
Let  BBy  Fig.  321,  be  a  prismatic 
body  of  the  mass  Jkf,  or  weight  G 
=  Mg9  supported  at  its  extremities, 
which  is  bent  a  depth  CD  =:  s,  by 
a  weight  G1  falling  from  a  height 
J1D  =  H  upon  its  middle,  and  in 
this  manner  broken;  the  conditions 
under  which  this  is  possible  are  to  be 
determined. 

From  §  190,  the  deflexion,  or  the 

PI3 
height  of  the  arc,  is  given  s  = , 

from  the  pressure  P  in  the  middle  of  the  beam,  and  from  its  length 
JBJB  =  Z,  and  if  further  its  moment  of  flexure  WE  is  known ;  there- 
fore, inversely,  the  pressure  corresponding  to  a  certain  deflexion  $  is : 

p  a--  .     This  pressure  however  is  not  constant,  but  increases 

V 

simultaneously  with  s,  hence  the  mechanical  effect  expended  in  the  de- 


P2 P 


I3 
WE' 


flexion  by  a  depth  s,  not  =  Ps,  but  only  J  Ps,  i.  e.  a  ,  - — 

48  WE      96 

This  mechanical  effect  may  now  be  equated  to  that  which  the  falling 
body  communicates  to  the  beam.  Since  the  beam  rests  on  its  ex- 
tremities, we  must  (from  §  219)  consider  only  the  third  part  of  its 
mass  as  inert,  and  hence  put  for  this  mechanical  effect: 

/7  v  2  /7  2£7 

<*'        X    .  iG£f,or      ff.* 


The  first,  if  the  weight  Gt  flies  back  after  its  descent,  and  the  second 
if  it  remains  on  the  beam  during  the  fracture. 

If  we  suppose  a  rectangular  beam  of  the  depth  A,  and  breadth  5, 

we  shall  then  have  to  put:    W  =  ^  bh3,  and  P  =  §  K,  hence 

/ 

V  •   ~>2—5  accordingly,  the  mechanical  effect  for  the  rupture 


ps 

W 
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of  the  beam  will  be  =  ^  .  =  ,  and  we  may  now  put  : 


, 


.  GH  I  .  ,  or  2. 

' 


,          .  .  _  . 

G+  GJ  6  E  '  J  G  +  G,        18  £ 

^Example.  —  From  what  height  must  an  iron  weight  Gt  of  100  Ibs.  be  al  lowed  to  fall  to 
break  a  cast-iron  plate,  36  inches  long,  12  inches  broad,  and  3  inches  thick,  in  its  middle? 
The  modulus  of  elasticity  of  cast-iron  J3  =  17000000,  and  the  modulus  of  strength  K  -— 
19000,  hence  it  follows  that: 

bhlK*  __  12  .  3  .  36  .  19000*  _  216  .  192  _  215  .  351  _ 

6  JS  6  .  17000000  17  17  °     * 

If  now  a  cubic  inch  of  cast  iron  weighs  0.275*  Ibs.,  the  weight  of  a  plate  G  will  then  be 
=  12  .  3  .  36  .  0,275  =  1296  .  0,275  =  356,4  Ibs.;  hence: 


356'4  '          -  74'44;  on  the  other  hand> 


g'*        =  10000==  45,70.     Hence  the  height  of  fall  required  is: 

218,8 

4587   =  61,6  inches,  or  H=    4587    -=  33,5  inches. 


,  , 

74,44  3  .  45,7 

§  261.  Hardness.  —  When  the  modulus  of  elasticity  of  the  imping- 
ing bodies   is  known,  we  may  then 

find  the  force  of  compression  and  its  Fig.  322. 

amount.  Let  the  transverse  sections 
of  the  bodies  Ji  and  B,  Fig.  322,  be 
Fl  and  F^  the  lengths  /z  and  Z2,  and 
the  moduli  of  elasticity  E1  and  Ez. 
If  both  impinge  against  each  other 
with  a  force  P,  the  compressions 
effected  will  be  from  §  183: 


and  their  ratio  : 


h 


.  P 

If  for  simplicity  we  represent  —  —  by  H,  we  obtain  ^  =  —  —,   and 

/  HI 

P  J-J 

*2  =  —  ,  as  well  as  -±i  =  —  ?.    If,  after  the  example   of  Whewell,f 

2  FE     Hl 

we  call  the  quantity  -  the  hardness  of  a  body,  it  follows  that  the 
L 

depth  of  compression  is  inversely  proportional  to  the,  hardness. 
/t 

If  a  mass  M  =  —  impinges  with  the  velocity  c  upon  an  immova- 

ff 
ble  or  indefinitely  great   mass,  it  then  expends  its  whole  vis  viva 

upon  the  compression,  hence  J  P$  =  -  =s  —  G.     But  now  the 
space  s  is  equal  to  the  aggregate  of  the  compressions  34  and  *^t  and  a^ 

*  A  nearer  statement  of  its  weight  is,  0?2604  Ibs.  avoirdupois.  —  Ax.  Ei>. 
f  The  Mechanics  of  Engineering,  §  207. 
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P  P 

=  _,  and  ?i2  as  — ;  hence  it  follows  that 

p  / 1     ,     1  \        -K 

&  I^FF  +  -FT 


Tjr    rr 

as,  Inversely,  P  =        *     2     s?   and    the   equation  of  condition 

r 


=  —   G,  therefore, 


from  which  P,  54  and  x2  may  be  calculated. 

Example.  If  a  wrought-iron  hammer,  of  4  square  inches  base  and  6  inches  high, 
strikes  with  a  velocity  of  50  feet  upon  a  plate  of  lead,  of  2  square  inches  hase  and  1  inch 
thick,  the  following  relations  present  themselves.  The  modulus  of  elasticity  of  wrought 
iron  is  JEt  s=  29000000,  and  that  of  lead  E*  =  700000;  hence,  the  hardness  of  these 


todies  is:  flL  =     i-  =     -  =  19333333,  and  ^= 

It  6 


_ 

Jff     I-,   W"         £2 
1   *"  '^a  .  —  ,  and  substi- 
JJt  jSfa         g" 
^*i 
tute  for  the  weight  of  the  hammer  =4.6.  0,29  =  7  Ibs.  ;  therefore,  —  =  7  .0,031  = 

g 
0,217,  we  shall  then  obtain  the  space  of  the  hammer  in  the  compression: 

" 


/"2Q733333.QT224     _  ^      /  0,46443  ?  inches  ^  ^^ 

*J  19333333  .  1400000  W  2706666 


this  the  force  of  impact  or  pressure  follows  : 

19333333  •  140000°  .  0,0207  =  27037  Ibs.;  further,  the  compres- 
20733333  '  * 

•p  27037 

aion  of  the  hammer  is  :  Xt  =  ±-  =  -  --  =  0,0014  inches  =  0,016  lines,  and  that 

jETj,         1  9333333 
"P  27037 

of  the  leaden  plate:  X2  =  —  =  -  =  0,0193  inches  =  0,233  lines. 

xzt|  1400OOO 

§  262.  Elastic  and  Inelastic  Impact.  —  If  two  masses  M^  and  M^ 
move  with  the  velocities  c:  and  c2,  the  common  velocity  of  the  two 
at  the  moment  of  maximum  compression  will  then  be  from  §  256 

i+  —  2^,  and  the  mechanical  effect  expended  on  the  com- 


pression  from  §  259  : 


2  JWj  +  J\f2  2g  G!  +  G2 

This  mechanical  effect  may  be  also  put : 

ass  i-  Ps  =  -i-  jP  f ?L     -4-   3t  ^   sss  -J-  -"l  •"&       ^2 

consequently  the  sum  of  the  compressions  of  both  masses  will  be ; 
5  =  /V — c  ^     f i     2 .  .    i  "JI 2 


from  which  the   compressing  force  P,  and  the  compressions  of  the 
separate  masses  54  and  x2,  may  be  found. 

If  the  masses  are  inelastic,  these  compressions  will  remain  after 
impact,  but  if  only  one  of  the  two  bodies  be  inelastic,  the  other  will 
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again  recover  its  form  in  the  second  period,  and  produce  a  mechani- 

cal effect  which  will  generate  a  new  change  of  velocity.     If,  for  ex- 
/~v 

ample,  M1  =  —  ^  be   elastic,  the   mechanical   effect   in  this  second 
period  of  io,P,« 


—  - 

Gl 


TT 

2_^  will  be  given  out;  hence  we  shall  have  in  this 


case  for  the  velocities  v1  and  vz  after  impact  the  formula: 

and 


.  e. 

If  the  loss  of  velocity  cx  —  vx  be  put  =  x,  we  shall  then  have  the 

J\f  x 
gain  of  velocity  vz  —  c2  ==  —±r  -,  and  the  last  equation  will  assume  the 

f  * 

form; 

.  (>  c,-*,-*  (,  c,  +  ^)_(,rt).^^  .  ^^  _  0,  or, 

M.  +  Jkf.     „     rt  ,  ,       ,  /  >2  JfeL  jET  -, 

_+_         ^_2  (Ci_Ca)  ,  +  (0^7  .  --          .        -  .    0. 


If  this  be  multiplied  by  and  I        be  put 

J\I1 


'J8 


,  we  shall  then  obtain  the  quadratic  equation  : 


whose  solution  will  give  x,  or  the  loss  in  velocity  of  the  first  body 


and  the  gain  in  velocity  of  the  second  : 


Example.  If  ^we  assnme  tli^  iron  hammer  in  the  example  of  the  preceding1  paragraph 
to  be  perfectly  elastic  and  the  plate  of  lead  inelastic,  -we  shall  then  obtain  the  Joss  in 
velocity  of  the  7  Ibs.  hammer,  descending  with  a  50  feet  velocity,  since  c^  sss  0  and 
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=  50  (1  +  0,26)  =  63  feet  ; 

hence,  the  velocity  of  the  hammer  after  the  blow  is  :  i^  =  ct  —  63  =  50  —  63  =  —  13 
feet.     The  velocity  of  the  supported  plate  of  lead  s=  0. 

§  263.  Imperfectly  Elastic  Impact.  —  If  the  bodies  impinging  against 
each  other  are  imperfectly  elastic,  they  only  partially  recover  their 
figure  in  the  second  period  of  the  time  of  impact,  the  vis  viva  expended 
in  compression  during  the  first  period,  will  not,  therefore,  again  be 
completely  given  out.  If,  again,  x2  and  x2  are  the  depths  of  pene- 
tration, and  P  the  pressure,  we  shall  then  have  the  loss  of  mechanical 
effect  by  the  compression  =  ^  P^,  and  \  Px2,  and  if  during  the 
expansion  the  j*th  part  of  this,  or  generally  during  the  expansion  of 
the  one  body  the  ^th,  and  during  that  of  the  second  the  jt2th  be  given 
back,  there  will  remain  the  aggregate  loss  of  mechanical  effect  after 
impact: 

L  =  J-  P  [(1  —  ^)  x,  4-  (1—  *,)  »*L  OT  *i  =  j^>  and  X2  —  jg 

***  "1.      But  from  the  former  paragraph  : 


I"1        **i  4.  *         ***  "1 


.  1        . 

hence  the  loss  of  the  mechanical  effect  in  question  is  known: 

r  _ 


2  JW   +  Jlf2 


2  2  ,  s 

No\v,  in  order  to  find  the  velocities  vt  and  v3  after  impact,  we  have 
to  combine  them  with  each  other  and  to  solve  the  equations  : 
M  .v.  +  M2v0  =  M^  +  Mzcz,  and 


In  the  same  manner  as  in  the  former  §,  the  loss  of  velocity  of  the 
first  body  is  given: 


and  the  ^am  of  velocity  of  the  body  preceding  : 
v  —c  =(c—c}— 

V      C~        C 


These  two  general  formulae  also  embrace  the  laws  of  perfectly 
elastic  and  perfectly  inelastic  impact.  If  in  them  we  put  ^  =  ^  =  1, 
we  then  obtain  the  formula  already  found  above  for  the  impact  of  per- 
fectly elastic  bodies,  but  if  we  assume  ^  =  ^2  =*  0,  we  then  obtain 
the  formula  for  inelastic  impact,  &c.  If  both  bodies  have  the  same 
degree  of  elasticity,  therefore,  ^  =  ^,  we  have  more  simply  : 

)»  and 
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If,  further,  the  mass  M2  is  at  rest,  and  infinitely  great,  it  then  fol- 
lows that  : 


-  e. 


as  inversely,  ^  =    (  —  )  .     If  now  M^  be  allowed  to  fall  from  a  height 

NCj/ 

A  upon  a  similar  mass  JW2,  and  if  it  reascend  to  a  height  k19  we  may 
then  find  from  the  two  the  co-efficient  of  imperfect  elasticity,  by  the 

formula  ^  —  _!.     Newton  has  already  found  in  this  manner  for  ivory 
h 

=     1  «  0,79;  for  glass  M  =  *  ==  0,9375*  =  0,879  ; 


/5\2 
for  cork,  steel,  and  wool,  /*  =  /-I    «  0,5552  =  0,309.     It  must  be 

here  supposed  that  the  impinging,  or  striking  body,  is  spherical,  and 
the  body  impinged  upon,  or  the  support,  flat. 

Example.  What  velocities  will  two  steel  plates  acquire  after  impact,  if  they  possessed 
before  impact  the  velocities  ct  =  10  and  ca  ==  —  6  feet,  the  one  weighs  30  the  other  40 
Ibs.  ?  Here 

<-,—  t?1==(10+6)l£fl  -f  _N  aa  16  .  J  .  H  =  16  '  8  -a  14,22  feet;  hence,  the  velo- 
v-r;-t-  i  '  ^ 


cities  sought  are  t?t  ==  ct  —  14,22  =  10  —  14,22  =  —  4,22  feet,  and  v2  =  c»  +  10,66 
=  —  6  +  10,66  =  4,66  feet. 

§  264.    Oblique  Impact. — If  the  directions  of  motion  S^C^  and  S2CZ 
of  two  bodies  Ji  and  B,  ^§^323,  de-  Fig  323 

viate  from  the  normal  JVJV  to  the 
plane  of  contact,  the  impact  is  then 
oblique.  We  may  reduce  the  theory 
of  this  to  that  of  direct  impact  if  we 
resolve  the  velocities  SiC1  =  cx,  and 
S^C2  =  c2,  in  a  normal  and  tangential 
direction ;  the  lateral  velocities  in  the 
direction  of  the  normal  JVJ\T  commu- 
nicate a  certain  impact,  and  hence  are 
altered  to  the  same  amount  as  for  centric  impact ;  the  velocities,  on 
the  other  hand,  parallel  to  the  plane  of  contact,  communicate  no  im- 
pact, and  hence  remain  unaltered.  If  we  join  the  normal  velocity  of 
a  body  changed  in  accordance  with  the  laws  of  centric  impact  to  the 
remaining  unchanged  tangential  velocity,  we  shall  obtain  the  resultant 
velocities  of  these  bodies  after  impact.  If  we  represent  the  angles 
which  the  directions  of  motion  make  with  the  normal  by  ax  and  o^, 
then  C^Jf  =  ax,  and  CZSZN  =  a2,  we  shall  obtain  for  the  normal 
velocities  S^Ej^  and  SJE%  the  values  ca  cos.  ax  and  c2  cos.  a3>  for  the 
tangential  velocities  on  the  other  hand  SlFl  and  S^F^:  cx  sin.  ^  and 
c2  sin.  *2.  The  first  velocities  suffer  alteration  from  the  effect  of  the 
impact,  and  the  one  passes  into 


COS.  a    -    c    COS.        -  C    COS. 


Jr/1  -f- 

and  the  second  Into  : 
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COS. 


COS. 


COS. 


i.      f*  A 

M  and  Mz  representing  the  masses  of  the  bodies. 

The  resultant  velocity  SI  g,  of  the  first  body  is  given  by  v,  and  cl 
sin.  al5  w^  ==  V»?  +  c*  sin.  a/,  and  the  velocity  S2  G2  of  the  second 
body\>y  vz  and  c2  sin.  *2;  w2  =  v' V  -h  <V>  sin.  az2  ;  the  deviations 
from  the  normal  are  also  given  by  the  formula: 

C,  Sin.  a,  5  C2SWfc.  a2 

tang.  $!  =  — >  and  tang1.  $>2  = 3 

V  j  2 

^j  representing  the  angle  G1  S1  J\T  and  ^2  the  angle  G2  5^  JV". 

Example.  Two  spheres  of  30  and  50  Ibs.  impinge  against  each  other  with  the  veloci- 
ties c  =  20  and  <:,  =25  feet,  which  deviate  from  the  normal  by  the  angle  *,  =  21° 
35'  and  aa=65°20/',  in  what  directions  and  with  what  velocities  will  the  two  bodies 
proceed  after  impact?  The  uniform  component  velocities  are  :  ciffin.«1  =  20  .sin.  21° 
•!5'=7307  feet  and  CQ  sin.  *3  =a  2 5  .  sin.  65°  2(X  =  22,719  feet ;  the  variable,  on  the  other 
hand,  Cl*c^.ttt==20.co5.21°35/  =18,598  feet,  and  C2cos.  *a==  25  .  cos.  GS^O7,  =  10,433 
feet.  If  the  bodies  are  inelastic,  then  ^  =  0  ;  hence,  the  altered  normal  velocities  are : 

118,598  —  5,103  =13,495  feet,  and  va=  10,433 


1^=18,598  —  (18,598  —  10,433)     g 


8,105 .  -  =  10,433  +  3,062  : 
o 


80 
:  13,495  feet.     The  resultant  velocities  are  now  : 


y/236,24  = 


°+  22,7  1  9a 

we  have  for  their  directions  the  tang-. 
22,719 
13,495: 


v/698,27  = 
7,357 


28°  36'  aud  tang. 


13,495 
log.  tang.  <j>2  =  0,22622,  <fc 


15,37  feet,  and 
26,42  feet  ;  and 

,  log.  tang. 


0,73653  — 


=  59° 


Fig.  324. 


§  266.  If  a  mass  .#,  Fig.  324,  strikes 
against  another  mass,  indefinitely  great, 
or  against  an  immovable  resistance  _BJB, 
we  have  c2  =  0  and  J\f2  =  oo  ,  it  then  fol- 
lows that 


COS. 


Ct  C05. 
3-nd 


4- 


=  0 


00 


0,  v{  will  also  =  0  ; 


if  now,  further,  ^  = 

but  if  M  =  1,^  will 

in  inelastic  impact,  the  normal  velocity 
is  entirely  lost ;  in  elastic,  on  the  other  hand,  it  is  changed  in  the  oppo- 
site direction.  For  the  angle  by  which  the  direction  of  motion  after 
impact  deviates  from  the  normal  tang.  $2  is  __ 

c,  sin.  tt,  C,  sin.  a. 


for  inelastic  bodies  the  tang.  ^l  is  therefore  = 
^  s=s  90°,  and  for  elastic  tang.  ^>1  =  —  tang,  a 


.    After 
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the  impact  of  an  inelastic  body  against  an  inelastic  resistance,  the  first 
proceeds  with  a  tangential  velocity  ct  sin.  ax  in  the  direction  SF  of  the 
plane  of  contact  ;  after  the  impact  of  an  elastic  body  against  an  elastic 
resistance,  the  body  proceeds  with  a  uniform  velocity  in  the  direction 
SG9  which  lies  in  a  plane  with  the  normal  JVJV  and  the  initial  direc- 
tion XS,  and  makes  with  the  normal  the  same  angle  GSJV  as  does 
the  direction  of  motion  with  it  before  impact,  but  on  the  opposite  side. 
The  angle  XSJV*  which  the  direction  of  motion  before  impact  makes 
with  the  normal  or  the  vertical,  is  called  the  angle  of  incidence^  and 
the  angle  GSJV\  which  the  direction  of  motion  after  impact  makes 
•with  the  same,  the  angle  of  reflexion;  and  it  may  therefore  be  enun- 
ciated, that  in  perfectly  elastic  impact,  the  angles  of  reflexion  and  in- 
cidence  lie  in  the  same  plane  "with  the  vertical,  and  are  equal  to  each 
other. 

In  imperfectly  elastic  impact,  the  ratio  -v/jtt  of  the  tangents  of  these 
angles,  is  equal  to  the  ratio  of  the  velocity 
given  back  by  the  expansion  to  that  of  the  Fig.  325. 

velocity  lost  by  the  compression.  By  the 
aid  of  this  law,  the  direction  may  be  easily 
found  in  which  the  body*/2,  Fig.  325,  must 
impinge  against  the  immovable  resistance 
BBy  that  after  impact  it  may  pursue  a  cer- 
tain direction  SY.  If  the  impact  be  elastic 
we  must  let  fall  from  a  point  Y  of  the  given 
direction  the  perpendicular  YO  on  the  in- 
cident perpendicular  JVW,  prolong  the  same 
until  the  prolongation  OFzis  equal  to  the 
perpendicular  :  SYl  is  then  the  direction  of  the  impact  in  question, 
for  from  this  construction,  the  angle  JV^Fj  ==  NSY.  If  the  impact 
be  inelastic,  we  may  make  OY^  =  %//«.-  OF^  then  Y^S  will  be  like- 

wise the  initial  direction   sought,  since     an£*  °i  ....       —  i     and      also 
_  tang.  tx  OF 

—    x/  A*- 

If  a  perpendicular  FR  be  let  fall  upon  the  line  SR  parallel  to  the 

plane  of  contact,  and  its  prolongation  RX  be  made  =        —    JRF,  we 

t*. 

shall  -then  also  obtain,  for  evident  reasons,  in  SX  the  direction  of  the 

incidence  sought. 

Remark.  The  theory  of  oblique  impact  has  especial  application  to  the  game  of  billiards. 
(See  Theorie  mathematique  des  efiets  du  jeu  de  biliarcV'  par  Coriolis.)  According  to 
Coriolis,  in  the  striking  of  a  billiard-ball  against  the  cushion,  the  ratio  of  the  reflected 
velocity  to  that  of  the  incident  =  0,5  to  0,6  ;  therefore  /*  =  0,5a  =  0,25  to  0,6a  —  0,36. 
With  the  assistance  of  this  value,  the  direction  may  now  be  known  in  'which  a  ball  Ji 
must  strike  against  the  cushion  JBJ5  tbat  it  may  be  reflected  from,  this  towards  a  given 
point  Y.  We  may  let  fe.ll  from  the  given  point  Y  the  perpendicular  YR  to  the  line  of 

gravity  of  the  ball  parallel  to  the  cushion,  prolong  it  by  RX=  **  L  =  „  to  -__  of    its 


value,  and  draw  the  straight  line  Y^X  :  the  point  of  intersection  J2  is  the  place  where  the 

25* 
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ball  Jl  must  be  struck  that  it  may  rebound  to  Y~     By  the  motion  of  rotation  of  the'  ball, 
this  ratio  will  be  somewhat  altered. 

§  267.  In  oblique  impact  a  friction  takes  place  between  the  im- 
pinging bodies,  -which  changes  the  lateral  -velocities  in  the  direction 
of  the  plane  of  contact.  The  friction  of  impact  is  determined  like 
that  of  the  friction  of  pressure,  P  representing  the  pressure,  and  f  the 
co-efficient  of  friction,  it  is  F  =*  f  P.  It  is  distinguishable  from  the 
friction  of  pressure  in  this;  that  like  impact,  it  acts  only  during  a 
very  short  time.  The  changes  of  velocity  produced  by  it  are  not 
immeasurably  small,  for  the  pressure  P9  and  consequently  the  part  of 
it  jf  P,  is  generally  very  great.  If  we  represent  the  impinging  mass 
by  M9  and  the  normal  acceleration  generated  by  the  pressure  P,  by 
p,  we  shall  then  have  P  =  Mp,  and  hence  F=fMp,  as  well  as^the 
retardation  or  the  negative  acceleration  due  to  friction  during  the  im- 

pact —  =*=  fp  ;  i.  e.f  times  as  great  as  the  normal  pressure.    But  the 

JYL 

two  pressures  have  equal  durations;  hence,  therefore,  the.    change  of 

velocity  effected  by  friction  is  f  times  as  great 
Fig,  326.  _     as  the  change  of  the  normal  velocity  effected  ~by 
impact* 

In  the  case  where  a  body  impinges  upon 
an  immovable  mass  BB  at  the  angle  of  inci- 
dence a,  Fig.  326,  the  change  in  the  normal 
velocity  from  the  former  paragraph  is  w  =  c 
cos.  a  (1  +  V>);  hence,  the  change  in  the 
tangential  velocity  effected  by_  friction 

»  fw  ==  f  C  (I  4-   -v/»  COS.  a. 

The  lateral  velocity,  therefore,  after  impact 
c  sin.  a?  passes  into 

c  sin.  a  —  ./£(!  +  VV)  cos*  »  ==  [sin.  »  —  f  cos.  «  (1  +  %/>)  ]  c* 
and  in  the  case  of  perfectly  elastic  bodies  =  (sin.  a  —  2,fcos.  a)  cy 
and  in  that  of  inelastic  =  (sin.  a  —  jfcos.  a)  c. 

Bodies  very  often  have  a  rotation  about  their  centre  of  gravity  from 
the  effect  of  the  friction  of  impact,  or  the  motion  of  rotation,  if  present 
before  impact,  becomes  consequently  changed.  If  the  moment  of 
inertia  of  the  round  body  Ji  about  its  centre  of  gravity  8  =  *My*y  and 
the  radius  of  gyration  SC  =  a,  we  shall  have  the  mass  of  the  body 

reduced  to  the  point  of  contact  C  *»  —  |-;  hence  the  acceleration  of 

CL 

rotation  generated  by  the  friction  F  is  : 


and  the  correspondent  change  of  velocity: 
2  2 


a 

cos.  a. 


In  a  cylinder  -^|  ==  2,  and  in  a  sphere  «  -,  hence  the  change  in  the 
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velocity  of  rotation  generated  by  the  impact  against  the  plane  is : 
o^  =  2/(l  +  <v/£)  c  cos.  a  and  a  -  /(I  +  v/£)  c  cos.  a. 

JExample.  If  a  billiard-ball,  -with  a  15  feet  velocity  and  at  an  angle  of  incidence 
*  —-  450^  strike^ against  the  cushion,  what  motion  will  it  take  after  impact?  If  we 
put  for  the  ^/p,  the  mean  value  0,55,  we  shall  have  the  lateral  normal  velocity  after 
impact  =  —  v/^  c  cos.  *  =  —  0,55  .  15  .  cos.  45°  =  —  8,25  .  ^/i  =  —  5,833  ft. 
and  if  with  Coriolis  we  take  f  =  0,20,  we  shall  then  obtain  the  lateral  velocity 
parallel  to  the  cushion  s=  c  gin.  *  —  /(I  -\-  vW  c  cos-  A  =  (1 — Oj20  .  1,55)  10,607 
=  0,69  .  10,607  =  7,319  feet,  and  for  the  angle  of  reflexion  <j>: 

7  319 
tang.  <f>  =  --—  =  1,2548;  therefore,  $  =  51°  27',  and  the  velocity  after  impact  will 

OjOOO 

5  S33 
,.0™ ;->  —          »  —  9^360  feet.     Besides,  the  ball  will  have  further  a  velocity  01 


cos.  51°  27' 

rotation  f  /.  1,55  .  10,607  =s  8,220  feet  about  its  vertical  line  of  gravity.  Since  the  ball 
moves  with  a  rolling  and  not  a  sliding  motion,  we  must  assume  that  besides  its  progres- 
sive velocity  c  =  15  feet,  it  possesses  an  equal  amount  of  velocity  of  rotation,  and  this 
may  likewise  be  resolved  into  the  components  c  cos.  a.  =s  10,607  and  c  sin.  a  =  20,606. 
The  first  component  answers  to  a  rotation  about  an  axis  parallel  to  the  cushion,  and 
passes  into  c  cos.  A  —  f  /  (1  +  ^/f*)  c  cos.  a  =  10,607  —  8,220  =  2,387  feet,  the  other 
component  c  sin.  a,  =  10,607  feet  answers  to  a  rotation  about  an  axis  normal  to  the 
cushion,  and  remains  uniform. 

§  267.  Rotary  Bodies.  —  If  two  bodies,  Ji  and  jB,  capable  of  rotat- 
ing about  two  fixed  axes  G  and  K^  Fig.  327,  strike  against  each 
other,  changes  of  velocity  ensue, 

which  may  be  determined  from  the  Fig-  327. 

moments  of  inertia  M^f  and  M^y* 
of  the  masses  of  these  bodies  about 
the  fixed  axes,  with  the  assistance 
of  the  formulae  already  found.  If 
the  perpendiculars  GH  and  KL9  let 
fall  from  the  axis  of  rotation  upon 
the  line  of  impact,  are  ax  and  #2,  we 
then  have  the  inert  masses  reduced 
to  the  points  H  and  L  where  the 
perpendiculars  meet  the  line  of  im- 

pact =       ff-1-  and  —  ?^_,  and  if  these  values  be  substituted  for  Jlf 

^1  ^ 

and  M^  in  the  formula  for  free  centric  impact,  we  obtain  the  changes 
of  the  velocity  of  the  points  H  and  L  (§  264) 


H 

and 
But 


=^>^©b?(1+^ 

c2  representing  the  velocity  of  these  points  before  impact. 

if  we  introduce  the  angular  velocities,  and  represent  these  be- 
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fore  impact  by  €l  and  ?2,  and  after  impact  by  ^  and  <o2,  we  shall  have 
to  put  Cj  =  GJ  fl9  cz  =  az  *2,  and  shall  obtain  for  the  loss  in  angular 
velocity  of  the  impinging  body : 

(1  +  */?), 

and  for  the  body  impinged  upon,  the  gain  of  the  same : 

M$?  n  j.    /- 


consequently  the  angular  velocities  themselves,  after  impact,  will  be: 

—  and 


i  V  + 


If  both  bodies  are  perfectly  elastic,  we  shall  have  ^ 
1  4-  ^/^  =  2,  and  if  inelastic,  p  =  0,  therefore  1  + 
the  latter  case,  the  loss  of  vis  viva  produced  by  impact 


therefore 
==  1.      In 


Ov 


2)2 


Fig.  32b. 


Example.  The  armed  axle  -£G,  Fig. 
328,  has  the  moment  of  inertia  about  its 
axis  of  rotation  (?,  ss=  Ml  y?  ==  40000  -il 
g,  and  the  tilt  hammer  BK  one  about  its 
axis  K,  =  3  50000  -=-  g ;  the  arm  GC  of 
the  axle  is  2  feet,  and  the  arm  KC  of  the 
hammer  6  feet,  and  the  angular  velocity 
of  the  axle  at  the  moment  of  impact  on 
the  hammer  =  1,05  feet;  what  is  this 
velocity  after  impact,  and  what  effect  is 

lost  at  each  blow,  if  there  is  an  entire  absence  of  elasticity  ?     The  angular  velocity  of  the 

axle  sought  is : 

4  .  1,05  .  150000         __       Q5   /  l 60  \ 

40UOO  .  3t>  +  150000  .4          '          V  204/ 

'     *  -—  0:247   feet,  i.  e.,  only  one- 


1,05  —  . 


:  0,741  feet,  and  that  of  the  hammer 


third  that  of  the  axle.     The  loss  of  mechanical  effect  by  each  blow  is: 

.  1.05)2  4.  J.  05.  150000          _is«    „  i          600000 

"      ' 


%  40000  .  36  +  150000  .  4 

0,0155  .  4,41  .  15°000  =  201  ft.  Ibs. 


144  +  60 


51 


Fig.  329. 


§  268.  A  body  ^?,  in  a  state  of  free  and  pro- 
gressive motion,  Fig.  329,  impinges  against  a 
body  BCK,  capable  of  rotating  about  a  fixed  axis 
Ky  the  velocities  after  impact  may  be  found,  if>  in 
place  of  flj  *x  and  ax  Oj  in  the  formula  of  the  pre- 
ceding paragraph,  we  put  the  progressive  veloci- 

ties cx  and  v19  and  instead  of  —  1^1    the  inert  mass 


first  mass  after  impact  is : 


the  first  body,  the  other  denominations  re- 
maining the  same.     Hence,  the  velocity  of  the 
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and  the  angular  velocity  of  the  second : 

Jtyf  Q  3  -4-  JV/"  v  2 

If  the  mass  M2  be  at  rest,  therefore  t2  =  0,  we  have  : 


If,  on  the  other  hand,  M^  is  at  rest,  that  is,  the  oscillating  body  the 
impinging  one,  we  shall  have  c:  =  0,  and  hence 


The  velocity  communicated  by  impact  to  another  at  rest,  depends 
not  only  on  the  velocity  of  impact  and  of  the  masses  of  the  bodies, 
but  also  on  the  distance  KL  =  az  at  which  the  direction  of  impact 
JVWis  distant  from  the  axis  K  of  the  rotary  body.  If  the  free  mass 
be  the  impinging  one,  the  rotary  mass  will  assume  the  angular 
velocity 


and  if  the  oscillating  mass  strike  against  the  free,  this  will  acquire 
the  velocity 

»"  >"  +  " 

but  both  velocities  will  be  so  much  the  greater,  the  greater 
or  -  is,  and  therefore  the  less 


2 

*.  is. 


If  for  a2  we  put  a  +  x,  when  a;  is  very  small,  we  shall  obtain  the 
value  of  the  last  impression  : 

x 


a  a       a 

or  in  consequence  of  the  smallness  of  the  powers  of  x, 

4-  ... 


If  now  a  correspond  to  the  least  of  all  the  values  of 


&     the  memker  +     j^r  _      2         x  win  disappear,  because  the 

tf  23  —  V  a2    / 

addition  of  the  quantity  (x)  will  give  to  it  a  different  sign  to  that  of  a 
diminutive  (  —  x.)     Therefore  : 
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JM"ayg! 


\  JKI  11 

-\  x  must  be  =  0,  L  e.  — £p_  —  M19  consequently; 


If  at  this  distance  one  body  impinge  against  the  other,  then  will  th 
latter  take  the  greatest  velocity,  and  be  in  fact 


JBT' 


in  the  case  where  the  rotary  body  is  impinged  upon ;   and 

-    r~M 

v  =  n  1/2*2  (1  +  v^^)     I 
when  the  free  body  receives  the  blow. 


The  point  D  in  the  line  of  impact  of  the  distance  corresponding  t 
the  greatest  velocity,  or  of  the  arm  #,  is  sometimes  improperly  callei 
the  centre  of  impact,  but  more  properly  the  point  of  impact. 

Example.  What  position  has  the  point  of  impact  if  the  free  mass  consist  of  an  iroi 
sphere  of  16  Ibs.  weight,  and  the  rotary  mass  have  a  moment  of  inertia  of  100* 
-r-  g?  The  distance  of  this  point  from  the  fixed  axis  of  the  last  body:  a  ss 


1000 
16 


62,5  =  7,906  feet.     If  the  impact  be  inelastic,  and  the  block  strike  agains 


the    sphere    with    the  velocity  i  =   3  feet, 
11,86  feet 


£.  .  7,906 


the  latter  will   receive  the  velocity  v 


Fig.   330. 


§  269.  Ballistic  Pendulum. — An  application  of  the  laws  laid  down 

is  found  in  the  theory  of  the  ballistic  pen- 
dulum, or  the  pendulum  of  Robins.  T 
consists  of  a  mass  MH9  turning  about  i 
horizontal  axis  C,  Fig.  330,  which  is  se* 
into  oscillating  motion  by  a  ball  projectec 
against  it,  which  serves  for  the  measure- 
ment of  its  velocity.  That  as  inelastic 
a  blow  as  possible  may  ensue,  there  is  ar 
opening  made  on  the  further  side,  whici 
from  time  to  time  is  filled  by  fresh  wood 
or  clay,  &c.  The  ball  remains  after  each 
projection  sticking  in  this  mass,  and  os- 
cillating in  common  with  the  whole  body, 
For  the  measurement  of  the  velocity  oi 
the  ball,  it  is  requisite  to  know  the  angle 
of  elongation  of  this  pendulum,  on  which 
account  there  is  further  a  graduated  arc  BD  applied,  and  an  index  E 
fixed  to  the  centre  of  gravity  of  the  pendulum,  which  slides  along 
with  the  former. 

From  the  foregoing  paragraph,  the  angular  velocity  of  the  ballistic 

pendulum  after  the  impact  of  the  ball  is  :  <u  =  M*a*cl ,  if  M  is 

M^+M^/f          x 
the  mass  of  the  ball,  Mj/*  the  moment  of  inertia  of  the  pendulum, 
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cx  the  velocity  of  the  ball,  and  #2Jthe  arm  CG  of  the  impact,  or  the 
distance  of  the  line  of  impact  JVWfrom  the  axis  of  revolution  of  the 
pendulum.  If  the  distance  CM  of  the  centre  of  oscillation  M  of  the 
entire  mass,  together  with  the  ball  from  the  centre  of  suspension  C, 
i*  e.  the  length  of  the  simple  pendulum,  which  oscillates  in  equal  times 
with  the  ballistic,  =  I,  and  the  angle  of  elongation  BCD  =  a,  we 
have  the  height  of  the  isochronously  oscillating  simple  pendulum  : 

h=  CM—  CH  =  1—1  cos.  a  =  1(1—  cos.  a,)  =  21  =  (sin.  j 
and  hence  the  velocity  at  the  lowest  point  of  its  path  : 


v  =  ^/  =      +         sin.  -. 


or  the  corresponding  angular  velocity: 

--7-%|f  •**»•!• 

By  equating  these  two  values  it  will  follow  that  the  angular  Telocity: 


7  '        '  2- 

But  now,  according  to  the  theory  of  the  simple  pendulum, 
/  _  moment  of  inertia  ___  M^a*  +  M^y* 
statical  moment  (Ml  +  Jkf2)  5   * 

s  being  the  distance  of  the  centre  of  gravity  S  from  the  axis  of  revo- 
lution, hence 

+  MJJ?  =  (M,  +  M2)  si,  and 


If  the  pendulum  makes  n  oscillations  per  minute,  the  time  of  oscil- 
lation 

,  x— 5  60".  # 

,  hence  \/  gl 


n  nn 

and  the  required  velocity  of  the  ball 

Jlf  4.  j|f       120  £-s      .      o 

£    —-    i : ?   .    °_«  .  S^ft.   — . 

Example..  If  a  ballistic  pendulum,  of  3000  Ibs.  weight,  whose  angle  of  elongation, 
amounts  to  15°,  is  set  into  oscillation  by  the  projection  of  a  6  Ibs.  ball,  if,  further,  the 
distance  *  of  the  centre  of  gravity  from  the  axis  ==  5  feet,  and  that  of  the  line  of  projec- 
tion, from  this  axis  =  &J  feet,  and  lastly,  the  number  of  oscillations  per  minute  n  =  40, 
from  the  above  formula  the  velocity  of  the  ball  at  the  moment  of  the  impact  will  be; 


C==s3006      12^31^.^  ^        0==  501.  3750.  sin.  1*  30' 
6        40.3,1416.5,5  44.3,1416 

§  270.  Centre  of  Percussion. — If  a  body  turning  about  a  fixed  axis 
C  is  impinged  upon  by  another,  a  reaction  from  the  blow  will  gene- 
rally take  place  upon  the  axis  of  the  body,  which  is  dependent  prin- 
cipally upon  the  distance  between  the  direction  of  the  impact  and  that 
of  the  axis*  Let  us  determine  this  reaction  or  this  axial  pressure  in 
the  simple  case,  when  the  direction  of  the  blow  is  perpendicular  to  the 
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Fig.  331. 


plane  passing  through  the  axis  of  revolution  and  the  centre  of  gravity 
of  the  body.  . 

Let  J5D  be  a  plane  of  gravity_passing  through  the  axis  of  revolution 

XX  of  the  body  in  Fig.  331,  FFa  second  perpendicular  axis  in  this 
plane,  and  ZZ  a  third  axis,  at  right  angles  to  this  plane  of  gravity. 
An  element  Jtfx  of  the  body  is  determined  by  the  co-ordinates  JlK  = 

x19  KL  —  y19  and  LM  =  zx,  in  this  sys- 
tem of  axes  intersecting  in  the  point  J19 
and  another  element  by  the  co-ordinates 
x29  y2,  z2,  &.c.  If  x  be  the  angular  ac- 
celeration, we  shall  have  the  force  of 
inertia  of  the  element  MI  :  Q2  =  M^  .  » 
.  KMy  and  if  these  be  resolved  into  the 
component  forces  R  parallel,  and  S  at 
right  angles  to  the  imaginary  plane  of 
gravity,  the  similarity  of  the  triangles 
KML  and  QMR  or  MQS,  gives  R=  Ml 
9  xZ^  =  #  M^ZV  and  S  ==  xM^y^  From 
this  the  aggregate  of  the  component 
forces  parallel  to  the  plane  =  *  (JW'^H- 
M2z2+  ,  .)  and  that  of  the  component 
forces  at  right  angles  to  this  plane: 


Since  the  plane  BD  passes  through  the 

centre  of  gravity,  the  sum  of  the  moments  M^  +  Mzzz  +  . .  —  O, 
hence  there  remains  only  the  sum  of  the  forces  *  (^^i  4-  M^  +  .  .)• 
If,  now,  P  be  a  blow  or  impact,  and  TFthe  resistance,  or  the  reac- 
tion of  the  axis,  we  shall,  in  the  first  place,  have  to  put : 


The  statical  moment  of  the  force  : 

Q,  .  MI*  .  KM=  MI  *  .  KM.  =  *  .  t  , 
or  the  distance  KM  represented  fay  rx  =  »  Mf*9  the  moment  of  the 
force  of  another  particle  of  the  mass  =  *  M2r229  &c,,  hence  the  stati- 
cal moment  of  the  entire  inertia  =  *  (M^r^  +  Jfi^r*  +•••)•  ^ 
now  we  put  the  distance  JV*O  of  the  direction  of  the  impact  from  the 
direction  of  the  axis  =  6,  we  shall  have  the  moment  of  percussion  P 
about  XX  ^  P6,  whilst  that  of  W=*  0;  we  may  hence  also  put; 

Pb  .  *(Mf*  +  M#*  +  -  •). 
and  obtain  by  elimination  of  *  from  both  equations  : 

P  _  W+Pb  (JVfiy*  +  M^  +  '  'V*.  e.  the  reaction  sought  : 

* 


If,  lastly,  we  represent  the  distance  jlN  of  the  direction  of  the  impact 
from  the  axis  FFby  a,  and  the  distance  JlU  of  the  point  of  applica- 
tion U  of  the  reaction  IF  from  the  initial  point  by  u,  vre  shall  have 
further  the  moment  Pa  =  mom.  Wu  +  mom.  * 
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and  the  distance  of  the  point  of  application  sought  will  be : 

Pa  —  x  (M-x-y.  +  M<2&<jy<>  +  •  •  )>    • 
u  = — ± ,  ^.  e. 


u 


a  (Ms*  +  Jtf,r,»  +  .  Q  —  b 


+ 


+  •  •) 


The  reaction'  JF=  O/if  6  (M^  +  M^  +  . .)  '—"  Jlf^2 -f- 

M^r*  +  M2r*  4-  -  -         moment  of  inertia 
^.  e.  1.6= * -•  — 


+ 


statical  moment 


i  +  M<g/2  +  .  . 
and  also  its  moment  =  0,  if 

Pa  =  *  (MjXfa  +  Mzx2y2  +  .  .),  i.  e. 

2    a  =  ^i^yi  +  ^^2^2  +  *  - 
JVf^  +  M^  +  .  . 

The  point  O  determined  by  these  co-ordinates  a  and  6,  in.  the  plane 
of  gravity  containing  the  fixed  axis,  is  called  the  centre  of  percussion. 
Every  blow  passing  through  this  point,  and  at  right  angles  to  the 
plane  of  gravity,  is  completely  taken  up  by  the  mass,  without  leav- 
ing any  residuary  effect  upon  the  axis,  or  producing  any  pressure. 
The  formula  (1)  shows  that  the  centre  of  percussion  is  at  the  same 
distance  from  the  axis  of  revolution  (compare  §  251)  as  the  centre  of 
suspension. 

That  a  hammer  may  not  jar  by  its  blow  the  hand  which  holds  it, 
or  react  upon  the  wrist  about  which  it  turns^  it  is  requisite  that  the 
blow  pass  through  the  centre  of  percussion. 

Examples.-—  1  .  In  a  prismatic  bar  CJL^  Fig.  332,  which  turns  about  one  of  its  extreme 

points,  the  centre  of  percussion  lies  about  CO  =  6=s=—  =  £  I  =  -J  C*A  from,  the  axis. 

sK 

If,  therefore,  the  bar  be  fixed  at  one  extremity^  and  be  struck  at  a  point  O  at  the  distance 
CO  =  £  CA,  then  no  jar  will  be  felt.  —  2.  In  a  parallelepiped  BDE,  Fig.  333T  which 


Fig.  332. 


Fig.  333-. 


turns  about  an  axis  XX  running  parallel  to   its   four  sides,  and  distant  about  SjS.  sss.  s 
from  the  centre  of  gravity,  the  distance  JIQ  of  the  centre  of  percussion.  O  from  the 

axis  b  =        *   ^    ,  where  d  is  the  semi-diagonal  of  the  lateral  surfaces  through  which 
s 

the  axis  XX  passes  (§  220).     If  the  force  of  the  blow  P  were  to  pass  through  the  centre 
of  gravity,  the  reaction  would  be : 


26 
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§  271.  Excentric  Impact.  —  Lastly,  let  us  further  investigate  a 
simple  case  of  excentric  impact,  when  both  masses  are  perfectly  free. 
When  two  bodies  Jl  and  BE,  Fig.  334,  impinge  upon  each  other 

so  that  the  direction  of  impact  JVjY*  passes 
Fig.  334,  _      through  the  centre   of  gravity  Sl  of  the  one 
~_  *     body,  and  beyond  the  centre  of  gravity  S2  of 

the  other  body,  the  impact  with  respect  to  the 
first  body  is  centric,  and  with  respect  to  the 
other,  excentric.  The  effects  of  this  excentric 
impact  may  be  found  from  the  proposition, 
§  214,  if  we  assume  first,  that  the  second  body 
is  free,  and  that  the  direction  of  impact  passes 
through  the  centre  of  gravity  S29  and  secondly, 
that  this  body  is  fixed  at  its  centre  of  gravity, 
and  that  the  percutient  force  acts  as  a  force 
of  revolution.  If  now  c1  be  the  initial  velocity 
of  JJ,  c2  that  of  the  centre  of  gravity  of  BE,  and  if  the  two  velocities 
pass  into  vl  and  #2from  the  effect  of  the  blow,  there  will  remain  as  in 
§  256, 


If  further  *  be  the  initial  angular  velocity  of  the  body  BE,  and  in  its 
revolution  about  the  axis  passing  through  the  centre  of  gravity,  and 
perpendicular  to  the  plane  JVWS^,  and  if  this  velocity  pass  from  the 
effect  of  the  blow  into  «,  and  Mgj*  represent  the  moment  of  inertia  of 
this  body  about  S#  or  s  the  distance  S2K  of  the  centre  of  gravity  S2 
from  the  direction  of  impact,  we  shall  then  also  have 


If  both  bodies  are  inelastic,  then  the  points  of  contact  of  the  two 
will  have  at  the  end  equal  velocities,  therefore,  further  vl  will 
=3  v2  +  s«.  If  we  determine  from  the  above  equations  v2  and  «  by 
vlt  and  put  the  values  obtained  into  the  last  equation,  we  shall  then 
obtain  : 

—  t»t) 


and  from  this  may  be  determined  the  loss  in  velocity  of  the  first 
body  : 


_  t 

the  gain  in  progressive  velocity  of  the  second 


.     . 
and  tne  gam  in  angular  velocity  : 

Cl—  cz—  si) 


A          r 

the  case  of  perfectly  elastic  impact,  these  values  are  double  ; 
and  for  that  of  imperfectly  elastic  impact,  they  are  (1  +  V/M)  times 
as  great. 


EXCENTRIC    IMPACT.  303 

Example*  An  iron  ball  J$,  of  65  Ibs.  weight,  strikes  a  parallelepiped  .BJE  of  fir,  ori- 
ginally at  rest,  with  a  36  feet  velocity  ;  the  length  of  this  body  is  5  feet,  its  breadth  3  feet, 
and  thickness  2  feet,  and  the  direction  of  the  impact  NN  deviates  by  S%  J5T=  *s=s  If  feet 
from  the  centre  of  gravity  5a,  then  the  following  velocities  after  impact  are  given.  The 
specific  gravity  of  fir  may  be  taken  r=  0,45,  the  weight  of  the  parallelopiped  irf  therefore 
=  5  x  3  X  2  X  62,5  X  0>45  =  843,75  ibs.  The  square  of  the  semi-diagonal  of  the  lateral 
surface  parallel  to  the  direction  of  impact  is  : 


(I)1  - 

hence  the  velocity  of  the  ball  after  impact  is  : 

—  3g/i  843,75.7,55          \ 

~        \  956  .  7,25  -f-  65  .  1,75V 


956  .  7,25  -f-  65  .  1,75 

36     1  -     vio        =  36  C1  -  °'958>  =  J' 

further,  the  velocity  of  the  centre  of  gravity  of  the  parallelepiped  : 


__  - 

»-    (Jf,  +  X2f+  M*  f  ~      71  30>06 
lastly,  the  angular  velocity  of  this  body  is  : 

M^c  65.1,75.36 

-       7130,06 


65  •    -      •  e  370 


304  FLUIDITY. 


SECTION  V. 

STATICS    OF    FLUID    BODIES* 


CHAPTER    I. 

ON  THE  EQUILIBRIUM  AND  PRESSURE  OF  WATER  IN  VESSELS. 

§  272.  Fluidity. — We  regard  fluid  bodies  as  systems  of  material 
points,  whose  cohesion  is  so  feeble,  that  the  smallest  forces  are  suf- 
ficient to  effect  a  separation,  and  to  move  them  amongst  each  other 
(§  59).  Many  bodies  in  nature,  such  as  air,  water,  &c.,  possess  this 
property  of  fluidity  in  a  high  degree ;  other  bodies,  on  the  contrary, 
such  as  oil,  fat,  soft  earth,  &c.,  are  fluid  in  a  low  degree.  The  former 
are  called  perfectly  fluid,  the  latter  imperfectly  fluid  bodies.  Certain 
bodies,  as,  for  instance,  paste,  are  intermediate  between  solid  and  fluid 
bodies. 

Perfectly  fluid  bodies,  of  which  only  we  shall  subsequently  speak, 
are  at  the  same  time  perfectly  elastic,  z.  e.,  they  may  be  compressed 
by  external  forces,  and  will  perfectly  resume  their  former  volume  after 
the  withdrawal  of  these  forces.  The  amount  of  the  change  of  volume 
corresponding  to  a  certain  pressure,  is  different  for  different  fluids;  in 
liquid  bodies  this  is  scarcely  perceptible,  while  in  aeriform  bodies, 
which,  on  this  account,  are  also  called  elastic  fluids,  it  is  very  great. 
This  slight  degree  of  compressibility  of  liquid  bodies  is  the  reason  why 
in  most  investigations  in  hydrostatics  (§  63)  they  are  considered  and 
treated  as  incompressible  or  inelastic.  As  water,  of  all  liquids,  is  the 
one  most  generally  diffused,  and  the  most  useful  for  the  purposes  of 
life,  it  is  taken  as  the  representant  of  all  these  fluids,  and  in  the  in- 
vestigations of  the  mechanics  of  fluids,  water  only  is  spoken  of,  whilst 
it  is  tacitly  understood  that  the  mechanical  properties  of  other  liquids 
are  the  same  as  those  of  water. 

From  a  similar  reason  in  the  mechanics  of  the  elastic  fluid  bodies 
ordinary  atmospheric  air  is  only  spoken  of. 

Remark. — A  column  of  water  of  one  square  inch  transverse  section  is  compressed  by 
a  weight  of  15  Ibs ,  which  corresponds  to  the  atmospheric  pressure,  by  about  0,00005  or 
50  millionths  of  its  volume,  while  the  same  column  of  air  under  this  pressure  -would 
be  compressed  to  one  half  of  its  original  volume. 
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Fig.  335. 


§  273.  Principle  of  Equality  of  Pressures.  —  The  characteristic 
property  of  fluids,  which  essentially  distinguishes  them  from  solid 
bodies,  and  which  serves  as  a  basis  of  the  laws  of  the  equilibrium  of 
fluid  bodies,  is  the  capability  of  transmitting  the  pressure  which  is 
exerted  upon  a  part  of  the  surface  of  the  fluid  in  all  directions  un- 
changed. The  pressure  on  solids  is  transmitted  only  in  its  proper 
direction  (§  83)  ;  while,  on  the  other  hand,  when  water  is  pressed  on 
one  side,  a  tension  takes  place  in  the  entire  mass,  which  exerts  itself 
on  all  sides,  and  may  be  observed  at  all  parts  of  the  surface.  To 
satisfy  ourselves  of  the  correctness  of  this  law,  we  may  make  use  of 
an  apparatus  filled  with  water,  as  is  shown  in  the  horizontal  section 
in  Fig,  335.  The  tubes  JlE  and  BF, 
&c.,  equally  distant,  and  at  an  equal 
height  above  the  horizontal  base,  are 
closed  by  perfectly  movable  and  accu- 
rately fitting  pistons  ;  the  water  presses, 
therefore,  by  its  weight,  as  strongly 
against  the  one  piston  as  against  the 
other.  Let  us  do  away  with  this  pres- 
sure, and  regard  the  water  as  devoid 
of  weight.  Let  us  press  the  one  piston 
with  a  certain  pressure  P  against  the 
water,  this  pressure  will  then  be  trans- 
mitted by  the  water  to  the  other  pistons 
jB,  C,  JD,  and  for  the  restoration  of  equi- 
librium, or  to  prevent  the  pushing  back  of  these  pistons,  it  is  requisite 
that  an  equal  and  opposite  pressure  P  act  against  each  of  these  pis- 
tons. We  are,  therefore,  justified  in  assuming,  that  the  pressure  P, 
acting  upon  a  point  Ji  of  the  surface  of  the  mass  of  water,  produces 
in  it  a  tension,  and  not  only  transmits  this  in  the  straight  line  *#C, 
but  also  in  every  other  direction  BF,  DJff9  &c.,  to  every  equal  area 
of  the  surface  C,  B,  D. 

If  the  axes  of  the  tubes  BF,  CG,  &c.,  Fig.  336,  are  parallel  to 
each  other,  the  pressures  which  act 
upon  their  pistons  may  be  united  by 
addition  into  a  single  pressure  ;  if  n 
be  the  number  of  the  pistons,  then 
the  aggregate  pressure  upon  these 
amounts  to  Px  =  nP,  and  in  the  case 
represented  in  the  figure  P1  =  3  P. 
But  now  the  areas  F^  of  the  pressed 
surfaces  J9,  C,  J>,  are  equal  to  n 
times  the  pressed  surface  F  of  the 
hence  n  may  not  only 


Fig.  336. 


one  piston, 


F 

,  therefore        «  — I. 


be  put  »  — £,  but  also  = 

If  the  tubes  .B,  C,  1>,  form  a  single  one,  as  in  Fig.  337,  and  if  we 
close  it  by  a  single  piston,  Fl>  then  becomes  a  single  surface,  and  Pj 

26* 
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is  the  pressure  acting  upon  it,  hence  there  follows  this  general  law, 
the  pressure  which  a  fluid  body  exerts  upon  different  parts  of  the  sides 
of  a  vessel^  is  proportional  to  the  area  of  these  parts, 

Fig.  337.  Fig.  338. 


If 


This  law  corresponds  also  to  the  principle  of  virtual  velocities. 
the  piston  J1D—F,  Fig.  338,  moves  inwards  through  a  space  JiJl^  =  s^ 
it  then  presses  the  column  of  water  Fs  from  its  tube,  and  if  the  piston 
BE=Fv  it  passes  outwards  through  the  space  BB^—s^  it  then  leaves 
a  space  F^  behind.  But  since  we  have  supposed  that  mass  of  water 
neither  allows  of  expansion  nor  compression,  its  volume  then  by  this 
motion  of  the  piston  must  remain  unaltered,  that  is,  the  increase  Fs 
must  be  equal  to  the  decrease  F1  sr  But  the  equation  Fl  s^  =  Fs 


Jp 

gives  _* 


and  by  combining  this  proportion  with  the  proportion 


£1,  it  follows  that  ^ 

J71  _p 


— ,  hence,  therefore,  the  mechanical 


effect 


mechanical  effect  Ps  (§  80). 


Example.  If  the  piston  JlfJ  has  a  diameter  of  1^  inches,  and  the  piston  BJ£  one  of  10 
inche?,  and  each  is  pressed  by  a  force  P  of  36  Ibs.  upon  the  water,  this  piston  exerts  a  pres- 

F  102 

sure  Pj  =  -L  P  =  .  36  =  1600  Ibs.     If  the  first  piston  is  pushed  forwards  6 

u 


inches,  the  second  will  only  go  back  by  sz  =  —  s 


9.6 

'  40O 


27 
"200" 


0,135  in. 


Fig-  339. 


Remark.    Numerous  applications  of  this  law  will  come  before  us  in  the  hydraulic 
press,  or  water  column  machines,  in  pumps,  &c, 

§  274.    The  Fluid  Surface. — The  gravity  inherent  in  water  causes 
all  its  particles  to  tend  downwards,  and  they  would  actually  so  move 

unless  this  motion  were  prevented.  In  order 
to  obtain  a  coherent  mass  of  water,  it  is  ne- 
cessary to  enclose  it  in  vessels.  The  water  in 
the  vessel  J1BC,  Fig.  339,  is  then  only  in 
equilibrium  if  its  free  surface  HR  is  perpen- 
dicular to  the  direction  of  gravity,  and  there- 
fore horizontal,  for  so  long  as  this  surface  is 
curved  or  inclined  to  the  horizon :  then  there 
are  elementary  portions  E,  J^&c.,  lying  higher, 
which,  from  their  extreme  mobility  in  virtue  of 
their  gravity,  slide  down  on  those  below  them,  as  if  it  were  on  an  in- 
clined plane  GK« 
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Since  the  directions  of  gravity  for  great  distances  can  no  longer  be 
regarded  as  parallel,  we  must,  therefore,  consider  the  free  surface,  or 
the  level  of  water  in  a  large  vessel,  as  for  example,  in  a  great  lake, 
no  longer  as  a  plane,  but  as  part  of  a  spherical  surface. 

If  any  other  force  than  that  of  gravity  act  upon  the  particles  of 
water,  the  fluid  surface  in  the  state  of  equilibrium,  will  be  perpen- 
dicular to  the  direction  of  the  resultant  arising  from  gravity  and  the 
concurrent  force. 

If  a  vessel  JZBC,  Fig.  340,  is  moved  forward  horizontally  by  a 
uniformly  accelerating  force  p,  the  free 
surface  of  the  water  in  it  will  form  an 
inclined  plane  JD.F,  for  in  this  case 
every  element  E  of  this  surface  will 
be  impelled  downwards  by  its  weight 
G,  and  horizontally  by  its  inertia  P  = 

•?-  G?  there  will  then  be  a  resultant  R, 


Fig.  340. 


which  will  make  with  the  direction  of 

gravity  a  uniform  angle  REG  =  a.      This  angle  is  at  the    same  time 

the  angle  D  .Rffwhich  the  surface  of  the  water  makes  with  the  horizon. 

JP 

It  is  determined  by  tang,  a  =  __ 

G 


p 

e 


Fag.  341. 


If,  on  the  other  hand^a  vessel  ABC,  Fig.  341,  rotates  uniformly 
about  its  vertical  axis  JOT,  the  surface  of  the 
water  then  forms  a  hollow  surface  J1QC,  whose 
sections  through  the  axis  are  parabolic.  If  « 
be  the  angular  velocity  of  the  vessel  and  the 
water  in  it,  G  the  weight  of  an  element  of 
water  jB,  and  y  its  distance  ME  from  the  ver- 
tical axis,  we  shall  then  have  for  the  centri- 


fugal  force  of  this  element  F : 


(§  231), 


g 

and  hence  for  the  angle  REG  =  TEM  ==  $>, 
which  the  resultant  R  makes  with  the  vertical 
or  the  tangent  to  the  water  profile  with  the  horizon : 

F         «?"ij 
tang1.  $  =5  -~pq-  ==  — —  • 

From  this,  therefore,  the  tangent  of  the  angle  which  the  line  of  contact 
makes  with  this  ordinate,  is  proportional  to  the  ordinate.  As  this  pro- 
perty belongs  to  the  common  parabola  (§  144),  the  vertical  section 
*AOC  of  the  surface  of  water  is  also  a  parabola  whose  axis  coincides 
with  the  axis  of  revolution  JOT. 

If  a  vessel  JlBHbe  moved  in  a  vertical  circle,  Fig.  342,  uniformly 
about  a  horizontal  parallel  axis  C9  the  surface  of  the  water  will 
form  in  it  a  cylindrical  surface  with  circular  sections  DEH.  If  we 
prolong  the  direction  of  the  resultant  R  of  the  gravity  G,  and  the 
centrifugal  force  F  of  an  element  E  to  the  intersection  O  with  the 
vertical  CK  passing  through  the  centre  of  revolution,  we  shall  then 
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obtain   the  similar   triangles    ECO    and 
EFR9  for  which 

OC  _  FR         G 

~EC  ~  EF        F" 

but  now,  if  we  put  the  radius  of  gyration 
EC  =  y^  and  retain  the  last  notation,  F 

**y   it  fniir>\x7Q  tin «t  the  line 


follows 


32,2 


•(? 


Fig.  343. 


2936 


if  u  represents  the  number  of  revolutions 
per  minute.  As  this  value  of  CO  is  one 
and  the  same  for  all  the  particles  of  water, 
it  follows  that  the  components  of  all  the 
particles  forming  the  section  DEH  are 
directed  towards  O,  and  hence  the  section  perpendicular  to  the  direc- 
tions of  these  forces,  is  a  circle  described  from  0  as  a  centre.  Ac- 
cording to  this,  the  surfaces  of  water  in  the  buckets  of  an  overshot 
wheel  form  perfect  cylindrical  surfaces,  corresponding  to  one  and  the 
same  horizontal  axis. 

§  275.  Pressure  on  the  Bottom. — The  pressure  of  water  in  a  ves- 
sel JZBCD,  Fig.  343,  immediately  un- 
der the  water  level  is  the  least,  but  be- 
comes greater  and  greater  in  proportion 
to  the  depth,  and  is  greatest  immediately 
above  the  bottom.  To  prove  this  gene- 
rally, let  us  assume  that  the  level  of  the 
water  HJR&  whose  area  may  be  _F0,  is 
uniformly  pressed  by  a  force  P0,  for  ex- 
ample, by  the  superincumbent  atmo- 
sphere, or  by  a  piston,  and  let  us  sup- 
pose the  who'le  mass  of  water  divided  by 
horizontal  planes,  as  H^R^  HZR29  into 
equally  thick  strata  of  water.  If  now 

%  be  the  thickness  or  the  height  of  such  a  stratum,  and  r  the  density 
of  water,  we  shall  then  have  the  weight  of  the  first  stratum  G^F^y, 
and  hence  the  entire  pressure  on  the  subjacent  water:  P^=zPG  +  F0*.y. 
If  we  divide  this  pressure  by  the  area  F^  of  the  following  horizontal  sec- 
tion H^RV  we  shall  obtain  the  pressure  for  each  unit  of  this  surface  ; 

p^  4.  f.2  SB*  ±£,  *y,  or,  since  JF\,  on  account  of  the  infinitely  small  dis- 
tance between  HGRG  and  JETJR^  is  infinitely  little  different  from  F09 
and  may  be  substituted  for  this:  p^  —  p0  +  *y,  where  p0  represents  the 
external  pressure  on  the  unit  of  surface.  The  pressure  of  the  suc- 
ceeding horizontal  section  HJEt^  may  be  determined  as  exactly  ..as  the 
pressure  of  the  stratum  HtRl7  if  we  take  into  consideration  that  the 
Initial  pressure  upon  the  unit  is  now  p1  =  pQ  +  *y,  whilst  it  was  then 
only  p0.  ^^e  pressure  in  the  horizontal  stratum  H2RZ  then  follows : 
Pz  a=a  -Pi  +*  *?  ssss  PQ  +  *v  +  *v  =  PQ  +  2*V  5  likewise  th6  pressure  in 
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the  third  stratum  H3R3  =  p  +  3%y,  in  the  fourth  «  pQ  +  4>.y,  and  in 
the  nth  =  p0  +  my.  But  now  n^  is  the  depth  GQGn  =  h  of  the  nth 
stratum  below  the  level  of  the  water,  hence  the  pressure  upon  each 
unit  of  surface  in  the  nth  horizontal  stratum  may  be  put:  p  =  p0+ky. 

The  depth  h  of  an  element  of  surface  below  the  water  level,  is 
called  the  head  of  water,  and  the  pressure  of  water  upon  any  unit  of 
surface  may  from  this  be  found,  if  the  externally  acting  pressure  be 
increased  by  the  weight  of  a  column  of  water  whose  base  is  this  unit, 
and  whose  height  is  the  head  of  water. 

The  head  of  water  A  on  a  horizontal  surface,  for  instance,  on  the 
bottom  CD,  is  at  all  places  one  and  the  same;  hence  the  area  of  this 
surface  =  F,  and  the  pressure  of  water  against  it  is:  P  =  (p0  +  £y) 
F  s=5  Fp0  -f-  Fhy  =  P0  +  Fhy^  or  if  we  abstract  the  outer  pressure : 
P  =  Fhy.  The  pressure  of  water  against  a  horizontal  surface  is  there- 
fore equivalent  to  the  weight  of  the  superincumbent  column  of  'water  Fh. 

This  pressure  of  water  against  a  horizontal  surface — a  horizon- 
tal bottom,  for  instance — or  against  a  horizontal  part  of  a  lateral 
wall,  is  independent  of  the  form  of 
the  vessel ;  whether,  therefore,  the 
vessel  AC,  Fig.  344,  be  prismatic 
as  a,  or  wider  above  than  below  as 
by  or  wider  below  than  above,  as  c, 
or  inclined  as  d,  or  bulging  out  as  e, 
&c.,  the  pressure  on  the  bottom  will 
be  always  equal  to  the  weight  of  a  co- 
lumn of  water  whose  base  is  the  bottom 
and  whose  height  is  the  depth  of  the 
bottom  below  the  level  of  the  water. 
As  the  pressure  of  water  transmits  itself 
on  all  sides,  this  law  is  therefore  ap- 
plicable when  the  surface,  as  J2C,  Fig. 
345,  is  pressed  upon  from  below  up- 
wards. Every  iinit  of  surface  in  the 
stratum  lying  in  BC  is  pressed  by  a 
column  of  water  of  the  height  HB  = 
RK=  h;  consequently,  the  pressure  against  CB 
area  of  the  surface. 


Fig.  344. 


F  being  the 


Fig.  345. 


Fig.  346. 


It  further  follows  from  this,  that  the  water  in  tubes  conanmnicating 
ith  each  other  MBC  and  DEf\  Fig.  346,  when  equilibrium  subsists, 
stands  equally  high,  or  that  the  two  levels  JIB  and  JEFare  in  one  and 
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the  same  horizontal  plane.  For  the  subsistence  of  equilibrium,  it  is 
requisite  that  the  stratum  of  water  HR  be  as  forcibly  pressed  down- 
wards by  the  superincumbent  column  of  water  ER9  as  pressed  up- 
wards by  the  mass  of  water  lying  below  it.  But  as  in  both  cases  the 
surface  pressed  is  one  and  the  same,  so  must  the  head  of  water  in  both 
cases  be  one  and  the  same,  therefore  the  level  JIB  must  stand  as  high 
above  HR  as  the  level  EF. 

§  276.  Lateral  Pressure. — The  laws  found  above  for  the  pressure 
of  water  against  a  horizontal  surface,  are  not  directly  applicable  to  a 
plane  surface  inclined  to  the  horizon;  for  in  this  case  the  heads  of 
water  at  different  places  are  different.  The  pressure  p  ==  hy  on  each 
unit  of  surface  within  the  horizontal  stratum  of  water,  which  lies  a 
depth  h  below  the  level,  acts  in  all  directions  (§  273),  and  conse- 
quently also  perpendicular  to  the 
fixed  lateral  walls  of  the  vessel, 
\vhich  (from  §  128)  perfectly  coun- 
teract it.  If  now  jF\  be  the  area  of 
an  element  of  a  lateral  surface  J3.BC, 
Fig.  347,  and  Ax  its  head  of  water 
FH?  we  shall  then  have  the  normal 
pressure  of  the  water  against  it :  JPX 
=  Fl  „  hir ;  if  F2  be  a  second  ele- 
ment of  the  surface,  and  7i2  its  head 
of  water,  we  shall  then  have  the 
normal  pressure  on  it:  P2  =  FJi<# ; 
and  for  a  third  element  P3  =  F3h3y, 
&c.  These  normal  pressures  form 
a  system  of  parallel  forces,  whose 
resultant  P  is  the  sum  of  these  pressures ;  therefore  P  =  (FJi^  +  FJi^ 
+  *..)r-  But  now,  further,  FJi^  -f-  FJi^  +  . . .  is  the  sum  of  the 
statical  moments  of  Fiy  jP2,  &c.?  with  respect  to  the  surface  OUR  of 
the  water,  and  =  Fhy  F  representing  the  area  of  the  whole  surface, 
and  h  the  depth  SO  of  its  centre  of  gravity  below  the  level ;  hence, 
the  aggregate  normal  pressure  against  the  plane  surface  is  P  =  Fhy. 
We  mean  here,  by  the  head  of  water  of  a  surface,  the  depth  SO  of 
its  centre  of  gravity  below  the  level  of  the  water ;  the  general  rule, 
therefore,  is  true  that :  the  pressure  of  water  against  a  plane  surface  is 
equivalent  to  the  weight  of  a  column  of  water  whose  base  is  the  surface 
and  whose  fieight  is  the  head  of  water  of  the  surface. 

It  must  further  be  stated,  that  this  pressure  of  the  water  is  not  de- 
pendent on  the  quantity  of 

Fig.  348.  water    which    is    before   or 

below  the  pressed  surface, 
that  therefore,  for  example, 
a  flood-gate,  JiC,  Fig.  348, 
under  otherwise  simrtar  cir- 
cumstances, has  to  sustain 
the  same  pressure,  whether 
the  water  to  be  dammed  up 
be  that  of  a  small  sluice 
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J2CEF,  or  that  of  a  larger  dam  ACGH,  or  that  of  a  great  reservoir. 
From  the  breadth  JIB  =  CD  =  b  and  height  AD  =  BC  =  a  of  a  rec- 


tangular flood-gate,  F  • 
the  pressure  of  water 


aby  and  the  head  of  water  SO 


~;  hence 


P  -  ab  .  « 


Therefore  the  pressure  increases  as  the  breadth,  or  as  the  square  of 
the  height  of  the  pressed  surface. 

^Example.  If  the  water  stand  3£  feet  high   before   a  board  of  oak  4  feet  broad,  5  feet 
high,  and  2£  inches  thick,  what  will  be  the  force  required  to  draw  it  up  ?     The  volume 

5         25 
of  the  board  is  4  .  5  .  —  =  —  cubic  feet.     If  now  we  take  the  density  of  oak  saturated 

24          6 
with  water  from  §  58  at  6275  X   1,11  =  67,3  Ibs.,   the  weight   of  this   board   will  be: 

25 

G    ssss.  -— - .  67,3  ass  280,5  Ibs.     The  pressure  of  the  water  against  the  board,  and  also  the 
6 

pressure  of  this  last  against  the  guides  will  be : 

JP  =ss  —  .  (— J    .  4  .  62,5  =r  49  .  30,25  =  1531,25  Ibs.  5  if  now  we  take  the  co-efficient 

of  friction  for  wet  -wood  from  §  161,  /  =  0,68,  the  friction  of  this  board  against  its 
guides  will  be  F  =/  JP  ==  0,68  .  1531,25  =  1041,25  Ibs.  If  to  this  be  added  the 
weight  of  the  board,  we  shall  obtain  the  force  required  to  pull  it  up  =  1041,25  -f-  67,3 
=  1108,55  Ibs. 

§  277.    Centre  of  Pressure. — The  resultant  P  =  Fhy  of  the  col- 
lective elementary  pressures  FJitf, 

""  "  ""  '  Fig.  349 


&c.,  has,  like  every  other 
system  of  parallel  forces,  a  definite 
point  of  application,  which  is  called 
the  centre  of  pressure.  Equili- 
brium will  subsist  for  the  whole 
pressure  of  the  surface,  if  this  point 
be  supported.  The  statical  mo- 
ments of  the  elementary  pressures 
FJitfy  FJizy9  &c.,  with  respect  to 
the  plane  of  the  level  OHR,  Fig. 
349,  are:  FJip  .  h±  »  -P\A/y, 
FJi^y*,  &c,  ;  therefore,  the  statical 
moment  of  the  whole  pressure  with 
respect  to  this  plane  is  :  (FJi*  + 

.  .  .)  y.     If  we  put  the  distance  KM  of  the  centre  M  of  this 


pressure  from  the  level  of  the  water  =  z,  we  shall  then  have  the  mo- 
ment of  pressure  =  Pz  =  {F^  +  FJi^r  •  •  -)  ^y>  and  by  equating  both 
moments,  the  depth  in  question  of  the  centre  Jfef  below  the  surface: 


or 


Fh 


if,  as  before,  F  represent  the  area  of  the  whole  surface,  and  k  the 
depth  of  its  centre  of  gravity  below  the  surface.  To  determine  this 
pressure  completely  we  must  know  further  its  distance  from  another 
plane  or  line*  If  we  put  the  distances  F^G^  F^G^  &e«,  of  the  ele- 
ments of  the  surface  -F\F2,  &c.,  from  the  line  MCwhwh  determines 
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the  angle  of  inclination  of  the  plane  =  yfa,  &c.,  we  shall  then 
have  the  moments  of  the  elementary  pressures  with  respect  to  this 
line  =  FJi&v,  FJi&#,  &c.,  therefore,  the  moment  of  the  whole  sur- 
face =  (jFAyi  +  F^Jf*  +  •  0  y?  and  if  we  rePresent  the  distance 
MJV  of  the  centre  JV  from  this  line  by  v,  we  shall  then  have  the  mo- 
ment also  =  (FA  +  FJi9  +  •  0  v?  ;  if?  lastly,  we  make  both  moments 
equal,  we  shall  obtain  the  second  ordinate  : 

2.  v  -  *V^  +  ^Aft+'^nr  = 

If  a  be  the  angle  of  inclination  of  the  plane  ABC  to  the  horizon, 
and  XK  T&  &c.9  the  distances  F^R19  F2R2,  &c.,  of  the  elements  F19  FZ9 
&c.,  as  likewise  u  the  distance  of  the  centre  of  pressure  M  from  the 
line  of  intersection  JIB  of  the  plane  with  the  level  of  the  water,  we 
shall  then  have: 

^     -~=    Xl  Sin.   a,   \  =    272  SMI.   a,   &C.,   3S  Well   aS  Z  =    Z£  5171.    a; 

and  if  these  values  be  put  into  the  expressions  for  z  and  v9  we  shall 
then  obtain: 

+  jPVgaa  +  .  .        moment  of  inertia 


u 


+  Fzxz  4-  ,  . 
i  +  ^aya  +  - 


statical  moment 

centrifugal  moment 
^  ^  +  I^xz  +  . .  statical  moment 

We  may,  therefore,  find  the  distances  u  and  v  of  the  centre  of 
pressure  from  the  horizontal  axis  AY,  and  from  the  axis  AX  formed 
by  the  line  of  fall,  if  we  divide  the  statical  moment  of  the  surface  with 
respect  to  the  first  axis,  once  by  its  moment  of  inertia  with  respect 
to  the  same  axis,  and  a  second  time  by  its  centrifugal  moment  with 
respect  to  both  axes.  The  first  distance  is  at  once  the  distance  of 
the  centre  of  suspension  from  the  line  of  intersection  with  the  line  of 
the  water  (§  251).  It  is  easy  to  see  that  the  centre  of  pressure  coin- 
cides perfectly  with  the  centre  of  percussion,  determined  in  §  270,  if 
the  line  of  intersection  ^Fof  the  surface  with  the  level,  be  regarded 
as  the  axis  of  revolution. 

If  the  pressed  surface  is  a  rectangle  AC,  Fig.  350,  with  horizontal 
base  CD,  the  centre  of  pressure  M.  will  be  found  .in  the  line  LK  let 
fall  upon  CD  bisecting  the  basis,  and  will  be  distant  f  of  this  line 
from  the  side  AB  in  the  surface  of  water.  If  this  rectangle  does  not 


Fig.  350. 


Fig.  351. 


Fig.  352. 


reach  the    surface  as  in  Fig.  351,  if  further  the  distance  KL  of  the 
lower   base  CD  from  the   surface  be  119  and  that  of  the   upper   base 
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JIB  =  /2,  we   then  have  the  distance  KM  of  the  centre  of  pressure 
from  the  fluid  surface: 

7  3 /  3 

u  <=  f  .   **       /2  . 

J  ^  2 7  2 

For  the  case  of  a  right-angled  triangle  ABC,  Fig.  352,  whose 
base  JIB  lies  in  the  fluid   surface,  the  distance  KM  of  the  centre  of 

I  F.I2 


pressure  M  from 


223),  u 


=  J  /,  if  I  represent  the 


height  BC  of  the  triangle,  and  the  distance  of  the  same  point  from 
the  other  leg,  as  this  point  in  every  case  lies  in  the  line  CO  bisecting 
the  triangle,  which  passes  from  the  point  O  to  the  middle  point  of  the 
base,  JVJVf  =  v  =  J  6,  where  b  represents  the  base  JIB. 

If  the  point  C  lies  in  the  surface,  as  in  Fig,  353,  therefore,  the 
base  JIB  below  this  point,  we  have 


KM 


U    5= 


f/  and  JVJlf  =  v 


Fig.  353. 


'2 

Fig.  354. 


If  the  whole  triangle  JlBC,  Fig.  354,  be  under  water,  if  the  base 
JIB  is  at  a  distance  JLH  =  /2,  and  the  point  a  distance  CH  »  ll 
from  the  surface  HRy  we  then  have  the  distance  MK  from  the  sur- 
face HR: 


*»  —  4 


+ 
31 


2  (/,  +  2  4) 

In  a  similar  manner  the  centres  of 
pressure  may  be  determined  for  other 
figures. . 

JSxampk.  What  force  JT  must  be  expended  to 
draw  up  a  trap-door  *AC  turning  about  an  axis 
JEF,  Fig.  355?  Let  its  length  CJL  =  li  feet, 
its  breadth  EF  =  1§  feet,  its  -weight  s=  35  Ibs.j  . 
further,  the  distance  CJT  of  the  axis  of  revolu- 
tion C  from  the  surface  J£/^  measured  in  the 
plane  of  the  door,  =  1  foot,  and  the  angle  of 
inclination  of  this  plane  to  the  horizon  sss  68°. 

27 


Fig.  355. 
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pressed  surface  is  F  ss  f-  .  -  =  !£  square  feet,  and  the  head  of  water  or  the  depth  of 


its  centre  of  gravity  below  the  surface,  h  =  HSsin.  a  =  (HC+CS')  sin.  a 

a  —  (i  4-  1  .  t}  sin.QS0  =  H  ««.68°   =   13'°-92718  =  1,5067  feet;  hence,  the 
\    ^  8      4  /  8  8 


pressure  of  water  on  the  surface  is.  P  =  Fhy  =  I£  .  1,5007  .  66  =  186,45  Ibs.     The 

8 

arm  of  this  force  about  the  axis  of  revolution  is  the  distance  CM  of  the  centre  of  pres- 
sure M  from,  this  axis:  therefore  =  HM  —  HC 

f.LY_f±V 

_2       t8  —  tf_7sssrj.      V4/         \4/  1_   1       729  —  64  _  ^ 

--  3"  '  ii2  —  lf~~  a~~    3       /JiY/jLY  6'     31  —  16 

=  0,705  ft.;  hence  the  statical  moment  of  the  pressure  of  water  =  186,45  .  0,705  = 
131,40  ft.  Ibs.  If  the  centre  of  gravity  S  of  the  trap-door  lies  about  half  the  length 

f4o  _    *       JL  =  —  feet  from  the  axes  of  revolution,  the  arm.  CD  of  the  weight  of  the 
a    "    4  8 

revolving  door  will  be  =  CS  cos.  «  =  JL  .  cos.  68°  =  JL  •  °>3746   =  0,2341   ft.,  and 

8  o 

hence  the  statical  moment  of  this  weight  =  35  .  0,2341  =  8,19  ft.  Ibs.  By  the  addition 
of  both  moments,  we  obtain  the  whole  moment  for  drawing  up  the  trap-door  =  131,46 
-f-  8,19  =  139,65  ft.  Ibs.j  and  if  the  force  K  for  this  eflect  act  at  the  arm  CJ1  =  1,25 

feet  its  amount  will  be  =  -  2  —  =  112  Ibs. 

1,25 


§  279.  If  water  presses  against  both  sides  of  a  plane  surface 
Fig.  356,  there  arises  from  the  resultant  forces  corresponding  to  the 

two   sides   a  new  resultant,  which  is   ob- 
Fig.  356.  tained  by  the  subtraction  of  the   former, 

because  these  two  act  oppositely  to  each 
other. 

If  F  is  the  area  of  the  pressed  portion  on 
the  one  side  of  the  surface  JIB,  and  h  the 
depth  JlS  of  its  centre  of  gravity  below  the 
level  of  the  water;  further,  Fl  the  area  of 
the  portion  J^l  B^  on  the  other  side  of  the 

_      surface,  and  hi  the  depth  Jl^  S1  of  its  cen- 

tre of  gravity  below  the  corresponding  level 
of  the  water,  we  then  have  for  the  resultant  sought,  P  =  Fhy  — 


If  the  moment  of  inertia  of  the  first  portion  of  the  fluid  surface  with 
respect  to  the  line  in  which  the  plane  of  the  surface  intersects  that  of 
the  water,  =  Fx2,  the  statical  moment  of  the  pressure  of  water  of  the 
one  side  is,  therefore,  =  Jbr5  .  y;  if,  further,  the  moment  of  inertia 
of  the  second  portion  with  respect  to  the  line  of  intersection  with  the 
second  surface  of  water  ass  -P^2,  the  statical  moment  of  the  pressure 
of  water  of  the  other  side  about  the  axis  lying  on  the  second  surface 
is  then  =  F^fy.  Further,  if  the  distance  JMl^  of  the  axes  =  a,  we 
then  obtain  the  augmentation  of  the  last  moment  in  its  transit  from  the  • 
axis  ~#x  to  the  axis  ^3,  =  F^  ay9  and  hence  the  statical  moment  of  the 
pressure  of  water  with  respect  to  the  axis  in  the  first  surface 

—  *X2y  +  JF^A,  .  a  .  y  —  (/X2  +  F^hJ  y. 
From  this,  then,  it  follows  that  the  statical  moment  of  the  difference 
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of  both  mean  pressures  ~  (For2  —  F^2  —  a  FJi^  y,  and  the  arm  of 
this  latter  force,  or  the  distance  of  the  centre  of  pressure  from  the  axis 
in  the  first  surface  of  water  is  : 


u  - 


If  the  portions  of  surface  pressed  are  equal     Fig.  357. 

to  one  another,  which  takes  place  when,  as 
Fig.  357  represents,  the  entire  surface  AB  is 
below  the  water,  we  have  then  more  simply 
P  =  F  (h  —  AJ  r  and  u  =  A;  the  last,  be- 
cause h  —  ht  =  a,  and  x*  =  x2  —  2  a  h  + 
a2  (§  217).  In  the  last  case,  therefore,  the 
pressure  is  equivalent  to  the  weight  of  a  co- 
lumn of  water,  whose  base  is  the  surface 


pressed,  and  whose  height  is  the  difference  of  altitude  jRjHx  of  both 
surfaces  of  water,  and  the  centre  of  pressure  coincides  with  the  centre 
of  gravity  S  of  the  surface.  This  law  is  also  further  correct  if  both 
surfaces  of  water  are  besides  further  pressed  by  equal  forces,  for  ex- 
ample, by  a  piston  or  by  the  atmosphere.  For  this  pressure  upon 
each  unit  of  surface  =  p9  and  therefore  the  corresponding  height  of 

a  column  of  water  x  =  £-  (§  275),  we  have  then  to  substitute  for  A, 

r 

h  +  x,  and  for  hv  Ax  +  x  ;  and  by  subtraction,  we  have  the  residuary 
force  P  =  (h  +  x  —  [Ax  +  x]  )  Fy  =  (A  —  AJ  Jy.  For  this  reason, 
the  pressure  of  the  atmosphere  in  hydrostatic  investigations  is  gene- 
rally left  out  of  consideration. 

Example.  The  height  AB  of  the  upper  surface  of  water  in  a  canal,  Fig.  356,  amounts 
to  7  feet,  the  water  in  the  lock  stands  4  feet  high  at  the  sluice-gate,  and  the  breadth  of  the 
canal  and  of  the  lock  measure  7,5  feet,  what  mean  pressure  has  the  sluice-gate  to 
sustain  ?  It  is  F  =  7  .  7,5  =  52,5,  and  F^  =r  4  .  7,5  =  30  square  feet.  Further,  h  = 

—  .  7  —-  —  and  h.  <--  1  -—  2  feet,  a  =  7  —  4  =  3  feet,  a?  =  1  .  7*  =  !£  and  x?  = 

2  22  3  '    3        . 
i                 i  f\                                                                      •                                             r 

—  .  4fl  =  _;  hence  it  follows,  that  the  mean  pressure  sought  is  :  P  =  (.F&  —  J^A)  y 

3  3 

w  (52,5  .  -Z  —  30  .  2)  .  62,5  =  123,75  .  62,5  =  7734,375  Ibs.  ;  and   the    depth  of  its 
point  of  application  below  the  surface  of  the  water  is  : 
52,5  .  —  —  .  30  '  .  !£  _  3  .  60 


52,5  .  i  _  60 

§  280.  Pressure  in  a  Definite  Direction.  —  In  many  cases  it  is  of 
importance  to  know  only  one  part  of  the  pressure  acting  in  a  definite 
direction  upon  a  surface.  '  In  order  to  find  this  component,  we  resolve 
the  normal  pressure  MP  =  P  of  the  surface  J1C  =  F>  Fig.  35S,  in 
the  given  direction  JfcQf,  and  in  the  direction  MY  perpendicular  to  it 
into  two  component  pressures  MPl  —  P19  and  MPZ  =  Py  Let  a  be 
the  angle  PMX9  which  the  normal  in  the  given  direction  MX  makes 
with  the  component,  we  shall  then  obtain  for  the  components;  Pi  =  P 
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Fig,  358. 


cos.  a  and  P2  =  P  sin.  a.  Let  a  pro- 
jection Jl:  Bl  CD  of  the  surface  JIB  be 
made  on  a  plane  at  right  angles  to  the 
given  direction  JkOf,  we  shall  then  have 
for  its  area  F19  the  formula  F^  =  F  .cos. 
JiDJi^  or  since  the  angle  of  inclina- 
tion ADJll  of  the  surface  from  its  pro- 
jection is  equal  to  the  angle  PJVLX  = 
a  between  the  normal  pressure  P  and 
its  component  Px,  we  then  have  Fl  =  F 

cos.  a,  or  inversely  :  cos.  a  =  -JJ, 


r^ 

L  =  P  .  __*.     But  as  the  normal 
jp1 


hence 

pressure  P  =  Fhy^  it  follows  finally  that  PI  =  F^hy^  i.  e.  the  pressure 
with  which  water  presses  against  a  surface  in  a  given  direction,  is  equal 
to  the  weight  of  a  column  of  water  which  has  for  base  the  projection  of 
Hie  surface  perpendicular  to  the  given  direction^  and  for  height,  the 
depth  of  the  centre  of  gravity  of  the  surface  below  that  of  the  water. 

It  is  important,  in  most  cases  of  application,  to  know  only  the  verti- 
cal or  the  horizontal  component  of  the  pressure  of  water  against  a 
surface.  Since  the  projection  at  right  angles  to  the  vertical  direction 
is  the  horizontal,  and  the  projection  at  right  angles  to  the  horizontal 
direction,  a  vertical  projection,  the  vertical  pressure  of  water  against 
a  surface  may  be  found,  if  the  horizontal  projection  or  its  trace  be  con- 
sidered as  the  surface  pressed,  and  on  the  other  hand  the  horizontal 
pressure  of  the  water  in  any  direction  may  be  also  found,  if  the  verti- 
cal projection  or  the  elevation  of  the  surface  at  right  angles  to  the  given 
direction  be  considered  as  the  surface  pressed,  but  in  both  cases  the 
depth  of  the  centre  of  gravity  of  the  surface  below  that  of  the  water 
taken  as  the  head  of  water. 

For  a  prismatic  dam  J1CH,  Fig.  359,  the  longitudinal  profile  EG 

for  the  horizontal  pressure  of  the 

Fig.  359.  water  and  the  horizontal  projec- 

tion EL  of  the  surface  of  water 
for  the  vertical  pressure  must  be 
regarded  as  the  surfaces  press- 
ed. Hence,  if  the  length  JIG  of 
the  darn  =  /,  the  height  J1E  =  h, 
and  the  front  slope  EF  =  a9  we 
have  then  the  horizontal  pressure 

of  the  water  —  7t     h          l  ™  7 


-y         0  J 


and  its  vertical  pressure 


*l  *  n*t  =  \  alh7. 


If  now,   further,  the 


upper  breadth  of  the  top  of  the  dam  =  &,  the  slope  at  the  back  CD 
as*  al9  and  the  density  of  the  mass  of  the  dam  =  yx,  we  then  have  the 
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weight  of  the  dam  =  /&  +  a  +  gl\£/yx,  and  the  whole  vertical  pres- 
sure of  this  against  the  horizontal  bottom 


If  we  put  the  co-efficient  of  friction  =/,  then  the  friction  or  force  to 
push  the  dam  forward  is: 


In  the  case  where  the  horizontal  pressure  of  the  water  is  to  effect  this 
displacement,  we  have: 


+  f-±-fi)yi]/M,  or  more  simply  : 
A  =y  £a  +  (2  b  +  a  +  Ot)^]. 


Therefore,  in  order  that  the  dam  may  not  be  pushed  away  by  the 
water,  we  must  have  : 


—  b  °r, 


For  safety  we  assume  that  the  base  of  the  dam  is  quite  permeable, 
on  which  account  there  is  further  a  counter  pressure  from  below  up- 
wards «=  (b  +  a  +  aj  /Ay  to  abstract,  and  we  may  put 


h   <:/  [(2*  +  a  +  a,)  (^  -  l)-«T]. 


Example.  The  density  of  the  mass   of  a  clay  dam  is  nearly  twice  as  great  as  that  of 

water,  therefore,  2lL  s==  2  and  2lL  —  1  =  1  j  hence,  for  such  a  dam  we  may  put  simply 

T  ¥ 

h  >  /  (2  6+  a).     According  to  experience,  a  dam  will  resist  a  long  time  if  its  height, 
slope  and  breadth  at  the   top  are   equal   to   one  another  5  if  in  the  last  formula  we  put 

h a=s  b  =«,  then/  =  — ,  whence  we  must  in  other  cases  put: — 
3 

hsss  —  f(26+  «+  «0  (—  —  l")  —  «il  >  and  for  clay  dams  especially,  A  ss=  JL    (2  ^ 
3  L.  \  y  /  J  3 

-f-  «),  and  inversely,  b   =  jr .     If  the  height  of  the  dam  be  20  feet,  and  the  angle 

ji 

of  slope  a,  =  36°,  the  slope  a  will  be 

=  h  cotg.  *  =  20  .  wig.  36°  =  20  . 1,3764  =  27,53  feet, 

60  —  27  53 
arid  hence  the  upper  breadth  of  the  dam  b  = =  16,24  feet. 

j£i 

§  281.  Pressure  on  Curved  Surfaces. — The  law  found  in  the*  last 
paragraph  on  the  pressure  of  water  in  a  definite  direction  is  true  only 
for  plane  surfaces,  or  for  the  separate  elements  of  curved  surfaces,  but 
not  for  curved  surfaces  in  general.  The  normal  pressures  on  the 
separate  elements  of  a  curved  surface  may  be  resolved  into  lateral 
components  parallel  to  a  given  direction,  and  into  others  acting  in  the 
plane  normal  to  it ;  these  components  form  a  system  of  parallel  forces, 
whose  resultant  gives  the  pressure  in  the  given  direction,  and  these 
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components  may  be  reduced  to  a  resultant,  but  the  two  resultants 
admit  of  no  further  composition  when  their  directions  do  not  intersect. 
It  is  not  possible  in  general  to  reduce  the  aggregate  pressures  against 
the  elements  of  a  curved  surface  to  a  single  force,  but  particular  cases 
present  themselves  where  this  composition  is  possible. 

Let  G,,  G2,  G3,  &c.,  be  the  projections,  and  hiy  A2,  h3,  &c.,  the 
heads  of  water  of  the  elements  F19  F2,  F3,  &c.,  of  a  curved  surface, 
we  then  have  the  pressure  of  water  in  the  direction  perpendicular  to 
the  plane  of  projection  : 

pl  -  (GA  +  GA  +  G3h3  +  .  .  o  y, 

and  its  moment  with  respect  to  the  plane  of  the  surface  of  water. 

PJA  =  (GA2  +  GA2  H-  <W  +  •••)?• 

If  the  curved  surface  pressed  upon  can  be  decomposed  into 
elements  which  have  a  uniform  ratio  to  their  projections,  we  may 
then  put 

_L  -as  ±*  »  _X  &c.,  =  n,  we  then  have: 

~~~^   /•>    "^   /">  *         * 


1 

1  \      71  7X 

or,  since    the   ratio   of  the    entire   curved  surface  F  to  its  projection 

F  - 

G,  i.  e.  —  is  =  n, 


* 

p  _  _  y  s-  GAy  ;  in  this  case  we  have,  as  for  every  plane  sur- 

n 

face,  the  pressure  in  any  direction  equivalent  to  the  weight  of  a  prism 
of  water,  whose  basic  surface  is  at  right  angles  to  the  projection  of 
he  curved  surface  in.  the  given  direction,  and  whose  height  is  equal 
to  the  depth  of  the  centre  of  gravity  of  the  curved  surface  below  the 
surface  of  water. 

So,  for  example,  the  vertical  pressure  of  water  against  the  envelope 
of  a  conical  vessel  ACB,  filled  with  water,  Fig. 
Fig.  360.  _  360,  is  equal  to  the  weight  of  a  column  of  water 
which  has  the  bottom  for  its  base,  and  two-thirds 
of  the  length  of  the  axis  CJkf  for  height,  be- 
cause the  horizontal  projection  of  the  envelope  of 
a  right  cone  upon  its  base,  as  likewise  the  en- 
velope, may  be  resolved  into  exactly  similar  tri- 
angular elements,  and  because  the  centre  of 
gravity  S  of  the  surface  of  the  cone  is  distant 
two-thirds  of  the  height  of  the  cone  from  the 
vertex  (§  110),  If  r  be  the  radius  of  the  base, 
and  k  the  height  of  the  cone,  we  shall  then  have 
the  pressure  against  the  bottom  =  ft^hy^  and  the 


o 

vertical  pressure  against  the  envelope  =  —  *r2Ay,  but  as  the  bottom  is 

o 

rigidly  connected  with  the  sides,  and  both  pressures  act  opposed  to 
each  other,  the  force  with  which  the  vessel  is  pressed  downwards  by 
the  water  is  : 
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Fig.  361. 


Fig.  362. 


to  the  weight  of  the  whole  mass  of  water.  If  the  bottom  be  separated 
by  a  fine  cut  from  the  envelope,  this  will  then  press  with  its  full  force 
xT^hy  downwards,  or  on  its  support,  and  on  the  other  hand  it  would 

2 

be  necessary  to  hold  down  the  envelope  with  a  force  —  xr^hy  to  prevent 

3 

its  being  raised  off. 

Remark.  From  this  the  force  which  the  steam  of  a  steam- 
engine  or  the  water  of  a  water-column  machine  exerts  on  the 
piston,  is  independent  of  the  form  of  the  piston.  Whether  the 
surface  of  pressure  be  augmented  by  being  hollowed  out  or 
rounded,  the  pressure  with  which  the  steam  or  water  pushes 
forward  the  piston  is  equivalent  to  the  product  of  the  cross 
section  or  horizontal  projection  of  the  piston  and  the  pressure 
on  a  unit  of  surface.  The  pressure  on  the  larger  surface  of  a 
funnel-shaped  piston  j2E,  Fig.  361,  whose  greater  radius  CJ1 
sss  CB  =  r  and  lesser  radius  GD  =  GJE  =  r,,  is  =  wr^,  and 
the  reaction  upon  the  envelope  =  vr  (r3  —  rf)  p  •  hence,  the 
residuary  effective  pressure  is  =  vrr^p  —  «•  (r3  —  rta)  p  s=  vrr?p 
=  the  cross  section  of  the  cylinder  multiplied  by  the  pressure 
on  a  unit  of  surface. 

§  282.  Horizontal  and  Vertical  Pressure, — 
Whatever  may  be  the  form  of  a  curved  surface, 
jiB,  Fig.  362,  the  horizontal  pressure  of  the  water 
against  it  is  always  equivalent  to  the  weight  of  a 
column  of  water,  whose  base  is  the  vertical 
projection  j31JB1  of  the  surface  perpendicular 
to  the  given  direction  of  pressure,  and  whose 
height  of  pressure  is  the  depth  CS  of  the 
centre  of  gravity  S  of  the  projection  below 
the  surface  of  water.  The  correctness  of 
this  follows  directly  from  the  formula  P5  = 
(GJi^  +  G?h2  +  .  .  .)  y,  when  we  consider 
that  the  height  of  pressure  hl9  A2,  &c.,  of  the 
elements  of  the  surface  are  also  the  heights 
of  pressure  of  their  projections,  that,  there- 
fore, GJt^  +  G2h2  +  ...  is  the  statical 
moment  of  the  whole  projection,  i.  e.  the 
product  Gh  of  the  vertical  projection  G  #nd 
the  depth  h  of  its  centre  of  gravity  below  the  surface  of  water.  We 
have  here,  therefore,  again  to  put  Px  =  GAy,  and  to  consider,  h  as  tfie 
height  of  pressure  of  the  vertical  projection. 

The  vertical  section  which  divides  a  vessel  containing  water  into 
two  equal  or  unequal  parts,  is  at  once  the  vertical  projection  of  the 
two  parts,  but  the  horizontal  pressure  on  one  part  of  the  wall  of  the 
vessel  is  proportional  to  the  product  of  its  vertical  projection  and  to 
the  depth  of  its  centre  of  gravity  below  the  surface  of  the  water,  con- 
sequently the  horizontal  pressure  on  a  part  of  the  wall  of  the.  vessel  is 
exactly  equal  in  amount  to  the  oppositely  acting  horizontal  pressure 
on  the  part  opposite,  and  consequently  the  two  forces  balance  each 
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Fig.  363. 


Fig.  364. 


other  in  the  vessel ;  the  whole  vessel   is  therefore  equally  pressed   by 
the  enclosed  water  in  all  horizontal  directions. 

If  an  opening  O  be  made  in  the  side  of  a  vessel  HER,  Fig.  363, 

the  part  of  the  pressure  corresponding  to 
the  section  of  this  opening  disappears, 
and  the  pressure  on  the  oppositely  situ- 
ated portion  of  the  surface  F  now  comes 
into  action.  Whilst,  therefore,  the  water 
flows  out  at  the  lateral  aperture,  an  equal 
distribution  of  the  horizontal  pressure  no 
longer  takes  place  over  the  whole  extent, 
and  there  ensues  a  reaction  opposite  to 
the  motion  of  the  flowing  water:  P  =  Fhy,  F  being  the  projection  of 
the  aperture,  and  h  the  height  of  pressure  of  its  projection.  By  this 
reaction  the  vessel  may  be  set  into  motion. 

The  vertical  pressure  of  water  is  P^  =  GJi&  against  an  element  of 
surface  Fi9  'Fig.  364,  of  the  side  of  the  vessel,  since  the  horizontal 
projection  G1  may  be  regarded  as  the  transverse 
section,  and  the  height  of  pressure  h:  as  the 
height,  and  therefore  OJi^  as  the  volume  of  a 
prism,  equivalent  to  the  weight  of  a  column  of 
water  HF^  incumbent  on  the  element,  and  reach- 
ing the  surface  of  the  water.  The  elements  of 
the  surface  which  make  up  a  finite  part  of  the 
bottom,  or  side  of  the  vessel,  hence  suffer  a  ver- 
tical pressure  which  is  equivalent  to  the  weight 
of  all  the  incumbent  columns  of  water,  L  e.  to 
the  weight  of  a  column  of  water  incumbent  on 
the  whole  portion.  Let  this  volume  =  V19  we 
then  obtain  for'  the  vertical  pressure  P  =  Fl7. 
For  another  portion  ^^B19  which  lies  vertically 
above  the  former,  we  have  the  vertical  pressure 
opposed  to  it  Q  =  F~2y ;  but  if  both  portions  are 
rigidly  connected  with  each  other,  there  results 

from  the  two  forces  the  force  acting  vertically  downwards  JR  — 
(y V )  y  =s  Fy  =  to  the  weight  of  the  columns-  of  water  contained  be- 
tween the  two  portions  of  the  surface.  If,  lastly,  we  apply  this  law  to 
the  whole  vessel,  it  follows  that  the  aggregate  vertical  pressure  of  the 
water  crgainst  the  vessel  is  equivalent  to  the  weight  of  the  enclosed  mass 
of  water. 

§  283.  Thickness  of  Pipes. — The  application  of  the  laws  of  the 
pressure  of  water  to  pipes,  boilers,  &c.,  is  of  particular  importance. 
That  these  vessels  may  adequately  resist  the  pressure,  and  be  pre- 
vented bursting  from  its  effect,  we  must  give  a  certain  thickness  to 
their  sides,  corresponding  to  the  head  of  water  and  the  internal  width. 
The  bursting  of  a  pipe  may  take  place  in  various  ways,  viz.,  trans- 
versely or  longitudinally;  the  latter  happens  more  frequently  than  the 
former,  as  will  be  soon  understood  from  what  follows. 
,  The  width  of  the  pipe  BD  =  2r9  Fig.  365,  and  the  head  of  water 
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A,  therefore  the  pressure  on  a  unit  of 
-surface  p  —  £r,  we  then  have  the  whole  pres- 
sure in  the  direction  of  the  axis  of  the  pipe 
^rtrip=i<.r3'hv\  if  the  thickness  of  the  side 
JlB=DE=e,  we  then  have  the  transverse 
section  of  the  mass  of  the  pipe  =  *  (r+e)2 

—  xr2=2*tre+rte2=2rtre  (l  +  —V  and  if 

\          2  TV 

lastly  we  put  the  modulus  of  elasticity  =K, 
we  then  have  the  pressure  for  rupture  over 
the  whole  section  of  the  pipe 


Fig.  365. 


_ 

for  this  reason  we  have  now  to  put: 


or  approximately  and  more  simply  2  e  K==  rp, 
and  hence   the  thickness  of  the   pipe  e  =    ^-¥— 


2K* 


In  order, 


therefore,  to  avoid   any  transverse   rent  in  the   pipe  or  in  the  boiler, 


the  thickness  of  the  sides  must  be  made  e 


rp 


Of  all  longitudinal 


•rents,  AE,  LH,  &c.,  those  running  diametrically,  such  as  JIE^  take 
'place  the  most  easily,  because  they  have  the  smallest  area,  whence 
we  must  only  take  these  into  account.  Let  us  consider  a  portion  of 
a  pipe  of  the  length  /,  and  let  us  have  regard  to  the  occurrence  of  a 
rent  of  the  length  /,  we  then  obtain  a  transverse  section  of  the  surface 
of  separation  =  /£,  and  hence  the  force  for  rupture  in  this  surface  leK. 
For  two  oppositely  situated  rents  this  force  is  =  2  £eJBT,  whilst  the 
pressure  of  water  for  each  half  of  the  pipe  is  proportional  to  the  trans- 
.verse  section  2  rl,  and  hence  is  =  2  rip.  By  equating  the  two  ex- 
pressions, it  follows  that  2  leK=  2  rip,  i.  e.  e  K  =  rp,  therefore  the 

thickness  e  =  I2L  To  provide  against  longitudinal  rents,  the  sides 
jnust  be  made  as  thick  again,  as  to  provide  against  transverse  rents, 

From  the  formula  e  =  ^-  =  -^=~,  it  follows  that   the  strength  of 

K.  J\. 

similar  pipes  is  as  the  widths  and  as  the  heads  of  water  or  pressures 
upon  a  unit  of  surface.  A  pipe  three  times  the  width  of  another, 
which  has  five  times  the  pressure  to  sustain  on  each  unit  of  surface 
that  the  other  has,  must  have  its  sides  fifteen  times  as  thick. 

Hollow  spheres,  which  have  to  sustain  a  pressure  p  from  within 

on  each  unit  of  surface,  require  a  thickness  e  ==  J*L.*  because  here 
the  projection  of  the  surface  of  pressure  is  the  greatest  circle  *r%  and 
the  surface  of  separation  the  ring  2  #re  fl  +  ^-\,  or  approximately 

for  a  smaller  thickness  =  2  *tre* 

The  formula  found  give  for  p  ***  <?,  also  e  «*  o+  for  this  reason, 
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therefore,  pipes  which  have  no  internal  pressure  to  sustain,  may  be 
made  indefinitely  thin ;  but  as  each  pipe  must  sustain  a  certain  pres- 
sure from  its  own  weight,  we  must  still  give  to  it  a  certain  thick- 
ness eI9  to  obtain  the  strength  of  a  tube  which  will  resist  under  all 
circumstances.  Hence,  for  cylindrical  pipes  or  boilers  we  must  put 

e  asr  e1  H — ^-2-.,  or  more  simply,  if  d  represents  the  interior  diameter  of 

jCL 

the  pipe,  Tithe  pressure  in  atmospheres,  each  corresponding  to  a  column 
of  water  33  ft.  high,  and  p-  a  number  from  experiment  e  ~  e1  +  j*nd. 
From  experiments  made  we  must  take  for  pipes  of 

Iron  plate  .  .  .  e  =  0,00086  nd  -f-  0,12  inches 
Cast  iron  .  .  .  e  =  0,00238  nd  -f-  0,33  " 
Copper  .  .  .  .  e  =  0,00148  nd  -f-  0,16  " 
Lead  *  .  .  .  e  =  0,00242  nd  +  0,20  «« 
Zinc  .  .  .  .  e  =  0,00507  nd  +  0,16  « 
Wood  .  .  .  .  e  =  0,0323  nd  +  1,04  « 
Natural  stones  .  .  e  ==  0,0369  nd  +  1,15  " 
Artificial  stones  .  .  e  =  0,0538  nd  +  1,53  " 

Example.  If  a  perpendicular  -water-column  machine  lias  cast-iron  pipes  of  10  inches 
inner  width,  how  thick  must  these  be  at  JOG,  200,  and  300  feet  depths?  From  the  for- 
mula, for  100  ieet  pressure,  this  thickness  is  : 

inn 
=  0,00238  .  „.—  .10-f-  0,33  =  0,07  -f-  0,33  sss  0,40  inches; 

o3 

for  200  feet,  =  0,14  -f-  0,33  =  0,47  inches ;  and  for  300  feet  pressure,  =  0,22  -f-  0,33 
•=»  0,55  inches.  Cast  iron  conducting  pipes  are  commonly  proved  at  10  atmospheres,  for 
which  reason,  e  =0,0238  .  cf-f"  0,33  inches;  therefore,  for  pipes  of  10  inches  width,  the 
thickness  e  =  O,24  -f-  0,33  =  0,57  inches  must  be  given. 

JKfmarks.  The  thickness  of  the  sides  of  steam-boilers  will  be  considered  in  the  Second 
Part.  Concerning  the  theory  of  the  strength  of  pipes,  a  treatise  by  Brix,  in  the  "•  Ver- 
handlungen  des  Vereins  zur  Beforderung  des  Gewerbfleiszes  in  Preuszen,"  Jahrgang, 
1834,  may  be  consulted.  The  technical  relations  and  the  proving  of  pipes  are  fully  treated 
of  in  Hagen^s  "  Handbuch  der  "Wasserbaukunst,"  vol.  i.,  and  in  Genieys'  u  Essai  sur  les 
moyens  de  conduire,  &c.,  les  eaux." 

[For  a  view  of  the  general  principles  governing  the  construction  and 
strength  of  cylindrical  steam-boilers,  the  editor  may  refer  to  his  paper 
on  that  subject  read  before  the  Franklin  Institute,  July  26,  1832,  and 
published  in  its  Journal,  in  which  the.  relation  stated  in  the  text,  be- 
tween the  strength  required  in  the  direction  of  the  curvature  and  that 
in  the  direction  of  the  length  of  the  tube  or  boiler,  was  pointed  out, 
accompanied  by  a  table  of  diameters  and  thicknesses  of  boilers,  with 
the  tenacities  per  inch  of  iron  required  in  each  direction  for  a  given 
pressure.  See,  likewise,  American  Journal  of  Science  and  Arts,  vol. 
xxiii.  No.  1.} 


CHAPTER    II. 

ON  THE  EQUILIBRIUM  OF  WATER  WITH  OTHER  BODIES* 

§  284.  Buoyancy. — A  body  immersed  under  water  is  pressed  upon 
by  the  water  on   all   sides,  and   now  the  question   arises   as  to. the 
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amount,  direction  and  point  of  application  of  the  resultant  of  all  these 

pressures.      Let  us  imagine  this  resultant  to  consist  of  a  vertical  and 

a  horizontal   component,  and   determine  these  forces  according  to  the 

rules  of  §  282.      The  horizontal  pressure  of  the  water  against  a  sur- 

face is   equivalent  to  the  horizontal  pressure   against  its   vertical  pro- 

jection, but   now   every  projection  of  a  body, 

JiC,  Fig.  366,  is  at  the  same  time  the  projec- 

tion  of  the  fore  part  AX>C  and  the  back  part 

ABC  of  its  surface;  hence,  also,  the  horizontal 

pressure  of  water  against  the  back  portion  of 

the  surface  of  a  body  is  equal  in  amount  to  that 

of  the  front  portion,  and  as  both  pressures  are 

exactly  opposite,  their  resultant  =0.     As  this 

relation  takes   place  for  every  arbitrary  hori- 

zontal   direction,   and    the   vertical    projection 

corresponding  to  this,  it  follows  that  the  result- 

ant of  all  the  horizontal  pressures  is  nothing;  that,  therefore,  the  body 

JiC  below  the  water  is  equally  pressed  in  all  horizontal  directions, 

and  for  this   reason   exerts  no  effort  to  move  forward  in  a  horizontal 

direction. 

To  find  the  vertical  pressure  of  the  water  against  the  body  BC&, 
Fig.  367,  let  us  suppose  it  made  up  of  ver- 
tical elementary  prisms,  JIB,  CD,  &c.,  and 
determine  the  vertical  pressures  on  their  ter- 
minating surfaces  Ji  and  JB,  C  and  JD.  If  the 
lenghts  of  these  prisms  are  119  12,  &c.,  the 
depths  of  their  upper  extremities  B,  D,  &c., 
below  the  surface  of  water  HR  :  hl9  A2,  &c., 
and  the  horizontal  transverse  sections  J\jP2, 
&c.,  we  then  have  for  the  vertical  pressures 
acting  from  above  downwards  against  the 
extremities,  jB,  D,  &c., 


Fig.  367. 


on  the   other  hand,  the  pressures  acting  from  below  upwards  and 


against  the  extremities  *tf,  C,  &,c.,  =  jF\  (Ax  + 


y, 


Fs  (hz  4- 


r, 


&c.  ;  and  it  now  follows,  from  a  composition  of  these  parallel  forces, 
that  the  resultant  P 

,—  Fl(h1  +  I1)7+Fz(hs+I2)v+  .  .  .  —  FJitf  —  FJitf  —  .  .  . 

—  (F&  +  FZ12  +  .  .  0  y  «  V7J 

if  V  represents  the  volume  of  the  immersed  body  or  the  water  dis- 
placed. 

Therefore  the  buoyancy  or  the  force  with  which  the  water  strives  to 
push  a  body  immersed  from  below  upwards,  is  equivalent  to  the  weight 
of  water  displaced,  or  to  a  quantity  of  water  which  has  the  same  volume 
as  the  submerged  body. 

Further,  to  find  the  point  of  application  of  this  resultant,  let  us  put 
the  distances  JUl^  CC^  &c.,  of  the  elementary  columns  JIB,  CZ>,&.c., 
from  a  vertical  plane  HJV  :  at,  #2,  &c.,  and  determine  the  moments  of 
the  forces  with  respect  to  this  plane*  If  S  is  the  point  of  application 
of  the  upward  pressure,  and  SSt  =  x  its  distance  from  tliat  principal 
plane,  we  shall  then  have  : 
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X 


and  hence, 
if  Ft,  V 


&c.,  re- 


present  the  contents  of  the  elementary  columns.      Since  (from  §  100) 
the  centre  of  gravity  is  accurately  determined  by  the  same  formula,  it 
follows  that  the  point  of application  S  of 'the  upward  pressure  coincides, 
with  the  centre  of  gravity  of  the  water  displaced.    •  ...... 

§  285     The  weight  G  of  the  body  acting  m  an  opposite  direction 
associates  itself  with  the  buoyancy  of  the   body  immersed  or  under 
water,  and  from  the  two  there  arises  a  resultant  R  =    G-  —  |/r  or  = 
(,  _  1)  Fy,  if  *  be  the  specific  gravity  of  the  body. 
v  '  If  the   mass  of  the   body  be   homogeneous,  the 

centre  of  gravity  of  the  displaced  water  will  coincide 
with  that  of  the  body,  and  hence  this  point  will 
be  the  point  of  application  of  the  resultant  R ;  but 
if  there  be  not  homogeneity,  then  ^ these  centres^  of 
gravity  do  not  coincide,  and  the  point  of  application- 
of  the  resultant  R  deviates  from  both  centres  of- 
oravity,  Let  us  put  the  horizontal  distance  SH, 
Fig.  368,  of  both  centres  of  gravity  from  each  other, 
=*  6,  and  the  horizontal  distance  &A  of  the  point  of 
application  A  sought  from  the  centre  of  gravity  S 
of  the  displaced  water  =  a,  we  shall  have  the  equa- 


Fig. 368. 


Fig.  369. 


tion  Gb  =  Ra,  from  which  is  given: 
—   G  b  —     Gb 

~~~~  7?  ==S  ("*  — .-r  JP* 

If  the  immersed  body  be  left  to  its  own  gravity,  the  three  following 
cases  may  present  themselves.    Either  the  specific  gravity  of  the  body 
is  equal  to  that  of  the  water,  or  it   is  greater,  or  it  is  less  than  the 
specific  gravity  of  the  water.     In  the  first  case  the  buoyancy  is  equal, 
in  the  second  it  is  less,  and  in  the  third  it  is  greater  than  the  weight ' 
of  the  water.     Whilst,  in  the  first  case,  equilibrium  subsists  between 
the  weight  and  the  buoyancy,  the  body  must  in  the   second  case  sink 
with  the  force  G — Fy  =  (*  —  1)  Fy,  and,  in  the 
third  case,  rise   with  the   force  Fy  —  G  =  (!—-«)  ' 
Fy.   The  rising  goes  on  only  as  long  as  the  mass  of' 
water  V^  cutoff*  from  the  plane  of  the  surface  and 
displaced  by  the  body,  has  the  same  weight  as  the . 
entire  body.      The  weight  G  «•    F*  y  of  the  body 
BB^  Fig.  369,  and  the  buoyancy  P  =    Fl7   now^ 
constitute  a  couple,  by  which  the  body  is  made  to 
revolve  until  the  directions  of  both  coincide,  or  until 
the  centre  of  gravity  of  the  body  lies  in  one  and  the 
same  vertical  line  with  the  centre  of  gravity  of  the  displaced  water. 

The  line  passing  through  the  centre  of  gravity  of  the  floating  body 
and  through  that  of  the  displaced  water,  is  called  the  axis  of  floatation  ; 
and  on  the  other  hand,  the  ^action  of  the  body  formed  by  the  plane  of 
the  surface  'of  the  water,  the  plane  of  floatation.  Every  plane  which 
divides  a  body,  so  that  one  part  is  to  the  whole  a.s  the  specific  gravity  ' 
of  the  body  to  that  of  the  fluid,  and  that  the  centres  of  gravity  of  the  - 
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two  parts  lie  in  a  line  normal  to  this  plane,  is  a  plane  of  floatation  of 
the  body. 

§  286.  Depth  of  Floatation.     If  the  figure  and  weight  of  a  floating 
body  be  known,  the   depth  of  immersion  may 
be  calculated  beforehand,  with  the  help  of  the  Fi£-  37°- 

previous  rule.     If  G  be  the  weight  of  the  body, 

we  may  then  put  the  volume   of  the  displaced 
^ 


water    V  = 


if  we  combine  with  it  the  ste- 


reometrical  formula  for  the  volume  V,  we  shall 
obtain  the  equation  of  condition.  Hence,  for 
the  prism  J11BC,  Fig.  370,  with  vertical  axis, 
for  example,  V  =  Fy,  if  F  represent  the  sec- 
tion and  y  the  depth  BD  of  immersion,  Fy  = 


For  a  pyramid  JIBC,  Fig.   371,  whose  vertex 


G        ,  G 

—   and  y  =  __ 

7        *  *Y 

floats  under  the  water,  V  =  ^fy3,  if  f  represents  the  section  at  the 

distance  of  unity  from  the  vertex ;  hence  it  follows, 


—  ,  and  hence  the  depth  CE  =  y 


8j 

>J 


[3  G 

77 


Fig.  371. 


Fig.  372. 


For  a  pyramid  J1BC,  Fig.  372,  floating  with  its  base  below  the  water, 
the  distance  is  given  CE  =  y^  of  the  vertex  from  the  surface,  from 
the  height  h  of  the  entire  pyramid,  if  we  put: 


,  fr 

For  a  sphere  JIB,  Fig.  373,  with  the  radius  CJi  =*  r, 

Fig.  373.  Fig.  374. 
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y  =  *  y>(  r ^V  hence  we  shall  have  to  solve  the  cubic  equation 

\  3/ 

ys 3  r  y2  +  3  G  =  0,  to  find  the  depth  of  immersion  DE  of  the 

rty 

sphere.  -  .      -n.       o-/^       c 

For  a  floating  cylinder  JIG,  with  horizontal  axis,  Fig.  374,  of  a 
radius  BC  —  DC  -  r,  if  *°  be  the  angle  BCD  subtended  at  the 
centre  by  the  arc  immersed,  the  depth  of  immersion  Jib  =  y  =  r 
(!  COSf  £  0)?  but  to  find  the  arc  immersed,  we  must  put  the 

volume  of  the  water  displaced  —  to  the  segment  !f±- less  the  triangle 
**  sin*  a^  multiplied  by  the  length  GK  =  I  of  the  cylinder;  therefore, 

fa sin.  cO  —  =   —  5  and  solve  the   equation  a — sin.  a  =   —-  ,  by 

o  i*^y 

*&»  y 

approximation,  with  respect  to  a- 

Examples. — 1.  A  wooden   sphere,  of  1C  inches   diameter,  floats  4£  inches  deep,  the 
Tolume  of  water  displaced  by  it  is  then: 

K— »f9Yf5—  9W  ^JllL  •   567'  *   =  222,66  cubic  inches, 
V57    V          6  /  ~  S  8 

whilst  the  solid  contents  of  the  sphere  are  2—-  =    -^- —   =  523,6  cubic  inches. 

o  o 

From  this,  523,6  cubic  inches  of  the  mass  of  the  sphere  weigh  as  much  as  222,66  cubic 
inches  of  water,  and  it  follows  that  the  specific  gravity  of  the  former  is : 
222,66 


2.  How  deep  will  a  wooden  cylinder  of  10  inches  diameter  and  specific  gravity  £  = 

0425  sink?    *  —  *£TO-*   —  *"rl*-»y  -=  «•  f  =  0,425.  9r==  1,3352  ;  now  a  table   of  seg- 
5  "2  lr*y 

ments  gives  for  the  area"       *in'A  =  1,32766  of  a  circular  segment,  the  angle  subtended 

2 

at  the  centre  by  the  arc  «°  ==  166°.  and  for  *       ^re"  *  =  1,34487,  the   same    angle  = 

167°;    hence,  simply,  the  angle   subtended  at    the   centre  corresponding  to  the    slice 
1,3352  is: 

tto  _  166o    i       1,3352  —  1,32766  p  10  =  166o    .     754°  _   i66°  26'  ;  therefore  the  depth 
*    —  100    -T  ^  ' 


of  immersion  : 

y  =  r  (1  —  cos.  4a)  =  5  Cl  —  co*.  83°  13')  =  5.  0,881  Q  =4,41  inches. 

§  287.  The  determination  of  the  depth  of  immersion  occurs  chiefly 
in  the  case  of  ships,  boats,  &c.  If  these  have  a  regular  form,  the 
depth  may  be  calculated  from  geometrical  formulae  ;  but  if  this  regu- 
larity fails,  or  the  law  of  configuration  is  not  known,  or  if  the^form  is 
very  complex,  the  depth  of  immersion  must  then  be  determined  by 
experiment. 

An  example  of  the  first  case  is  in  the  body  JlCLEG  (a  pointed  scow), 
represented  in  Fig.  375,  bounded  by  plane  surfaces.  It  consists  of  a  pa- 
rallelopiped  .#<?£,  and  of  two  fou  r-sided  pyramids  BFG  and  CEL,  form- 
ing the  head  and  the  stern,  and  its  plane  of  floatation  is  composed  of  a 
parallelogram  J\fS,  and  two  trapeziums  MO  and  SU,  and  tmts  off  a 
bulk  of  water,  consisting  of  a  parallelopiped  MCS,  and  two  triangular 
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Erisras  PJVR,  and  two  quadrilateral  pyramids  BQP.     If  we  put  the 
?ngth  J1D  of  the   middle  portion  =  /,  the  breadth  J1F  =  6,  and  the 

Fig.  375. 


depth  j2B  =  h\  further,  the  length  GW  of  each  of  the  two  ends  =  c, 
and  the  depth  of  immersion,  i.  e  ,  BM  =  CT  =  y^  the  immersed 


part  MCS  of  the  middle  portion  will  be:  =  MN*  x  MT_  x  Jtf3?  == 
/%.  The  base  of  the  quadrilateral  pyramid  BQP  is  BM  .  JBR,  and 
the  height  PJ,  hence  the  solid  contents  of  this  pyramid  =  J  EM.  BR 
.  P  J.  But  now  : 


BM  =  y,  BR 
and  likewise: 


BP 
BG 


.  BH 


SM 


.  BH 


y 


BM 


hence  the  contents  of  both  pyramids  are  : 


. 

.The  transverse  section  of  the  triangular  prism 
UNO  is  - 


RQ  .  «  %y  .        =,  and  the  side 

h         2h 


hence  the  solid  contents  of  both  prisms  are  : 

-2     CyZ      b{l  —  y 
-2-'tti 


By  addition  of  the  three  volumes  found,  the  volume  of  the  water  dis- 
placed is  known  : 


Now  the  gross  weight  of  the  boat  =  G,  we  then  have  to  put  : 

' 


-.  . 

C  OCy 

The  depth  of  immersion  y  is  determined  from  the  loading  by  the  solu- 
.tion.of  the  last  cubic  equation. 
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Examples.— \.  If  the  length  of  the  middle  portion  7  =  50  feet,  the  length  of  each  end 
c  =  15  feet,  the  breadth  b  =  12  feet,  and  the  depth  h  =  4  feet,  with  a  depth  of  immer- 
sion y  ^  2  feet,  the  whole  weight  amounts  to  Q^00^1K» 
G  =  [50+15  .Y-i  .  15  .  (f  )*]  .  12  .  2  .62,5  ==(50  +  7,5—1,25)  .  24  .  62,5  =  87235  Ibs. 
2  Jf  the  clear  weight  of  the  former  boat  amount  to  50000  Ibs.,  we  shall  have  for  the 
depth  of  immersion:  y3_  iSjf— 160y  +  202,02  =  0.  By  trial,  it  is  easily  found  that 
thia  equation  may  be  answered  pretty  accurately  by  y  =  1,17,  whence  the  depth  of  im- 
mersion sought  may  be  taken  as  great.  . 

JJemar*  To  know  the  weight  of  the  load  of  a  ship,  a  scale  is  attached  to  both  sides, 
which  is  called  a  water-gauge.  The  divisions  are  made  from  experiment,  while  it  is  ob- 
served what  loads  correspond  to  definite  immersions. 

§  288.  Stability. — The  floating  of  bodies  takes  place  either  in  an 
upright  or  an  oblique  position  ;  and  further,  with  or  without  stability. 
A  body,  a  ship,  for  example,  floats  uprightly,  if  one  plane  through  the 
axis  of  symmetry  is  a  plane  of  symmetry  of  the  body ;  and  a  body  floats 
obliquely  if  it  is  not  divided  by  any  of  the  planes,  which  may  be  car- 
ried through  the  axis  of  floatation  into  two  congruent  halves.  A  body 
floats  with  stability,  if  it  strives  to  maintain  its  state  of  equilibrium 
(compare  §  130);  if,  therefore,  mechanical  effect  is  to  be  expended  to 
bring  it  out  of  this  position,  or  if  it  returns  of  itself  into  a  position  of 
equilibrium  after  having  been  drawn  out  of  one.  On  the  other  hand, 
a  body  floats  without  stability  if  it  passes  into  a  new  position  of  equi- 
librium after  having  been  brought  out  of  one  by  a  shock  or  blow. 

If  a  body  J1BC,  Fig.  376,  floating  at  first  uprightly,  is  brought  into 
an  inclined  position,  the  centre  of  gravity  S  of  the  water  ^displaced 
passes  from  the  plane  of  symmetry  EF,  and  assumes  a  position  SI  on 
the  larger  half  immersed.  The  buoyancy  applied  at  S:  P  =  Fy,  and 
the  weight  applied  at  the  centre  of  gravity  C  of  the  body,  viz.,  G 
-_  — p  form  a  couple  by  which  (§  90)  a  revolution  is  produced. 
About  whatever  point  this  revolution  may  take  place,  the  point  C, 
yielding  to  the  weight  G,  will  always  go  down,  and  Sl9  or  another 
point  M  of  the  vertical  S^P,  obedient  to  the  force  P,  will  rise,  there- 
fore the  plane  of  symmetry,  or  of  the  axis  EF  of  the  ^ship,  will  be 
drawn  downwards  at  C,  and  upwards  at  JW,  and  hence  it  will^  remain 
upright  if  M,  as  in  the  figure,  lie  above  C,  or  incline  itself  still  more 


Fig.  376. 


Fig.  377. 


as  in  Fig.  377,  if  M  lie  below  C.  From  this,  then,  the  stability  of  a 
floating  body,  or  ship,  is  dependent  on  the  point  JW,  in  which  the  ver- 
tical through  the  centre  of  gravity  Sl  of  the  displaced  water  inter- 
sects the  plane  of  symmetry*  This  point  is  called  the  metacentre. 


STABILITY.  329 

It  follows,  therefore,  from  this  that  a  ship  or  other  body  floats  with 
stability  if  its  metacentre  lies  above  the  centre  of  gravity  of  the  ship, 
and  without  stability  if  it  lies  below,  lastly  if  the  two  points  coincide, 
it  is  in  a  state  of  indifferent  equilibrium. 

The  horizontal  distance  CD  of  the  metacentre  M  from  the  centre 
of  gravity  C  of  the  ship,  is  the  arm  of  the  force  of  the  couple  consti- 
tuted of  P,  and  G  =  —  P,  and  hence  the  moment  of  the  last  is  the 
measure  of  its  stability  =  P  .  CD.  If  we  represent  the  distance  CM 
by  c,  and  the  angle  of  revolution  SMSl  of  the  ship,  or  of  the  plane  of 
its  axis,  by  $°,  we  obtain  for  the  measure  of  stability  S  =  PC  sin  $  ;  and 
this  is,  therefore,  the  greater,  the  greater  the  weight,  the  greater  the 
distance  of  the  metacentre  from  the  centre  of  gravity  of  the  ship, 
and  the  greater  the  angle  of  inclination  of  this  last. 

§  289.  In  the  last  formula,  5  =  P  c  sin.  $,  the  stability  of  the  ship 
depends  principally  on  the  distance  of  the  metacentre  from  the  centre 
of  gravity  of  the  ship  ;  it  is  hence  of  importance  to  obtain  a  formula 
for  the  determination  of  this  distance. 

In  the  transit  of  the  ship  JIBE,  Fig.  Fis-  37S- 

378,  from  the  upright  into  the  in- 
clined position,  the  centre  of  gravity 
S  advances  to  6\,  the  space  HOH^  is 
drawn  out  of  the  water,  and  that  of 
RORl  sinks  below,  and  the  buoyancy 
on  the  one  side  is  thereby  diminished 
by  a  force  Q  acting  at  the  centre  of 
gravity  F  of  the  space  HOHiy  and 
on  the  other  side  increased  by  an 
equal  force  Q  applied  at  the  centre 
of  gravity  G  of  the  space  ROR^ 
Therefore,  the  buoyancy  P  applied 
at  S^  replaces  the  buoyancy  P,  ori- 

finally  applied  at  S,  and  the  couple 
Q,  —  Q)?  or  what  comes  to  the  same  thing,  an  opposite  force  applied 
at  S^  keeps  in  equilibrium  a  force  —  P  applied  at  S  together  with  a 
couple  (Q,  —  Q),  or  more  simply,  the  couple  (P,  —  P)is  in  equilibrium 
with  the  couple  (  Q,  —  Q).  If  no\v  the  transverse  section  HER^H^ER^ 
of  the  part  of  the  ship  immersed  =  F^  and  the  section  HOH^=ROR^ 
of  the  space  by  which  the  ship  is  drawn  up  on  the  one  side,  and  down 
on  the  other  =  F:  ;  if,  further,  the  horizontal  distance  KL  of  the 
centre  of  gravity  of  these  spaces  =  a,  and  that  of  MTof  the  centres 
of  gravity  S  and  A\,or  the  horizontal  projection  of  the  space  SSt  which 
:#  describes  during  the  rolling  =  s,  we  have  then  from  the  conditions 
of  equilibrium  of  the  two  couples  : 

F  JtfT  s  F 

Fs  =  F,a+  hence  5  *=  ~+a  and  SM  -^ 

? 


~  ==  ~  -        —  -       - 

F  sin.  $        sin.  $       Fsm. 

The  line  CM  =  c,  appearing  as  factor  in  the  measure  of  the  sta- 
bility is  =CS  +  SM;  hence,  if  further,  we  represent  the  distance  CS 
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of  the  centre  of  gravity  C  of  the  ship  from  the  centre  of  gravity  of  the 
displaced  water  by  e,  we  obtain  the  measure  of  the  stability 
'  * 


PC  sin.  $  =s  P     -f-  4-    e  sin. 


If  the  angle  of  revolution  be  small,  the  transverse  sections 
and  RORi  may  be  regarded  as  equally  small  triangles  ;  if  we  repre- 
sent the  breadth  HR  =  H^  of  the  ship  at  the  place  of  immersion  by 
6,  we  may  then  put 


J^—  i.J  6.4  i»  «****>  and.fi:£  =  a  =  2.§      =  §  b, 
as  also  sin.  t  =  $>,  from  which  the  stability  is  : 


If  the  centre  of  gravity  C  of  the  ship  coincides  with  the  centre 
of  gravity  S  of  the  displaced  water,  we  then  have  e  =  0,  hence: 

£T_  .  P$,  and  if  the  centre  of  gravity  of  the   ship   lies  below 

12  jP 
that  of  the  displaced  water,  we  then  have  e  negative  ;   hence  S  — 

/    ^3     _  e)P$*    It  follows  also  that  the  stability  of  a  ship  is  nothing, 

b3 

if  e  be  negative  and  at  the  same  time  e  =  . 

±2,    Jr 

It  is  seen  from  the  results  obtained,  that  the  stability  comes  out 
greater,  the  broader  the  ship  is,  and  the  lower  its  centre  of  gravity 
lies, 

Example.  A  rectangular  figure  -&Z),  Fig.  379,  of  the  breadth 

Pig.  379.  *^  ==s  ^  height  •&&  ==  ^  and  depth  of  immersion  J£H  =  y, 

y>  and  e  =ss  —         ^  j   hence,  the  amount  of  stability 

-  --  ~  +  —  \  or  if  tlie  specific  grarity 

of  the  mass  of  the  body  be  put  ==  «, 


12  kt         2 
Hence,  the   stability-  ceases  if  6°  =  6  A?  •  (1  —  t),   f.  «.,  if 


1,225;   if,  therefore,  the  breadth  is  not  1,225  of  the  height,  the  body  will  float  without 
any  stability. 

[The  principles  explained  in  this  section  apply  not  only  to  the  con- 
struction and  use  of  vessels  of  every  description,  and  to  the  ballasting 
and  lading  of  ships  themselves,  but  likewise  to  the  loading  of  floating 
docks  with  vessels,  including  their  cargoes  or  armaments.  The  form 
of  the  floating  mass,  and  the  position  of  its  centre  of  gravity,  together 
with  its  absolute  weight,  must  be  taken  into  account,  as  well  as 
the  density  of  the  liquid  in  which  it  floats.  Thus,  a  floating  dock 
D,  Fig.  3791?  in  the  form  of  a  rectangular  prism,  capable  of  being 
closed  at  the  ends  after  having  received  the  ship  S,  and  of  being  freed 
from  water,  will  be  subject  to  exact  calculation,  if  its  weight  and  centre 
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of  gravity  be  known,  together  with  the  weight  of  the  vessel  and  its 
centre  of  gravity.    Example. — Admitting  that  D  is  90  feet  wide,  36  feet 


379, 


high  from  b  to  Z,  and  250  feet  in  length — that  its  weight,  including 
ballast,  is  3860  tons,  and  that  its  centre  of  gravity  c  is  four  feet  above 
the  bottom  d ;  also  that  the  ship  f?9  weighing  5200  tons,  has  been  re- 
ceived and  securely  sheared  in  place,  having  its  centre  of  gravity  cl 
25  feet  vertically  above  the  bottom  of  the  keel,  supposed  to  be  1  foot 

26  x   5200 


above  c,  then  the  common  centre  of  gravity  C  is 


9060 


.  14,92 


ft.  above  the  point  c,  and  18,92  feet  above  the  bottom  of  the  dock,  The 
total  displacement  in  sea  water  (64  Ibs.  per  cubic  foot)  will  be  337500 
cubic  feet  ;  and,  consequently,  in  a  state  of  repose,  it  will  sink  to  the 
depth  of  bH=  337500  _  15  fee^  RR 


the  common  centre  of  gravity  of  ship  and  dock  C  will  be  3,92  feet 
above  it.  Should  any  force  acting  in  a  horizontal  direction  careen 
the  dock  so  as  to  make  the  angle  JlwH  —  $  »=  22°  25',  depressing 
the  side  J1H,  18  feet,  what  force  must  be  applied  25  above  the  water 
line  to  keep  the  dock  in  this  position,  i.  e.  what  is  now  the  restoring 
power  ^ 

The  centre  of  gravity  of  the  original  quadrangular  prism  of  dis- 
placement HRfb  is  at  0,  that  of  the  new  triangular  prism  £L44  is  at 
Or  The  weight  of  ship  and  dock  C  acting  at  the  point  C  is  906O 
tons,  which  is  also  the  force  P  of  the  prism  of  water  acting  upward  at 
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O  _  tending  to  restore  the  position  of  the  dock.  The  original  centre 
of  displacement  O  is  18,92  —  7,5  =  11,42  feet  below  the  centre  of 
gravity  of  ship  and  dock. 

The   area  of  the   immersed   section  which    is  transferred  by  the 
careening  from  one  side  to  the  other  is  401,  5  sq.  feet,  and  the  distance 


transferred  iil  =  58,5  feet,  hence 


401,5.58,5 


17,4 


6,0 


the 


90  .  15 

horizontal  distance,  the  centre  of  the  whole  displacement  has  been 
removed  by  the  inclination  supposed  ;  and  sin.  22°  25'  :  17,4  =  rad. 
:  45,63  ft.  =  height  of  the  metacentre  above  the  original  centre  of  buoy- 
ancy O.  Again,  putting  rx  =  11,42,  we  have  r1  :  sin.  $  =  11,42  : 
4,35  feet;  hence,  eel9  the  "equilibrating  lever,"  or  distance  apart  of 
CG  and  PO1  is  17,4  —  4,35  ==  13,05  feet,  and  the  statical  moment 
is,  therefore,  9060  .  13,05  =  116058,6  ft.-tons;  which,  for  a  distance 
of  25  feet  from  the  centre  of  oscillation,  C  gives  a  stability  or  re- 
storing power  of  4642  tons.] 

§  290.    Oblique  Floatation.  —  The  formula  S  =*  P  f  —  T=r+  €  s^n-  *) 

for  the  stability  of  a  floating  body  may  be  also  applied  to  find  the  dif- 
ferent positions  of  floating  bodies,  for  if  we  put  S  =  0  we  obtain  the 
equation  for  a  second  position  of  equilibrium,  whose  solution  leads  to 

the  determination  of  the  corresponding 
Fig.  380.  angle    of    inclination.       The    equation, 

TT1  /7 

^ 


therefore, 


e  sin.  $  =  0,  must  be 


HHl 


F  — 
solved  with  respect  to  <?>. 

The  transverse  section  of  a  parallele- 
piped JIT),  Fig.  380,  is  F  =  HRDE  = 
H^DE  =  by,  if  6  be  the  breadth  JiB 
=  jffR,  and  ^  the  perpendicular  depth 
EH  =  DR  ;  further,  the  transverse  sec- 
tion FI  =  -ffOI^  =  ROR^  as  a  rectan- 
gular triangle  with  the  leg  OH  =  OR  = 
^  b9  and  the  leg: 
b  tang.  <j>,  Fl  =  -|-  62  ^awg-.  t* 


If,  further,  the  centre  of  gravity  F  is  distant  from  the  base  FU  = 
£  HHi  =  4  b  tang.  *,  and  if  from  O  about  OU  =  f  OH=*  %  b,  it  fol- 
lows that  the  horizontal  distance  of  the  centre  of  gravity  F  from  the 
middle  O,  =  OK  =  OJV  +  JVjSC  =  OU  cos.  $  +  FU  sin.  ,9  =  £  6 
$  ^_  j  J  tang.  $  sin.  $,  and  the  arm  : 


cos. 


C05.  ^) 

According  to  this  the   equation   for  the  oblique   position  of   equili- 
brium is: 

4-  b2  tang.  $  (%  b  cos.  *2  +  t  b  sin.  $2)  .  . 

« s    ^  vs v    -r  3 ^y  —  €  5Z7?^  ^  __  Q 

by  cos.  <j> 

or,  sin'  *  «=s  ^a??^.  *j>  being  substituted, 
"co^.  * 
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sin.  t  [(TV  +  5\  twg-  *2)  i2  —  ey]  *=  0; 
which  equation  will  be  satisfied  by: 

sin.  <?>  =  0  and  by  &mg*.  $  =±  v/2      f   '  e  &  _  1. 

V     &2 

The  first  equation,  when  $  =  0,  corresponds  to  upright,   and  the 
second  to  oblique  floatation.      The  possibility  of  the  latter  requires 

that  ^  >  j1^.     If  now  h  be  the  height  of  the  parallelopiped,  and  *  its 
specific  gravity,  we  then  have  : 

y  =  s  h  and  e  =  h~y  «(!_,)  *,  hence  it  follows  that 


.  .-    16c 

tang.  *  =  v/2  J  - 


1, 


and  the  equation  of  condition  of  oblique  floatation  is  : 

*          f         1 

b  >  ^/6  «(!  —  .)" 

Examples,  ~-~  1.  If  the  floating  parallelopiped  is  as  high  as  it  is  broad,  and  has  a  spe- 
cific gravity  c  =  -J-,  then  the  tong^.  <f>  is  =  ^X  2  </  3  .  £  —  l±=v/3  —  2  =  1;  hence, 
<£  =  45°. 

2.  If  the  height  A  =  0,9  of  the  breadth  6,  and  the  specific  gravity  J,  we  have  then 
tang.  $  =  v/3  .  0,81  —  2  =  v/0,43  =  0,6557;  hence,  <f»  ==  33°  15'. 

§  291.  Specific  Gravity.  —  The  law  of  buoyancy  of  water  may  be 
applied  to  the  determination  of  the  density,  or  the  specific  gravity  of 
bodies.  From  §  284,  the  upward  pressure  of  water  is  equal  to  the 
weight  of  liquid  displaced  ;  hence  if  V  is  the  volume  of  a  body  and  Yl 
the  density  of  the  liquid,  we  then  have  the  buoyancy  P  =  Fyi.  If 
now  y2  be  the  density  of  the  mass  of  the  bodies,  we  then  have  the 

weight  of  the  body  G  —  Fya;  hence  the  ratio  of  the  densities  -2*.  =  —  , 

i.  e.  the  density  of  the  body  immersed  is  to  the  density  of  the  fluid  as 
the  absolute  weight  of  the  body  to  the  buoyancy  or  loss  of  weight  by 
immersion. 


Therefore,  rs  =  -  7i>  *n<*  7i  —  -g-  72  ;  or  if  T  be  the  density  of 
water,  ^  the  specific  gravity  of  the  liquid,  and  sz  that  of  the  body, 
then  will  yi  =  *ir,  and  y2  «  £2y,  fi2  =  —  «x,  and  t^  =  —  *2.  If,  there- 

fore, the  weight  of  a  body  or  its  loss  of  weight  by  immersion  is 
known,  then  the  density  or  the  specific  gravity  of  the  mass  of  a  body 
may  be  found  from  the  density  or  specific  gravity  of  the  liquid,  and 
inversely,  the  density  or  specific  gravity  of  the  first,  from  the  density 
or  specific  gravity  of  the  last* 

If  the  fluid  in  which  the  solid  body  is  weighed  is  water,  we  then 
kave  5l  =  1,  and  yt  =  r  =  1000  kilogrammes,  or^62,5  Ibs,,  accord- 
ing as  we  take  the  cubic  metre  or  cubic  foot  for  unit  of  volume,  hence 
for  this  case  the  density  of  the  body  is  : 
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_  _G  absolute  weight  timeg  the  density  of  water> 

7z         P  loss  of  weight 

and  the  specific  gravity: 

G  __  absolute  weight 

*2  "  ~P  ~    loss  of  weight  * 

To  estimate  the  buoyancy  or  loss  of  weight,  as  well  as  to  determine 
the  weight  C,  we  make  use  of  an  ordinary  balance,  only  that  below 
one  of  the  scale  pans  of  this  balance  there  is  appended  a  hook,,  to 
which  the  body  may  be  suspended  by  a  fine  thread  or  fine  wire,  whilst 
it  dips  into  the  water  contained  in  a  vessel  underneath.  A  balance 
arranged  for  the  weighing  of  bodies  in  water  is  commonly  called  a 
hydrostatic  balance. 

If  the  body  whose  specific  gravity  we  wish  to  determine  is  lighter 
than  water,  we  may  connect  it  mechanically  with  another  ^heavy  body, 
so  as  to  make  it  sink.  If  this  heavy  body  loses  the  weight  P2,  and 
the  system  the  weight  PI9  the  loss  of  weight  of  the  lighter  body :  P= 
P — P29  now  if  G  represents  the  loss  of  weight  of  the  lighter  body, 
we  have  then  its  specific  gravity : 

_  G  __       G 

*2    p    —    p  p   * 

JT  JTt -JT2 

If  the  specific  gravity  of  a  mechanical  combination,  or  a  composi- 
tion of  two  bodies,  and  the  specific  gravities  of  their  constituents  *x 
and  *2  are  known,  from  the  weight  of  the  whole,  the  weights  G^  and 
<?2  may  be  estimated.  In  every  case  G1  +  G2  =  G,  and  also  the 

volume—*  +  volume  — ?  =  volume  — ,  therefore: 

<•     «#  *2r  *r 

C*         C*         C1 

~i  4 »  —s  —     By  combining  these  equations  we  have  : 


le3.  —  1.  If  a  piece  of  limestone,  weighing   310  grains,  becomes   121,5  grains 

310 
lighter  when  under  water,  its  specific  gravity  is  t  =  _  =  2,55.  —  2.   To    find    the 

12  1,5 

specific  gravity  of  a  piece  of  oak,  round  which  a  piece  of  lead  has  been  wrapped,  and 
which  has  lost  by  being  weighed  in  water  10,5  grains;  if  now  the  wood  itself  weighed 
'426,5  grains,  and  the  system  under  -water  was  484,5  grains  lighter  than  in  the  air,  the 
specific  gravity  of  the  mass  of  wood  would  be  : 

426,5         ^426,5 
484,5  —  10,5          474    ~" 

3.  An  iron  vessel,  completely  filled  with  quicksilver  and  perfectly  closed,  has  a  net 
weight  of  500  lbs.T  and  has  lost  40  Ibs.  in  the  water;  if  now  the  specific  gravity  of  cast- 
iron  =  7,2,  and  that  of  quicksilver  is  13,6,  the  weight  of  the  empty  vessel  is: 


___ 

\500         13,67   '  \7,2        1336 
500  (0,08  —  0,07353)  -f-  (0,1388  —  0,07353 
500.0,00647         3235         .Q  ,  „ 

Ibs" 
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and  tlie  weight  of  the  enclosed  quicksilver : 

GQ  =  500  (0,08 -—0,1388)  :  (0,07353  —  0,1385)  = 
2940 


500  .  0,0588 
0,0653 


6,53 


=  450,2  Ibs. 


Remark  1.  For  the  determination  of  the  specific  gravities  of  liquids,  meal,  corn,  &c., 
the  mere  weighing  in  open  air  is  sufficient,  because  we  may  give  to  the  bodies  any 
volume  at  will,  by  filling  vessels  with  them.  If  an  empty  bottle  weighs  =  G,  and  the 
same  filled  with  water  <?,,  and  the  weight  Ga  if  it  contain  any  other  substance,  we  shall 

Q     £T 

then  have  the  specific  gravities  of  masses  of  these  :  t  =  .,  2 For  example,  to  find 

Gl  —  G 

the  specific  gravity  of  rye  (not  rye  grains),  a  bottle  is  filled  with  the  grains,  and  after 
much  shaking,  then  weighed.  After  deduction  of  the  weight  of  the  empty  bottle,  the 
weight  of  the  rye  was  =  120,75  grms.,  and  the  weight  of  an  equal  quantity  of  water 


155,65;  the  weight  of  the  rye  is  accordingly 


0,776:  and,  therefore,  1 


Fig.  381. 


155,65 
cubic  foot  of  this  grain  weighs 

=  0,776  .  62,5  =  48,5  Ibs. 

Remark  2.  The  problem  solved  by  Archimedes  of  finding  the  ratio  of  the  constituents 
from  the  specific  gravity  of  a  mixture,  and  from  the  specific  gravity  of  its  constituents, 
admits  only  of  a  limited  application  to  chemical  combinations,  metallic  alloys,  &c.,  because 
a  contraction  or  expansion  of  the  mass  generally  takes  place,  so  that  the  volume  of  the 
mixture  is  no  longer  equal  to  the  sum  of  the  volumes  of  the  constituents. 

Remark  3.  The  further  extension  of  this  subject,  namely,  its  application  to  the  measure- 
ment of  volume,  &c.,  belongs  to  physics  and  chemistry. 

§  292.  Jlreometer.  —  Areometers  are  principally  used  to  determine 
the  density  of  liquids.  These  instruments  are  hollow  bodies,  formed 
about  a  symmetrical  axis,  whose  centres  of  gravity  lie  very  low,  and 
by  floating  perpendicularly  in  liquids,  give  their  density. 
They  are  made  of  glass,  brass,  &c.,  and  are  called,  ac- 
cording to  the  various  purposes  for  which  they  are  intended, 
hydrostatic  balances,  salzometers,  hydrometers,  alcoholo- 
meters, &c.  There  are  two  kinds  of  hydrometers,  viz., 
the  weight  and  the  scale  hydrometer.  The  first  are  often 
used  for  the  determination  of  the  weights,  as  was  the 
specific  gravity  of  solid  bodies. 

1.  If  Fbe  the  volume  of  the  portion  of  a  hydrometer 
JiBC9  Fig.  381,  floating  freely,  and  immersed  up  to  a 
certain  mark  O  in  the  water,  G  the  weight  of  the  whole 
balance,  P  the  weight  placed  upon  the  plate  while  float- 
ing in  the  water,  whose  density  may  be  =  y,  and  PT  the 
weight  required  to  be  put  on  to  make  it  float  in  any  other 
liquid  of  the  density  yt,  we  shall  then  have 

Fy  =  P  +  G  and  Fyi  =  Pl  +  G;  hence, 


y         P+G* 

2.  If  P  be  the  weight  which  must  be  put  upon  the  plate  to  make 
the  hydrometer  JiBC,  Fig.  382,  sink  up  to  a  mark  O,  and  Px  the 
weight  which  must  be  put  upon  Ji,  together  with  the  body  to  be 
weighed,  to  obtain  the  same  immersion,  we  shall  then  have  simply 
the  weight  of  this  body  Gx  =  P  —  Pr  But  if  Pl  must  be  augmented 
by  P2,  when  the  body  to  be  weighed  is  put  into  the  cup  D  under  the 
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Fig.  383. 


surface,  to  preserve  the  depth  of  immersion  unchanged, 
P2  will  then  be  the  buoyancy,  and  hence  the  specific 
gravity  of  the  body  : 


*  z 

Those  hydrometers  which  have  a  cup  suspended  below 
for  the  determination  of  the  specific  gravities  of  solid 
bodies,  minerals  for  instance,  are  called  Nicholson's 
hydrometers. 

3.  Let  the  weight  of  a  hydrometer  ABC,  Fig.  383, 
=5=  G9  and  the  volume  immersed,  if  this  balance  floats 
in  water,  =  V,  then  G  =  V7.  If  the  balance  rise  by 
OX  —  x,  when  immersed  in  a  heavier  liquid,  for  the 
transverse  section  F  of  the  stem,  the  volume  immersed 
is  =  V  —  FX,  and  hence  G  ==  (V  —  Fx)  7l  ;  the  two 
formulae,  divided  by  one  another,  give  the  density  of  the 
liquid  : 

V  F 


If  the  liquid  in  which  the  hydrometer  is  immersed,  be 
lighter  than  the  water,  it  will  sink  in  it  to  a  depth  x,  for 
which  reason,  G  =  (V  +  Fx)  y,  and  hence  we  must  put 


y 

=  _,  the  balance  is  loaded 


To  find  the  co-efficient 


with  a  weight  P  of  quicksilver,  which  is  poured  in  and 
takes  the  lowest  position,  so  that  while  floating  in  water, 
a  considerable  length  I  of  the  stem  to  which  the  scale  is 
applied,  sinks  lower  down.  If  now  we  put  P  =  Fly, 
we  shall  then  obtain  : 

—  *L=    p 

*  ~     V~ 


Vl 


IL 

Gf 


Examples.  —  1.  If  a  Nicholson's  hydrometer  -weighs   65  grains,   13,5  grains  must  be 
taken  off  the  plate,  that  it  may  sink  to  the  same  depth  in  alcohol  as  it  does  in  water;  the 

specific  gravity  of  alcohol  is  =  65      13'5  =  1  —  0,208  =  0,792.—  2.  The  normal  weight 

65 

of  a  Nicholson's  balance  is  1500  grains,  i.  e.  1500  grains  require  to  be  put  on  to  make 
the  instrument  sink  to  0  ;  from  this  1030  grains  must  be  taken  by  the  weighing  of  a  piece 
of  brass  placed  upon  the  upper  plate,  and  123,5  to  be  added  if  this  body  is  placed  on  the 
lower  plate.  The  absolute  weight  of  this  piece  of  brass  is  therefore  BBS  1030  grains,  and 

its  specific  gravity  =  -  =  8,47.  —  3.  A  scale  areometer,  of  1162  grains  weight,  after 

121,5 
having  been  lightened  by  465  grains,  rises  6  inches,  and  has  therefore  the  co-efficient  /tc 

=  0,00686.     After  complete  filling  and  restoration  of  the  weight  of 


-         - 

3  162    grains,  it  ascends,  when   floating   in  a  saline 
gravity  of  this  is  : 


solution,  2  ^  inches  ;   hence,   the 


-$-  / 


—  0,00686  x  — 


-4-  0,9S3  =  1,02. 


Remark.  The  farther  extension  of  this  subject  belongs  to  physics,  chemistry,  and  tech- 
nology. 
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Fig.  384. 


§  293.  Liquids  of  Different  Densities. — If  several  liquids,  of  dif- 
ferent densities,  are  in  the  same  vessel,  without  their  exerting  any 
chemical  action  upon  each  other,  from,  the  ready 
displacement  of  their  particles,  they  arrange 
themselves  above  each  other,  according  to  their 
specific  gravities,  viz.  the  densest  below,  then 
the  less  dense,  and  then  the  lightest.  The 
limiting  surfaces  are  also  in  a  state  of  equili- 
brium, as  likewise  the  free  surface  horizontal ; 
for  as  long  as  the  surface  of  limitation  EF  be- 
tween the  masses  M  and  JV,  Fig.  384,  is  in- 
clined, columns  of  fluid,  of  different  densities, 
like  GK,  GJSi^  rest  on  the  horizontal  stratum 

HR,  and  hence  the  pressure  on  this  stratum  will  not  be  everywhere 
the  same  ;  and  lastly,  no  equilibrium  will  subsist. 

In  communicating  tubes  J?J5  and  CD,  Fig-  385,  the  liquids  arrange 
themselves  one  above  the  other,  according  to  their  densities,  only  their 
surfaces  J3.  and  D  do  not  lie  in  one  and  the  same  level.  If  F  be  the 
area  HR  of  the  transverse  section  of  a  piston,  Fig.  386,  in  the  one 
branch  j3JB  of  two  communicating  tubes,  and  the  height  of  pressure  or 


Fig.  385. 


Fig.  3S6. 


the  height  EH  of  the  surface  of  the  water  in  the  second  tube  CD 
above  HR,  =  h,  we  then  have  the  pressure  against  the  surface  of  the 
piston  P  =  F  Ay  .  On  the  other  hand,  if  we  replace  the  pressure  of 
the  piston  by  a  column  of  liquid  JlH,  Fig.  386,  of  the  height  J1H  s» 
Ax  and  the  density  y2,  we  then  have  P  =  Fh1  y, ;  and  equating  both 
expressions,  we  obtain  the  equation  Ax  7l  =  h  y  or  the  proportion 
*i_  _  v_9 
h  r/ 

Therefore*  the  heights  of  pressure  in  communicating  tubes,  for  the 
subsistence  of  equilibrium  between  two  different  liquids,  or  the  heights 
of  the  columns  of  liquid  measured  from  the  common  plane  of  contact^ 
are  inversely  as  the  densities  or  specific  gravities  of  these  liquids. 

As  mercury  is  of  about  13,6  times  the  density  of  water,  a  column  of 
mercury,  in  communicating  tubes,  will  hold  in  equilibrium  a  column 
of  water  of  13,6  times  the  height. 
29 
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CHAPTER   III. 


ON  THE  EQUILIBRIUM  AND  PRESSURE  OF  AIR. 

§  294.  Tension  of  Gases. — The  atmospheric  air  which  surrounds 
us,  as  well  as  all  kinds  of  air  or  gases,  possesses,  in  virtue  of  the 
repulsive  force  of  its  parts  or  molecules,  a  tendency  to  occupy  a 
greater  and  greater  space ;  hence,  we  can  obtain  a  limited  mass  of 
air  only  by  confining  it  in  perfectly  closed  vessels.  The  force  with 
which  gases  endeavor  to  dilate  themselves  is  called  their  elasticity, 
tension,  or  expansive  force.  It  exhibits  itself  by  pressure  against  the 
sides  of  the  vessels  which  enclose  it,  and  so  far  differs  from  the  elas- 
ticity of  solids  and  liquids,  that  it  manifests  its  action  in  every  condi- 
tion of  density,  while  the  elasticity  of  the  last-mentioned  bodies  in  a 
certain  state  of  expansion,  is  nothing.  The  pressure  or  tension  of  air 
and  other  gases  is  measured  by  the  barometer,  the 
Fig.  387.  manometer,  and  the  valve.  The  barometer  is  chiefly 

used  for  determining  the  pressure  of  the  atmosphere. 
The  common,  or  as  it  is  called,  the  cistern  barometer, 
Fig.  387,  consists  of  a  glass  tube,  closed  at  one  end 
Jl  and  open  at  the  other  B,  which,  when  filled  with 
mercury,  is  inverted,  and  its  open  end  immersed  in 
a  cistern  likewise  containing  mercury.  By  the  in- 
version of  this  instrument,  there  remains  in  the  tube 
a  column  of  mercury  BS,  which  (§  393)  is  sustained 
in  equilibrium  by  the  pressure  of  the  air  on  the  sur- 
face of  mercury  HR.  The  space  JiS  above  the  mer- 
curial column  is  deprived  of  air,  or  a  vacuum ;  hence, 
there  is  no  pressure  on  this  column  from  above,  for 
which  reason,  the  height  of  the  mercurial  column 
above  the  surface  of  mercury  HR  in  the  cistern, 
serves  for  a  measure  of  the  air's  pressure. 
To  measure  this  height  with  precision  and  convenience,  an  accu- 
rately divided  scale  is  appended,  which  runs  lengthwise  along  the 
tube.  A  more  particular  description  of  the  different  barometers,  and 
an  explanation  of  their  uses,  &c.,  belong  to  the  department  of  physics. 
§  295.  It  has  been  found  by  the  barometer,  that  for  a  certain  mean 
state  of  the  atmosphere,  and  at  places  very  little  above  the  level  of 
the  sea,  the  air's  pressure  is  held  in  equilibrium  by  a  column  of  mer- 
cury, 76  centimetres,  or  about  28  Paris  inches  =*  29  Prussian  inches 
=  30  English  inches  nearly,  (29,994  exactly.)  As  the  specific 
gravity  of  mercury  is  nearly  13,6  (13,598),  it  follows  that  the  pres- 
sure of  the  air  is  equivalent  to  the  weight  of  a  column  of  water, 
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0,76  .  13,6  =  10,336  metres  =  31,73  Paris  feet  =  32,84  Prussian 
feet   .    13,598     29,998  _  3 


The  tension  of  the  air  is  very  often  measured  by  the  pressure  it 
exerts  upon  a  unit  of  surface.  Since  a  cubic  centimetre  of  mercury 
weighs  0,0136  kilogrammes,  the  pressure  of  the  atmosphere,  or  the 
weight  of  a  column  of  mercury  76  centimetres  high  on  a  base  of  1 
centimetre  square,  =  0,0136  .  76  =  1,0336  kilogrammes,  and  since 

/?/>        1  o  c 

a  cubic  inch  of  mercury  weighs  -  :  —  ^_  ==  0,5194  Prussian  Ibs.. 

j        s 


£?O    R          1  Q   fi 

or  —  *  T  -TOO*  '     ===  0,491  Jbs.  English,  the  mean  pressure  of  the  atmo- 


sphere  is  then  =  29  .  0,5194  =  15,05  Prussian  Ibs.  on  the  square 
inch,  —  2167  Ibs.  on  the  square  foot,  and  in  English  measure  = 
30  .  0,491  =  14,73  on  the  square  inch,  =  2131,12  Ibs.  avd.  on  the 
square  foot.  14,76  Ibs.  per  square  inch  is  the  standard  usually  adopted. 
In  mechanics,  the  mean  pressure  of  the  atmosphere  is  commonly 
taken  as  unity,  and  other  expansive  forces  referred  to  this  and  assigned 
in  atmospheric  pressures,  or  atmospheres.  Hence,  to  a  pressure  of  n 
atmospheres  corresponds  a  mercurial  column  of  30  .  n  inches,  or  a 
weight  of  14,73  Ibs.  on  each  square  inch  ;  and  inversely,  to  a  mercurial 

column  of  k  inches  corresponds  a  tension  of  —  =  0,03571  A  or  =  — 

28  oO 

=  0,0333  h  atmospheres,  and  to  a  pressure  of  p  Ibs.  on  the  square 
inch,  a  tension  of 

=  0,0644  p  or  —  —  =  0,0678  atmospheres. 


15,05""     7  f       14,72 

The  equation  —  =  —  ^  —  or  —  =  _  ^  —    give   the    formulee    of 

4  28        15,05       30        14,73    & 

reduction  h  =  1,8604  p  inches  and^?=  0,5375  A  Ibs.,  or  h  =  2,036, 
p  inches,  and  p  =  0,491  h  Ibs.  English.  For  a  tension  h  inches  =  p 
Ibs.,  the  pressure  against  a  plane  surface  of  F  square  inches:  P  — 
Fp  =  0,491  Fh  Ibs.  English,  or  =  0,5375  Fh  Ibs.  Prussian. 

Examples*  —  1.  If  the  water  in  a  water-pressure  engine  stands  250  feet  above  the  sur- 

2&0 
face  of  the  piston,  the  pressure  against  the  surface  -will  then  be  =  -  —  -  —  7.35    at- 


mospheres.  —  2.  If  the  blast  of  a  cylindrical  bellows  has  a  tension  of  1,2  atmospheres,  its 
pressure  on  every  square   inch  =  1,2  .  14,73  =  17,676  ibs.,  and  on  the  surface  of  the 

piston  of  50  inches  diameter  =a=ff  '         .  17,676=34707  Ibs.     As  the  atmosphere  exerts  a 

4 

counter-pressure  *  '          .  14.73  =  28922,3  lbs.}the  pressure  on  the  piston  is  =  34695  — 

4 
28922,3=5784,7  Ibs. 

§  296.  Manometer.  —  To  find  the  tension  of  gases  or  vapors  enclosed 
in  vessels,  instruments  similar  to  the  barometer  are  made  use  of, 
which  are  called  manometers.  These  instruments  are  filled  with  mer- 
cury or  water,  and  are  either  open  or  closed;  but  in  the  latter  case, 
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the  upper  part  is  either  a  vacuum  or  full  of  air.  The  vacuum  mano- 
meter, Fig.  388,  differs  little  from  the  ordinary  barometer.  To 
measure  by  this  instrument  the  tension  of  air  in  a  reservoir,  a  tube 
GK  is  fitted  in,  one  end  of  which  G  passes  into  the  reservoir,^  and  the 
other  K  projects  above  the  surface  of  mercury  CE  in  the  cistern  of 
the  instrument.  The  space  EFHR  above  the  mercury  is  hereby  put 
into  communication  with  the  air-holder,  and  the  air  in  it  assumes  the 
tension  of  the  air  in  the  bolder,  and  forces  into  the  tube  a  column  of 
mercury  OS,  which  sustains  in  equilibrium  the  pressure  of  the  air 
which  is  to  be  measured. 

The   siphon   manometer,  j2BC,  Fig.  389,   open   above,  gives  the 


Fig.  388. 


Fig.  389. 


Fig,   390. 


excess  of  tension  above  the  pressure  of  the  atmosphere  in  the  vessel 
JV/JV,  because  the  pressure  of  the  atmosphere  on  S9  joined  to  that  of 
the  mercurial  column  RS,  is  in  equilibrium  with  the  tension.  If  6 
be  the  height  of  the  barometer,  and  h  that  of  the  manometer,  or  the 
difference  of  heights  RS  of  the  surfaces  of  mercury  in  both  branches 
of  the  manometer,  we  shall  then  have  the  tension  of  the  air  com- 
municating with  the  shorter  branch  measured  by  the  height  of  a 
column  of  mercury:  bt  =  6  4-  A,  or  the  pressure  measured  on  a 
square  inch  p  ==  0,491  (b  +  K)  Ibs. ;  or  if  b  be  the  mean  height  of  the 
barometer,  p  =  14,73  +  0,491  h  Ibs. 

Cistern  manometers,  Fig.  390,  J3SCE9  are  more  common  than 
siphon  manometers.  As  the  air  here  acts  through  a  greater  quantity 
of  mercury  or  water,  as  it  may  be,  upon  the  column  of  fluid,  its  oscil- 
lations do  not  so  quickly  affect  the  column  of  fluid,  and  its  measure- 
ment, when  thus  at  rest,  is  rendered  both  easier  and  more  accurate, 
For  the  sake  of  convenience  of  measuring  by,  or  reading  off  from  the 
scale,  a  float  is  not  unfrequently  attached  to  it,  which  rests  on  the 
mercury,  and  is  connected  with  an  index  hand,  accompanying  the 
scale  by  means  of  a  thread  passing  over  a  small  roller* 
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The  expansive  force  of  a  gas  or  va- 
por enclosed  in  JkfJV*  may  be  likewise  Pig.  391. 
determined,  but  with  less  accuracy,  by 
the  help  of  a  valve  BE,  Fig.  391,  if  the 
sliding  weight  is  so  placed  that  it  is  in 
equilibrium  with  the  pressure  of  the  air 
or  vapor.  If  CS  =*  s  be  the  distance 
of  the  centre  of  gravity  of  the  lever  from 
the^  fulcrum  C,  CJi  =  a  the  arm  of  the 
weight,  and  Q  the  weight  of  the  lever  with  its  valve,  we  then  have 
the  statical  moment  with  which  the  valve  is  pressed  down  by  the 
weight  =  Ga  +  Qs  ;*  if  now  the  pressure  of  the  gas  or  vapor  from, 
below  »  P,  the  pressure  of  the  atmosphere  from  above  =  Px,  and 
lastly,  the  arm  CB  of  the  valve  =  rf,  we  then  have  the  statical  moment 
with  which  the  valve  strives  to  lift  itself  up  =  (P  —  P.)  d,  and  by 
equating  the  moments  of  both  : 

Pd — PI&  —  Ga  +  Qs,  and  P  =  Px  +  Ga  +  Qs 

d 

If  r  represent  the  radius  £  DE  of  the  valve,  p  the  internal  and  pt 
the  external  tension,  measured  by  the  pressure  on  a  square  inch,  we 

then  have:  P  «  H  r*p  and  Px  «=  *  r*jpx;  hence,  p  =  p^  4-  G^i+Qs 

rt  r1  d 

Examples. — 1.  If  the  height  of  mercury  of  a  manometer,  open  above,  is  3,5  inches,  but 
that  of  the  barometer  27  inches,  the  corresponding  expansive  force  is  then  h  =  b  4-  h  = 
27+  3,5  =  30,5  inches,  or  p  r=r  0,491  .  h  =  0,491  .  30,5=14.97  Ibs.— 2.  If  thej height  of 
a  water-manometer  is  21  inches,  the  expansive  force  corresponding  to  this,  with  the 
height  of  the  barometer  at  27  inches,  is  : 

h  =  27-f.  _|L_  —  28,54  inches  =  14,01  Ibs.  English, 

13,6 

3.  If  the  statical  moment  of  an  unloaded  safety-valve  is  10  inch  Ibs.,  the  statical  mo- 
ment of  a  10  Ibs.  sliding  weight  15.10  =  150  inch  Ibs.,  the  arm  of  the  valve  measured, 
from  the  valve  to  the  fulcrum,  4  inches,  and  the  radius  of  the  valve  135  inches,  then  the 
difference  of  the  pressures  on  both  surfaces  of  the  valve  is: 


were  the  pressure  of  the  atmosphere  pl  =  14  Ibs.,  the  tension  of  the  air  below  the  valve 
would  from,  this  amount  to  p  =  19,66  Ibs. 

§  297.  Law  of  Mariotte. — The  tension  of  gases  increases  with 
their  density;  the  more  a  certain  quantity  of  air  is  compressed  or 
condensed,  the  greater  is  its  tension ;  and  the  greater  its  tension,  the 
more^  it  is  allowed  to  expand  or  become  rarefied,  the  less  does  its  ex- 
pansive force  exhibit  itself.  The  ratio  in  which  the  tension  and  the 
density,  or  the  volume  of  the  gases,  stand  to  each  other,  is  expressed 
by  the  law  discovered,  by  Mariotte,  and  named  after  him.  This  law 
assumes  that  the  density  of  one  and  the  same  quantity  of  air  or  gas  is 
proportional  to  its  tension  ;  or,  as  the  spaces  which  are  occupied  by 
one  and  the  same  mass  are  inversely  proportional  to  the  densities, 

*  If  the  weight  of  the  lever  and  valve  be  counterpoised  by  a  weight  attached  to  a  cord, 
passing  upwards  and  over  a  pulley  above  #,  the  statical  moment  is  reduced  to  Ga. — Aac,  ED. 
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Fig.  392. 


Fig.  393. 


that  the  volume  of  one  and  the  same  mass  of  gas  is  inversely  as  its  ex- 
pansive force.  Accordingly,  if  a  certain  quantity  of  air  becomes  com- 
pressed to  one-half  its  original  volume,  its  density  is  therefore  doubled, 
its  tension  is  also  as  great  again  as  at  first ;  and  on 
the  other  hand,  if  a  certain  quantity  of  air  be  ex- 
panded to  one-third  of  its  original  bulk,  therefore,  its 
density  reduced  one-third,  its  elasticity  will  be  equal 
to  one-third  only  of  its  original  tension.  If  atmo- 
spheric air,  for  example,  under  the  piston  EF  of  a 
cylinder  ^3C,  Fig.  392,  be  supposed  to  press  with 
15  Ibs.  on  every  square  inch,  it  will  press  on  the 
piston  with  a  force  of  30  Ibs.,  if  this  piston  be  pushed 
to  EjFv  and  the  enclosed  air  compressed  to  one  half 

its  original  volume,  and  this  force  will  amount  to  3  * 

15  =B  45  Ibs.,  if  the  piston  come  to  E2F^  and  describes  two-thirds 
of  the  whole  height.  If  the  area  of  the  piston  be  1  square  foot,  the 
pressure  of  the  atmosphere  against  it  will  amount  to  =  144 .  15  = 
2160  Ibs.;  hence,  to  press  down  the  piston  one-half  the  height  of  the 
cylinder,  it  will  require  2160  Ibs.,  and  to  push  it  down 
two-thirds  of  this  height  2  „  2160  =  4320  Ibs.  to  be 
exerted* 

The  law  of  Mariotte  may  be  likewise  proved  by 
pouring  mercury  into  the  tube  GH  communicating 
with  the  air  of  a  cylinder  JlC,  Fig.  393.  If  a  co- 
lumn of  air  JiC  be  originally  enclosed  by  the  quan- 
tity of  mercury  DEFH9  which  has  the  same  tension 
as  the  external  air,  and  afterwards  be  compressed  to 
one-half  or  one-fourth  its  volume  by  the  addition  of 
fresh  mercury,  we  shall  then  find  that  the  distances 
of  the  surfaces  of  G-^H^  G2£^,  &c.,  of  mercury  are 
equivalent  to  the  single  and  treble  height  of  the  ba- 
rometer 6,  &c.,  that,  therefore,  if  we  add  to  this  the 
single  height,  corresponding  to  the  external  pressure 
of  the  air,  the  tension  will  be  twice  or  four  times  as  great  as  that  due 
to  its  original  volume. 

The  tensions  are  h  and  h^  or  p  and  pl9  y  and  yx  the  corresponding 
densities,  and  V  and  Vl  the  volumes  appertaining  to  one  and  the  same 
quantity  of  air,  we  then  have,  according  to  the  law  laid  down : 

jL  =     *  «  _  =  Jl;  hence 

Ti  V  hi          Pi 

yi=  4*-  r  =  ^  y  and  Vl  =  A  V  .  £-  V. 

ft  p  hi  pl 

From  this  the  density  and  also  the  volume  may  be  reduced  from 
one  tension  to  another. 


Examples. — 1.  If  in  a  blowing  machine,  the  manometer  stand  at  3  inches,  whilst  the 

oc     1     o  q i 

barometer  is  at  28  inches,  the  density  of  the  wind  is  =  I      '        =  _i  =  1,107  times 

28  28 
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that  of  the  external  air.*-  —  2.  If  a  cubic  foot  of  atmospheric  air,  with  the  barometer  at  28 

62  5 
inches,  -weighs  -  1  —  Ibs.  ;  with  the  barometer  at  34  inches  it  will  -weigh  : 

770  -52^_.  51  -«1?52.-  0,985  ib^ 

770         28         21560 

§  298.  The  mechanical  effect  which  must  be  expended  to  condense 
a  certain  quantity  of  air  to  a  certain  degree,  and  the 
effects  which  the  air  by  its  expansion  will  produce,  Fis-  394- 

cannot  be  directly  assigned,  because  the  expansive      '  — 

force  varies  at  every  moment  of  condensation  or  ex- 
tension ;  we  must  therefore  endeavor  to  find  a  special 
formula  for  the  calculations  of  this  value.  Let  us 
imagine  a  certain  quantity  of  air  -#F,  enclosed  in  a 
cylinder  J2C9  Fig.  394,  by  a  piston  .EF,  and  let  us 
inquire  what  effect  must  be  expended  to  push  for- 
ward the  piston  through  a  certain  space  EE:  =  FF^ 
If  the  original  tension  =  p,  and  the  original  height 
of  the  capacity  of  the  cylinder  =  s0,  and  the  tension 
after  describing  the  space  EEl  =  p19  and  the  residuary  volume  of 
air  =  si9  the  proportion  p^  :  p  =  s0  :  ST  then  holds  true,  and  gives 


While  describing  a  very  small  space  E2EZ  =  x,  the  tension  p1 
may  be  regarded  as  invariable,  and  hence  the  mechanical  effect  to  be 

expended  is  =  Jlp^x  =     Psox  y  -when  Ji  represents  the  surface  of  the 

*i 
piston. 

It  follows  from  the  properties  of  logarithms,  that  a  very  small  mag- 
nitude y  =  hyp.  log.  (1  +  y}  =  2,3026  Log.  (1  +  y)->  if  hyp.  log. 
represents  the  hyperbolic,  and  Log.  the  common,  logarithms  ;  we  may 
consequently  put 


—  2,3026  ^»0  log.  (l  +  —\ 

\  $!/ 

But  now  : 

hyp.  log.  il  +  £.\  a  hyp.  log.  (^~^)  =  AKP-  l°S-  (^+x}—hyp.  log.  sj 

hence  the  elementary  mechanical  effect  is: 

=  Jlps^  [hyp.  log.  (Si+x)—hyp.  log.  sj. 

Let  us  imagine  the  whole  space  EE:  to  be  made  up  of  very  small 
parts,  such  as  #,  and  therefore  put  EEt  =  nx,  we  shall  find  the  me- 
chanical effects  corresponding  to  all  these  parts,  if  in  the  last  formula 
we  substitute  for 

$j,  sx  +  x,  $i  +  2  x,  ^  +  3  x>  .  .  .  to  5X  +  (n  —  1)  x,  and  for 
$1  +  x*  si  +  2  x9  sx  4-  3  x,  &c.,  to  5±  +  nx9  or  50, 


*  For  comparisons  with  the  manometer,  the  division  of  a  barometer  ought  not  to  be 
into  either  inches  or  metres,  but  into  1000th  parts  of  1  atmosphere.  —  AM.  ED. 
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and  by  summation  the  whole  expenditure  of  mechanical  effect  in  de- 
scribing the  space  s0 — st: 

hyp.  log.  (s1  +  ai) — hyp.  log.  s3 

hyp.  log.  (s1  +  2x^) — hyp.  log.  ( 

hyp.  log.  (^4- 3  a:) — hyp.  log.  ( 


hyp.  log.  (s^nx}  —  hyp.  log.  [^  +  (n  —  l)ar] 
=  J2ps0  [hyp.  log.  (s^  +  nx)  —  hyp.  log.  sj 


(hyp.  log.  SQ  —  hyp.  log.  sJ  =  Jlps0  hyp.  log.     -- 


since  one  member  in  the  one  line  always  cancels  one  member  in  the 
following  one. 

Since  —2-  =  —i-  =  ^-,  this  mechanical  eflect  may  be  put: 
*i         *          P 

L  =  J2ps0  hyp.  log.f—\  =  Jlps0  hyp.  log.  /^iV 

If  we  put  the  space  described  by  the  piston  s0  —  ^  =  £,  we  shall 
hence  find  that  the  mean,  force  of  the  piston  p  condensing  the  air  is 
in  the  proportion 

t^^^p^L^Ap  £?  hyp.  log.  ( 

h         p  s  *   s    ^      *    \p 

Let  A  as  1  (square  foot)  and  s0  =s  1  (foot),  we  obtain  the  mechanical 
effect  produced 


L  =»  p  hyp.  log.  *=*  2,3026  p  log.     £i 

This  formula  gives  the  mechanical  effect  which  must  be  expended 
to  convert  a  unit  or  cubic  foot  of  air  of  a  lower  pressure  or  tension 
p  into  a  higher  tension  pv  and  to  reduce  it  thereby  to  the  volume 

£-\  cubic  feet.     On  the  other  hand  : 


( 


L  =  PI  hyp.  log.      ±    =  2,3026  ^  log.    P± 

expresses  the  effect  which  a  unit  of  volume  of  gas  gives  out  or  pro- 
duces when  it  passes  from  a  higher  pressure^  to  a  lower  p. 

To  reduce  by  condensation  a  mass  of  air  of  the  volume  V9  and  ten- 

sion p  to  the  volume  Vl9  and  the  tension  p±  =  —  p9  the    mechanical 

*i 
effect  requisite  to  be  expended  is  V  p  hyp.  log.  (~\9  and  when,  in* 

versely,  the  volume  Fx  at  a  tension  pl  is  converted  by  expansion  into  the 
volume  F,  and  into  the  tension  p  =  -^.pl9  the  effect: 

V  p  hyp.  log.  (Z\  =  VlPl  hyp.  log.  (£ 
•n  u        -  ^  T  J 

will  be  given  out. 


STRATA  OF  AIR.  345 

Examples. — 1.  If  a  blast  converts  10  cubic  feet  of  air  per  second,  of  28  inches  tension, 
into  air  of  30  inches  tension,  the  effect  to  be  expended  upon  this  for  every  second  -will 

be  sss  17280  .  0,491  .  28  hyp.  log.  (—\  =  237565  (hyp.  log.  15 — hyp.  log.  14)  =  237565 

\28/ 

(2,708050  —  2,639057)  =  237565  .  0,068993  =  16390  inch  Ibs.  =  1365.8  ft.  Ibs. — 
2.  If  a  mass  of  vapor  in  a  steam  engine  below  the  surface  of  a  piston  Jl  =  wS2  =  201 
square  inches,  stands  15  inches  high,  and  with  a  tension  of  three  atmospheres,  pushes 
up  the  piston  25  inches,  the  mechanical  effect  evolved,  and  which  is  expended  on  the 
piston,  is : 

Z=201 .  3  .  14,73 . 15  hyp.  log  /15+25>\  _  133333  hyp.  log.  f 

V       15      / 

ass  133232  .  0,98083  =  130567  inch  Ibs.  =  10881  feet  Ibs.,  and  the  mean  force  of  the 
piston,  without  regard  to  its  friction  and  the  counter  pressure,  is : 

=  130567  =52221bs_ 

§  299.  Strata  of  Jlir. — Air  enclosed  in  a  vessel  is  at  different 
depths  of  different  density  and  tension,  for  the  upper  strata  press 
together  the  lower  on  which  they  rest,  so  that  there  are  only  one  and 
the  same  density  and  tension  in  one  and  the  same  horizontal  stratum, 
and  both  increase  with  the  depth.  But  in  order  to  discover  the  law 
of  this  increase  of  density  downwards,  or  the  decrease  upwards,  we 
must  adopt  a  method  very  similar  to  that  of  the  former  paragraph. 

Let  us  imagine  a  vertical  column  of  air  J1E,  Fig. 
395,  of  the  transverse  section  JIB  =  1,  and  of  the  Fig.  395. 

height  */?F=  s.  Let  the  density  of  the  lower  stratum 
ass  y,  and  the  tension  ass  p,  and  the  density  of  the 
upper  stratum  EF  =  yx,  and  the  tension  =  pl9  we 

shall  then  have  21  ==  ^.    If  x  is  the  height  EE.  of  the 

r        P 

stratum  E^F,  we  have  its  weight,  and  hence  also  the 
diminution  of  its  tension  corresponding  to : 


y  =  1  „  x  *  y,  ass  -l£jL,  and  inversely, 
P 

x  ass  P.  .  ~,  or  as  in  the  former  paragraph : 
y     Pi 

x  =  P  hyp.  log.  (l  +  2-\  B  P  [hyp.  log.  (p^  +  y} — hyp.  log 

y  V          Pi/       y 

Let  us  put  for  jt?1,  successively 

PI  +  y>  PI  +  2  y^  PI  +  3  y*  &c-» to  A  +  (n — 1)  y» 

and  add  the  corresponding  heights  of  the  strata  or  vahies  of  x,  and 
we  shall  then  obtain  the  height  of  the  entire  column  of  air,  as  in  the 
former  §. 

s  ass  £  (hyp.  log.  p — hyp.  log.  p^)  =  HL  hyp.  log.  (— ),  also 

y  y  vV 

s  -  P-  hyp.  log.   (*\  _  2,302^  log.  (-*  ), 
y  V*!/  y          \*i/ 

if  6  and  6X  are  the  heights  of  the  barometer  corresponding  to  the  ten- 
sions p  and  p^ 

If,  inversely,  the  height  s  is  given,  the  expansive  force  and  density 
of  the  air  corresponding  to  it  may  be  calculated.     It  is : 
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£21 
p 


therefore  n  =  ye        ,  where  e  =»  2,71828 

Pi        i 
is  the  base  of  the  hyperbolic  system  of  logarithms. 

Remark,  This  formula  is  applicable  to  the  measurement  of  heights.     Leaving  the  tem- 
perature out  of  consideration,  we  may  puts=  58604 

.  Log.  (-^)  5  for  the  English  measure  =s  60000  Log.  fJi. \ 

JExamples.^—l.  If  the  height  of  the  barometer  at  the  foot  of  a  mountain  be  28  inches, 
and  at  the  top  25  inches,  the  height  of  this  mountain  will  be  : 

3  =  58604  .  Log.  (~\  =  58604  .   0791813  =  4640  Prussian  feet.— 2.  The  density  of 
\25y 

the  air  on  a  mountain  10,000  feet  high  Is :  Log.    -2L    sss    ___  --    0,1706; 

ya  58604 

hence,  2L  =s=r  1,481,  and  21  = =  0,675  ;   it  is  therefore  only  67  J  per  cent,  of 

Xi  Y  i*481 

ihe  density  of  that  at  the  foot. 

§  300.  Gay-Lussac* s  Law. — Heat  or  temperature  has  an  essential 
influence  on  the  density  and  expansive  force  of  gases.  The  more  air 
enclosed  in  a  vessel  becomes  heated,  the  greater  does  its  expansive 
force  exhibit  itself,  and  the  higher  that  the  temperature  of  the  air 
enclosed  by  a  piston  in  a  vessel  is  raised,  the  more  it  expands,  and 
pushes  against  the  piston.  From  the  experiments  of  Gay-Lussac, 
which  in  later  times  have  been  repeated  by  Rudberg,  Magnus  and 
Regnault,  it  results  that  for  equal  densities  the  expansive  force,  and 
for  equal  expansive  forces  the  volume  of  one  and  the  same  quantity 
of  air  increases  as  the  temperature.  We  may  place  this  law  by  the 
side  of  that  of  Mariotte,  and  name  it,  for  distinction's  sake,  Gay-Lus- 
sac's  law. 

According  to  the  latest  experiments,  the  expansive  force  of  a  definite 
volume  of  air  increases  by  being  heated  from  the  freezing  to  the  boll- 
ing  point,  by  0,367  of  its  original  value,  or  for  this  increase  of  tem- 
perature the  volume  of  a  definite  quantity  of  air  increases,  the  tension 
remaining  the  same,  by  36,7  per  cent.  If  the  temperature  is  given 
in  centigrade  degrees,  of  which  there  are  100  between  the  freezing 
and  boiling  point,  it  follows  that  the  expansion  for  each  degree  is  = 
0,00367,  and  for  t  degrees  temperature  =  0,00367  ,  £;  if  -we  make 
use  of  Fahrenheit's  thermometer,  which  contains  between  the  freez- 
ing and  boiling  point  180°,  for  each  degree  the  expansion  is  »  .002039, 
and  for  t  degrees  temperature  =  .002039  .  t.  This  co-efficient  is  true 
only  for  atmospheric  air;  slightly  greater  values  correspond  to  other 
gases,  and  even  for  atmospheric  air,  this  co-efficient  increases  slightly 
with  the  temperature. 

If  a  mass  of  air  of  the  original  volume  K0,  and  of  the  temperature 
(centigrade)  0°,  be  heated  t  degrees  without  assuming  a  different  ten- 
sion, the  new  volume  is  then  V=  (1  -f  0,003672)  F0,and  if  it  acquire 
the  temperature  flt  it  will  then  assume  the  volume:    Fx  ^   (1    +> 
0,00367  t^  F0,  and  by  dividing  the  ratio  of  the  volumes: 
21  «  *  +  0,00367  t 
F,  "~  1  +  0,00367  t* 


(1  +  0,00367  1) 
1  +  0,00367  t 

ipciciLuic  o,   iiiiu.  ^  tuat   <du  fc1?    we    tin 

?°  F0,  further  Fz  =  (1  +  0,00367 
ft  ^  r   _  1+  °'°°367  -  «i 

1  +  0,00367  ^ 

r  _ 

/>  '           yt         1  +  0,00367  .  i   " 
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on  the  other  hand,  the  corresponding  ratio  of  density : 

I-  =  ZL  =  1  +  0,00367^ 

rx          V        1  +  0,00367  t " 

If,  moreover,  a  change  take  place  in  the  tensions,  if  p0  is  the  tension 

we  then  have : 

V  =  (1  +  0,00367  *)fi>  F0,  further  V,  =  (1  +  0,00367  tj  &    F0, 

, 
hence  : 

Z  _  _  _  ,  .    x 

Fz  9  ~  "  ' 

21= 

1  +  0,00367  .  t 

Example,  If  a  mass  of  air,  of  800  cubic  feet,  and  of  10  Ibs.  tension,  and  10°  (centi- 
grade) temperature,  is  raised  by  the  blast,  and  by  the  warming  apparatus  of  a  blast-fur- 
nace to  a  tension  of  19  Ibs.  and  to  a  temperature  of  200°*,  it  will  at  length  assume  the 
greater  volume: 

_  1  +  0,00367.200  .  15  ^  8Q  ^^7^     12000         1Q56  cubic  ^  CPmssian)> 

1          1  +  0,00367.10       19  1,0367          19 

§  301.  Density  of  the  Mr. — By  aid  of  the  formula  at  the  end  of 
the  former  paragraph,  y  may  now  be  calculated  by  the  density  cor- 
responding to  a  given  temperature  and  tension  of  the  air.  By  accurate 
weighings  and  measurements  we  have  the  weight  of  a  cubic  metre  of 
atmospheric  air  at  a  temperature  of  0°,  and  0,76  metre  height  of  baro- 
meter =  1,2995  kilogrammes.  Since  a  cubic  foot  (Prussian)  = 
0,030916  cubic  metre  and  1  kilogramme  =  2,13809  Ibs.  The 
density  of  the  air  for  the  relations  given  is:  =  0,030916  .  2,13809  . 
1,2995  =  0,08590  Ibs.  If  now  the  temperature  is  =  t°  cent.,  the 

1  2995 

density  for  the  French  measure :  y  = * kilogrammes  ; 

1  -f~  0,00367  t 

and  for  the  Prussian  measure  y  =  '- Ibs.,  and  for  the 

1  +  0,00367  .  t 

English  :  y  =  '  Ibs.     If  now  the  expansive  force  varies 

from  the  mean,  if,  for  example,  the  height  of  the  barometer  is  not 
0,76  metres,  but  6,  we  shall  obtain : 

—          1.2995  b  1,71  .& 

7  ~~  1+0,00367  .  t  "   0,76  ~~  1+0,00367  t         g" 
or  if  by  as  is  commonly  the  case,  be  given  in  Paris  inches: 

0,003058  .  b 
y  -  1 +0,00367 1 l  S" 

Very  often  the  expansive  force  is  expressed  by  the  pressure  pt  on  a 
square  centimetre  or  square  inch,  for  this  reason  the  factor 

P — 9  or  — 2L    or       P      must  be  introduced,  and  it  then  follows 

that: 

*   10°  C.=a=50F.,  and  200°  C.  =  392°  F., — the  co-efficient  will  then  be  .002039. — 
A*.  E». 
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1,2995 


1  +  0,00367 
0,08565 


P 


l,2572p 


1,0336 

P      _ 


,00367.  t 
0,005691j0 


kilog.  or 


Ibs.  Prussian. 


y        1  +  0,00367  .  t     15,05        1  +0,00367  .  t 
For  the  same  temperature  and  tension,  the  density  of  steam  is  f  of 
the  density  of  atmospheric  air,  for  which  reason  we  have  for  steam : 


0,8122 


P 


0,78577 


1  +  0,00367  t 

0,05353 
1  +  0,00367  .t 
0,050775 


1,0336  1  +  0,00367* 


kilog.  or 


0,003447j> 


•  Ibs.  English. 


1  +  0,00204  t      14,73         1  +  0,00204  t 

s. — 1.  What  weight  has  the  wind  contained  in  a  cylindrical  regulator  of  40 
feet  length  and  6  feet  width,  at  a  temperature  of  10°  and  18  Ibs.  pressure  *?  The  density 
of  this  wind  is : 

_  0,005691.18        0,10244  ^ 

1,0367  1,0367  ^ ' 

the  capacity  of  the  regulating  vessel  is  =  w .  3°. 40  =  1131  cubic  feet;  hence,  the  quan- 
tity of  wind  ass  0,0988  .  1131  =  112  Ibs. — 2.  A  steam  engine  uses  per  minute  500  cubic 
feet  of  vapor,  of  3  0 7°  C.  temperature  and  36  inches  pressure,  how  many  pounds  of  water 
are  required  for  the  generation  of  this  steam?  The  density  of  this  steam  is: 

0,05353  36         0,05353 . 36 

~"  1+0,00367.107°  '  28  **    1,393  .  28    " 
hence,  the  -weight  of  500  cubic  feet,  or  the  weight  of  the  corresponding  quantity  of 
water,  a  500  . 0,0494  =  24,7  Ibs. 


Fig.  396. 


§  302.  By  aid  of  the  results  obtained  in  the  last 
paragraph,  the  theory  of  the  air  manometer  may  be 
explained.  This  instrument  consists  of  a  barometer 
tube  of  uniform  bore  JlB,  Fig.  396,  filled  above  with 
air  and  below  with  mercury,  and  of  a  vessel  CE  like- 
wise containing  mercury,  which  is  put  in  communi- 
cation with  the  gas  or  vapor  whose  tension  we  wish 
to  find.  From  the  height  of  the  columns  of  mercury 
and  of  air,  the  expansive  force  may  be  estimated  as 
follows.  The  instrument  is  commonly  so  arranged, 
that  the  mercury  in  the  tube  stands  at  the  same  level 
as  the  mercury  in  the  cistern,  when  the  temperature 
of  the  enclosed  air  t  «  50°  (10°  C.),  and  the  tension 
in  the  space  EH  equal  to  the  mean  atmospheric  pres- 
sure b  ass  0,76  metres  =  30  inches. 

But  if  for  a  height  of  the  barometer  &,  from  EH  a 
column  of  mercury  h^  has  ascended  into  the  tube,  and 
the  length  of  the  column  of  the  residuary  air  is  A2, 
we  have  then  its  tension 


and  hence 


If  a  change  of  temperature  takes  place,  the  temperature  from  obser- 
vation of  h^  and  h2  is  not  as  at  first  «  t,  but  * ,  we  then  have  the  ten- 


vation  of  Aj  and  h2  is  not  as  at  first 
sion  of  the  column  of  air : 
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1+ 0,00367  .  ^ 

a      '  1+0,00367  .t'' 
and  hence  the  height  of  the  barometer  in  question : 
ft  -A  4.  VIA     1  + 0*00367.*,     , 

Ol  -  *>•  +  ~V  *  1  +  0,00367  .  t  -    ' 
For  6  =  28  inches  (Paris),  and  *  =  10°  C.,  it  follows  that 

ix  *  A,  +  27  (1  +  0,00367  *x)  * ,  whereby  h^hl  +  \, 

h2 

represents  the  whole  length  of  the  tube  measured  to  the  surface  of 
mercury  HR. 

From  the  height  of  the  barometer  bv  it  follows  that  the  pressure  on 
the  square  inch  (Prussian)  is 

p  =  iM-At  +  15,6  .  g  (1  +  0,00367  f      *  -  0,538  h, 

zo  zo  /i2 

+  14,51  (1  +  0,00367  *)  A  Ibs. 

h2 

Exampk. — If  an  air  manometer,  of  25  inches  length,  at  21°  temperature  C,  indicates  a 
column  of  air  of  12  inches  in  length,  then  the  corresponding  height  of  the  barometer  is: 

o«  f)*\ 

^35=25  —  12+27(1  +  0,00367.21)  ±1-=:13+  9  .  1,07707  ._ 

12  4 

sss  13  +  60,58  =  73,58  inches,  and  the  pressure  on  a  square  inch 
=  0,538  .  73,58  =  39,59  Ibs. 
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SECTION  VI. 

DYNAMICS    OF    FLUID    BODIES. 


CHAPTER    I. 

THE  GENERAL,  LAWS  OF  THE  EFFLUX  OF  WATER  FROM  TESSELS. 

§  303.  Efflux.  —  The  doctrine  of  the  efflux  of  fluids  from  vessels 
constitutes  the  first  principal  division  of  hydro-dynamics.  We  dis- 
tinguish first  between  the  efflux  of  air  and  the  efflux  of  water,  and 
then  again  between  the  efflux  under  uniform  and  that  under  variable 
pressure*  We  next  treat  of  the  efflux  of  water  under  constant 
pressure.  The  pressure  of  water  may  be  assumed  as  constant  when 
the  same  quantity  of  water  is  admitted  on  one  side  as  flows  out  from 
the  other,  or  when  the  quantity  of  water  flowing  out  in  a  certain 
time  is  small  compared  with  the  size  of  the  vessel.  The  chief  pro- 
blem, whose  solution  will  be  here  treated,  is  that  of  determining  the 
discharge  through  a  given  orifice,  under  a  given  pressure,  in  a  defi- 
nite time. 

If  the  discharge  in  each  second  =  Q,  we  then  have  the  expendi- 
ture, after  the  lapse  of  t  seconds,  under  variable  pressure  :  Qx  =  Qt. 
But  to  obtain  the  efflux  per  second,  it  is  necessary  to  know  the 
dimensions  of  the  orifice,  and  the  velocity  of  the  particles  of  fluid 
issuing  from  it.  For  the  sake  of  simplicity  of  investigation,  we  shall 
for  the  present  assume  that  the  particles  of  water  flow  out  in  straight 
arid  parallel  lines,  and  on  this  account  form  a  prismatic  vein  or  stream 
of  fluid.  If,  now,  F  be  the  transverse  section  of  the  vein  and  v  the 
velocity  of  the  water,  or  of  each  particle  of  water,  the  discharge  per 
second  will  form  a  prism  of  the  base  F  and  height  v9  and,  therefore, 
Q  will  be  =  Fv  units  of  volume  and  G  =  Fvy  units  of  weight,  y  being 
the  density  of  the  water  or  the  effluent  liquid. 

Examples.  —  1.  If  water  flows  through  a  sluice,  of  1,7  square  feet  aperture,  -with  a  14 
feet  velocity,  the  discharge  will  be  Q  =  14  .  1,7  =  23,8  cubic  feet,  and  hence  the  dis- 
charge per  hour  will  be  =  23,8  .  3600"  =  85680  cubic  feet.  —  2.  If  264  cubic  feet  of 
water  were  to  be  discharged  through  an  onfice  of  5  square  inches  in  3  minutes  and  10 
seconds,  the  mean  velocity  of  efflux  would  amount  to 


, 

5        igo//  5.190 
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Fig.  397. 


§  304.  Velocity  of  Efflux.— Let  us  suppose  a  vessel  JiC,  Fig.  397, 
filled  with  water,  having  a  horizontal  exit  orifice, 
jF,  rounded  from  the  inside,  which  forms  but  a 
small  part  of  the  transverse  section  or  bottom  sur- 
face CD.  Let  the  head  of  water  jPG,  supposed 
invariable  during  the  efflux,  =  A,  the  velocity  of 
efflux  =  v,  and  the  discharge  in  each  second 
=  Q,  and  therefore  its  weight  =  Qy.  The  me- 
chanical effect  which  this  mass  of  water  produces 
by  sinking  from  the  height  A,  is  =  Q  h  y,  and  the 
mechanical  effect  which  the  effluent  mass  Qy 
accumulates  in  its  transit  from  a  state  of  rest  into 


that  of  the  velocity  v,  is  ^L  Qy  (§  71).  If  no  loss  of  mechanical  effect 
take  place  in  its  passage  through  the  orifice,  both  mechanical  effects 
will  be  equal,  and  therefore  h  Qy  =  —  Qy:  i.  e,9  h  =  —,  and,  in- 


Fig.  398. 


_ 
versely,  v  ==  v"2  g  h,  or  in  feet,  h  =  0,0155  v2,  and  v  =  8,02 

The  velocity^  therefore,  of  water  issuing  through  an  orifice  is  equi- 
valent to  thejinal  velocity  of  a  body  falling  freely  from  the  height  of 
the  water* 

The  correctness  of  this  law  may  be  proved  by  the  following  expe- 
riments. If  we  apply  an  orifice  directed  upwards  to  the  vessel 
Fig.  398,  the  jet  FK  will  ascend  vertically,  and 
nearly  attain  the  level  HR  of  the  water  in  the 
vessel,  and  we  may  assume  that  it  would  ex- 
actly attain  this  height,  were  all  resistances, 
such  as  those  of  the  air,  friction  at  the  sides  of 
the  vessel,  disturbances  from  the  descending 
water,  &c.,  entirely  removed.  But  since  a 
body  ascending  to  a  perpendicular  height  A,  has 
the  initial  velocity  v  =  \/2  g  h  (§  17),  it  ac- 
cordingly  follows  that  the  velocity  of  efflux  is 

v  =  \/%  g  ** 

For  a  different  head  of  water  A15  the  velocity 

is  t^  =  V*  2  g  Ax,  hence  we  Have  v  :  vl  = 

+/  h  :  \/  Ax  ;  therefore,  the  velocities  of  efflux  are  to  each  other  as  the 

square  roots  of  the  heads  of  water. 

Examples.—  -1.  The  discharge  which  takes  place  in  each  second  through  an  orifice  10 
inches  square,  under  a  pressure  of  5  feet,  is:__ 

Q  =  .Ft>  =  10  .  12  v/2  g-  A  =  120  .  8,02  v/  5  =  062,4  .  2,236  =  2151  ,9  cubic  inches. 
2.  That  252  cubic  inches  may  be  discharged  through  an  orifice  of  6  square  inches  in  each 
second,  the  head  of  water  required  is  : 


0,0155  (  252V~.  0,0155  (42)a  =  27,34  inches. 
\    6    / 

§  305,    Velocity  of  Influx  and  Efflux.  —  If  water  flows  in  with  a 
certain  velocity  c,  the  mechanical  effect  —  ,  corresponding  to  the  ve- 

o 
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locity  due  to  the  height  A1  ==  — ,  must  be  added  to  the  mechanical 
effect  h  .  Qy;  hence  we  have  to  put: 

(h  +  AJ  Qy  =  —  Qy,  or  A  +  AJ  =  —, 
and  therefore  the  velocity  of  efflux : 


Since  the  quantity  of  water  flowing  into  a  vessel  kept  constantly 
full  is  as  great  as  that  Q  which  flows  out,  we  may  put  Gc  =  Fv, 
where  G  represents  the  area  of  the  transverse  section  HR  (Fig.  397) 

Tjl 

of  the  water  pouring  in.      Accordingly  if  we  put  c  =  —  v,  we  shall 

G 
then  obtain: 


and  hence:  v  =&  _  **     & 


Fig.  399. 


According  to  this  formula,  the  velocity  increases,  the  greater  the 
ratio  of  the  sections—,  becomes;  the  velocity  is  least,  viz.,  =  *S2gh, 

if  the  transverse  section  F  of  the  orifice  of  efflux  is  small 
compared  with  the  transverse  section  G  of  the  orifice  of 
influx,  and  it  approximates  more  and  more  to  an  infinite- 
ly great  velocity,  the  smaller  the  difference  is  between 

F 

these  orifices.     If  F  =  G,  therefore  — -  =  1,  then  v  = 

G 

=  oo  ,  and  therefore  also  c  =   oo.     This  infinite 


0 

value  must  be  understood  to  express  that  the  water  must 
flow  to  and  from  a  bottomless  vessel  JiC,  Fig.  399,  with 
an  infinite  velocity,  in  order  that  the  stream  of  fluid  CF 
may  entirely  fill  up  the  orifice  of  discharge  F.      If  we  put  v   = 

— £ ,  we  shall  then  obtain : 
F 

G 


^f 
which  expression  indicates  that  the  transverse  section  .Fof  the  stream 

flowing  out,  for  an  infinite  velocity  of  influx,  is  constantly  less  than 
the  transverse  section  G  of  the  stream  flowing  in,  and  hence,  that  the 
discharging  orifice  is  not  quite  filled  when  it  it  is  greater  than 
G 
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Remark.  The  accuracy  of  this  formula,  given  by  Daniel  Bernoulli, 

i?  •—=  — .  ^  ,  has  of  late   been  brought  into  doubt  by  many  philosophers.     I 


have  endeavored  to  prove  how  unfounded  are  the  objections  made,  in  an  article  "Efflux,53 
in  the  "  Allgemeinen  Maschinenencyclopadie." 

Example.  If  water  runs  from  a  circular  orifice,  5  inches  in  -width,  in  the  bottom  of  a 
prismatic  vessel  of  60  square  inches  transverse  section,  under  a  pressure  of  6  feet,  the 
velocity  is  then:  __ 

«_  8'02  ^ -     8,02.2,449       _        1^,641         _     19,641 


J- 


v/1— (0,327)a  v/0,8931 


0,945 


\4 . 607 


Fig.  400. 


§  306.  Velocity  of  Efflux,  Pressure  ,  and  Density.  —  The  above  for- 
mulae are  only  true  if  the  pressure  of  the  air  on  the 
fluid  surface  is  as  great  as  its  pressure  against  the 
orifice  ;  but  if  these  pressures  are  different  from  one 
another,  we  have  then  to  extend  these  formulae.  If 
the  upper  surface  HE,  Fig.  400,  is  pressed  by  a 
piston  K  with  a  force  P19  which  case,  for  example, 
presents  itself  in  that  of  the  fire-engine,  we  may 
then  imagine  it  to  be  replaced  by  the  pressure  of  a 
column  of  water.  If  h:  be  the  height  of  this  co- 
lumn, and  y  the  density  of  the  liquid,  we  may  there- 
fore put  P!  ass  Ghjjf.  If  we  substitute  for  h  the 

head  of  water  augmented  by  At  = 

p  p 

—  i,  h  +  hi  «s  h  +   _^,  we  then  obtain  for  the  velocity  of  efflux  : 

Cry  Gy 

.-  jp 

v  =     I    2  g    (h  ^  --  ^  ),  when,  moreover,  we  suppose  —  to  be  very 
\  \  Cry/  G 

small.     If,  further,  we  represent  the  pressure  on  each,  unit  of  surface 

p 
of  G  by  p19  we  have  more  simply  -_l  =  jp1,  and  hence 

Or 

v  =     I  2  g  (h  +  —\  Again,  if  we  represent  the  pressure  of  water 
at  the  level  of  the  orifice  by^>,  we  may  then  put  _ 

PL\  y  ;  therefore,  h  +  &-  =  £,  whence  v  =     f  2  g  5. 
y/  y         y  N         y 


velocity  of  efflux,  therefore,  increases  as  the  square  root  of  the 
pressure  on  each  unit  of  surface,  and  inversely  as  the  square  root  of 
the  density  of  the  fluid.  Under  equal  pressures,  therefore,  a  fluid 
of  a  density  represented  by  4,  runs  out  half  as  fast  as  one  of 
density  1.  Since  the  air  is  770*  times  lighter  than  water,  it  would, 


*  According  to  the  experiments  of  Prout,  100  cubic  inches  of  air  at  60°  temperature 
and  30  inches  barometer,  weigh  3  1,0  117  grains  troy,  and  consequently  at  32°  a  cubic  foot 

fin  -t 

will  weigh  31,011^  x  X  17,28  =  560,1  grains;  and  since  a  cubic  foot  of  water 


493 
weighs  62,5  Ibs.  avoirdupois 


s  62,5  X  7000  =  437500  grains,  the  relative  weights  of 

30* 
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Fig.  401. 


if  it  were  an  inelastic  body,  flow  out  \/ 
=  27f  faster  than  water.  If  the  water  does 
not  flow  freely,  but  under  water,  in  conse- 
quence of  a  counter-pressure,  a  diminution  of 
the  velocity  of  efflux  then  takes  place.  If  the 
mouth  of  the  vessel  JiC,  Fig.  401,  is  the  depth 
FG  =  A  below  the  surface  of  the  upper  water 
HR,  and  FGl  =  h^  below  the  surface  HlRlL  of 
the  lower  water,  we  then  have  the  pressure 
downwards  p  =  hy>  and  the  counter  pressure 
upwards  pl  =  h^  y,  hence  the  force  of  efflux  is : 
and  the  velocity  of  efflux 


P—PI^  (h  —  > 


For  efflux  under  water  the  difference  of  level  h — Ax  between  the 
surfaces  must  be  regarded  as  the  head  of  water. 

If  the  water  on  the  side  of  the  outer  orifice  be  pressed  by  the  force 
Pi  and  on  the  side  of  the  inner  orifice  or  of  the  surface  of  water  by 
the  force pl9  we  have  then  generally: 


Examples.~~~l.  If  the  piston  of  a  12  inch  cylinder,  or  that  of  a  fire-engine,  were  pressed 
down  -with  a  force  of  3000  Ibs.,  and  there  were  no  obstacles  in  the  tubes  or  pipes,  the 
water  would  then  issue  through  the  mouth-piece  of  the  tube  and  be  directed  vertically 
upwards  with  a  velocity: 

'  " 600  .  4 


9T   12,5 

62,697  feet,  and  ascend  to  the  height  h  sss  0,0155  .  v*  =  60,93  feet. — 2.  If  water 
rushes  into  a  rarefied  space  j  for  example,  into  the  condenser  of  a  steam-engine,  whilst 
it  is  pressed  from  above  or  on  its  exposed  surface  by  the  atmosphere,  the  last  formula 

for  the  velocity  of  efflux  is  then  to  be  applied.     If  the  head 

x  y        / 

of  water  hssz  3  feet,  and  the  external  barometer  stand  at  27  inches,  and  the  internal  at  4 
Paris  inches,  we  shall  now  have  &*      &    a=27  —  4  =  23  Paris  inches 


/  2  g  f 


_-    1,035 
12 


ss=  1,9837  Prussian  feet  =  2,042  English  feet,  or  a  column  of  water  s=  13,5  . 
S,042  =  27,57  feet,  and  the  velocity  of  the  water  rushing  into  the  vacuum  v  =  8,02 
.  -v/  3  +  27,57  =  44.34  feet  —  3.  If  the  water  in  the  feed-pipe  of  a  steam-engine  boiler 
stands  12  feet  above  the  surface  of  the  water  in  the  boiler,  and  the  pressure  of  steam  be 
20  Ibs,,  and  the  pressure  of  the  atmosphere  only  1  5  Ibs.  on  the  square  Inch,  the  velocity 
with  which  the  water  enters  into  the  boiler  will  be  : 


8,02    /I 

-V 


.•  8,02     /12        £^t  .  8,02  ^1^48 

*i»J  62,0 


5,55  feet. 


air  and  water  at  that  temperature  is          '*    5=5     * 

437500         772 
:437500 
^     0.75 


At  60°  the  relation  will  be  535,88 


~  —  ^ 


=  1:816.    And  as  -v/816  as>  28,5,  the  velocity  of  efflux  will,  under  this  condition, 
Part  more  rapid  than  in  that  supposed  in  the  text.  —  AM.  ED. 
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Fig.  402. 


§  307,  Hydraulic  Pressure. — When  water  enclosed  in  a  vessel  is 
in  motion,  it  then  presses  more  feebly  against 
the  sides  than  when  at  rest.  We  must,  there- 
fore, distinguish  the  hydrodynamic  or  hydraulic 
pressure  from  the  hydrostatic  pressure  of  water. 
If  p:  be  the  pressure  on  each  unit  of  surface 
H^  as  Gv  Fig.  402,  p  the  pressure  without 
the  orifice  jP,  and  h  the  head  of  water  FGI9  we 
then  have  for  the  velocity  of  efflux 


in  another  transverse  section  H2R2  =  G2,  which  lies  at  a  height 
FGZ  =  h^  above  the  orifice,  the  pressure  =  p2,  we  then  have  like- 
wise : 


If  we  subtract  one  expression  from  the  other,  it  then  follows  that: 


t  •*••  y,'  *   —  JL'       mf*        O 

or,  if  the  head  of  water  G^G^  of  the  stratum  #2.R2  =  G2  be  repre- 
sented by  A2,  the  measure  of  the  hydraulic  pressure  of  water  at 
H2R2is: 


But  now  --    is  the  velocity  t?t  of  the  water  at  the  surface  GI9  and  — 

.^1  Gi2 

the  velocity  v&  of  the  water  at  the  section  G2;  hence  more  simply  we 

a 


Therefore,  from  this  it  follows  that  the  hydraulic  head  of  water 

•£-2  at  any  place  in  the  vessel  is  equivalent  to  the  hydrostatic  head  of 
y 

water  ^L  -f  hz  diminished  by  the  difference   of  the  height  due  to  the 

y 

velocity  at  this  point,  and  at  the  place  of  entrance*  If  the  upper  sur- 
face of  the  water  Gx  is  great,  we  may  neglect  the  velocity  of  influx, 

and  hence  may  put  ^  —  -?!  +  hz  —  ^-,  and  the  hydraulic  head  of 

r        y  %g 

water  is  less  by  the  height  due  to  the  velocity  than  the  hydrostatic  head 
of  water.  The  faster,  therefore,  water  flows  in  conduit  pipes,  the  less 
it  presses  against  the  sides  of  the  pipes.  From  this  cause,  pipes  very 
often  burst,  or  begin  to  leak,  when  its  motion  in  them  is  checked^  or 
when  the  pipes  are  stopped  up,  &c» 
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Fig.  403.  By    means    of  the    apparatus  of   efflux 

JIB  CD,  Fig.  403,  we  may  have  ocular 
demonstration  of  the  difference  between 
hydraulic  and  hydrostatic  pressure.  If  we 
carry  upwards  a  small  tube  ER  from  the 
transverse  section  G^  it  will  become  filled 
with  water,  which  will  ascend  in  it  above 
the  level  of  the  fluid  surface  if  G2is  >  G19 
therefore  t?2  <r  vx;  for  as  the  pressure^  on 
the  fluid  surface  is  counteracted  by  the 
pressure  of  the  air  against  the  mouth  of  the 
tube,  we  may  put  for  the  height  which  mea- 

sures the  pressure  at  G2  viz.  x  as  ^  =    hz 

7 
v     _    i       and  therefore  x  is  >  ^  if  ^f  is  <  HL.     If,     on    the 


other  hand,  the  transverse  section  G3  be  <  Gl9  and  the  water  there- 
fore flow  through  G3  quicker  than  through  GL,  we  shall  then  have  the 
height  of  the  column  of  water  in  the  small  tube  EI  whose  inner  orifice 

is  at  G37  y  «  hs  —  P£  _  ?±-\  less  than  A3,  and  hence  it  will  not 
reach  to  the  level  HR  of  Gr  Again,  if  G4  be  very  small,  and  there- 

V  2  1?  2  v. 

fore  the  corresponding  velocity  i?4  very  great,  then  -4  --  -i-    may    be 

>•  h^  and  hence  the  corresponding  hydraulic  head  of  water  z  may  be 
negative,  i.  e.  the  air  may  press  more  from  without  than  the  water 
from  within.  A  column  of  water  will  therefore^  ascend  in  the  tube 
JE2fi,  which  is  inserted  below,  and  whose  outer  orifice  is  under  water, 
which  in  conjunction  with  the  pressure  of  the  water,  will  balance  that 
of  the  external  atmosphere.  If  this  small  tube  be  short,  the  water, 
which  may  be  colored  for  this  purpose,  will  ascend  from  the  vessel 
K  underneath,  through  the  tube,  enter  the  reservoir  of  efflux,  and 
will  arrive  at  F  and  be  discharged. 


Fig.  404. 


Remark.  If  the  discharging  vessel  ACE,  Fig.  404,  consists  of  a 
\vide  reservoir  j£C  and  of  a  narrow  vertical  tube  CE,  the  hydraulics 
pressure  at  all  places  in  this  tube  is  then  negative.  If  we  disregard 
the  pressure  of  the  atmosphere^,  the  pressure  of  the  water  in  the 
vicinity  of  the  mouth  F  may  be  put  =  0,  because  the  whole  head 
of  water  here  GF  =  h  will  be  expended  in  generating  the  velocity* 
v  =  v/Jg^  ;  on  the  other  hand,  at  a  place  A-Ei  at  the  height  Oft 
=  hi  below  the  surface  of  water,  the  hydraulic  pressure  =  hl  —  -  h 


negative  ;  if,  therefore,  a  hole  be  bored  in  this  tube,  no 
water  will  run  out,  "but  air  will  rather  be  drawn  in,  which  will 
arrive  at  JP  and  flow  out.  This  negative  pressure  will  be  greatest 
directly  below  the  water,  in  G  because  h2  is  there  least. 

§  308.  By  means  of  the  formula  Q=  Fv*=F<S2gh, 
the  discharge  issuing*  in  one  second  can  only  then  be 
calculated  directly  when  the  orifice  is  horizontal, 
because  here  only  the  velocity  throughout  the  whole 
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Fig.  405. 


transverse  section  F  is  the  same  ;  but  if  the  transverse  section  of  the 

orifice  has  an  inclination  to  the  horizon,  for  example,  if  it  is  at  the  side 

of  the  vessel,  the  particles  of  water 

at  different  depths  will  then  flow  out 

with  different  velocities,  and  the  dis- 

charge   Q   can  no  longer   be   con- 

sidered as  a  prism,  and  hence,  there- 

fore, the  formula  Q=  Fv=F  ^/2g  h 

cannot   be    applied    directly.     The 

most  simple  case  of  this  kind  is  pre- 

sented in  the   efflux  through  a  cut 

in  the  side  of  a  vessel,  or  in  what  is 

called  a  weir,  Fig.  405.     This  cut 

forms  a  rectangular  aperture  of  ef- 

flux EFGH,  whose  breadth  EF  = 

GHis  represented  by  6,  and  height  EH  =  FG  by  h.     If  we  divide 

this  surface  bh  by  horizontal  lines  into  a  great   number  n  of  equally 

broad  laminee,  we  may  suppose  the  velocity  in  each  of  these  to  be  the 

same.     Since  the  heads  of  water  of  these  laminae  from  above  down- 

wards are  —  ,  —  ,  —  ,  &c.,  we  then  have  the  corresponding  velocities 
n    n      n 

I  2  g  *,     l2g.—9     I  2g  .  —i  and  since,  further,  the  area  of  a 
-\  n   -\  n     ^  n 

lamina  =  &  .  —  =  —  ,  we  then  have  the  discharges  : 
n         n 


bJL     1  77?,—     he  .  —  ,—     hg  .  ^,&c.;  consequently  the 
n  \          n    n  \j  n     n  \J  n 

discharge  through  the  entire  section  : 


But  now  : 


v-3 

-f  .  . 


or 


f 


* 


hence,  the  discharge  required  is : 
Q  = 


If  by  the  term  mean  velocity  (tf )  6e  understood  that  velocity  which 
must  subsist  at  all  places,  that  as  much  water,  in  consequence,  does 
issue  as  with  the  variable  velocities  of  efflux  within  the  whole  profile  ; 
we  may  then  put :  Q  ==  bh  .  v,  and,  consequently,  v  =  f  +>/2gh,  i.  e. 
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Fig.  406. 


the  mean  velocity  of  water  issuing  through  a  rectangular  cut  in  the  side 
of  a  vessel  is  f  of  the  velocity  at  the  sill  or  lower  edge  of  the  cut. 

If  the  rectangular  aperture  of  efflux 
KG,  Fig.  406,  with  horizontal  sill  does 
not  reach  the  surface  of  the  water, 
we  may  find  the  discharge  hy  regard- 
ing the  aperture  as  the  difference  of 
the  two  cuts  EFGH  and  EFLK. 
Hence,  if  h^  is  the  depth  HE  of  the 
lower,  and  KE  =  h2  that  of  the  upper 
edge,  we  then  have  the  discharge  from 
these  apertures  •§-  b  ^/2  g  hf  and  §  b 
,  and  hence  the  quantity  of  wa- 


ter for  the  rectangular  orifice  GHKL: 


Q  =  f  b  ^2  g  V  —  |  b 
the  mean  Telocity  of  efflux  : 


g 


f 


and 


v 


or  the  depth  of  the  centre  of 


If  h  is  the  mean  head  of  water 


the  orifice  below  the  surface  of  water,  and  a  the  height  of  the  orifice 
HK—  \  —  fi3,  we  may  then  put  : 


a 


* ,  or  approximately : 


Example.  If  a  rectangular  orifice  is  3  feet  wide  and  1%  feet  high,  and  the  lower  edge 
lies  2 £  feet  below  the  surface  of  -water,  the  discharge  is  then. : 

Q~-£.  8,02.3  (2,75*  —  1,5*)=  16,04  (4,560  —  1,837)  »  16,04  . 2,723  =  43,67  cubic 
feet.     From  the  formulae  of  approximation  the  mean  velocity  of  efflux  is  : 

8,02  v/2j25.=  (l  —  0,0036)  .  11,685==  11,685— -0,042  = 

1 1,643  feet,  and  hence  the  discharge  Q  =  3  .  £  .  11,643  ^43,65  cubic  feet. 

Remark. — If  the  cut  in  the  side  is  inclined  to  the  horizon  at  an  angle  £,  we  shall  then. 

"      -V 


have  to  substitute  the  height  of  the  aperture 


sin.  3" 


1  for  its  vertical  projection,  whence 


we  must  put  Q  =  •§•  r  g  (  \/h^  —  v^a3)-  *f  ^e  transverse  section  of  the  reservoir 
parallel  to  the  aperture  be  not  considerably  greater  than  the  section  of  the  aperture,  we 
shall  then  have  to  take  into  account  the  velocity  ^  —  —  t>  with  which  the  water  flows  to 
it,  and  for  this  reason  put: 


$'- («•£)*]. 
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§  309.  Triangular  Lateral  Orifice,  —  Besides 
rectangular  lateral  orifices,  we  have  in  practice  tri- 
angular and  circular.  Let  us  first  consider  the 
efflux  through  a  triangular  orifice  EFG,  Fig.  407, 
with  horizontal  base,  whose  vertex  E  lies  in  the 
surface  of  the  water.  Let  the  base  FG  =  6,  and 
the  height  EF  =  A,  let  us  divide  the  last  into  n 
equal  parts,  and  carry  through  the  points  of  division 
lines  parallelto  the  base,  we  then  resolve  the  entire 
surface  into  small  elements  of  the  areas: 
b  h  2b  h  3b  k  0 


Fig.  407. 


n     n    n      n    n 
and  the  heads  of  water: 
h  2k  3h   n 


n 


7t    n     n 
The  discharges  for  these  are: 

bh     \~ h    2bh     l~ 2h    3bh 
^  £  —*  ~-^*~  ^  \  ^  £  •  ~> 


&c. 


n      TV   \j      ~       n       ri*   ^      ~       n 
and  we  obtain  the  discharge  for  the  whole  orifice : 
bh 


O  =  _ 

^  —2 


- 

71 


2 


£JH  (1  +  2*  +  3*  + 


or  since  the  series  in  the  parenthesis 

nJ£      l_    1  5 

fl>       «^  -L          2  MJZ    r\  0.7,?.      s 


31-1      o  »     ^-  & <=>  o 

If  the  base  of  the  orifice  EGK  lies  in  the  surface  and  the  vertex 


2  gh  flowing  through 


lower  by  A,  we  then  have  the  discharge  f  bh 
the  rectangle  EFGK,  _  _  _  _ 

Qx  r=  |  bh  */2gh  —  f  bh  </  2  gh  =  -^  bh  </  2  gh. 
Through  the  trapezium  J1JBCD,  Fig.  408,  whose  upper  base  JiB 
=  61,  lies  in  the  surface  of  the  water,  and  whose   lower  base  is  CD 
—  62,  and  height  DE  =  A,  we  may  find  the  discharge  by  regarding 
the  orifice  as  composed  of  a  rectangle  and  two  triangles,  viz.,  _ 
/~2h+  —bh<Th=         26+  3  6     A  V  2    -A. 


Fig.  408. 


Fig.  409. 


F   B   Ri 

~ 


Further,  the  discharge  for  a  triangle  CDE,  Fig.   409,^  of  the   base 
=  b19  and  of  the  height  Ax,  and  whose  vertex  C  is  distant  h  from 
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the  surface  of  water:  Q  =  discharge  through  ABC  less  the  discharge 
through  J1E  _ 

=  ft  bh  */  2  gh—  ft  (2  b 


As  the  breadth  ./IB  =  6  may  be  determined  by  the  proportion  o  :  ox 
_  h  :  (h  —  AJ,  it  follows  that 

2  ^/2g  .  5X  /2  A  (A*  —  V1)  _  3  ft  l\ 
^~         15          V         A—  Ax  *  / 

2  v' 


15 


^  /2 


+  3  & 


Lastly,  for  a  triangle  JlCD,  Fig.  410,  whose  vertex  lies  above  the 
base,  the  quantity  discharged  is 


2 


15 
ix   /3  A^ — 5  Aj 


15 


/3  A 
\ 


A—  A 


Fig.  410, 


Fig.  411. 


Example.  What  quantity  of  water  flows  through  the  square  JLBCD,  Fig.  411,  "whose 
vertical  diagonal  •£  C  =  1  foot,  if  the  angular  point  *d  reaches  the  surface  of  the  water  ? 
The  upper  half  of  this  square  gives  the  expenditure  : 

Pssf  1  .8,02-^/7=0,4  .8,02  .0,353  =  3,21.  0,353=1,1331  cubic  feet, 


2.  8,02  /2  — 


but  the  lower  water  expenditure : 


32,08 
15 


A—  A 


(2—1,7678  +  0,5303) 


32,08  .  0,7625 


15 


through  the  entire  orifice  is  Q  =  1,1331  +  1,6307 


Fig.  412. 


=  1,6307  cubic  feet-  the  discharge 
2,7638  cubic  feet. 

dis- 


§  310.  Circular  Lateral  Orifices. — The 
charge  through  a  circular  orifice  JlB9  Fig. 
may  be  determined  by  an  approximate  formula 
in  the  following  manner.  Let  us  decompose 
the  orifice  by  concentric  circles  into  equally 
small  annuli,  and  each  annulus  into  very  small 
elements,  which  may  be  regarded  as  parallelo- 
grams. If  now  r  is  the  radius  of  such  an  an- 
nulus, b  its  breadth  and  n  the  number  of  its  ele- 
ments, we  have  the  magnitude  of  an  element 
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K,  =*       —.     If  h  is  the  depth  CG  of  the  centre  C  below  the  sur- 
n 

face  of  water  HR,  and  $  the  angle  J3CK,  by  which  an  element  Jfis 
distant  from  the  highest  point  Jl  of  the  annulus,  we  have  then  the 
head  of  water  of  this  element: 

KF  =*=  CG  —  CL  =  h  —  r  cos.  9, 
and  hence  the  discharge  of  this  element 


~h  fl  —  1  1  cos.  »  —  i  /£\2  cos.  t2  +.  .1 

!  4-  «w.  2  ») 


hence  the  discharge  of  an  element  : 

[l-J  -  I  cos.  ,  -  ^  (£)*  (1  +  co*.  2  »)_  .  .  .  J 


The  discharge  of  an  entire  annulus  is  now  known,  if  we  put  in  the 
parenthesis  for  1,  n  .  1  =  n,  for  cos.  $  the  sum  of  all  the  cosines  of  ^ 
from  9  =  0  to  $  =  2  *,  and  for  the  cosine  of  2  $,  the  sum  of  all  the 
cosines  of  2  $  from  2$>  =  0  to  2$>—  4*.  But  as  the  sum  of  all  the 
cosines  of  a  complete  circle  is  =  0,  these  cosines  vanish,  and  the 
discharge  for  the  annulus  : 


If  now  for  6  we  substitute  —  ,  and  for  r9  —  ,  —  ,  —  ,  to  —  ,  we  then 

771  m      ffl      771  771 

obtain  the  discharge  of  all  the  annuli  which  make  up  the  circular  sur- 
face, and  lastly,  the  quantity  of  efflux  of  the  whole  circle 


Q  «  2  *  r  v/2^A  P-L  (1  +  2  +  3  +  .  .  +  m) 
Lfft 

(I3  +  2s  +  33  4-  •  .  +  m 


or  more  accurately  : 
Q 


If  the  circle  reaches  the  surface  of  the  water,  then 


Q  .  TV^  ^  r3  ^/  2  ^A  =  0,964  JP  ^  2  gk, 
if  jF  represents  the  area  of  the  circle. 

It  is  besides  easy  to  conceive  that  in  all  cases  where  the  head  of 
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water  at  the  centre  is  equal  to  or  greater  than  the_diameter,  we  may 
put  the  vrhole  series  -  1,  and  take  Q  -  ^  v'  2^A  This  rule  may 
also  be  applied  to  other  orifices,  and,  therefore,  in  all  cases  where  the 
centre  of  gravity  of  an  orifice  lies  at  least  as  deep  below  the  fluid  sur- 
face as  th!  figure  is  high,  the  depth  h  of  this  point  may  be  regarded 
as  the  head  of  water,  and  Q  put  =  F  y  2  gh.  , 

If  we  consider  that  the  mean  of  all  the  cosines  of  the  first  quadrant 

_  *     and  that  all  the  cosines  of  the  second  =  —  j,  and  likewise  that 

"rr          A     '  ^t 

the  mean  of  the  first  and  of  the  second  vanishes,  we  may  then,  by  the 
method  adopted  above,  find  the  discharge  of  the  upper  senncircle  : 


and  that  of  the  lower  : 


Example.  "What  quantity  of  water  flows  hourly  through  a  circular  orifice  1  inch  in  dia- 
meter, above  which  the  fluid  surface  stands  ^  inch  high  ? 


-L  —  f  ,  hence 


O,023  =  0,977, 


L       =  \  ft  =  0,735  ;  further,  1  -  &  (A)*  -  1  -  O,0 
and  consequently  the  discharge  per  second  : 

Q  =5   **...."  ia  12     8  02      f    7      .0,977  =  -?L  .  8,02   .  0,977  ^/T  =    16,26  cubic    inches, 
*  -J  14 


Fig.  413. 


w         '"V 

which,  per  minute,  =  973,  and  per  hour  =  33,78  cubic  feet. 

§  311.  Discharging   Vessels  in   Motion. — The    velocity  of   efflux 
varies  if  a  vessel  previously  at  rest  or  in  uniform  motion  changes  its 
condition  of  motion,  because  in  this  case  every  particle  acts  by  its 
own  weight,  as  well  as  by  its  inertia  against  the  surrounding  medium* 
If  we  move  the  vessel  JIC9  Fig.  413,  upwards  with  a  vertical  ac- 
celerating force,  whilst  the  "water  flows 
through  the  bottom  by  the  hole  F,  an 
increase  takes  place,  and  if  it  be  moved 
downwards  vertically  by  an  accelerat- 
ing force,  a  diminution  of  the  velocity 
of  efflux  ensues.     If  p  is  the  accelerat- 
ing force,    each   element  of  water   J\f 
presses  not  only  by  its  own  weight  Mg, 
but  also  by  its  inertia  Mp ;  consequently 
the  force  of  each  element  in  the  one 
case,  must  be  put  (g  +  p}  JW,   and   in 
the  other  (g — p)  M,  therefore  instead  of 
From  this  it  follows   then 

Gri/O  h,  and  hence  for  the 


v 

that  — 
^ 

velocity: 


v  =  +/2  (g+p)  h. 
If  the  vessel    ascends   with    the    accelerating  force   g, 


then    is 
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•y=v/2.2g*&=2  v/  gh9  therefore  the  velocity  of  efflux  1,414 
times  that  of  a  vessel  at  rest.  If  the  vessel  falls  by  its  own  weight, 
therefore,  with  the  accelerated  motion  g,  there  is  v  =  */  0  =  0,  no 
water  therefore  flows  out.  If  the  vessel  moves  uniformly  up  or 
down,  there  remains  v  =  y/  2  h,  but  if  it  ascends  with  a  retarded 
motion,  then  will  v  =  \ 


y/  2  gh,  but  if  it  ascends  with  a 
2  (g  —  p)  h,  and  if  it  descends  with  the  same 


Fig.  414. 


retardation,  then  v  =  +/  2  (g  +  p)  h. 

If  the  vessel  moves  horizontally,  or  at  an  acute  angle  to  the  hori- 
zon (§  274),  the  fluid  surface  will  be  inclined  to  the  horizon,  and  a 
change  in  the  velocity  of  flow  will  take  place. 

JBy  the  rotation  of  a  vessel  */2C,  Fig.  414,  about  its  vertical  axis 
XX,  the  concave  surface  forms  a  parabolic  funnel 
jZOBy  hence  there  will  be  over  the  middle  F  of 
the  bottom  a  lesser  head  of  water  than  at  the 
edges,  and  hence  the  water  will  flow  through  the 
orifice  F,  in  the  axis,  more  slowly  than  through  any 
other  orifice  K  at  the  bottom.  If  h  represent  the 
head  of  water  in  the  middle,  then  the  velocity  of 
efflux  at  the  middle  will  be  =  >/  2  gh9  if  y  be  the 
distance  FK  =  ME  of  any  other  orifice  K  from  the 
axis,  and  w  the  angular  velocity,  we  shall  then 
have  the  corresponding  elevation  of  the  water  above 
the  middle: 

OM  =  %  TM*=*  I  ME  cotang.  T=\ 

if  to  be  the  velocity  of  rotation  of  the  ori- 
fice K.  Hence  then  the  velocity  of  efflux 
for  this  is 


g 


V          wV*  M? 

— — •        ^        -      _^___ 

%g      %s 


Fig.  415. 


This  formula  is  true  for  every  arbitra- 
rily shaped  vessel,  and  also  for  one  closed 
above,  as  JlC,  Fig.  415,  so  that  the  fun- 
nel cannot  be  formed.  Its  application  to 
wheels  of  reaction  and  to  turbines  will  be 
found  in  the  sequel. 

Examples.  —  1.  If  a  vessel  full  of  water  JIC,  Fig.  413,  weighs  350  Ibs.,  and  by  means  of 
a  rope  passing  over  a  roller  K  is  drawn  by  a  weight  G  of  450  Ibs.,  it  will  ascend  with,  an 

accelerating  force  p  =  4f°7^"  -  ff  =  ~  f  =  *  ft  ^d  henoe  the  ™locit*  of  efflux 


'  450+350 


800 


will  be  t?  = 


Were  the  head  of  water  h  =  4 
16,O1  feet.— 2.  If  a 


feet,  the  velocity  of  efflux  would  bev=ssl*SQ.g  =  3<\/  32,2 

vessel  dC,  Fig.  415,  full  of  water  revolves  so  that  it  makes  100  revolutions  per  minute, 
if  the  depth  of  the  orifice  F  below  the  surface  of  water  in  the  middle  amounts  to  2  feet, 
and  the  distance  from  the  axis  XXy  3  feet,  then  the  velocity  of  efflux  is 


J 


64,4  .2  + 


.  IPO  y 


~30 


100 


=  v'  128  +  987  =  33,4  feet, 
=  11.34  feet. 


If  the  vessel  be  at  rest  the  velocity  will  be  v  = 
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CHAPTER    II. 


ON  THE    CONTRACTION  OF    THE    FLUID    VEIN    BY  THE    EFFLUX  OF    WATER 
THROUGH  ORIFICES  IN  A  THIN  PLATE. 

§  312,  Co-efficient  of  Velocity.  —  The  laws  of  efflux  developed  in 
the  preceding  chapter  accord  almost  entirely  with  experiment,  so  long 
as  the  head  of  water  is  not  small  compared  with  the  width  of  the 
orifice,  and  as  long  as  the  orifice  gradually  widens  inwards  without 
forming  corners  or  edges,  and  is  close  at  the  bottom  or  sides  of  the 
vessel.  The  experiments  made  by  Michelotti,  by  Eytelwein,  and  by 
the  author  on  this  subject,  with  smoothly  polished  metallic  mouth- 
pieces, have  shown  that  the  effective  discharge,  or  that  which  actually 
flows  out,  amounts  to  from  96  to  98  per  cent,  of  the  theoretical 
quantity. 

The  mouth-piece  j£D,  Fig.  416,  represented  in  half  its  natural 
size,  gave  for  a  head  of  water  of  10  feet,  97,5 
per  cent.,  for  5  ft.  96,9  per  cent.,  and  for  1 
ft.  95,8  per  cent.  Since  for  this  efflux  the 
fluid  vein  has  the  same  transverse  section  as 
the  orifice,  we  must  then  assume  that  this 
diminution  of  discharge  is  accompanied  with  a 
loss  of  velocity,  which  is  caused  by  the  friction 
or  adhesion  of  the  water  to  the  inner  circum- 
ference of  the  orifice,  and  by  the  viscidity  of 
the  water.  In  what  follows,  we  shall  call  the 

ratio  of  the  effective  velocity  of  efflux  to  that  of  the  theoretical 
=  #  \/2ghy  the  co-efficient  of  'velocity  p,  and  represent  it  by  $.  From 
this,  therefore,  the  effective  velocity  of  efflux  in  the  most  simple  case 

gh,  and  the  discharge  : 
Q 


Fig.  416. 


s 


v  a= 


Fv  =  q>  F 

If  we  substitute  for  $  the  mean  value  0,97,  we  then  obtain  for  the 
quantity  in  feet 

Q  =  0,97  .          ~ 
A  vis  viva  -2.  . 

city 


\  gh  =  0,97  .  8,02  F  v/  h  =  7,779 
5,  is  inherent  in  a  discharge  Q  issuing  with  the  velo- 
by  virtue  of  which  it  is  capable  of  producing  the  mechanical 
effect  Qy  .  |u     But  since  by  its  descent  from  the  height  h  =  ^1,  the 

weight  Qy  produces  the  mechanical  effect  Qr .  h 
by  the  efflux  of  the  water,  this  suffers  a  loss 


*e' 

Qy|l,  it  follows  that 
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'  •  £-  (1  —  *2)  —  (1  —  0,972)  Qy  .  _ 

=  0,059  Qr  .  |L,  or  5,9  per  cent. 

Therefore,  the  effluent  water  produces  by  its  vis  viva  5,9  per  cent, 
less  mechanical  effect,  than  does  its  weight  by  falling  from  the 
height  A. 

§  313.  Co-efficient  of  Contraction. — If  water  flows  through  an 
orifice  in  a  thin  plate,  a  considerable  diminution  of  the  discharge  under 
otherwise  similar  circumstances  takes  place,  whilst  the  particles  of 
fluid  rushing  through  the  orifice  move  in  convergent  directions,  and 
in  this  way  give  rise  to  a  contraction  of  the  fluid  vein.  The  measure- 
ments of  the  vein  made  by  many,  and  especially  of  late  by  the  author, 
have  shown  that  the  vein  at  a  distance  which  is  about  equal  to  one- 
half  of  the  width  of  the  orifice,  has  the  greatest  contraction,  and  a 
thickness  equal  to  0,8  that  of  the  diameter  of  the  orifice.  If  F^is  the 
transverse  section  of  the  contracted  vein,  as  also  F  the  transverse 
section  of  the  orifice,  we  then  have  from  this  JPX  =  (0,8)2  F  =  0,64  F. 

The  ratio  ~-£  of  these  transverse  sections  is  called  the  coefficient  of 
F 

contraction,  and  is  represented  by  o,  and  accordingly,  the  mean  value 
for  the  efflux  of  water  through  orifices  in  a  thin  plate  may  be  put  : 
a  —  0,64. 

As  long  as  we  possess  no  more  accurate  knowledge  on  the  con- 
traction of  the  fluid  vein,  we  may  as- 
sume that  the  stream  flowing  through 
a  circular  orifice  JIB,  Fig.  417,  forms 
a  body  of  rotation  JlBEF,  whose  en- 
velope is  generated  by  the  revolution 
of  a  circular  arc  JlF  about  the  axis 
CD  of  the  stream.  Let  the  diameter 
JIB  of  the  orifice  =  d,  and  the  dis- 
tance CD  of  the  contracted  section 
EF,  =  ^  d,  we  then  obtain  the 
radius  : 

MJl  =  MF  a=s  r  of  the  generating  arc 
r  by  means  of  the  equation: 

=  FN(2  MF—  FJV),  or 


Orifices  made  after  this  figure  of  the  contracted  vein  give  pretty  nearly 
the  velocity  of  discharge  v:  ==  0,97  .  v. 

The  contraction  of  the  fluid  vein  is  caused  by  the  water  which  lies 
directly  above  the  orifice  flowing  out  together  with  that  which  comes 
to  it  from  the  sides.  There  takes  place,  therefore,  in  the  interior  of 
the  vessel  a  convergence  of  the  filaments  of  water,  similar  to  that 
represented  in  the  figure,  and -the  contraction  of  the  fluid  vein  con- 

31 


Fig.  417. 
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sists  in  a  mere  propagation  of  this  convergence.  We  may  convince 
ourselves  of  this  motion  of  the  water  in  the  vicinity  of  the  orifice  by 
means  of  a  glass  apparatus  of  efflux;  if  we  drop  into  the  fluid  minute 
substances  which  are  either  heavier  or  lighter  than  water,  for  exam- 
ple, such  as  oak  saw-dust,  bits  of  sealing  wax,  &c.,  and  allow  them 
to  pass  out  with  it  from  the  orifice. 

§  314.  Contraction  of  the  Fluid  Vein. — If  water  flows  through 
triangular  or  quadrilateral  orifices,  and  in  a  thin  plate,  the  stream 
then  assumes  particular  figures.  The  inversion  of  the  jet,  or  the 
altered  position  of  its  transverse  section  with  respect  to  that  of  the 
orifice,  is  very  striking  to  the  eye,  in  consequence  of  which  a  corner 
of  this  section  comes  to  coincide  with  the  middle  of  one  side  of  the 
orifice. 

Hence,  from  a  triangular  orifice  J1BC,  Fig.  418,  the  section  of  the 
stream  at  a  certain  distance  from  the  orifice  forms  a  treble  star-like 
vein  DEF,  from  a  quadrilateral  orifice  jiBCD,  Fig.  419,  a  star  of 


Fig.  418. 


Fig.  419. 


Fig.  420. 


.  421. 


four  veins  EFGH,  from  a  five-sided  orifice  JIB  CDE,  Fig.  420,  a  star 
FGHKL,  consisting  of  five  veins.  These  sections  vary  at  different 
distances  from  the  orifice:  at  a  certain  distance  they  diminish,  and 
at  a  successive  one  again  increase  ;  hence  the  vein  consists  of  plates 
or  ribs  of  variable  breadth,  and  thereby  forms,  when  the  efflux  is 
observed  under  great  pressure,  bulges  and  nodes,  similar  to  what  is 
seen  in  the  cactus.  If  the  orifice  JlBCD,  Fig.  421,  is  rectangular; 

at  a  lesser  distance  from  the  orifice,  the 
section  will  then  form  a  cross  or  star;  and 
at  a  greater  one,  it  will  again  assume  the 
form  of  a  rectangle  EF. 

Observations  on  various  kinds  of  orifices 
have  been  made  by  Bidone,  and  accurate 
measurements  of  the  vein  from  square 
apertures  also  by  Poncelet  and  Lesbros.* 
The  last  measurements  have  led  to  a  small 
co-efficient  of  contraction  0,563.  The 
measurements  of  water  issuing  through 
lesser  orifices,  give  us,  however,  greater 
co-efficients  of  contraction;  they  show, 
moreover,  that  these  are  greater  for  elon- 


*  See  Allgem.  Maschinen-encyclopadie,  article  Ausfluss. 
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gated  rectangles  than  for  rectangles  which  approximate  more  to  the 
square. 

§  315.  Co-efficient  of  Efflux.  —  If  in  the  flow  of  water  through 
orifices  in  thin  plates,  the  effective  velocity  were  equal  to  the  theo- 
retical v  =  \/2  gky  we  should  have  the  effective  discharge  : 


because  a  F  represents  the  transverse  section  of  the  vein  at  the  place 
of  greatest  contraction,  where  the  particles  of  water  move  in  parallel 
directions.  But  this  is  by  no  means  the  case:  it  is  shown  rather  by 
experience  that  Q  is  smaller  than  a  F  ^/2ghy  that  we  must  therefore 
multiply  the  theoretical  discharge  F  ^/2  gh  by  a  co-efficient  which  is 
less  than  the  co-efficient  of  contraction,  in  order  to  obtain  the  effective 
discharge.  We  must  hence  assume  that  for  efflux  from,  an  orifice  in 
a  thin  plate,  a  certain  loss  of  velocity  takes  place,  and  therefore  in- 
troduce a  co-efficient  of  velocity  $>,  and  hence  put  the  effective  velocity 
of  efflux  v1  =  $  v  =  $>  x/2  gh.  From  this  then  we  have  the  effective 
discharge  :  Ql  =  FI  .  vl  =  a  F.  $  v  =  a  $  Fv  =  a$  F\/2  gh.  Again, 
if  we  call  the  ratio  of  the  effective  discharge  to  the  theoretical  or  hypo- 
thetical quantity,  the  co-efficient  of  efflux^  and  represent  it  in  what 
follows  by  p,  we  then  have  : 


hence  /*  =  a  $,  i.  e.  the  co-efficient  of  efflux  is  the  product  of  the  co- 
efficients of  contraction  and  of  velocity. 

Multiplied  observations,  but  chiefly  the  measurements  of  the  author, 
have  led  to  this,  that  the  co-efficient  of  efflux  for  orifices  in  thin  plates 
is  not  constant  ;  that  for  small  orifices  and  for  small  velocities,  it  is 
greater  than  for  large  orifices  and  for  great  velocities  :  and  that  it  is 
considerably  greater  for  elongated  and  small  orifices  than  for  orifices 
which  have  a  regular  form,  or  which  approximate  to  the  circle. 

For  square  orifices  of  from  1  to  9  square  inches  area,  with  from  7  to 
21  feet  head  of  water,  according  to  the  experiments  of  Bossut  and 
Michelotti,  the  mean  co-efficient  of  efflux  is  p  =  0,610  ;  for  circular 
ones  of  from  J  to  6  inches  diameter,  with  from  4  to  21  feet  head 
of  water,  ^  =  0,615,  or  about  T%.  The  single  values  observed 
by  Bossut  and  Michelotti  vary  considerably  from  one  another,  but-we 
cannot  discover  in  them  any  dependence  between  the  dimensions  of 
the  orifice  and  the  magnitude  of  the  head  of  water.  From  the  author's 
experiments  at  a  pressure  of  24  inches,  the  co-efficient  for  an 
orifice  of  . 

0,3937  inches  or  1  centimetre  diameter  is  p  =  0,628 
0,7874       "•          2  centimetres        "  =  0,621 

1,1811        "          3  "  "  =  0,614 

1,5748        «          4  «  «  =  0,607. 

On  the  other  hand,  at  a  pressure  of  10  inches  for  the  round  orifice  of 

1  centimetre  diameter  ju.  =  0,637 

2  centimetres       "  =  0,629 

3  "  "  =  0,622 

4  "  "  =  0,614 
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From  these  it  is  manifest  that  the  co-efficient  of  efflux  increases  when 
the  dimensions  of  the  orifice  and  the  head  of  water  decrease. 

If  for  p.  we  take  the  mean  value  =  0,615,  and  for  a  *»  0,64,  we 
obtain  the  co-efficient  of  velocity  for  the  efflux  through  orifices  in  a 

thin  plate,  9  ==  £  =    0,96,   therefore,  nearly    as  great  as  for    efflux 

ct 
through  rounded  or  conoidal  orifices. 

Remark  1.  Buffs  experiments  (see  Poggendorfs  Ann.  Band  46),  show  that  the  coeffi- 
cient of  efflux  for  small  orifices  and  for  small  heads  of  water  or  velocities  is  considerably 
greater  than  for  large  or  mean  orifices  and  velocities.  An  orifice  of  2,084  lines  diameter, 
gave  for  j£  inch  pressure,  ^  =  0,692,  for  35  inches  p.  =  0,644;  on  the  other  hand,  an 
orifice  of  4,848  lines  for  4J  inches  pressure  f*  =  0,682,  and  for  29  inches  /*  =?  0,653. 

Remark  2.  According  to  the  author's  experiments,  the  coefficients  for  efflux  under 
water  are  about  1^  per  cent,  less  than  for  efflux  in  air. 

§  316.  Rectangular  Lateral  Orifices.  —  The  most  accurate  experi- 
ments on  efflux  through  large  rectangular  lateral  apertures  are  those 
made  at  Metz  by  Poncelet  and  Lesbros.  The  widths  of  these  orifices 
were  two  decimetres,  (nearly  8  inches);  the  depths,  however,  varied 
from  one  centimetre  to  two  decimetres.  In  order  to  produce  perfect 
contraction,  a  brass  plate  of  four  millimetres,  =  0,1575  inches,  thick- 
ness was  used  for  these  orifices.  From  the  results  of  ^their  experi- 
ments, these  experimenters  have  calculated  by  interpolation  the  tables 
at  the  end  of  this  paragraph  for  the  co-efficients  which  may  be  used 
for  the  measurement  or  calculation  of  the  discharge. 

If  b  be  the  breadth  of  the  orifice,  and  if  kx  and  A2  are  the  heads  of 
•water  above  the  lowest,  and  above  the  uppermost  horizontal  edge 
of  the  orifice,  we  then  have,  from  §  308,  the  discharge:  Q  =  f  b 

v/  2  g  (h^  —  h*2)*     But  if  we  substitute  the  height  of  the  aperture 
and  the  mean  head  of  water  7^  =  .-.*  +  —  2,  we  then  have  approxi- 


a 

a 


mately  Q  =    (  1   —      a    2\  ab     <*/  2gh,    and  hence    the    effective 
\  yo  /it  / 

discharge  (^.pQ—  /I  —  <r-2    *  ab  */2gh.  If,  further,  we  put 


(2      \  - 

1  --  _\  ft,  =  ft^  we  have  then  simply  Ql  =  ^ab  \/%gk,  and  in 
ytj  /t  j 

order  to  allow  of  our  calculating  by  this  simple  or  general  formula  of 
efflux,  not  only  the  values  of  ft,  but  also  those  of  ^  are  given  in  the 
following  tables. 

Since  the  water  in  the  vicinity  of  the  orifice  is  in  motion,  it  stands 
lower  directly  before  the  aperture  than  at  a  greater  distance  from  the 
plate  in  vrhich  the  aperture  is  made;  on  this  account  two  tables  have 
been  compiled,  the  one  for  heads  of  water  measured  at  a  greater  dis- 
tance from  the  orifice,  and  the  other  for  those  measured  immediately 
at  the  side  in  which  the  orifice  lies.  It  may  be  seen,  moreover,  from 
both  tables,  although  with  certain  variations,  that  the  co-efficients  of 
efflux  increase  the  lower  the  orifice  is,  and  the  less  the  head  of  water. 
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If  the  orifices  have  different  breadths,  we  are  compelled,  so  long 
as  we  have  no  further  experiments,  still  to  use  the  co-efficients  of  these 
tahles  in  like  manner  for  the  calculation  of  the  discharge.  If,  further, 
the  orifices  are  not  rectangular,  we  must  determine  their  mean  breadth 
and  mean  depth,  and  introduce  into  the  calculation  the  co-efficients 
corresponding  to  these  dimensions.  Lastly,  it  is  always  preferable  to 
measure  the  head  of  water  at  a  certain  distance  from  the  side  in  which 
the  orifice  lies,  and  to  use  the  first  table,  than  directly  at  the  orifice 
where  the  surface  of  water  is  curved  and  less  tranquil,  than  a  little 
above  it. 

Examples.  1.— What  quantity  of  water  flows  through  a  rectangular  aperture.  2  deci- 
metres broad  and  I  decimetre  deep,  if  the  surface  of  water  is  If  metre  above  the  upper 

edge?  Hera  6sO,2;  080,1,  A  «  AI  +  *'  =  Mil£=  1,55;  hence  the  theoretical 

«  & 

discharge  Q=  0,1, 0,2^%  .^T5  ===  °iu2  •  M2 9- 1,245  «  0,1103  cubic  metre.  But 
now  Table  I.  gives  for  a  =  0}l  and  Aa  =  1,5,  ^  =  0,611,  hence  the  effective  discharge 
Qt  =  0,6 11. 0,1 103  =  0,0674  cubic  metre— 2,  What  discharge  corresponds  to  a  rectan- 
gular orifice  in  a  thin  plate  of  8  inches  breadth,  2  inches  depth,  with  a  15  inches  head 

of  water  above  the  upper  edge?*  The  theoretical  discharge  is  Q  =  f  *  j  .  7,906  v/  f  — 
0,8784 . 1,1 547  =,1,014  cubic  feet.  But  now  2  inches  is  about  0,05  metre, and  15  inches 
about  0,4  metre;  hence,  according  to  the  table  a  =  0,05  and  A,=  0,4,  the  corresponding 
co-efficient  ^ =0,628  is  to  be  taken,  and  the  quantity  of  water  sought  is  Qj  =  0,628  . 
1,014=  0,637  cubic  feet.— 3,  If  the  breadth=0,25,  the  depth  =  0,15,  and  the  head  of 

water  A,  =  0,045  metre,  then  is  Q  =  0,2  5. 0,1 5, 4,429 .  ^0,12=0,166 .0,3464  =  0,0575 
cubic  metre.    To  the  height  0915  corresponds  for  ^=0,04,  the  mean  value: 
^0,582+0,603  =  0)5925)and  ^Q^  ^^OWkSE.  0,595;  but  since  A2 
2  ~ 

is  given  =  0,045,  we  must  then  substitute  the  new  mean  J! — ILJ —  —  0,594  for  the 

6 

co-efficient  of  efflux,  and  we  therefore  obtain  the  discharge  sought;  Q4  =  0,594  .  0,0575 
=  0,03415  cubic  metre. 


*  In  using  the  following  tables,  the  English  measures  will  be  furnished  with  the  pro- 
per co-efficients  by  employing  the  first,  or  left-hand  column,  in  which  to  find  the  height 
A,  and  the  column  under  the  number  of  inches  answering  to  the  height  of  orifice  a, — 
AM,  ED. 
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CO-EFFICIENTS    FOR    THE    EFFLUX 


TABLE  I. 


The  co-efficients  for  the  efflux  through  rectangular  orifices  in  a  thin 
vertical  plate,  from  Poncelet  and  Lesbros.  The  heads  of  water  are 
measured  at  a  certain  distance  back  from  the  orifice,  or  at  a  point 
where  the  water  may  be  considered  as  still. 


Head  of  water,  or 
distance  of  the  sur 
face  of  water  from 
the  upper  side  of  the 
orifice. 


HEIGHT  OP  OBIPICE. 


Eng.  in. 

Metres. 

or  8  in. 

0,10m 
or  4  in. 

0,05» 
or  2  in. 

0,03"" 
or  1,18  in 

0,02 
or  ,8  in. 

or  ,4  in. 

0,00 

0,000 

cc 

cc 

cc 

« 

cc 

a 

0,19 

0,005 

cc 

cc 

ct 

« 

cc 

0,705 

0,39 

0,010 

41 

cc 

0,607 

0,630 

0,660 

0,701 

0,57 

0,015 

" 

0,593 

0,612 

0,632 

0,660 

0,697 

0,78 

0,020 

0,572 

0,596 

0,615 

0,634 

0,659 

0,694 

1,18 

0,030 

0,578 

0,600 

0,620 

0,638 

0,659 

0,688 

1,57 

0,040 

0,582 

0,603 

0,623 

0,640 

0,658 

0,683 

1,97 

0,050 

0,585 

0,605 

0,625 

0,640 

0,658 

0,679 

2,36 

0,060 

0,587 

0,607 

0,627 

0,640 

0,657 

0,676 

2,75 

0,070 

0,588 

0,609 

0,628 

0,639 

0,656 

0,673 

3,14 

0,080 

0,589 

0,610 

0,629 

0,638 

0,656 

0,670 

3,54 

0,090 

0,591 

0,610 

0,629 

0,637 

0,655 

0,668 

3,93 

0,100 

0,592 

0,611 

0,630 

0,637 

0,654 

0,666 

4,72 

0,120 

0,593 

0,612 

0,630 

0,636 

0,653 

0,663 

5,51 

0,140 

0,595 

0,613 

0,630 

0,635 

0,651 

0,660 

6,29 

0,160 

0,596 

0,614 

0,631 

0,634 

0,650 

0,658 

7,08 

0,180 

0,597 

0,615 

0,630 

0,634 

0,649 

0,657 

7,87 

0,200  ' 

0,598 

0,615 

0,630 

0,633 

0,648 

0,655 

9,84 

0,250 

0,599 

0,616 

0,630 

0,632 

0,646 

0,653 

11,81 

0,300 

0,600 

0,616 

0,629 

0,632 

0,644 

0,650 

15,75 

0,400 

0,602 

0,617 

0,628 

0,631 

0,642 

0,647 

19,68 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,644 

23,62 

0,600 

0S604 

0,617 

0,627 

0,630 

0,638 

0,642 

27,56 

0,700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

31,49 

0.800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

35,43 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,635 

39,37 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

43,30 

1,100 

0,604 

0,614 

0,625 

0,627 

0,631 

0,629 

47,24 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

51,18 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

55,11 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

59,05 

1,500 

0,602 

0,611 

0,620 

0,620 

0,619 

0,615 

62,99 
66,93 

1,600 
1,700 

0,602 

0,602 

0,611 
0,610 

0,618 
0,617 

0,618 
0,616 

0,617 
0,615 

0,613 
0,612 

70,86 

1,800 

0,601 

0,609 

0,615 

0,615 

0,614 

0,612 

74,80 

78,74 

1,900 
2,000 

0,601 
0,601 

0,608 
0,607 

0,614 
0,613 

0,613 
0.612 

0,612 
0,612 

0,611 
0,611 

118,11 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 

THROUGH    RECTANGULAR    ORIFICES. 
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TABLE  II. 

Co-efficients  of  efflux  through  rectangular  orifices  in  a  vertical  plate, 
*os.    The  heads  of  W! 


from  Poncelet  and  Lesbros 
at  the  orifice. 


;  of  water  are  measured  directly 


Head  of  water,  or 
distance  of  the  sur- 
face of  water  from 
the  upper  side  of  the 
orifice. 


HEIGHT    OP    ORIFICE. 


Eng.  in. 

Metres. 

0,20«n 

or  8  in. 

0,10™ 
or  4  in. 

0,05"* 
or  2  in. 

0,03* 
or  1,18  in. 

0,02* 
or  ,8  in. 

0,01m 

or  ,4  in. 

0,00 

0,000 

0,619 

0,667 

0,713 

0,766 

0,783 

0,795 

0,19 

0,005 

0,597 

0,630 

0,668 

0,725 

0,750 

0,778 

0,39 

0,010 

0,595 

0,618 

0,642 

0,687 

0,720 

0,762 

0,57 

0,015 

0,594 

0,615 

0,639 

0,674 

0,707 

0,745 

0,78 

0,020 

0,594 

0,614 

0,638 

0,678 

0,697 

0,729 

1,18 

0,030 

0,593 

0,613 

0,637 

0,659 

0,685 

0,708 

1,57 

0,040 

0,593 

0,612 

0,636 

0,654 

0,678 

0,695 

1,97 

0,050 

0,593 

0,612 

0,636 

0,651 

0,672 

0,686 

2,36 

0,060 

0,594 

0,613 

0,635 

0,647 

0,668 

0,681 

2,75 

0,070 

0,594 

0,613 

0,635 

0,645 

0,665 

0,677 

3,14 

0,080 

0,594 

0,613 

0,635 

0,643 

0,662 

0,675 

3,54 

0,090 

0,595 

0,614 

0,634 

0,641 

0,659 

0,672 

3,93 

0,100 

0,595 

0,614 

0,634 

0,640 

0,657 

0,669 

4,72 

0,120 

0,596 

0,614 

0,633 

0,637 

0,655 

0,665 

5,51 

0,140 

0,597 

0,614 

0,632 

0,636 

0,653 

0,661 

6,29 

0,160 

0,597 

0,615 

0,631 

0,635 

0,651 

0,659 

7,08 

0,180 

0,598 

0,615 

0,631 

0,634 

0,650 

0,657 

7,87 

0,200 

0,599 

0,615 

0,630 

0,633 

0,649 

0,656 

9,84 

0,250 

0,600 

0,616 

0,630 

0,632 

0,646 

0,653 

11,81 

0,300 

0,601 

0,616 

0,629 

0,632 

0,644 

0,651 

15,75 

0,400 

0,602 

0,617 

0,629 

0,631 

0,642 

0,647 

19,68 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,645 

23,62 

0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,643 

27,56 

0,700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

31,49 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

35,43 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,635 

39,37 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

43,30 

1,100 

0,604 

0,614 

0,625 

0,627 

0,631 

0,629 

47,24 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

51,18 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

55,11 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

59,05 

1,500 

0,602 

0,611 

0,620 

0,620 

0,619 

0,615 

62,99 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,613 

66,93 

1,700 

0,602 

0,610 

0,617 

0,616 

0,615 

0,612 

70,86 

1,800 

0,601 

0,609 

0,615 

0,615 

0,614 

0,612 

74,80- 

1,900 

0,601 

0,608 

0,614 

0,613 

0,613 

0,611 

78,74 

2,000 

0,601 

0,607 

0,614 

0,612 

0,612 

0,611 

118,11 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 
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WIERS. 


Fig.  422. 


§  317.  Wiers. — If  water  flows  through  wiers,  or  through  notches 
in  a  thin  plate,  as,  for  example,  FB,  Fig.  422,  the  fluid  vein  then 
suffers  a  contraction  on  three  sides,  by  which  a  diminution  of  the  dis- 
charge is  effected,  since  the  quantity  discharged  from  these  orifices  is 
QI  =-  £  ^  b  h  -v/2  gh.  But  here  the  head  of  water  EH  ==  A,  or  the 
head  of  water  above  the  sill,  of  the  wier  must  not  be  measured  imme- 
diately at  the  sill,  but  at  least  two  feet  before  the  plate  in  which  the 

orifice  lies,  because  the  fluid  surface 
before  the  opening  suffers  a  depres- 
sion, which  becomes  greater  and 
greater  the  nearer  it  is  to  the  ori- 
fice, and  in  the  plane  of  the  orifice 
amounts  to  a  quantity  GR  of  from 
0,1  to  0,25  the  head  of  water  FR9 
so  that  the  thickness  FG  of  the 
stream  in  this  plane  is  only  0,9  to 
0,75  of  the  head  of  water.  Expe- 
riments instituted  by  many  philosophers  on  the  flow  of  water  through 
notches  in  thin  plates,  have  afforded  a  multiplicity  of  results,  but  not 
always  of  the  desired  accordance.  The  following  short  table  contains 
the  results  of  the  experiments  of  Poncelet  and  Lesbros  on  wiers  of  two 
decimetres,  or  about  8  inches  breadth. 

TABLE  OF  THE  CO-EFFICIENTS  OF    EFFLtTX  FOR  WIERS  OF  2  DECIMETRES, 
=s    7.87  INCHES  BREADTH,  ACCORDING  TO  PONCELET  AND  LESBROS. 


Head  of  water 

7, 

metrs. 
0,01 

metrs. 
0,02 

metrs 
0,03 

metrs. 
0,04 

metrs. 
0,06 

metrs. 
0,08 

metrs. 
0,10 

metrs. 
0,15 

metrs. 
0,20 

metrs. 
0,22 

/I. 

or  ,4  in 

,8  in. 

1,2  in. 

1,6  in. 

2,4  in. 

3,2  in. 

4  in. 

6  in. 

8  in. 

9  in. 

Co-efficient  of 

efflux 

0,424; 

0,417 

0,412 

0,407 

0,401 

0,397 

0,395 

0,393 

0,390 

0,385 

From  the  average  of  determinations,  -we  may  here  put  ^  =  0,4. 
Experiments  on  wiers  of  greater  breadth  gave  Eytelwein  the  mean  /*A 
=  f  p  =  0,42,  and  Bidone  ^  =  f  .  0,62  =  0,41,  &c.  The  most 
extensive  experiments  are  those  of  d'Aubuisson  and  Castel.  From 
these,  d'Aubuisson  asserts  that  for  wiers  whose  breadth  is  no  more 
than  the  third  part  of  the  breadth  of  the  canal  or  side  in  which  the 
wier  lies,  the  mean  of  ^  is  =  0,60,  therefore,  we  may  putf/*  =0,40: 
but,  on  the  other  hand,  for  wiers  which  extend  over  the  whole  side, 
or  have  the  same  breadth  as  the  water- course :  i*  =  0,66>5,  therefore, 
^  =  0,444;  lastly,  for  other  relations  between  the  breadth  of  the  wier 
and  that  of  the  canal,  the  co-efficients  of  efflux  are  very  different,  and 
lie  between  0,58  and  0,66.  Experiments  made  by  the  author,  reduce 
the  variability  of  these  co-efficients  to  certain  laws  (§  322). 

[During  his  investigations  in  the  summer  of  1845,  to  determine  the 
relative  value  of  the  several  sources  for  supplying  water  to  the  city 
of  Boston,  the  editor  had  an  opportunity  of  making  extensive  series  of 
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experiments  on  the  passage  of  water  through  wiers  of  1,  2,  and  3,01 
feet  in  breadth,  and  from  0,066  foot  to  2,087  feet  in  depth  above  the 
bottom  of  the  notch.  The  water  was  measured  in  a  cubical  box,  6 
feet  on  a  side,  to  which  was  attached,  on  the  exterior,  a  glass  gauge 
tube  with  a  scale  extending  to  the  top  of  the  receptacle.  In  like  man- 
ner, a  gauge  tube  was  inserted  in  the  dam  which  contained  the  notch, 
and  several  feet  distant  from  it,  with  the  0  of  its  scale  accurately  ad- 
justed to  the  level  of  the  bottom  of  the  notch.  A  scale  sliding  ver- 
tically was  placed  immediately  over  the  centre  of  the  wier  by  which 
the  depth  over  the  edge  of  the  notch-board  could  be  ascertained.  The 
reservoir  from  which  the  water  was  drawn  was  at  least  6  times  as  wide 
as  the  opening  of  the  notch.  The  following  are  some  of  the  co-effi- 
cients (^x  =  f  /*)  for  the  several  breadths  of  wier: 

1. — Wier  3,01  feet  in  breadth,  cut  in  2  inch  planks — 

Full  depth  h,  over  bottom  Co-efficients  of  discharge  Depression  of  surface  at 

of  notch.  =  •§•  f*»  the  notch. 

0,075  feet  .  .  0,3667  .  .  0,021  feet 

0,189  "  .  .  0,3794  .  .  0,040  « 

0,280  "  .  .  0,3973  .  .  0,070  « 

0,316  "  .  .  0,4211  .  .  0,079  " 

0,360  "  .  .  0,4307  .  .  0,086  « 

0,480  "  .  .  0,4349  .  .  0,097  « 

0,545  "  ,  .  0,4376  .  .  0,120  " 

0,689  "  .  .  0,4301  .  .  0,149  " 

0,755  "  .  .  0,4294  .  .  0,155  " 

0,801  «  .  .  0,4208  .  .  0,158  « 

1,023    "  .  .  0,4129  .  .  0,167  « 

2.  Wier  2  feet  wide,  in  a  1  inch  board — 

0,199  feet  .  .  0,4195  .  .  unc.  " 

1,020    "  .  .  0,4344  .  .  0,196  " 

1,062    «  .  .  0,4408  .  .  0,206  « 

1,232    "  .  .  0,4477  .  .  0,228  " 

1,280    "  .  .  0,4460  .  .  0,230  " 

3.  Wier  1  foot  wide,  in  1  inch  board — 

0,329  feet  .  .  0,4144  .  .  unc.  « 

0,333  "  .  .  0,4166  .  .  unc.  <« 

0,339  "  .  .  0,4191  .  .  unc.  « 

0,352  "  .  .  0,4265  .  .  0,068  " 

0,360  «  .  .  0,4265.  .  .  0,070  " 

2,060  "  .  .  0,4149  .  .  0,118  « 

2,087  "  .  -  0,4130  .  .  0,125  " 

The  "full  depth  over  the  notch"  here  signifies,  of  course,  that  of  the 
general  level  of  the  reservoir,  above  the  edge  of  the  wier.  In  each  case 
it  will  be  observed  that  the  above  co-efficients  increase  with  the  in- 
crease of  depth  up  to  a  certain  point,  and  then  diminish  gradually  as 
far  as  the  observations  were  extended.  As  these  experiments  were 
made  with  a  view  to  determine  an  important  practical  and  econo- 
mical question,  they  were  conducted  with  great  care,  and  are  believed 
32 
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-thy  of  reliance  as  the  basis  of  computation  for  works  on  an 
scale.] 

»  _  1.  A  wier,  0,25  metre  broad  andO,l5  head  of  water,  gives  per  second  the 
3   =   0,393    .   bh    ^/OT  =  0,393  .  4,429  .  0,25  .  C0,15)t  «,  0,435    O,O581= 
bic  metres.—  2.   What  breadth  must   be    given  to  a  wier  which,  with    a,  head 
f  8  inches,  will  allow  6  cubic  feet  per  second  to  pass   through  *      It  is 
Q  6  _  ?  __  —  .  3,436  feet. 


0-4.  8,03 
g  to  Eytelwein,  we  take 


'  °'5443 
0,42,  it  follows  that  ; 

==  3,27  feet. 


_  _  - 

—  3,368  .  0,5443 

and  Minimum  of  Contraction.  —  In  the  flow  of 
rough  orifices  in  a  plane  side,  the  axis  of  the  stream  is  per- 
ar  to  the  surface  of  the  side,  and  therefore  the  amount  of  the 
.on  is  a  mean,  but  if  the  axis  of  the  orifice  or  of  the  fluid 
Drms  an  acute  angle  with  the  portion  of  the  side  containing 
;e,  the  contraction  will  be  less  ;  and  if  the  angle  between  this 
I  the  inner  surfaces  of  the  edges  of  the'aperture,  be  obtuse, 
raction  will  be  still  greater.  The  'one  case  is  represented  in 
I,  and  the  other  in  Fig.  4524.  "Without  doubt  this  difference 
iction  is  caused  by  the  particles  of  water?  which  flo\y  towards 
le  from  the  sides,  deviating  less  from  their  direction  in  the 
in  the  other  case,  when  they  pass  through  the  orifice  and 
form  a  fluid'  stream. 


Fig.  423. 


Fig.  424. 


ontraction  is  a  minimum,  i.  e.  nothing,  if  by  the  gradual  con- 
3  of  the  side  which  embraces  the  orifice,  the  lateral  flow  is 
prevented,  and  a  maximum  if  the  side  has  a  direction  opposite 

Fig.  425,,  -Fig.  426. 


| fit e  fluid  stream,  so  that  certain  particles  of  water   must  re- 
K  before  arriving  at  the  orifice.      Both  causes  are  represented 
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in  Figs.  425  and  426.  In  the  first  case,  the  co-efficient  of  efflux  is 
about  1,  viz.  0,96  to  0,97;  and  in  the  second  from  the  measurements 
of  Borda,  Bidone  and  the  author,  a  mean  of  0,53.  Changes  in  the 
co-efficients  of  efflux  through  convergent  sides  very  often  present 
themselves  in  practice  ;  they  occur  in  dams,  which  are  inclined  to 
the  horizon,  as  in  Fig.  427.  Poncelet  found  for  a  similar  opening; 
the  co-efficient  of  efflux  /*  =  0,80,  when  the  board  was  inclined  45°, 
and  on  the  other  hand,  /*  =  0,74  only  for  an  inclination^  63^-°,  that 
is,  for  a  slope  of  ^*  For  similar  wiers,  Fig.  428,  where,  as  in  the 

Fig.  427.  Fig.  428. 


Poncelet  sluice-board,  contraction  takes  place  at  one  side  only,  the 
author  found  ^  =  0,70,  therefore,  ^l  =  §  ^  =*  0,467  for  an  incli- 
nation of  45°,  and  /*  =  0,67,  therefore,  p,  =  0,447  for  an  inclination 
of  63£°. 

Example.  If  a  sluice-board,  inclined  at  an  angle  of  50°,  which  goes  across  a  channel 
2j  feet  broad,  is  drawn  up  £  foot  high,  and  the  surface  of  water  stands  4  feet  above  the 
bottom  of  the  channel,  the  height  of  the  aperture  may  be  put  a.  =.  %  sin.  30°  =  0,3830 
feet,  the  head  of  water  h  =  4  —  £  .  0,3830  =  3,8085  feet,  and  the  co-efficient  of 
efflux  (*  =  0,78  ;  hence,  the  discharge  Qt  =  0,78  .  2,25  .  0,3830  .  8,02  ^/  3,8085  = 
10,49  cubic  feet  (English). 

§  319.  Partial  Contraction. — We  have  only  hitherto  considered 
those  cases  where  the  water  flows  from  all-sides  towards  the  aperture, 
and  forms  a  contracted  vein  around,  and  we  must  now  investigate 
others,  where  the  water  flows  from  one  or  more  sides  to  the  aperture, 
and  therefore  produces  a  stream  only  partially  contracted.  To  dis- 
tinguish the  circumstances  of  contraction,  we  will  call  the  case,  where 
the  vein  is  contracted  on  all  sides,  general ;  and  the  case,  where  it  is 
only  contracted  in  one  part  of  its  circumference,  partial,  or  imperfect 
contraction*  Partial  contraction  is  induced  when  an  orifice  in  a  plane 
thin  plate  is  confined  by  other  plates  in  the  direction  of  the  fluid 
stream  at  one  or  more  sides. 

In  Fig.  429,  are  represented  four  orifices  of  equal  size  a,  b,  c,  d> 
in  the  bottom  JiC  of  a  vessel.  The  con- 
traction by  efflux  through  the  orifice  a  in  the 
middle  of  the  bottom  is  general,  because  the 
water  can  flow  to  it  from  all  sides ;  the  con- 
traction from  the  efflux  through  Z>,  c,  d,  is 
partial,  because  the  water  can  only  flow  to 
them  from  one,  two,  or  three  sides.  Like- 
wise, if  a  rectangular  lateral  aperture  goes 
to  the  bottom  of  the  vessel,  the  contraction 
is  then  partial,  because  it  falls  away  at  the 
bottom  side,  if,  further,  the  aperture  of  the 


Fig.  429. 
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dam  reaches  the  bottom  in  the  lateral  walls  of  the  channel,  there  is 
then  only  a  contraction  on  one  side.  t   m 

Partial  contraction  is  remarkable  in  two  respects;  first,  by  giving 
an  oblique  direction  to  the  stream ;  and,  secondly,  by  increasing  the 
quantity  of  discharge. 

If  the  lateral  aperture  F,  Fig.  430,  reaches  a  second  side  CD, 

so  that  no  contraction  takes  place 

g.  430.  there,    the    axis    FK  of  the    fluid 

stream  becomes  deflected  by  an 
angle  KFG  of  about  9°  from  the 
normal  FG  to  the  plane  of  the 
orifice.  The  obliquity  of  the  stream 
is  much  greater  if  two  adjacent 
sides  of  the  orifice  have  projecting 
borders.  If  the  orifice  has  borders 
in  two  oppositely  situated  sides, 
and  contraction  at  these  prevented,  such  a  deviation  of  course  will 
not  take  place,  but  at  the  other  side,  the  vein  at  some  distance  from 
the  orifice,  will  spread  out  more  than  if  the  border  were  not  there. 
Although  a  greater  discharge  is  obtained  by  a  partial  contraction,  we 
must,  as  a  rule,  endeavor  to  avoid  this,  because  the  fluid  stream,  in 
consequence,  suffers  a  deviation  in  its  direction,  and  a  greater  exten- 
sion in  its  breadth. 

Experiments  on  the  efflux  of  water  with  partial  contraction  have 
been  made  by  Bidone  and  by  the  author.  They  allow  us  to  assume 
that  the  co-efficients  of  efflux  increase  simultaneously  with  the  ratio 
of  the  contracted  part  to  the  whole  perimeter,  though  it  is  easy  to  per- 
ceive that  this  relation  is  different,  if  the  perimeter  is  almost  or  en- 
tirely restricted,  and  the  contraction  almost  or  entirely  suppressed. 
Let  us  put  the  ratio  of  this  restriction  to  the  entire  perimeter  =  n,  and 
let  us  represent  by  »,  any  number  deduced  from  experiment,  we  may 
then,  although  only  approximately,  put  the  ratio  of  the  corresponding 
co-efficient  of  efflux  pn  of  partial  contraction  to  the  co-efficient  of  efflux 
of  perfect  contraction : 

^  =  1  +  x  n,  and  consequently  ^n  =  (1  +  #  n)  /v 

PQ 

Bidone's  experiments  give  for  circular  orifices  *  =  0,128,  and  for 
rectangular  *  =  0,152;  the  author's,  however,  give  for  the  last, 
»  =  0,134.  Rectangular  orifices  with  borders,  are  those  which  are 
most  frequently  met  with  in  practice;  we  will  assume  for  them  the 
mean  value  x  =  0,143,  and  hence  put  j*n  =  (1  +  0,143  .  n)  ^0. 
For  a  rectangular  lateral  orifice  of  the  depth  a  and  breadth  6, 

n  ess  — --,  if  the  contraction  on  one  side  b  is  suppressed;  if,  for 

2  (a  +  b) 

instance,  this  side  lies  in  the  plane  of  the  bottom;   again,  n  =  £,  if 

a  side  a  and  a  side  b  are  bordered,  and  n  =  i — ,  if  on  one  side 

2O  + A)' 
6,  and  both  sides  a,  the  contraction  is  prevented;  if,  for  example,  the 
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orifice  takes  up  the  whole  breadth  of  the  reservoir,  and  reaches  the 
plane  of  the  bottom. 

Example.  What  quantity  of  water  flows  through  a  3  feet  broad  and  10  inch  deep  ver- 
tical aperture  of  a  dam  at  a  pressure  of  l£  feet  above  the  upper  side  of  the  aperture,  if 
the  lower  one  coincides  with  the  bottom  of  the  channel,  and  hence  there  is  no  contraction 
at  the  bottom  7  The  theoretical  discharge  is  : 


Q  =  jl  .  3  .  8,02  v/1,5  +  /g-  =  f  .  8,02  v/  1,9166  .  .  =  28,11  cubic  feet. 
According  to  Poncelet's  table  for  general  contraction  u,  =  0,604.  we  have,  therefore, 

3  9 

n  =  -  ,     T  0     a=s  -  •—  -  —  =  •£§  5  hence,  for  the  above  cases  of  partial  contraction 

jun  (=  1  +  0,143  .  2^)  .  0,604  =  1,056  .  0,604  =  0,63S?  and  the  effective  discharge  is 
Qt  =  0,638  Q  sa  0,638  .  28,11  =  18,14  cubic  feet. 

§  320.  Imperfect  Contraction.  —  The  contraction  of  the  fluid  vein 
depends,  further,  upon  whether  the  water  before  the  orifice  is  tolera- 
bly still,  or  whether  it  arrives  before  it  with  a  certain  velocity*     The 
quicker  the  water  flows  to  the  orifice,  the  less  contracted  does  the 
vein  become,  and  the  greater  is  the  discharge.      The  relations  of  con- 
traction and  efflux  above  given  and  investigated,1  have  reference  only 
to  the  case  where  the  orifice  lies  in  a  large  side,  and  it  can  only  be 
assumed  that  the  water  flows  to  it  with  a  small  velocity;   hence  we 
must  know  the  relations  of  contraction  and  efHux,  when  th&  trans- 
verse section  of  the  orifice  is  not  much  less  than  that  of  the  affluent 
water,  and  when,  consequently,  the  water  arrives  at  the  orifice  with 
a  considerable  velocity.     In  order  to  distinguish  these  two  cases  from 
one  another,  we  shall  call  the  contraction,  where  the  superincumbent 
water  is  still,  perfect;  and  that  where  it  is  in  motion,  imperfect  con- 
traction.    The  contraction,  for  example,  is  imperfect  in   the   efflux 
from  a  vessel  J2C9  Fig.  431,  because  the  transverse  section  F  of  the 
orifice  is  not  much  smaller  than  that  of  G  of  the 
arriving  water,  or  the  area  of  the  side,  C-D,  in  Fis*  431« 

which  this  orifice  lies.  If,  on  the  other  hand, 
the  vessel  had  the  form  JiBC^D^  and,  there- 
fore, the  area  of  the  bottom  surface  C1D1  much 
greater  than  the  transverse  section  F  of  the 
orifice,  the  efflux  would  then  go  on  with  per- 
fect contraction.  The  imperfectly  contracted 
vein  is  besides  distinguishable,  not  merely  by 
its  greater  thickness  from  the  perfectly  con- 
tracted fluid  vein,  but  also  by  its  not  having  so 
transparent  and  crystalline  an  Appearance. 

If  the  ratio  of  the  area  of  the  orifice  jP,  and  the  side  containing 

IP 

the  orifice  G,  therefore,  —  =  n,  the  co-efficient  of  efflux  for  perfect 

1  G 

contraction  a=»  jt0,  and  that  for  imperfect  =  /*  «,  we  may  with  greater 
accuracy,  according  to  the  experiments  and  calculations  made  by  the 
author,  put: 

1.  For  circular  orifices: 

Mn  *=  ^  [1  +  0,04564  (14,821  "—  1)],  and 

32* 
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2.  For  rectangular  orifices: 

?»  -  ^  [1  +  0,0760  (9-—  1)].*  . 

To  render  the  calculation  easier  in  cases  of  application,  the  cor- 
rections pn  ^°  of  the  co-efficient  of  efflux  on  account  of  imperfect 
contraction  are  compiled  in  the  following  short  tables. 

TABLE  L 

CORRECTIONS  OF  THE  CO-EFFICIENTS  OF  EFFLUX  FOR  CIRCULAR 

ORIFICES. 


n 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

f*n.—f*a 

0,007 

0,014 

0,023 

0,034 

0,045 

0,059 

0,075 

0,092 

0,112 

0,134 

Mo 

n 

0,55 

0,60 

0,65 

0,70 

0,75 

0,80 

0,85 

0,90 

0,95 

1,00 

t*n     f*0 

0,161 

0,189 

0,223 

0,260 

0,303 

0,351 

0,408 

0,471 

0,546 

0,613 

1*0 

TABLE  IL 

CORRECTIONS  OF  THE  CO-EFFICIENTS  OF  EFFLUX  FOR  RECTANGULAR 

ORIFICES. 


n 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

f*n—  fo 
f*0 

0,009 

0,019 

0,030 

0,042 

0,056 

0,071 

0,088 

0,107 

0,128 

0,152 

n 

0,55 

0,60 

0,65 

0,70 

0,75 

0,80 

0,85 

0,90 

0,95 

1,00 

t*n  —  f*o 

0,178 

0,208 

0,241 

0,278 

0,319 

0,365 

0,416 

0,473 

0,537 

0,608 

f*» 

The  different  values  of  the  ratio  of  the  transverse  sections  n  ==   _ 

G 
stands  above  in  these  tables,  and  immediately  below  additions  to  the 


*  "Experiments  on  the  Imperfect  Contraction  of  Water,"  &c.,  Leipjziq,  1843. 
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co-efficients  of  efflux,  on  account  of  imperfect  contraction ;  for  example, 
for  the  ratio  of  the  transverse  sections  n  &=»  0,35,  i.  #.,  for  the  case 
where  the  area  of  an  orifice  is  35  hundredths  of  the  area  of  the  whole 


side  of  the  orifice,  we  have  for  circular  orifices 


0,075,  and 


for  rectangular  orifices  ±»  0,088 ;  therefore,  the  co-efficient  of  efflux 
for  perfect  contraction  in  the  first  case  is  to  be  made  about  75  thou- 
sandths, and  in  the  second  about  88  thousandths  greater  to  obtain 
the  corresponding  co-efficients  of  efflux  for  imperfect  contraction. 
Were  the  co-efficient  of  efflux  p0  =  0,615,  we  should  have  in  the 
first  case  /*0  35  =  1,075  *  0,615  =  0,661,  and  in  the  second, 
1,088  .  0,615  =  0,669. 


3S 


Example.  —  What  discharge  does  a  rec- 
tangular lateral  aperture  ,F,  Ij  feet  broad 
and  4  foot  deep,  give  if  it  be  cut  in  a  rec- 
tangular wall  CZ>,  Fig.  432,  2  feet  broad 
and  1  foot  deep,  and  the  head  of  water  EH 
a=5E  h  in  still  water  amounts  to  2  feet?  The 
theoretical  discharge  is  Q  =  1,25  .  0,5  .  8,02 
^/2  as  5,012  .  1,414  =  7,086  cubic  feet, 
and  the  co  efficient  of  efflux  for  perfect  con- 
traction is,  according  to  Poncelet,  fjLQ  =  0,6  10  ; 
but  now  the  ratio  of  the  transverse  sections 

n  *=—  =  *'25  *  °'5  = 
G 


Fig.  432. 


=  0,312,  and  for  n  = 


(0,088  —  0,071)  as  0,071  +  0,004  =  0,075;  hence  it  follows, 


2  .  1 
0,312,  from  Table  II, 

**»        ^o  =  0,071  -f- 

f*o 

that  the  co-efficient  of  efflux  for  the  present  case  is  A*0,313  =  1,075  .  /u0  =  1,075  .  0,610 
=  0,6557,  and  the  discharge  Qt  =  0,6557  .  Q  =  0,6557  .  6,987  =  4,581  cubic  feet.      " 

§  321.  Efflux  of  Water  in  Motion. — We  have  hitherto  assumed 
that  the  head  of  water  has  been  measured  in  still  water;  we  must 
now,  therefore,  consider  the  case  when  only  the  head  of  water  in 
motion,  and  flowing  with  a  certain  velocity  towards  the  orifice,  can 
be  measured.  Let  us  suppose  the  case  of  a  rectangular  lateral  orifice, 
and  represent  its  breadth  by  6,  and  the  heads  of  water  with  respect 
to  both  horizontal  edges  hl  and  A2,  the  height  due  to  the  velocity  c 
of  the  affluent  water  by  &,  we  shall  then  have  the  theoretical  dis- 
charge: 


Q  -  f  6 

Thiis  formula  is  not  directly  applicable  to  the  determination  of  the 
discharge,  because  the  height  due  to  the  velocity : 

c2          1   /O\2  , 

fc  —  —  —  —  17^)  1s  again  dependent  on  Q,  and  further  transforma- 
tion leads  to  a  complicated  equation  of  a  higher  order,  hence  it  is  far 
simpler  to  put  the  effective  discharge  Qt  =  ^  ab  \S2gh,  andunder^ 
stand  by  ^  not  the  mere  co-efficient  of  efflux,  but  one  especially 
dependent  on  the  ratios  of  the  transverse  sections-  Most  frequently* 
this  case  presents  itself  when  the  object  is  to  measure  water  flowing 
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Fig.  433. 


in  canals  and  courses,  because  it  is  sel- 
dom possible  in  this  case  to  dam  up 
the  water  so  high  by  a  transverse  sec- 
tion £C,  Fig.  433,  containing  the 
orifice  of  discharge,  that  the  orifice  EF 
becomes  only  a  small  part,  compared 
with  the  transverse  section  of  the  stream 
of  water  flowing  to  it;  and,  hence,  the 
velocity  of  the  last  very  small  com- 

-pared  with  the  mean  velocity. 

From  experiments  made  by  the  author  on  this  subject  with  Poncelet 

orifices,  where  the  head  of  water  is  measured  one  metre  above  the  plane 

7  i  T7>x   2 


of  the  orifice,  the  expression:  ^ ^-  =  0,641  f—j    =    0,641   .  n*, 

**°  F  - 

may  be  taken  as  tolerably  accurate,  when  n  =  —  is  the  ratio  of  the 

transverse  section,  which,  however,  should  not  much  exceed  ^;  further,^ 
represents  the  co-efficient  for  general  contraction,  taken  from  Poncelet's 
table  corresponding  to  the  present  case.  If  b  be  the  breadth,  a  the 
depth  of  the  orifice,  B  the  breadth  and  Jl  the  depth  of  the  fluid  stream, 
and  h  the  depth  of  the  upper  side  of  the  orifice  below  the  surface  of 
water,  we  have,  accordingly,  the  effective  discharge : 

Q1==  fl +0,641 


The  following  table  serves  for  shortening  the  calculation  in  cases  of 
application. 


n 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

t*n~*** 

0,002 

0,006 

0,014 

0,026 

0,040 

0,058 

0,079 

0,103 

0,130 

0,160 

f*o 

Example.  To  find  the  quantity  of  water  conducted  through  a  course  3  feet  broad,  a 
board  is  placed  across,  with  a  2  feet  wide  and  1  foot  deep  rectangular  orifice,  and  the. 
water  in  this  way  is  so  dammed  up  that  it  at  last  attains  a  height  of  2£  feet  above  the 
bottom,  and  lj  above  the  lower  edge  of  the  orifice.  The  theoretical  discharge  is  Q  =  ab 

16.04 .  1,118  =  17,93  cubic  feet ;  the  co-efficient  of  efflux 


^    _        =  1.2,8,02^1,2  .  .  . 

for  perfect  contraction  may  be  put  0,689,  and  the  ratio  of  the  transverse  sections 

n  =  £L  =    ai>    —    *  *  2    -a-  0,296  ;  hence,  it  follows,  that  the  co-efficient  of  efflux 

G  JLB         2,25  . 3 

for  the  present  ratio  of  discharge : 

=  (1  +  0,64 1 . 0,296*)  ft0  =  1,056 . 0,602  =  0,6357,  and  the  effective  quantity  discharged 
=  17,93.  0,6357  ==  11,31  cubic  feet. 

§  322.  Imperfect  contraction  very  often  occurs  in  the  efflux  through 
wiers,  as  in  Fig.  422.  Wiers  may  take  up  a  part  only  of  the  breadth 
of  the  reservoir  or  canal,  or  the  whole  breadth-  In  the  latter  case, 
contraction  at  the  sides  of  the  aperture  does  not  take  place,  and  for 
this  reason  more  water  flows  through  them  than  through  wiers  of  the 
first  kind.  The  author  has  made  experiments  also  on  these  circum* 
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stances  of  efflux,  and  deduced  from  the  results  formulas  by  which  the 
corresponding  co-efficients  may  be  estimated  with  tolerable  certainty 

with  the  assistance  of  the  ratio  of  the  sections  n  =  .-f  --.  .      If 

V         JIB 

we  retain  the  denominations  of  the  former  paragraph,  we  then  have 
for  the  Poncelet  wiers  : 

1,718  /|Y  -  1,718  .  n<, 
* 


A 


. 
and  for  wiers  occupying  the  entire  breadth  of  the  canal: 

fL»~fto  =  0,041  +  0,3693  n\ 

PO 
hence,  in  the  first  case,  the  discharge  is  : 


And  in  the  second: 


0,3693 


.  b 


where  h  represents  the  head  of  water  EH  above  its  sill  F9  measured 
at  about  3  feet  6  inches  back  from  the  wier. 

In  the  following  tables,  the  corrections  fM>n       ^°  ,  for  the  most  sim- 

^o 
pie  values  of  n  are  put  down. 

TABLE  L 

CORRECTIONS  FOR  THE  PONCELET  WIERS. 


n 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

t*n—f*o 

0,000 

0,000 

0,001 

0,003 

0,007 

0,014 

0,026 

0,044 

0,070 

0,107 

A*o 

TABLE  H. 

CORRECTIONS  FOR  WIERS  OVER  THE  ENTIRE  SIDE,  OR  WITHOUT  ANY 
LATERAL  CONTRACTION* 


n 

0,00 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

f*n—F*Q 

0,041 

0,042 

0,045 

0,049 

0,056 

0,064 

0,074 

0,086 

0,100 

0,116 

0,133 

f*o 

Example.  To  determine  tlie  quantity  of  water  carried  off  by  a  canal  5  feet  broad,  a 
waste  board  is  applied,  with  an  outward  sloping  edge,  over  which  the  water  is  allowed 
to  flow  after  it  has  ceased  to  rise ;  the  head  of  water  above  the  bottom  of  the  canal  is  3-J 
feet,  and  above  the  edge  1£  feet,  hence  the  theoretical  discharge  is  Q  =  §  *  5  .  8,02  ., 
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( — ^  2  s=  48,12  cubic  foot.     The  co-efficient  of  efflux  is,  since  —  as  — 2-   =  %  and  ^0  = 
\  *2  /  wz        3,5 

0,577, 
^3  =  [1,041  +  0,3693  .  (^-)Q]  .  0,577  =  1,1 1 0  . 0,577  =  0,64,  hence  the  effective  discharge 

Qx  =  0,64  .  Q  =  0,64  .  48312  =  30,79  cubic  feet. 


CHAPTER    III. 


ON  THE  EFFLUX  OF  WATER  THROUGH  TUBES. 

§  323.  Short  Tubes,  or  Mouth-pieces. — If  water  is  allowed  to  flow 
through  short  tubes,  or  mouth-pieces ,  other  relations  take  place  than 
when  it  flows  through  orifices  in  a  thin  plate,  or  through  outwardly 
sloping  orifices  in  a  thick  plate.  When  the  tube  is  prismatic,  and 
its  length  2^  to  3  times  that  of  its  width,  it  then  gives  an  uncon- 
tracted  and  opaque  stream,  which  has  a  small  distance  of  projection, 
and  hence,  also,  a  smaller  velocity  than  that  of  a  jet  flowing,  under 
otherwise  similar  circumstances,  through  an  orifice  in  a  thin  plate. 
If,  therefore,  the  tube  KL  has  the  same  tr.ansverse  section  as  the  orifice 
F,  Fig.  434;  and  if  also  the  head  of  water  of  both  is  one  and  the 
same,  we  then  obtain  in  LR  a  troubled  and  uncontracted,  and,  there- 
fore, a  thicker  jet,  and  in  FH  a  clear  and  contracted,  and,  therefore, 
thinner  one ;  and,  it  may  be  observed,  that  the  distance  of  the  pro- 
jection ER  is  less  than  that  of  DH.  This  ratio  of  efflux  only  takes 


Fig.  434. 


Fig.  435. 


place  when  the  tube  is  of  a  given  length;  if  it  is  shorter,  or  scarcely 
as  long  as  it  is  broad,  then  the  jet  KL,  Fig.  435,  will  not  touch  the 
sides  of  ^the  tube,  the  tube  will  have  no  influence  on  the  efflux,  and 
the  jet  will  be  the  same  as  through  orifices  in  a  thin  plate. 

Sometimes  in  tubes  of  greater  length,  the  fluid  stream  does  not 
entirely  fill  the  tube,  namely  t  when  the  water  is  not  allowed  to  come 
into  contact  with  the  sides  of  the  tube;  but  if  in  this  case  we  close 
the  outer  orifice  by  the  hand  or  by  a  board  for  a  few  moments,  a 
stream  will  then  be  formed  which  will  entirely  fill  the  tube,  and  the 
so-called  full  flow  will  then  take  place.  Contraction  of  the  fluid  vein 
takes  place  also  in  the  flow  through  tubes,  but  the  place  of  contrac- 
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tion  is  here  in  the   interior'  of  the  tube.      W$  may  be   convinced  of 

this,  if  we  avail  ourselves  of  glass  tubes,  sucK  as  KL9  Fig.  436,  and 

color  the  water,   for  in   this    case  we   shall 

remark,   that   there    is    progressive    motion       _  Ffg-  436 

only  in  the  middle  of  the  transverse  section 

G  close  behind  the   place  of  entrance   K, 

but  not  at  the  outside  of  it,  and  that  it  is  a 

sort  of  eddying  motion  which  takes  place. 

But  it   is  the  capillarity,  or  the  adhesion  of 

the  water  to  the  sides  of  the  tube,  which 

causes  the  fluid  entirely  to  fill  the  end  FL 

of  the  tube.      The  "water  flowing  from  the 

tube  has  only  a  pressure   equal   to  that  of 

the  atmosphere,  but  the  contracted  section  G  is  only  a  times  the  size 

of  the  section  F  of  the  tube,  and  for  this  reason  the  velocity  in  it  — 

times  as  great  as  the  velocity  of  efflux  v  ;  hence  the  pressure  of  the 
•water  in  the  vicinity  of  G  is 

'  _  fl  =  P/iV*  _  1  n  —  (§  307)  less  than  at  its  exit,  or  than 

2g     Lw       J%  y 

the  atmospheric  pressure.  If  we  bore  a  narrow  hole  in  the  tube  at 
G,  no  discharge  will  pass  through  it,  but  there  will  be  an  absorption 
of  air  rather;  the  full  discharge  and  the  action  of  the  tube  will  at  last 
entirely  cease  if  the  hole  be  made  wider,  or  more  holes  bored. 

§  323.  Cylindrical  Tubes.  —  Numerous  experiments  have  been  made 
on  the  flow  of  -water  through  cylindrical  additional  tubes;  ^but  the 
results  vary  considerably  from  one  another.*  The  co-efficients  of 
Bossut  are  those,  which  from  their  smallness  (0,785)  have  been^  found 
to  vary  most  from  others.  From  the  experiments  of  Michelotti,  with 
tubes  from  ^  to  3  inches  width,  and  with  a  head  of  water  of  from  3 
to  20  feet,  the  mean  of  this  co-efficient  is:  p  —  O,813.  The  experi- 
ments of  Bidone,  Eytelwein  and  d'Aubuisson  vary  very  little  from 
this.  The  mean,  however,  which  may  be  adopted,  and  which  cor- 
responds particularly  with  the  author's  experiments  on  the  discharge 
through  short  mouth-pieces  =  O,815.  As  we  have  found  this  for 
orifices  in  a  thin  plate  0,615,  it  follows  that,  under  otherwise  similar 

circumstances  and  relations,  |i|  =    1,325   times    as    much   water 

615 

flows  through  cylindrical  additional  tubes,  as  through  round  orifices  in 
a  thin  plate.  These  co-efficients,  moreover,  increase  as  the  width  of 
tubes  becomes  less,  and  but  slightly  with  the  increase  of  the  head  of 
water  or  velocity  of  efflux.  According  to  the  author's  experiments, 
under  a  pressure  of  from  9  to  £4  inches  for  tubes  three  times  as  long 
as  broad  : 

*  A  <jonsiderable  series  of  experiments  on  the  flow  of.  water,  through.  adjutages  was, 
some  years  siuee,  performed  by  a  committee  of  the  Franklin  Institute,  which  yet  await 
a  proper  reduction  to  render  the  results  available.  —  Aar.  E». 
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at 

1 

or  ,4  in. 

2 

or  ,8  in. 

3 

or  1,2 

4  centimetres  width, 
or  1,6  inches  width. 

^  = 

0,843 

0,832 

0,821 

0,810 

According  to  this  table,  therefore,  the  co-efficients  increase  con- 
siderably as  the  width  of  the  tubes  decreases.  Buff  found  for  tubes 
2,79  lines  wide,  and  4,3  lines  long,  the  co-efficients  of  efflux  gradually 
to  increase  from  0,825  to  0,855,  when  the  head  of  water  sank  from 
33  to  1^  inches  successively. 

The  author  found  a  co-efficient  of  efflux  of  0,819  for  the  flow  of 
water  through  rectangular  additional  tubes. 

If  the  additional  tubes  KL,  Fig.  437,  are  on  the  inside  partially 
confined ;  if,  for  instance,  one  side  is  contiguous  to  the  bottom,  and  if 
a  partial  contraction  is  produced  thereby,  then  the  co-efficient  of  efflux, 
from  the  author's  experiments,  does  not  perceptibly  increase,  but  the 


Fig.  437. 


Fig.  438. 


•water  flows  away  at  different  parts  of  the  section,  with  different  velo- 
cities, and,  of  course,  from  the  side  BC  faster  than  from  the  side 
opposite  to  it.  If  the  inner  anterior  surface  of  a  tube  does  not  coincide 
•with  the  side  surface,  but  projects,  as  «,  &,  c,  Fig.  438,  then  this  tube 
is  called  an  internal  additional  tube.  If  the  anterior  surface  of  this 
tube  is  at  least  -|th  as  broad  as  the  tube  is  wide,  as  for  example  #, 
then  the  co-efficient  of  efflux  will  remain  the  same  as  if  this  surface 
•were  in  the  plane  of  the  side,  but  if  the  anterior  surface  be  less,  as  6, 
c,  the  co-efficient  will  then  be  less.  For  a  very  small  and  almost 
vanishing  anterior  surface,  according  to  the  experiments  of  Bidone 
and  the  author,  this  amounts  to  0,71  if  the  vein  fills  the  tube,  and  0,53 
(compare  §  318)  if  it  does  not  quite  fill  the  inner  sides  of  the  tube, 
In  the  first  case  (b)  the  fluid  stream  is  broken  and  divergent,  like  a 
brush  ;  and  in  the  second  (c]  strongly  contracted  and  quite  crystalline. 
§  324.  Co-efficient  of  Resistance.  —  As  water  flows  without  contrac- 
tion from  prismatic  additional  tubes,  it  follows  that,  in  its  efflux 
through  these  mouth-pieces,  the  co-  efficient  of  contraction  =  unity, 
and  the  co-efficient  of  velocity  %  =  the  co-efficient  of  efflux  p.  A  dis- 


charge Q  with  the  velocity  #,  possesses  a  vis  viva      y  v*9  and  is  ca- 

S 
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pable  of  producing  the  mechanical  effect  ^_   Q  y  (§  71).     But  now 

o 

the   theoretical   velocity   of  efflux    =  -,  hence  the  mechanical  effect 

* 

1  2 

_  .  Ji_  „  Q  y  corresponds  to  the  mass  of  water  flowing  out,  and  the 
discharge  Q  accordingly  loses  by  efflux  the  mechanical  effect 


For  efflux  through  orifices  in  a  thin  plate,  the  mean  of  $  =»  0,97, 
hence  the  loss  of  effect  here  amounts  to 


. 

for   efflux  through  short  cylindrical  tubes  $>  =  0,815,  and  the  corre- 
sponding loss  of  effect 


i.  e.  eight  times  as  great  as  for  efflux  through  orifices  in  a  thin  plate. 
In  rendering  available  the  vis  viva  of  flowing  water,  it  is  consequently 
better  to  let  the  fluid  flow  through  orifices  in  a  thin  plate,  than  through 
prismatic  tubes.  But  if  the  inner  edges  in  which  the  tube  meets  the 
sides  of  the  cistern  are  rounded,  and  by  this  a  gradual  passage  from 
the  cisterns  into  the  tube  effected,  the  co-efficient  of  efHux  will  then 
rise  to  0,96,  and  the  loss  of  mechanical  effect  will  be  brought  down  to 
8^-  per  cent.  In  shorter  adjutages,  accurately  rounded,  having  the 
form  of  the  contracted  fluid  vein  p  =  $  =  0,97,  and  hence  the  loss 
of  mechanical  effect  as  for  orifices  in  a  thin  plate  ==  6  per  cent. 

A  head  of  water  ( —    —    1    )  —  Q  y  is  due  to  the  loss  of  mecha- 
nical effect  (—  —  1  j  —y  hence  we  may  -also    suppose  that  from 
\<j>2  /  %g 

the    obstacles    to   the    efflux,  the    head    of   water    suffers    the    loss 

(_.  —  1  \  IL.,  and  assume  after  deduction  of  this  loss,  that  the  resi- 
*2  /  %• 

duary  part  of  the  head  of  water  is  expended  in  generating  the  velocity. 

We  may  call  this  loss  ( — -  —  1  \  —,  which  increases  with  the  square 
of  the  velocity  of  efflux,  the  height  due  to  the  resistance,  and  the  co- 
efficient — -  —  1,  with  which  the  height  due  to  the  velocity  is  to  be 

multiplied  to  obtain  the  height  due  to  the  resistance,  the  co-efficient  of 
resistance.  We  shall  represent  in  what  follows,  the  co-efficient,  ex- 
pressing the  ratio  of  the  height  of  resistance  to  the  head  of  water,  by 
the  letter  f ;  therefore,  the  height  due  to  the  resistance  itself  may  be 

2  1  1 

expressed  by  f  .  _.     By  the  formula  £  «•  ^-  —  1  and  t  =  — — 
33 
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the  co-efficient  of  resistance  may  be  calculated  from  the  co-efficient  of 
velocity,  and  vice  versd. 

Examples. — 1.  What  discharge  will   flow   through    a    2    inch    wide    tube,    under  a 
head  of  water  of  3  feet,  which  corresponds  to  a  co-efficient  of  resistance  £  =  0,4  ? 

^  — s .1  ..      —  0,845  ;  hence,  v  =  0,845  .  8,02  v/T=  12,05  feet;  further,  F  =  (-L^ 

v/   1,4 

it  s=  0,02182  square  feet;  consequently,  the  quantity  of  water  sought  is  Q  =ss  0,263  cubic 
feet* 2.  If  a  tube  of  2  inches  width,  under  a  pressure  of  2  feet,  deliver  in  a  minute  10 

cubic  feet  of  water,  its   co-efficient  of  efHux,  or   of  velocity,  is   then  <J>  =  _ 

.Fv/    2  g  h 

10  —  :=  0,674,  the  co-efficient  of  resistance  = 


Fig.  439. 


60  .  0,02182  ,  8,02.^    2          1,050^/2 

(1      \ a 
J        )    —  1  =  1,201 ;  and  lastly,  the  loss  in  head  of  water  produced  by  the  resistances 
0,674  / 
of  the  tube : 

=81,201  —  =1,201 .0,0155  (— V  =0,0186 1          =  1,085  feet. 

§  325.    Oblique  Additional  Tubes. — Obliquely  attached  or  obliquely 
cut  tubes  give  a  smaller  quantity  of  water  than  rectangularly  attached, 

or  rectangularly  cut  additional  tubes,  because 
the  direction  of  the  water  in  them  becomes 
changed.  Experiments  conducted  upon  an 
extensive  scale,  have  led  the  author  to  the 
following.  If  s  be  the  angle  which  the  axis 
of  the  tube  KL,  Fig.  439,  makes  with  the 
normal  JKJV  to  the  plane  MB  of  the  inner 
orifice  of  the  tube;  and  iff  be  the  co-efficient 
of  resistance  for  rectangularly  cut  tubes,  we 
shall  then  have  the  co-efficient  of  resistance 
for  the  inclined  tube:  £ x  =  f  +  0,303  sin.  S  +  0,226  sin.  a*.  Let  us 
take  for  £  the  mean  value  0,505,  and  we  shall  obtain : 


for  *o-_ 

0 

10 

20 

30 

40 

50 

60° 

The  co-efficient  of 
resistance  £  ±  =s 

0,505 

0,565 

0,635 

0,713 

0,794 

0,870 

0,937 

The  co-efficient  of 
efflux  pi  =2 

0,815 

0,799 

0,782 

0,764 

0,747 

0,731 

0,719 

From  this,  for  example,  the  co-efficient  of  resistance  of  an  addi- 
tional tube    deviating  by  20°  from  the  axis  is  f  =  0,635,  and  the 

co-efficient  of  efflux  =  — -1—  =«  0,782.  and  for  35°  deviation,  the 

x/1,635  ' 

first  =  0,753,  and  the  last  =  0,755. 

In  genera],  these  inclined  and  additional  tubes  are  larger  than  we 
have  hitherto  assumed,  and  they  should  be  longer  too,  because  the 
water  would  not  otherwise  perfectly  fill  the  tube.  The  preceding 
formula  represents  only  that  part  of  the  resistance  which  is  due  to 
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that  portion  of  tube  at  the  inner  orifice,  which  is  three  times  as  long 
as  the  tube  is  wide.  The  resistance  which  the  remaining  portion  of 
tube  opposes  to  the  motion  of  the  water,  will  be  given  subsequently. 


Fig.  440. 


Example.  If  the  plane  of  the  inner 
orifice  J&B  of  a  horizontally  lying  pond 
sluice  JTZ,  Fig.  440,  as  likewise  the 
interior  surface  of  the  pond  dam,  is 
inclined  40°  to  the  horizon,  then  the 
axis  of  the  pipe  makes,  with  the 
normal  to  this  plane,  an  angle  of  50°, 
and  hence  the  co-efficient  of  resistance 
for  efflux  through  the  portion  of  the 
interior  orifice  of  this  tube  is  «=  0,870  ; 
and  if  now  the  co-efficient  of  resist- 
ance 0,650  were  due  to  the  remaining 
and  longer  portion,  the  co-efficient  of  resistance  of  the  entire  tube  would  then  be  =  0,870 

-f-  0,650  =  1,520,  and  hence  the  co-efficient  of  efflux  = l  =  —    -1  = 

v'l  +  1,520         ^/  2,520 

0,630.     For  a  10  feet  head  of  water  and  1  foot  width  of  tube,  the  following  discharge 
•would  be  given : 

Q  =  0,63  .  —  .  8,02  v/TU  MS  12,55  cubic  feet. 
4 


Fig.  441. 


§  326.  Imperfect  Contraction. — When  a  cylindrical  additional  tube 
KL,  Fig.  441,  is  inserted  into  a  plane  wall 
JiSy  whose  area  G  does  not  much  exceed 
the  transverse  section  F  of  the  tube,  the 
water  then  comes  to  the  place  of  insertion 
with  a  velocity  which  must  not  be  dis- 
regarded,' and  it  then  issues  into  the  tube 
with  imperfect  contraction  only,  on  which 
account  the  velocity  of  efflux  is  again 


greater  than  when  the  water  before  entrance  into  the  tube  is  to  be 
assumed  as  still.  Again  if  —  =*  n  is  the  ratio  of  the  section  of  the 
tube  to  that  of  the  area  of  the  side,  and  further,  /*0  be  the  co-efficient 

of  efflux  for  perfect  contraction,  where  _  may  be  equated  to  0,  we 

G 

shall  have,  according  to  the  experiments  of  the  author,  to  put  the  co- 
efficient of  efflux  for  imperfect  contraction,  or  for  the  ratio  of  the 
Sections  n : 


Mo 


0,102  n  +  0,067  n2  -f-  0,046  n3  or 


(1  +  0,102  n  +  0,067  n2  -f-  0,O46  n3). 
If  the  transverse  section  of  the  tube  occupies  the  sixth  part  of  the 
whole  surface  of  the  side,  there  is: 

Mi  —  Mo  (1  -f  0,102  .  j  +  0,067  .  ^  +  0,046  .  SJ9) 

=*/*0(l  +  0,017  +  0,0019  +  0,0002)  =  1,019  ^0,  or 
^  being  put  =  0,815,  ^  ««  0,815  „  1,019  »-  0,830, 
The  following  useful  and  convenient  table  gives  somewhat  more 

accurately  the  values  for  correction  ^'     ^ 

Mo 


388 


CORRECTION    FOR    IMPERFECT    CONTRACTION. 


TABLES 

OF  CORRECTION  FOR  IMPERFECT  CONTRACTION,  BY  EFFLUX  THROUGH 
SHORT  CYLINDRICAL  TUBES. 


n 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

t*n—e*a 

0,006 

0,013 

0,020 

0,027 

0,035 

0,043 

0,052 

0,060 

0,070 

0,080 

fo 

n 

0,55 

0,60 

0,65 

0,70 

0,75 

0,80 

0,85 

0,90 

0,95 

1,00 

t*n—f** 

0,090 

0,102 

0,114 

0,127 

0,138 

0,152 

0,166 

0,181 

0,198 

0,227 

f*Q 

By  efflux  through  short  parallelopipedical  tubes,  these  corrections 
e  nearly  the  same. 

These  co-efficients  are  especially  applicable  to  the  efflux  of  water 

through  compound  tubes ;  for  ex- 
Fig.  442.  ample,  in  the  case  represented  in 
Fig.  442,  where  the  orifice  of  the 
short  tube  KL  enters  the  wider  short 
tube  CK,  whose  orifice  again  lies  in 
the  cistern  JiC.  Imperfect  contrac- 
tion takes  place  at  the  entrance  of  the 
water  from  the  wider  into  the  nar- 
rower tube,  and  hence  the  co-efficient 
of  efflux  must  be  determined  by  the 
last  rule.  If  we  put  the  co-efficient  of  resistance  corresponding  to  the 
co-efficient  of  efflux  «  gl9  the  co-efficient  of  resistance  for  the  entrance 
into  the  wider  tube  from  the  cistern  =  £,  the  head  of  water  =  A,  the 


velocity  of  efflux 


v,  and  the  ratio  -—  of  the  section  of  the  tubes 

Gr 


w,  therefore,  the  velocity  of  the  water  in  the  wider  tube  =  nvy  then 
the  formula  gives : 


nv 


And  hence: 


V 


1  +  n*  f  + 


Example.  What  discharge  will  the  apparatus  delineated  in  Fig.  442  deliver,  if  the 
head  of  water  h  =  4  feet,  the  width  of  the  narrower  tube  2  inches,  and  that  of  the 
wider  one  3  inches?  n  =  (£)*  =  £,  hence  f*±  «  1,069  .  0,815  =  0,871,  and  tiie 

corresponding  co-efficient  of  resistance  £ 
have  £  =  0,505  and  ns  .  £  ==  |f  .  0,505 


(  _  *      V  _  l  -=  0,318;  but  now  we 
\  0,871  / 

0,099;  hence  it  follows,  that  1  +  n*  £  -f-  fl 
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SB  1  +  0,099  4-  0,318  =  1,417,  and  the  velocity  of  efflux  v  =  8^02  -  \/f  _,     16,04  _ 

v/J,417  ^X  1,417 

=  14,34  feet     Again,  since  the  transverse   section  of  the  tube  =  0,02182  square  feet, 
the  discharge  will  be  Q  =  14,34  .  0,02182  ==  0,313  cubic  feet. 

§  327.  Conical  Tubes. — Additional  conical  tubes  give  a  discharge 
different  from  that  of  prismatic  or  cylindrical  tubes;  they  are  either 
conically  convergent,  or  conically  divergent;  in  the  first  case  the 
outer  orifice  is  smaller,  and  in  the  second  case  larger  than  the  inner 
orifice.  The  co-efficients  of  efflux  for  the  first  tubes  are  greater,  and 
for  the  last,  less  than  for  cylindrical  tubes.  One  and  the  same  coni- 
cal tube  gives  more  water  when  the  wider  orifice  is  made  the  exit 
orifice,  as  K  in  Fig.  443,  than  when  it  is  turned  inwrards,  as  L  in  the 
same  figure,  except  that  it  does  not  give  a  greater  quantity  in  propor- 
tion as  the  wider  orifice  exceeds  the  narrower.  If  many,  as  Venturi 
and  Eytelwein,  give  for  conically  divergent  tubes,  a  greater  co-effi- 


Fig.  443. 


Fig.  444. 


cient  of  efflux,  than  for  conically  convergent  tubes,  it  must  always 
be  borne  in  mind,  that  they  take  the  narrower  transverse  section  for 
the  orifice.  The  following  experiments  instituted  at  pressures  of 
from  0,25  to  3,3  metres,  with  a  tube  J1&  9  centimetres  long,.  Fig. 
444,  bring  before  us  the  effect  of  conicalness  in  tubes.  The  width 
of  these « tubes  at  one  extremity  amounted  to  DE  =  2,468,  at  the 
other  JIB  =  3,228  centimetres,  and  the  angle  of  convergence,  i.  e. 
the  angle  +&OB9  which  the  oppositely  situated  sides  J1E  and  BD  of 
a  section  in  the  direction  of  the  longer  axis  include  =  4°,  50'.  By 
efflux  through  the  narrower  orifice,  the  co-efficient  was  =  0,920,  but 
by  efflux  through  the  wider  it  was  ==  0,553,  and  if  in  the  calcula- 
tion, we  take  the  narrower  entrance  orifice  for  the  transverse  section, 
it  will  give  =  0,946.  In  the  first  case,  when  the  tube  was  applied 
as  a  conically  convergent  adjutage,  the  fluid  vein  was  little  con- 
tracted, thick  and  smooth;  but,  in  the  second  case,  when  the  tube 
served  as  a  conically  divergent  adjxitage,  it  was  strongly  divergent, 
broken,  and  spouting.  Venturi  and  Eytelwein  have  experimented 
further  on  efflux  through  conicaily  divergent  tubes.  Both  philoso- 
phers have  applied  these  conical  tubes  to  cylindri- 
cal and  conoidal  adjutages,  made  after  the  form  of 
the  contracted  fluid  vein.  By  such  a  connection  as 
is  represented  in  Fig.  445,  where  the  divergent  por- 
tion KL  of  the  outer  orifice  is  between  12  and  21^ 
lines  wide,  and  8J  f  of  an  inch  long,  and  the  angle 

33* 


Fig.  445. 
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of  convergence  estimated  at  5°,  9'.  Eytelwein  found  /*  =  1,5526 
when  he  took  the  narrow  end  for  the  orifice,  and,  on  the  other 
,hand,  /*  =  0,483  for  the  wider  end,  in  which  he  was  right.  Through 

' 


this  combined  adjutage  there  certainly  flows 


0,olo 


2,5  times  as 
*  1,9 


tmuch  as  through  a  simple  orifice  in  a  thin  plate,  and 

U,oJLO 

times  as  much  as  through  a  short  cylindrical  tube.  With  small  velo- 
cities and  greater  divergence,  it  is  scarcely  possible,  even  by  pre- 
viously closing  the  tubes,  to  bring  about  a  full  flow. 

§  328.  The  most  ample  experiments  have  been  made  by  d'Aubuis- 
son  and  Castel  on  efflux  through  conically  convergent  additional  tubes. 
The  tubes  for  this  purpose  were  of  great  variety,  of  different  lengths, 
widths,  and  angles  of  convergence.  The  most  extensive  experiments 
were  those  made  with  tubes  of  1,55  centimetres  width  at  the  dis- 
charging orifice,  and  of  from  2,6  times  greater,  i.  e.  of  4  centimetres 
in  length,  for  which  reason  we  will  here  communicate  the  results  in 
the  following  table.  The  head  of  water  was,  throughout,  3  metres. 
The  discharges  were  measured  by  a  special  gauge-cistern  ;  but  in 
order  to  obtain  besides  the  co-efficients  of  efflux,  those  of  the  velocity 
and  contraction,  the  amplitude  of  the  jet,  due  to  given  heights,  were 
measured,  and  from  these  the  velocity  of  efflux  (see  §  38,  Ex.  2)  cal- 

culated.    The  ratio  —         .  of  the  effective  velocity  v  to  the  theo- 

J 


_ 

retical  -s/  2  g  h  gave  the  co-efficient  of  velocity  <f>,  as  also  the  ratio 
Q  %  _ 

.  of  the  effective  discharge  Q  to  the  theoretical  F  «/  2  g  h 


. 
F,  -v/  2  g  h 

gave  the  co-efficient  of  efflux  /*,  and,  lastly,  the  ratio  of  both  co-effi- 

'Cients,  i.  e.  —  ,  determined  the  co-efficient  of  contraction  a. 
$ 

TABLE 

OF,  THE  CO-EFFICIENTS  OF  EFFLUX  AND   VELOCITY  FOR  EFFLUX  THROUGH 
COMICALLY  CONVERGENT  TUBES. 


Angle  of 
convergence 

Coefficient 
of  efflux. 

Co-efficient 
of  velocity. 

Angle  of 
convergence 

Co-efficient 
of  efflor. 

Co-efficient 
of  velocity. 

0°  0' 

0,829 

0,829 

13°  24' 

0,946 

0,963 

1°  36; 

0,866 

0,867 

14°  28' 

0,941 

0,966 

3°  10' 

0,895 

0,894 

16°  36' 

0,938 

0,971 

4°  10' 

0,912 

0,910 

19°  28' 

0,924 

0,970 

5°  26' 

0,924 

0,919 

21°  0' 

0,919 

0,972 

7°  52' 

0,930 

0,932 

23°  0' 

0,914 

0,974 

8°  58' 

0,934 

0,942 

29°  58' 

0,895 

a,975 

10°  20' 

0,938 

0,951 

40°  20' 

0,870 

0,980 

12°  4!   , 

0,942 

0,955 

48°  00' 

0,847  ' 

0,984 
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From  this  table  it  is  seen  that  the  co-efficients  of  efflux  attain  their 
maximum  0,946  for  a  tube  of  13J°  lateral  convergence;  that,  on  the 
other  hand,  the  co-efficients  of  velocity  come  out  always  greater  and 
greater,  the  greater  is  the  angle  of  convergence.  The  following  ex- 
ample will  show  how  this  table  may  be  used  in  those  cases  which 
present  themselves  in  practice. 

Example. — What  discharge  will  a  short  conoidal  tube  of  lj  inches  \vidth  at  the  outer 
orifice,    and  of  10°   convergence,  deliver  under  a  pressure   of  16    feet?      According 
to  the  experiments  of  the  author,  a  cylindrical  tube  of  this   width  gives  /u  =  0,810; 
d'Aubuisson's  tube,  however,  gave  p  vss  0,829,  therefore  about  0,829  —  0,810  =  0,019 
more.     Now  from  the  table  for  a  tube  of  10°  convergence,  /*  is  =  0,937 ;  hence,  for  the 
given  tube  we  may  put  ^  =  0,937  —  0,019  s=  0,918,  whence  the  discharge 
Q  =0,918  .     *     .  8,02  v/TssB  8,02.0,918*-  _  0}3614  cubic  feet> 
4  .  82  64 

§  329.  Resistance  of  Friction. — The  longer  prismatic  or  cylindrical 
tubes  are,  the  more  they  retard  the  efflux;  hence  we  must  assume 
that  the  sides  of  the  tubes  offer  resistance  to  the  motion  of  the  water 
by  the  friction,  adhesion,  or  viscidity  of  the  fluid  acting  against  them. 
From  reason  and  from  numerous  observations  and  measurements,  we 
may  assume  that  this  resistance  of  friction  is  independent  of  the  pres- 
sure, that  it  increases  directly  as  the  length  Z,  and  inversely  as  the 

width  d9  and,  therefore,  proportional  to  the  ratio  —.     Moreover,  it  ap- 

d 

pears  that  this  resistance  is  greater  for  great  and  less  for  less  velo- 
cities, and  that  it  very  nearly  increases  with  the  square  of  the  velocity 
v  of  the  water.  If  we  measure  this  resistance  by  the  height  of  a 
column  of  water,  which  must  be  deducted  from  the  entire  head  A,  in 
order  to  obtain  the  height  requisite  for  the  generation  of  the  velocity, 
we  may  then  put  for  this  height,  which  we  shall  term  the  height  dice 

to  the  resistance,  h,  =  f  1  „  —  .  —,  where  Si  represents  a  number,  from 

d     2g 

experiment,  which  we  may  call  the  height  due  to  the  resistance  of 
friction.  There  is  a  greater  loss,  therefore,  of  pressure  or  head  of 
water  from  the  friction  of  the  water  in  the  tube,  the  greater  the 

ratio  -  of  the  length  to  the  width  is,  and  the  greater  the  height  due  to 
d 

v2 
the  velocity  — *     From  the  discharge  Q  and  the  transverse  section  of 

o 

the  tube  F  •»  ~ —  there  follows  the  velocity  v  =  — ^,  and  hence  the 
4  yt  d2 

height  due  to  the  friction : 
I       1    /4Q 

Al  -  5l  •  3 '  %  (z 

In  order  to  obtain  the  least  possible  loss  of  head  of  water,  or  fall, 
in  leading  a  certain  quantity  of  water  Q,  the  pipe  must  be  made 
as  wide  as  possible,  and  not  unnecessarily  long.  A  double  width 
requires,  for  instance,  only  (J)*  «*  -£$  of  the  fall  that  the  single  width 
-does. 
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If  the  transverse  section  of  a  tube  be  rectangular,  and  of  the  depth 
a  and  the  breadth  6,  we  must  substitute  for 

1         i        *  d     _  i     circumference  ^  T     2  (a  +  &)  =  a  +  ^ 
d  "*  T  '  i^Td"2  ""  *  "  area  *  "         oZ»  2a&   ' 

whence  it  follows:  h±  =  f  .  •  r--  •  ~ — 

By  means  of  this  formula  for  the  resistance  of  friction  in  pipes,  we 

may  also  find  the  velo- 

g.  446.  city  and  the   quantity  of 

efflux  which  a  pipe,  of 
given  length  and  width, 
will  conduct  under  a 
given  pressure.  It  is 
quite  the  same,  whether 
the  tube  KL,  Fig.  446, 
is  horizontal,  inclines,  or 
ascends,  if  only  by  the  head  of  water  is  understood  the  depth  RL  of 
the  middle  point  L  of  the  orifice  of  the  tube  below  the  surface  of 
water  HO  of  the  efflux  reservoir.  If  h  is  the  head  of  water,  Ax  the 
height  due  to  the  resistance  for  the  orifice  of  entrance,  and  Aa  that  for 
the  remaining  portion  of  the  tube,  we  then  have: 

i fa  ±fr  }  ^  ^1 ,  or  h  =  k,  +  hz  +  — .     If  f  represents  the  co- 

v  x        2'        %  %g 

efficient  of  resistance  for  the  portion  of  tube  next  the  cistern,  and  ^ 
the  co-efficient  of  the  resistance  of  friction  of  the  rest  of  the  tube,  we 
then  have 

.        v*     .     ..        I      v*     .    v2 


and 


d 


From  the  last  formula  the  discharge  Q  =  Ft?  is  given. 

For  very  long  tubes  1  +  ?  is  small  compared  with  fa  .- ,    whence, 

€L 


•simply,  h  =  f L  -  .  ^~,  and  inversely, 


§  33O.  The  co-efficient  of  friction,  like  the  co-efficient  of  efflux,  is 
not  quite  constant;  it  is  greater  for  small,  and  less  for  great  veloci- 
ties; i.  e.  the  resistance  of  the  friction  of  water  in  tubes  does  not  in- 
crease exactly  with  the  square  of  the  velocity,  but  with  some  other 
power  of  it.  Prony  and  Eytelwein  have  assumed,  that  the  head  of 
water  lost  by  the  resistance  due  to  friction  ought  to  increase  as  the 
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simple  velocity  and  as  its  square,  and  have  given  for  it  the  expres- 
sion h^  (a  v  +  ft  v*)  £9  where  a  and  /3  are  co-efficients  deduced  from 

experiment.  To  determine  these  co-efficients,  51  experiments,  which, 
at  various  times,  were  made  by  Couplet,  Bossut,  and  Du  Buat,  on  the 
motion  of  water  through  long  tubes,  were  made  use  of  by  these  hy- 
draulicians. 

Prony  found  from  this,  that  \  =  (0,0000693  v  +  0,0013932  v*)  -^ 

I 

Eytelwein  Ax  =  (0,0000894  v  +  0,0011213  v2)  ^;  d'Aubuisson  as- 
sumes \  =  (0,0000753  v  +  0,001370  vz)  ^  metres. 

A  formula,  discovered  by  the  author,  agrees  more  accurately  with 
observation.      It  has  the  form 


»"  ("••£)  3  & 


and  is  based  on  the  hypothesis,  that  the  resistance  of  friction  increases 
simultaneously  as  the  square,  and  as  the  square  root  of  the  cube  of  the 
velocity.  From  this  we  have  the  co-efficient  of  resistance  £\  =  a  + 

—  ~^y  and  the  height  due  to  the  resistance  of  friction  A  ==  f    .  _  ^_. 
-v/w  d  2g 

For  the  measurement  of  the  co-efficient  of  resistance  £\,  or  of  the 
auxiliary  constants  a  and  j3,  not  only  the  determinations  of  Prony  and 
Eytelwein  from  the  51  experiments  of  Couplet,  Bossut,  and  Du  Buat 
were  used  by  the  author,  but  also  11  experiments  made  by  him,  and 
1  experiment  by  Gueymard  in  Grenoble.  The  older  experiments 
extend  only  to  velocities  of  from  0,043  to  1,930  metres  ;  in  the  expe- 
riments of  the  author,  however,  the  extreme  limit  of  velocity  reached 
to  4,648  metres.  The  widths  of  the  tubes,  in  the  older  experiments, 
were  27  mm.  =  1.06  in.  ;  36  mm.  =  1.95  in.  ;  54  mm.  =  2.  12  in.  ; 
135  mm.  =  5.31  in.  ;  and  490  mm.  ==  19.29  in.  ;  later  experiments 
were  conducted  with  tubes  of  33  mm.  «=±  1.29  in.;  71  mm.  ==  2.79 
in.  ;  and  275  mm.  =  5.31  in.  By  means  of  the  method  of  least 
squares,  it  has  been  found  from  the  63  experiments  laid  down  : 

^  «  0,01439  +  Q'0<y.711   ;  therefore, 


*,  -  (0,01439+  2*22*)  ^  metre; 
\fv        /  &     *g 


for  Prussian  measure  : 


or  for  English  measure  : 

A,  -  (0,01439  +  °>017963\  l-  .  *  feet. 
^/v      /  d     2g 

§  331.  For  facilitating  the   calculation,  the  following  table  of  the 
co-efficients  of  resistance  has  been  compiled.     We  see  from  this,  that 
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the  variability  of  these  co-efficients  is  not  inconsiderable,  as  for  ^0,1 
metre  velocity  it  is  =  0,0443,  for  1  metre  =  0,0239,  and  for  5  metres 
—  0,0186. 

TABLE  OF  THE  CO-EFFICIENTS  OF  FRICTION.* 


lOths  of  a  metre. 

V  ft 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i? 

or  4  in. 

or  8  in. 

12  in. 

16  in. 

20  in. 

24  in. 

28  in. 

32  in. 

36  in. 

ft.  in. 

0 

go 

00 

0,0443 

0,0356 

0,0317 

0,0294 

0,0278 

0,0266 

0,0257 

0,0250 

0,0244 

3.4 

2  1 

0239 

0234 

0230 

0227 

0224 

0221 

0219 

0217 

0215 

0213 

6.7 

62 

0211 

0209 

0208 

0206 

0205 

0204 

0203 

0202 

0201 

0200 

9.10 

•S3 

0199 

0198 

0197 

0196 

0195 

0195 

0194 

0193 

0193 

0192 

13.0 

I4 

0191 

0191 

0190 

0190 

0189 

0189 

0188 

0188 

0187 

0187 

We  find  in  this  table  the  co-efficients  of  resistance  due  to  a  certain 
velocity,  when  we  look  for  the  whole  metre  in  the  vertical,  and  the 
tenths  in  the  first  horizontal  column,  then  proceed  from  the  first 
number  horizontally,  and  from  the  last  vertically  to  the  place  where 
both  motions  meet;  for  example,  for  v  —  1,3  metre  fx  =  0,0227,  for 
v  =,  2,8,  fx  =  0,0201. 

For  the  Prussian  measure  we  may  put : 


V 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9  ft. 

ti 

0,0679 

0,0522 

0,0453 

0,0411 

0,0383 

0,0362 

0,0340 

0,0333 

0,0322 

t? 

1 

1* 

1  , 

2 

3 

4 

6 

8 

12 

20  ft. 

f. 

0,0313 

0,0296 

0,0282 

0,0263 

0,0242 

0,0229 

0,0213 

0,0204 

0,0192 

0,0182 

§  332.  Long  Tubes. — With  respect  to  the  motion  of  water,  in  long 
tubes  or  conducting  pipes,  the  three  following  fundamental  problems 
present  themselves  for  solution. 

1.  The  length  I  and  the  width  d  of  the  tube  and  the  quantity  of 
water  Q  to  be  conducted  are  given,  and  the  head  of  water  is  required. 

We  have  first  to  calculate  the  velocity  v  =  -2  =  £^?  »  1,2732  .  -S:, 

J?         ft  d  d 

then  to  look  for  the  co-efficient  of  friction  (1  corresponding  to  this 
value,  in  one  of  the  last  tables,  and,  lastly,  to  substitute  the  values  of 


*  To  apply  this  table  to  English  measures,  the  velocity,  if  below  40  inches,  will  be 
taken  out^from  the  numbers  under  "  lOths  of  a  metre,"  and  if  above  36,  the  number  of 
feet  and  inches  in  the  left  hand  column  will  be  used  with  the  inches  at  the  head. 
Thus,  for  v  =  7  feet  1 1  inches  we  have  on  a  line  with  6  feet  7  inches  at  the  left,  and 
under  16  inches  at  top,  the  co-efficient,  0205. — AM.  ED. 
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rf,  Z,  i»,  f  and  f,,  where  f  represents  the  co-efficient  of  friction  for  the 
portion  of  the  interior  orifice,  in  the  last  formula 


2.  The  length  and  width  of  the  tube,  as  well  as  the  head  of  water 
or  fall,  are  given  to  determine  the  discharge.  We  must  here  find  the 
velocity  by  the  formula 


v  = 


I  1 
\f 


d 

but  since  the  co-efficient  of  resistance  is  not  quite  constant,  but  varies 
somewhat  with  v,  \ve  must  know  v  approximately  beforehand,  in  order 
to  be  able  to  find  out  fx* 

7<» 

From  v  it  then  follows  that  Q  =  ^LfL  v  =*  0,7854  d2  v. 

4 

3.   The  discharge,  the  head  of  water,  and  the  length  of  the  tube  are 
given,  to  determine  the  requisite  width  of  the  tube* 

As  v  =  — — ,  therefore  v3  =-  *     ^ 


we  then  have  2  gft  =  (l  +  f  +  ^  (—  Y*  .  1,  or 

\  a/  \   ft   /       rf4 


2gh  .  c^s  =  (1  +  f)  rf  4-  fi  ^,  hence  the  -width  of  the  tube 


But  now  ( — \    =  1,6212,  1  +  ?  as   a  mean  =  1,505   and  — 
\*  /  2g 

an«  0,0155,  hence  we  may  put: 

d  =  0,4787  *  f  (1,505  .d  +  ^l}  —  feet. 
^  h 

This  formula  can  only  be  used  as  a  formula  of  approximation,  be- 
cause the  unknown  quantity  rf,  and  also  the  co-efficient  fz,  dependent 

on'v  =t=  — ^r,  appear  in  it. 
yt  d 

Examples. — 1.  What  head  of  water  does  a  conducting  pipe,  of  150  feet  length  and  5 
inches  width,  require,' if  it  is  to  carry  off"  25  cubic  feet  of  water  per  minute?     Here 

25      12a 
v  =  1,2732  .  ,  „  ,  '    ^,.  =  3,056  feet,  Hence  we1  may  put  f  x  =  0,0242;  and  the  head  of 

60  .  5 
water  or  the  entire  fall  of  the  pipe  "will  be : 

fc=  ( 1,505  ^0,0242  .  15°  \12^  .  0,0155  .  3,056* 

sa  CW05+  8,712)  .  0,0155  .  9,339  =  1,479  feet,  (English:) 

2.  What  discharge  will  a  conducting  pipe,  48  feet  long  and  2  inches  wide,  with  a  5 
feet  head  of  water,  deliver  ?     It  will  be : 
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8,02  v/T  '     17,88 


l,50a  +  flilJ*        VW+288.6 

If  we  previously  take  £r  ==  0,020,  we  shall  obtain  v  =    l^SS    =  6,6,  but  v  =  6,6 

2,7 
gives  more  correctly  ft  =  0,0211,  hence  we  shall  have  more  correctly: 

17,88  17,88  ^  . 
—              —  =  6,50    feet,   and    the    quantity   of    water 


1,505  +  288  .  0,0211 
Q  =5=  0,7854  .  (JLY  .  6,50  =  0,137  cubic  feet  =  236,7  cubic  inches, 

3.  What  width  must  be  given  to  a  conducting  pipe,  100  feet  in  length,  which  at  a 
head  of  water  of  5  feet,  delivers  half  a  cubic  foot  of  water  per  second?     Here 


d  =s  0,4787        (1,505  d  +  100  &)  .  £  (£)2  =  0,4787  ^/0,07  5  d+  5  &.    If  we  set  out 
with  &  =  0,02,  we  obtain  rf  =  0,4787  ^0,075  d  +  0,100,  or  approximately 
=s  0,4787  ^/0,100  ==  0,30,  therefore  more  correctly, 


d  ss  0,4787  ^0,0225  +  0,100  =±=  0,4787  ^/  0,1225  ==0,3  1456  feet  ==  3,77  inches.  To 
this  width  corresponds  the  transverse  section  F  =  0,7854  .  0,31456Q  =  0,0777  square 

feet,  the  velocity  v  =*  ~L  =s  _  -  -  =  6,43  feet,  and  to  this  again  the  co-efficient  of 

Jc  0,0777 

resistance  ft  =  0.0211.     If  we  substitute  the  last  more  accurate  value,  we  then  obtain 


d  =  0,4787  ^/  0,1280  =  0,3373  feet. 

Remark.  Experiments  with  2J  and  4J  inch  wide  common  wooden  pipes  have  given 
the  author  the  co-efficient  of  resistance  1,75  times  as  great  as  for  metallic  pipes,  to  which 
refer  the  values  given  in  the  table  of  the  former  §.  Whilst,  therefore,  for  example,  for 
a  velocity  of  3  feet,  £t  ss=  0,0242  for  metallic  pipes,  we  must  put  it  for  wooden  pipes 
=  0,0242  .  1,75  =  0,04235;  whilst  we  have  found  in  Example  1,  the  head  of  water  for 
a  metallic  pipe  150  feet  long,  1,527  feet,  it  will  amount,  under  the  same  circumstances, 
for  a  "wooden  one  to, 

=  (X,505  +  0,04235..  360)  .  0,0155  .  9,339  =  16,75  .  0,1494  ^  244  feet. 

§'  332.  Bent  Tubes.  —  Particular  resistances  are  opposed  to  the 
motion  of  water  in  pipes  Avhen  they  are  bent  or  knee-shaped.  Expe- 
riments have  been  made  by  the  author  on  both  kinds  of  resistances, 
on  which  account  it  is  necessary  here  to  communicate  the  results. 

If  a  pipe  JlCB,  Fig.  447,  forms  a  knee,  or  if,  as  it  is  termed,  it  be 
angled,  a  loss  of  pressure  ensues,  which  in- 

Fig.  447.  V2 

creases  uniformly  with  the  height  —  due  to 

the  velocity,  and,  further,  increases  with  half 
the  angle  of  deflexion  J1CF=BCE=$.  The 
height  of  water  lost  through  the  knee,  or  the 
height  due  to  the  resistance  corresponding  to 
its  transit  through  the  knee,  may  be  given  by 

the  expression  h  =  f  a  ^-,  where  £2  expresses 

the  co-efficient  of  the  knee  resistance,  dependent  on  the  magnitude  of 
the  angle  of  deviation  of  the  tube.  Experiments  made  on  different 
knees  have  led  to  the  expression 

f  a  .  0,9457  sin.  62  +  2,047  sin.  64, 
and  from  this  the  following  table  has  been  calculated. 
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s° 

10 

20 

30 

40 

45 

50 

55 

60 

65 

70 

?, 

0,046 

0,139 

0,364 

0,740 

0,984 

1,260 

1,556 

1,861 

2,158 

2,431 

It  is  seen  from  this,  that  a  considerable  loss  of  vis  viva  is  produced 
by  knee  tubes;  for  example,  a  rectangular  knee  JiCB^  Fig.  448, 
gives,  since  the  angle  of  deviation,  amounts  to 
45°,  the  loss  of  head  =  0,956  —,  therefore,  Fig.  448. 

pretty  nearly  equal  to  the  height  due  to  the 
velocity;  a  knee  of  125°,  for  which  6  =  62^°, 
diminishes  the  head  of  water  by  so  much  as 

double  the  height  due  to  the  velocity  2  .  —.   By 

& 
putting  in  the  height  due  to  the  resistance  of 

the  knee  ?2  — ,  we  obtain  the   complete  formula  for  the   motion  of 
water  in  tubes: 


Example.  If  the  conducting  pipe  in  the  first  example  of  the  preceding  paragraph,  150  feet 
long  and  5  inches  wide,  "which  is  to  deliver  25  cubic  feet  of  water  per  minute,  contains 
two  rectangular  knees  (Fig.  451),  we  then  have  the  required  head  of  water: 

h  =  (1,505  +  8,712  +  2  .  0,956)  —  s»  12,129  .  0,0155  .  9,339=12,129  .  0,14475     ' 
=  1,7557  feet. 


Fig.  449. 


§  334.  Curved  Tubes. — Curved  tubes  JIB,  Fig.  449,  offer,  under 
otherwise  similar  circumstances,  far  less  resist- 
ance than  unrounded  knee  tubes.  The  height 
due  to  the  resistance  which  measures  this  obstacle 
increases  likewise  as  the  square  of  the  velocity, 
but  at  the  same  time  also  as  the  simple  angle  of 
deflexion  or  curvature  JiCB  =  BDE  =  £,  and 
may  be  expressed,  therefore,  by  the  formula  : 


h 


The  corresponding  co-efficient  of  resistance  is  by  no  means  constant , 
it  depends  much  more  on  the  ratio  of  the  width  of  the  tube  to  the 
radius  of  curvature  of  its  axis,  and  is  the  less,  the  less  is  this  ratio. 
An  extensive  series  of  experiments  made  by  the  author,  and  the  well 
known  experiments  of  Du  Buat,  have,  by  their  combinations,  led  to 

the   expression  ?  M  0,131  +  1,847  f—  \3~,  fof  tubes   with    circular 

transverse  sections,  and  for  tubes  with  quadrangular  or  rectangular 
34 
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transverse  sections  f  =  0,124  +  3,104     4V>  where    r    represents 


half  the  width  of  the  txibe,  and  R  the  radius  of  curvature  of  the  axis. 
The  two  following  tables  have  been  calculated  accordingly. 

TABLE  I. 

CO-EFFICIENTS  OF  THE  RESISTANCE    OF  CURVATURE  IN  TUBES  WITH 
CIRCULAR  TRANSVERSE  SECTIONS. 


r 
~R~ 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

C 

0,131 

0,138 

0,158 

0,206 

0,294 

0,440 

0,661 

0,977 

1,408 

1,978 

TABLE  H. 

CO-EFFICIENTS  OF  THE  RESISTANCE  OF  CURVATURE  IN  TUBES  WITH 
RECTANGULAR  TRANSVERSE  SECTIONS. 


r 
~R~ 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

t 

0,124 

0,135 

0,180 

0,250 

0,398 

0,643 

1,015 

1,546 

2,271 

3,228 

It  is  from  hence  seen,  that  for  a  round  tube  whose  radius  of  curva- 
ture is  twice  as  great  as  the  radius  of  the  tube,  the  co-efficient  of 
resistance  is  =  0,294,  and  for  a  tube  whose  radius  of  curvature  is  at 
least  ten  times  as  great  as  the  radius  of  the  transverse  section,  this 
co-efficient  »  0,131. 

Example. — 1.  If  the  conducting  pipe  in  the  second  example  of  §  332  has  five  small 

curves  of  90°  curvature,  and  of  the  ratio  S-.  =  £  (Fig.  452),  what  quantity  of  water  will 

jR 
it  deliver  7     The  height  due  to  the  resistance  of  the  one  curve 

=  °>294  -  jg^3  ~  =  0,147  .  _ ,-  hence,  for  all  five  curvatures,  it 


:  5  .  0,147  2L  SB  0,735 
_  17^8 


,  and,  accordingly,  the  velocity  sought : 

17  88 

1  — -.6,153  feet, and  the  quantity  of  water: 


v/  7,584  +  0,735        ^  8,319 
=  0,7854  .  jy  .  6,130  =  0,1337  cubic  feet  =  231  cubic  inches, 

2,  Jf  the  curved  buckets  of  a  turbine  form  channels  12  inches 
long,  2  inches  broad,  and  2  inches  deep,  as  *4jBC,  Fig.  450,  and  if 
the  w,ater  flows  through  them  with  a  velocity  of  50  feet,  and  the 
n*ean  radius  of  curvature  H  of  this  axis  of  the  channels  amounts 
to  -8  inches,  then  is  jl  —  f,  the  co-efficient  of  the  resistance  of  cur- 


.  459. 


vature  \ 


0,127;  further,  JL  =~  :L  ^  J^'^  0,4774  ;  and  lastly, 

9F  ST7*  o  7T 

the  height  due  to  the  resistance  corresponding  to  the  curvature  of 
the  scoop 
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0,0606 


:  0,0606  .0,0155  .  50*  =  2,348  feet. 


Fig.  452. 


=  0,127.  0,4774  Jl  _   ......   __ 

Therefore,  by  the  resistance  of  curvature,  2,348  feet  in  fall  are  lost. 

Remark.  The  earlier  formula  given  by  I>u  Buat,  Gerstner,  and  Navier  for  the  resist- 
ance of  curvature,  are  quite  useless.  An  extended  account  of  the  experiments  of  the 
author  on  this  subject  will  be  published  in  the  third  number  of  his  "Investigations  in 
Mechanics  and  Hydraulics." 

§  335.  Jets  d'Eau. — A  conducting  tube  either  discharges  into  the 
air  or  under  water.  The  discharge  under  water  is  applied  when  the 
tube  at  its  outer  orifice  is  so  wide  that  the  entrance  of  air  may  be  feared. 
Here  of  course  the  head  of  wa- 
ter RC,  Fig.  451,  must  be  taken  Fis-  451- 
from  the  surface  H  of  the  upper 
water  to  that  of  C  of  the  lower 
water.  If  the  tube,  for  exam- 
ple, KLM,  Fig.  452,  discharges 
into  the  open  air,  it  will  give  a 
stream  of  water  OJ?,  which, 
when  allowed  to  ascend,  is  call- 
ed a  jet  djeau.  We  shall  here 
consider  what  is  most  required 
for  these  jets.  That  a  jet  may 
ascend  to  the  utmost  possible 
height,  it  is  necessary  that  the 
water  should  flow  from  the  adju- 
tage with  great  velocity;  hence 
such  adjutages  must  be  applied 
which  offer  the  fewest  obstacles 
to  the  water  in  its  passage,  to 
which,  therefore,  the  greatest  co-efficients  of  velocity  are  due. 
Orifices  in  a  thin  plate,  short  tubes  fashioned  like  the  contracted 
fluid  vein,  and  long  and  conically  convergent  ones,  are  those  which 
give  the  greatest  velocities  of  efflux.  Orifices  in  a  thin  plate  are 
little  suitable,  because  a  jet  formed  by  them  presents  nodes  and 
bulgings,  and,  therefore,  is  sooner  scattered  by  the  external  air  than 
the  prismatic  jet.  The  same  takes  place  in  a  certain  degree  with 
short  mouth-pieces,  shaped  like  the  contracted  vein.  Hence,  for 
fountains  and  fire-engines,  mostly  long  and  slightly 
conically  convergent,  similar  to  those  which  d?Au- 
buisson  used  for  his  experiments,  are  very  properly 
made  use  of.  Sometimes  entirely  cylindrical  jets 
are  used.  Where  these  mouth-pieces,  as,  for  ex- 
ample, KL,  Fig.  453,  are  screwed  on  to  the  con- 
ducting tube  ./2.B,  they  should  gradually  widen,  that 
no  contraction  may  occur  in  passing  into  them. 
If  these  mouth-pieces  or  discharging  tubes  are 
very  long,  like  those  of  fire-engines,  the  friction 
of  the  water  in  them  will  then  cause  a  considera- 
ble loss  of  pressure,  because  the  water  has  here 


Fig.  453. 
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a  great   velocity.      For   great  velocities  we  may  properly  put  the 
co-efficient  of  resistance  ?  =  0,016,  and,  therefore,  the  loss  of  head 

of  water  =   0,016  —  .  —  .    If  now  the  length  of  a  hose  is  twenty 
d     2g     ^ 

times  as  great  as  the  mean  width,  we  shall  then  obtain  the  height  of 
the  resistance  due  to  friction 

=  0,016.  20.  g  =  0,32.  g; 

thus.,  from  this  cause,  above  32  per  cent,  of  the  height  of  ascent  is  lost. 
These  tubes  are  generally  much  longer,  hence  this  loss  is  greater. 

The  velocity  with  which  water  passes  out  of  a  mouth-piece  or  hose, 
and  on  which  the  jet  or  the  height  of  ascent  principally  depends,  may 
be  estimated  by  means  of  the  above  principles.  If  we  put  this  velo- 
city of  efflux  =  v,  the  width  of  the  mouth-piece  at  the  exit  orifice  =  d, 
and  the  mean  width  of  the  conducting  tube  =  d19  we  shall  then  obtain 

the  velocity  of  the  water  in  it  v1  =  —  -  v.     If  f  represent  the  co-effi- 

i 
cient  of  resistance  at  the  inner  orifice  of  the  tube,  ?z  that  of  the  resist- 

ance of  friction  in  the  pipe,  and  ?2  the  co-efficient  for  the  knees  or  cur- 
vature of  the  pipe,  the  height  due  to  the  resistance  for  the  motion  of 
water  in  the  conduit  pipes  will  be  : 


. 

It  is  seen  from  this,  that  the  resistance  to  the  water  is  less,  the 
wider  the  conduit  pipe  is.  It  is  hence  an  important  rule,  to  employ 
as  wide  pipes  and  hoses  as  possible,  for  leading  water  to  jets  d'eau 
and  for  fire-engines. 

^  If,  further,  we  represent  the  co-efficient  of  resistance  for  the  mouth- 
piece by  f3,  we  have  then  the  height  due  to  the  resistance  for  this 

<»j2 

a*  £T3  _  ,  and  the  sum  of  all  the  heights  due  to  the  resistance  is 

2g 
then: 


If,  lastly,  the  height  of  pressure,  i.  e.  the  depth  RO,  Fig.  452,  of  the 
outer  orifice  O  below  the  surface  of  water  H  in  the  reservoir  =  h,  the 
formula 


holds  true,  and  hence  the  velocity  of  efflux  is  : 


If  the  jet  were  to  rise  perpendicularly  and  in  vacuo,  the  height  of 
ascent  would  be : 
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but  because  the  air  and  the  descending  water  offer  impediments  to 
the  ascent,  and  to  the  direction  of  the  jet,  as  is  the  case  in  fire- 
engines,  the  effective  height  of  ascent  is  somewhat  less.  Accord- 
ing to  d'Aubuisson's  conclusions  from  the  experiments  undertaken 
upon  this  subject  by  Mariotte  and  Bossut,  the  effective  height  of 
ascent  is  sl  =  s —  0,01  .  s2  =  s  (1  —  0,01  .  s)  metres,  or  for  English 
measure  =  s  (1  —  0,00305  s}  feet. 

We  see  from  this  that  in  great  ascents  proportionately  more  height 
is  lost  than  in  small  velocities.  Thick  jets  ascend  somewhat  higher 
than  thin  ones.  In  order  to  diminish  the  resistance  of  the  descending 
water,  the  jet  must  be  directed  a  little  inclined.  As  to  the  height 
and  amplitude  of  oblique  jets,  see  §  38. 

Example.  If  the  conduit  pipe  for  a  fountain  be  '250  feet  long,  and  2  inches  diameter, 
if  the  co-efficient  of  resistance  corresponding  to  the  mouth-piece  =  0,32,  if  the  entrance 
orifice  at  the  reservoir  be  sufficiently  rounded,  and  the  bends  that  occur  have  sufficient 
radii  of  curvature  to  allow  of  our  neglecting  the  corresponding  co-efficients  of  resistance} 
to  what  height  will  a  jet  £  inch  thick,  under  a  head  of  water  of  30  feet,  rise?  If  we 
take  the  co  efficient  ft  of  friction  =  0,025,  we  shall  then  obtain  the  entire  height  due  to 
the  resistance: 

*  -  (1  +  0,035  .   «L  .  (*.)<+  0,32)  g  .  !,47  .  £, 

hence,  the  height  due  to  the  velocity  s  = = =  20}41  feet,  and  the  effective 

height  of  ascent  gt  =  20,41  (1  —  0.00305  .  20,41)  ~  20,41  —  1,27  =  19,14  feet. 


CHAPTER   IV. 

ON   THE  RESISTANCES  OF  WATER  IN  PASSING  THROUGH  CONTRACTION. 

§  337.  Abrupt  Widening. — Changes  in  the  transverse  section  of  a 
tube,  or  of  any  other  reservoir  of  efflux,  produce  changes  in  the  velo- 
city of  the  water.  The  velocity  is  inversely  proportional  to  the  trans- 
verse section  of  the  stream.  The  -wider  the  vessel  is,  the  less  is  the 
velocity,  and  the  narrower  the  vessel,  the  greater  the  velocity  of  the 
water  flowing  through  it.  If  the  transverse  section  of  a  vessel  be 
suddenly  altered,  as,  for  example,  in  the  tube  JICE>  Fig.  454,  there 
then  ensues  a  sudden  alteration  of  the 

velocity,  and  this  is  accompanied  by  a      Fig.  454. 

loss  of  vis  viva,  or  connected  with  a 
corresponding  diminution  of  pressure. 
This  loss  may  be  as  accurately  mea- 
sured as  the  mechanical  effect  in  the 
impact  of  inelastic  bodies  (§  258). 
Every  particle  of  water  which  passes 

34* 


402  ABRUPT    WIDENING. 

from  the  narrower  tube  BD  into  the  wider  tube  DG,  strikes^  against 
the  slowly  moving  mass  of  water  in  this  tube,  and,  after  impulse, 
joins  itself  to  and  proceeds  onwards  with  it.  It  is  exactly  the  same 
with  the  collision  of  solid  and  inelastic  bodies ;  these  bodies  go  on 
likewise  after  impact  with  a  common  velocity.  Since  we  have 
already  found  that  the  loss  of  mechanical  effect  by  the  impact  of  these 
bodies  is 

T       0,  —  O2      Gi  Gs 

" %~ ;  GI  +  G; 

so  we  may  here,  as  the  impinging  particle  of  water  Ga  is  inde- 
finitely small  compared  with  the  impinged  mass  of  water  G3,  put : 

£  _  fei  v^  Gl9  and,  consequently,  the  corresponding  loss  of 
head  h  _ 


2g 

There  arises,  therefore?  from  a  sudden  change  of  velocity  a  loss  of 
id,  which  is  measured  by  the  height  due  to  the  velocity  corresponding 

to  this  change. 

If  now  the  transverse  section  of  the  one  tube  Jl C,  =  jPjy  and  that 

of  the  other  CEy  =  F,  the  velocity  of  the  water  in  the  first  tube  «  vl9 

and  that  in  the  other  =  v,  we  then  have  v^  =  — -^-,  hence   the   loss 
in  head  of  water  in    the  passage  from  one  tube  to  the  other  is  h2 

/      TTT  y    3  .-»*2  

[  _± 1  j    .  ,  and  the  corresponding  co-efficient  of  resistance  £ 


The  experiments  undertaken  by  the 

Fig.  455.  author  on  this    subject    accord  well 

with  theory.  That  the  tube  DG  may 
be  filled  with  water,  it  is  requisite  that 
it  be  not  very  short,  nor  much  wider 
than  the  tube  JiC.  This  loss  vanishes, 
when,  as  represented  in  Fig.  455,  a 
gradual  passing  from  one  tube  into  the 
other  is  accomplished  by  the  rounding  of  the  edges. 


/   TCI  v  a       «| 

Remark.  The  head  of  water  found  ht  =  (  -£ 1  )   cannot,  of  course,  be  utterly 

\J?t  /    2  g 

lost,  we  must  rather  assume  that  the  mechanical  effect  produced  by  it  is  expended  on  the 
separation  or  the  previous  continuity  of  the  particles  of  water. 

Example.  If  the  diameter  of  a  tube,  of  the  construction  in  Fig.  454,  is  as  great  again 


as 


that  of  another  tube,  then  is  -_  =  {  —  )    =  4,  hence  the  co-efficient  of  resistance 

F  ^         \  1.  / 
=ass  (4 — I)3  =  9,  and  the  corresponding  height  due  to  the  resistance  on  passing  from  the 

narrow  into  the  wide  tube  s=  9  .  JL.     If  the  velocity  of  the  water  in  the  latter  tube  « 
10  feet,  -foe  height  due  to  the  resistance  is  then  =  9  .  050155  .  10°  =  13,95  feet, 

§  338.  JZbrupt   Contraction. — A  sudden  change    of  velocity  also 
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occurs  when  water  passes  from  a  cistern  Fis-  456> 

JIB,  Fig.  456,  into  a  narrow  tube  .DG, 
especially  when  there  is  a  diaphragm  at 
the  place  of  entrance  CD  whose  orifice 
is  less  than  the  transverse  section  of  the 
tube  DG.  If  the  area  of  the  contraction 
is  =  F19  and  a  the  co-efficient  of  con- 
traction, we  have  then  the  transverse  sec- 
tion F2  of  the  contracted  fluid  vein  ==a  jFj ; 
and  if,  on  the  other  hand,  jP  is  the  transverse  section  of  the  tube  and 
v  the  velocity  of  efflux,  we  then  find  that  the  velocity  at  the  contracted 


section  jF3  is,  v2  = 


v,  and  hence  the  loss  of  head  in  passing  from 


into  F,  or  from  vz  into  v :  h  = 


2g 


.  \2  i?2  , 

1  \   —  ,  and 

/    2g 

F  2 


/  F          \2 
the  corresponding  co-efficient  due  to  the  resistance:  ?  =  (  --  1  )  „ 

\a  Ft  / 

Without  the  diaphragm,  we  have  a  mere  short  tube^  Fig.  457  ;  hence, 
JP  -  P,  aiuU  -  (I  —  1  )*. 

=  0,64,  we  then  ob- 


If we  assume 
tain  : 


But  the  co-efficient  due  to  the  resist- 
ance for  the  transit  through  an  orifice 
in  a  thin  plate  is  about  0,07;  hence, 

here,  where  the  water  flows  out  -  times  as  fast  as  from  the  contracted 

a 

transverse  section,  the    corresponding  height  due  to  the  resistance 


-  0,07.  ( 

' 


=  0,07.        .. 
2g  a2     2g  0,41     2g 


.  0,171  .  * 


By  combining  these  two  resistances,  we  obtain  the  entire  height  due 
to  the  resistance  for  efflux  through  a  short  tube: 


0,49.  Z-, 


=  0,316  —  +  0,171  _ 

whilst  we  before  found  it  —  0,50  —. 

Experiments  on  the  efflux  of  water  through  an  additional  tube, 
with  a  narrow  inner  orifice,  as  in  Fig.  456,  have  led  the  author  to  the 
following  results.  The  co-efficient  of  resistance  for  transit  through  a 
diaphragm,  and  for  a  contraction  at  the  wider  tube,  may  be  expressed 

/  F  \z 

by  the  formula  f  s=  (  — 1  )  ,  but  there  must  be  put: 

Va-Tj  / 
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for^i 
JF 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

a 

0,616 

0,614 

0,612 

0,610 

0,607 

0,605 

0,603 

0,601 

0,598 

0,596 

And  it  follows  that : 


231,7 


50,99 


19,78 


9,612 


5,256 


3,077 


1,876 


1,169 


0,734 


0,480 


From  this,  for  example,  the  co-efficient  of  resistance  in  the  case 
where  the  narrow  transverse  section  is  half  as  great  as  that  of  the 
tube,  is  £  =  5,256,  i.  e.,  for  transit  through  this  contraction,  a  head 
of  water  is  required  which  is  5J  times  as  great  as  the  height  due  to  the 
velocity. 

Example.  "What  discharge  will  the  apparatus  delineated  in  Fig.  456  give,  if  the  head 
of  water  is  1 J  feet,  the  width  of  the  circular  contraction  1^,  and  that  of  tube  2  inches  3 

We  have  here^l  =—  (— V  =  Cf)a  = 

(        16        _JY-/Jg^gdglV_^^")     =3,74.     If  now  we  put  h  =  I 
Vy.  0,606  )  \        5,454        J    —i    -•-.    > 

,     n    * 
^  w   2? 


0,56,  hence  a  =  0,606,  and  £ 


5,454        /    ~~  V  5,454  , 
,  we  shall  then  obtain  the  velocity  of  efflux : 


o  O2     ./I   *S 

—     ?      **   -L  =  4,56  feet,  and  consequently  the  quantity  discharged : 
x/4,74       ' 

:  £*!  v  ss  -  .  4  .  12  . 4,56  as  54,72  .  v  =  172  cubic  inches. 
4  4 


Fig.  458. 


§  339.  Effect  of  Imperfect  Contraction. — In  the  case  considered  in 

the  last  paragraph,  the  water  issues  from  a 
large  cistern,  hence  the  contraction  may  be 
regarded  as  perfect;  but  if  the  transverse 
section  of  the  cistern,  or  of  the  stream  of  fluid 
arriving  at  the  narrow  part,  is  not  great  with 
respect  to  the  transverse  section  F19  Fig. 
458,  of  this  contracted  part;  the  contraction 
is  then  imperfect,  and  hence  also  the  corre- 
sponding co-efficient  of  resistance  is  less  than  in  the  case  above  in- 
vestigated. If  we  retain  the  former  denominations,  we  have  then  also 
here  the  height  due  to  the  resistance,  or  the  head  of  water  expended 

/    F  \3  v2 

by  the  transit  through  F^  h  =  ( — — 1 )   — ,  only,  fora,  we  must 

\  a  F1  /    2g 

substitute  variable  numbers  which  are  greater  the  greater  the  ratio  — 

between  the  transverse  section  of  the 

Fig.  459.  contraction  and  that  of  the  conduct- 

ing tube  JIB.  If  the  diaphragm  CD 
lies  in  a  uniform  tube  JIG,  Fig. 
459,  then  the  same  condition  holds, 
only  here  the  co-efficient  a  depends 
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From  experiments  undertaken  by  the  author,  we  must  put  into  the  for- 

(~F*  \ 2 
1  )    for  the  co-efficient  of  resistance, 
c^           / 


-£- 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

a 

0,G24 

0,632 

0,643 

0,659 

0,681 

0,712 

0,755 

0,813 

0,S92 

1,000 

And  it  follows : 


225,9 


47,77 


17,50 


7,801 


3,753 


1,796 


0,797 


0,290 


0,060 


0,000 


Fig.  460. 


These  losses  are  diminished  when, 
by  rounding  off  the  edges,  the  con- 
traction is  diminished  or  counter- 
acted, and  they  may  be  entirely  neg- 
lected, if,  as  is  represented  in  Fig. 
460,  a  gradually  widening  tube  MJV 
is  put  on. 

Example.  What  head  of  water  is  requisite  that  the  apparatus  in  Fig.  461  may  deliver 
8  cubic  feet  of  water  per  minute  ?  If  the  width  of  the  diaphragm  F^  =  1-J,  the  width 
of  the  efflux  tube  DG  =  2  inches,  and  the  lower  width  of  the  afflux  tube»5C=  3  inches, 

we  shall  then  have  ^  :=  (J^L  Y  =  £,  hence  a  =  0,637  ;  further,  ?L  =  (—  Y  =  (  $  Y 


w    • 

_  / 


,  and  the  co-efficient  of  resistance  : 

f1Q'267Y 
\  5,733  / 

192 

_._ 


9 
4Q 


0,637 


4.8 


— 

33307.     The  velocity  of  efflux  is  now  : 
feet;  hence,  the  head  of  water  in  question  is 


h=  (1  +{)  :L  =  4,207.  0,0155.6,112°  =  2,43  feet. 

§  340.  Slides,  Cocks,  Valves. — For  regu- 
lating the  flow  of  water  from  pipes  and  cis- 
terns, slides,  cocks,  valves,  Sac.,  are  used,  by 
which  contractions  are  produced  which  offer 
obstacles  to  the  passage  of  the  water,  and 
these  may  be  determined  in  a  manner  similar 
to  the  loss  estimated  in  the  last  paragraph. 
But  since  the  .water  here  undergoes  further 
changes  of  direction,  divisions,  &c.,  the  co- 
efficients a  and  £  cannot  be  determined  direct- 
ly, but  special  experiments  are  necessary  for 
this  purpose.  Such  experiments  have  been 
also  made,*  and  their  principal  results  are 
communicated  in  the  following  tables. 


ig.  461. 


*  Experiments  on  the  efflux  of  water  through  valves,  slides,  &c.,  undertaken  and  cal- 
culated by  Julius  Weisbach,  under  the  title  tf  UntersUjChungen  im  Gebiete  der  JMechanik 
und  Hydraulik,"  &c.  Leipzig,  1842. 
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TABLE  I. 

THE  CO-EFFICIENTS  OF  RESISTANCE  TO  THE  PASSAGE  OF  WATER  THROUGH 
SLIDING  VALVES  IN  RECTANGULAR  TUBES. 


Ratios  of 

transverse 

W 

section  —  i_ 

1,0 

0,9 

0,8 

0,7 

0,6 

0,5 

0,4 

0,3 

0,2 

0,1 

F 

Co-efficient  of 
resistance  {. 

0,00 

0,09 

0,39 

0,95 

2,08 

4,02 

8,12 

17,8 

44,5 

193 

TABLE  II. 

THE  CO-EFFICIENTS  OF  RESISTANCE  TO  THE  PASSAGE  OF  WATER  THROUGH 
SLIDES  IN  CYLINDRICAL  TUBES. 


Height  of  place     s     - 

0 

1 

» 

1 

1 

5 

5 

1 

3 

Ratio  of  transverse 
section. 

1,000 

0,948 

0,856 

0,740 

0,609 

0,466 

0,315 

0,159 

Co-efficient  of  re- 
sistance f. 

0,00 

0,07 

0,26 

0,81 

2,06 

5,52 

17,0 

97,8 

TABLE  III. 

THE    CO-EFFICIENTS  OF    RESISTANCE  FOR    THE  PASSAGE  OF  WATER 
THROUGH  A  COCK  IN  A  RECTANGULAR  TUBE. 


Angle  of 
position. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

40° 

45° 

50° 

55° 

66f 

Ratio  of 
transverse 
section. 

0,926 

0,849 

0,769 

0,687 

0,604 

0,520 

0,436 

0,352 

0,269 

0,188 

0,110 

0 

Co-efficient 
of  resistance. 

0,05 

0,31 

0,88 

1,84 

3,45 

6,15 

11,2 

20,7 

41,0 

95,3 

275 

oo 

TABLE  IV. 

THE  CO-EFFICIENTS  OF  RESISTANCE  FOR  THE  PASSAGE  OF  WATER 
THROUGH  A  COCK  IN  A  CYLINDRICAL  TUBE. 


Angle  of  position. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

Ratio  of  transverse 
section. 

0,926 

0,850 

0,772 

0,692 

0,613 

0,535 

0,458 

Co-efficient  of 
resistance. 

0,05 

0,29 

0,75 

1,56 

3,10 

5,47 

9,68 
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Angle  of  position. 

40° 

45° 

50° 

55° 

60° 

65° 

82i° 

Ratio  of  transverse 
section. 

0,385 

0,315 

0,250 

0,190 

0,137 

0,091 

0 

Co-efficient  of 
resistance. 

17,3 

31,2 

52,6 

106 

206 

486 

00 

TABLE  V. 

THE     CO-EFFICIENTS    OF    RESISTANCE     FOR     THE     PASSAGE     OF    WATER 
THROUGH    THROTTLE    VALVES    IN    RECTANGULAR    TUBES. 


Angle  of  position. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

Ratio  of  transverse 
section. 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Co-efficient  of 
resistance. 

0,28 

0,45 

0,77 

1,34 

2,16 

3,54 

5,72 

Angle  of 
position. 

40° 

45° 

50° 

55° 

60° 

65° 

70° 

90° 

Ratio  of 
transverse 
section. 

0,357 

0,293 

0,234 

0,181 

0,134 

0,094 

0,060 

0 

Co-efficient 
of  resist- 
ance. 

9,27 

15,07 

24,9 

42,7 

77,4 

158 

368 

oo 

TABLE  VI. 

THE    CO-EFFICIENTS    OF    RESISTANCE    FOR    THE    PASSAGE    OF    WATER 
THROUGH    THROTTLE    VALVES    IN    CYLINDRICAL    TUBES. 


Angle  of  position. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

Ratio  of  transverse 
section. 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Co-efficient  of 
resistance. 

0,24 

0,52 

0,90 

1,54 

2,51 

3,91 

6,22 
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Angle  of 
position. 

40° 

45° 

50° 

55° 

60° 

65° 

70° 

90° 

Ratio  of 
transverse 
section. 

0,357 

0,293 

0,234 

0,181 

0,134 

0,094 

0,060 

0 

Co-efficient 
of  resist- 
ance. 

10,8 

18,7 

32,6 

58,8 

118 

256 

751 

00 

§  341.  By  means  of  the  co-efficients  derived  from  the  above  tables, 
we  may  not  only  assign  the  loss  of  pressure  corresponding  to  a  cer- 
tain slide,  cock,  or  position  of  a  valve,  but  also  deduce  what  position 
is  to  be  given  to  this  apparatus  that  the  velocity  of  efflux  or  the 
resistance  may  be  of  a  certain  amount.  Such  a  determination  is,  of 
course,  the  more  to  be  relied  on,  the  more  the  regulating  arrange- 
ments are  like  to  those  used  in  the  experiments.  The  numerical 
values  given  in  the  tables  are  only  true  for  the  case  where  the  water, 
after  its  transit  through  the  contractions  produced  -by  means  of  this 
apparatus,  again  fills  this  tube.  That  this  full  flow^  may  take  place 
for  small  contractions,  the  tube  should  have  a  considerable  length. 
The  transverse  sections  of  the  rectangular  tubes  were  5  centimetres 
(1,97  inch)  broad  and  2%  (,98  inch)  deep.  The  transverse  sections  of 
the  cylindrical  tubes  had,  however,  a  width  of  4  centimetres  (1,57  inch). 
By  the  slide,  Fig.  462,  there  is  a  simple  contraction,  whose  transverse 
section  forms  in  the  one  tube  a  mere  rectangular  F^  Fig.  463 ;  in 
the  second,  however,  a  lune,  F19  Fig.  464.  In  the  case  of  cocks,  two 

Fig.  464. 


Fig.  462. 


Fig.  463. 


contractions  present  themselves,  and  also  two  changes  of  direction ; 
on  this  account  the  resistances  are  also  very  considerable.  The 
transverse  sections  of  the  greatest  contractions  have  very  peculiar 
figures.  The  stream  in  throttle  valves,  Fig.  466,  divides  itself  into 


Fig.  465. 


Fig.  466. 
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two  portions,  each  of  which  passes  through  a  contraction.  The 
transverse  sections  of  these  contractions  are,  in  the  throttle  valve  of 
rectangular  tubes,  rectangular,  and  in  cylindrical  ones  lunar-shaped. 
The  following  examples  will  suffice  to  show  the  application  of  the 
above  tables. 

Examples. — 1.  If  a  sliding  valve  is  applied  to  a  cylindrical  conducting  pipe  500  feet 
long  and  3  inches  wide,  and  this  be  drawn  up  to  f  of  its  entire  height,  and  therefore 
close  £  of  the  pipe,  what  discharge  will  it  deliver  under  a  pressure  of  4  feet1?  The  co- 
efficient of  resistance  £  for  entrance  into  the  pipe  may  be  put  from,  the  above  at  0,505, 
and  that  of  the  resistance  c>f  the  slide  from.  Table  n.  =  5,52,  hence  the  velocity  of  the 
flow,-  8.02.  v/T  _  8,02.2  _  16,04, Jf  ^ 


f  1,505  +  5,52  +  &  _L       N/7,025+500  .4  f2       v/7,025  . 

cf 
put  the  co-efficient  of  friction  £,  =  0,025,  we  shall  then  obtain  v  — 


2000 


16,04 


=  2,12 


v/57,025 
feet.     But  the  velocity  v  =  2,12  feet,  gives  more   correctly  fa  =  0,026 3-  hence,  more 

accurately,  v  —  —     '  —  2,08  feet,  and  the  discharge  per  second  =  —  .  9  .  12   . 

v/59,025  4 

2,08  s=  56,16  .  TT  =  177  cubic  inches. — 2.  A  conducting  pipe,  4  inches  wide,  delivers, 
under  a  head  of  water  of  5  feet,  10  cubic  feet  of  water  per  minute ;  what  position  must 
be  given  to  the  throttle-valve  applied,  that  it  may  afterwards  deliver  only  8  cubic  feet  *? 

The  velocity  at  the  beginning  is  =      10  '  *      =  JL  =  1,91  feet,  and  after  putting  on 


the  valve  T»ff  .  1,91  =  1,528  feet.    The  co-efficient  of  efflux  is  . 


1)91 


0,106,  hence  the  co-efficient  of  resistance 


v/2  g  k        8,02 

1    =88: 
' 


the   co- 


.  . 

0,106* 
.  0,106  =  0,0848  j  hence  the  co-efficient 


efficient  of  efflux  for  the  second  case  is  = 

of   resistance  =s  -  ^  —  1  =  138,0,  and  consequently  to  produce  the  co-efficient  of 

0,OS4S 

resistance  of  the  throttle-  valve  :  {  =  138  —  88  =  50.     But  now,  from  Table  vi.,  the 
angle  of  position  «  ==  50°,  £  =  32,6,  and  the  angle  of  position  a  =  55°,  £==58,8;  hence 

15  7 
we  may  be  allowed  to  assume,  for  a  position  of  50°  -f-        V    «  5°  =  53°,  the  desired 

quantity  of  discharge  maybe  obtained.     If  we  consider,  further,  ibr  a  change  of  velocity 
of  1,91  feet  to  1,528  feet,  the  co-efficient  of  resistance  passes  from  0,0$  66  into  0,0281; 

281 
then,  more  correctly,  £  =  138,0  —  88  .  -  L  -=  138,06  —  92,96  ==45,04,  and,  accordingly^ 


266 


the  angle  of  position  =50° 


26,2 


:  52°. 


§  342.  Valves. — The  knowledge  of  the  resistance  produced  by 
valves  is  of  great  importance.  Experiments  have  been  made  by  the 
author  on  this  subject*  The  conical  and  clack,  or  flap-valves,  Figs. 


Fig.  467. 


Fig.  468. 


467  and  468,  are  those  which  most  frequently  are  met  with  in  prac- 
tice,    la  both,  the  water  passes  throurfi  the  aperture  formed  by  a 
35 
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ring  RG;  the  conical  valve  KL  has  a  guide  rod,  by  which  it  is  fixed 
in  guides,  and  admits  of  an  outward  push  only  in  the  direction  of  the 
axis;  the  clack  valve  KL  opens  by  turning  like  a  door.  It  is  easily 
seen  in  both  apparatuses  that  a  resistance  is  opposed  to  the  water,  not 
only  by  the  valve  ring,  but  also  by  the  valve  plate. 

For  the  conical  valve  with  which  the  experiments  were  undertaken, 
the  ratio  of  the  aperture  in  the  valve  ring,  to  the  transverse  section  of 
the  whole  tube  was  0,356,  and,  on  the  other  band,  the  ratio  of  the 
surface  of  the  ring  for  the  opened  valve  to  the  transverse  section  of 

the  tube   0,406;   hence,  for  the  mean,   we  may  put  -1  =*  0,381. 

Whilst  the  efflux  in  different  positions  of  the  valve  was  observed,  it 
was  found  that  the  co-efficient  of  resistance  diminished  when  the 
valve  slide  was  greater,  and  that  this  diminution  was  almost  insignifi- 
cant when  it  exceeded  half  the  width  of  the  aperture.  Its  amount 
was  in  this  case  =  11,  therefore,  the  height  due  to  the  resistance  or 

the  loss  of  head  of  water  =  11  .  J^-,  v  being  the  velocity  of  the 

water  in  the  full  tube.  This  number  may  be  also  used  for  deter- 
mining the  co-efficients  of  resistance  corresponding  to  the  other  ratios 

of  the  transverse  sections.     Let  generally  f  *«  (  —  _-  --  1  j  ,  we  then 

\  a  J?i  / 


obtain  for   the    observed   case 


=    0,381,  f   =  11,  and   11 


-  -  — 
0,381  * 


1  i  ,  hence 


~  0,381  (1  + 
and,  lastly,  in  general : 


4,317  .  0,381 


0,608, 


If,  for  example,  the  transverse  section  of  the  aperture  is  one  half  that 
of  the  tube,  the  co-efficient  of  resistance  will  accordingly  =  (1,645  . 
2  —  I)2  =»  2,292  =  5,24. 

For  the  clack,  or  trap  valve,  the  ratio  of  the  transverse  section  of 

F, 


the  aperture  to  the  tube  was  -— L, 

F 


0,535;  but   the  following  table 

shows  in  what  degree  the  co-efficient  of  resistance  diminishes  with  the 
size  of  the  aperture. 

TABLE 
OF  THE  CO -EFFICIENTS  OF  RESISTANCE  FOR  TRAP  VAI/VES. 


Angle  of  aperture. 

15° 

20° 

25° 

30° 

35° 

40° 

45° 

50° 

55° 

60° 

65° 

70° 

Coefficient  of  resist- 
,    ance. 

90 

62 

42 

30 

20 

14 

9,5 

6,6 

4,6 

3,2 

2,3 

1,7 
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The  co-efficients  of  resistance  of  these  valves  may  be  calculated 
approximately  with  the  help  of  this  table,  even  when  the  ratio  of  the 
transverse  section  is  any  other.  The  same  method  must  be  adopted 
as  that  followed  for  conical  valves. 

Example.  A  forcing-pump  delivers  by  each  descent  of  the  piston,  5  cubic  feet  of 
•water  in  4  seconds,  the  width  of  the  tube  of  ascent,  in  which  lies  the  valve  opening 
upwards,  is  6  inches,  the  aperture  of  the  valve-ring  3^  inches,  and  the  greatest  dia- 
meter of  the  valve  4J  inches  ;  what  resistance  has  the  water  in  its  passage  through 
the  valve  to  overcome?  The  ratio  of  the  transverse  section  for  the  aperture  is 

(  )   ==:   GrV)B  ssa  ®>34,  and  that  of  the  annular  contraction  to  the  transverse  section 


of  the  tube  =  1  —      —  1-      =1  —  (J)2  =  0,44,  hence  the  mean  ratio  of  section. 
—  _2  -  i  —  !  —  -=  0,39  and  the  corresponding  co-efficient  of  resistance 

sss  (  1?645  •  —  lY  —  3,22°  =  10,4.     The  velocity  of  the  water  is  : 
\    0,39  / 

v  =  -  =  _  r=  6,37  feet,  the  height  due  to  the  velocity  =  0,629  feet;  and, 


consequently,  the  resistance  due  to  the  height  =  10,4  .  0,629  s=  6,54  feet.  The  quan- 
tity forced  up  in  one  second  weighs  &  .  62,5  =  77,6  Ibs.  5  hence  the  mechanical  effect 
which  by  the  transit  of  the  water  through  the  valve  is  consumed  in  this  time  =  77,6* 
6.54  =  507,5  ft,  Ibs. 

§  343.  Compound  Vessels.  —  The  principles  already  laid  down  on 
the  resistance  of  water  in  its  passage  through  contractions,  find  their 
application  in  the  efflux  of  water  through  compound  vessels.  The 
apparatus  JlD  represented  in  Fig.  469,  is  divided  by  two  partition 
walls  containing  the  orifices  F1  and  jF2,  and  on  this 
account  forms  three  vessels  of  communication.  Fis-  469- 

Were  there  no  partition  walls,  and  the  edges, 
where  one  vessel  passes  into  the  other,  rounded 
off,  we  should  then  have  as  for  a  single  vessel  the 

velocity  of  flow  through  F  :  v  =  ^    ^    ,  Arepre- 


senting  the  depth  FH  below  the  surface  of  water, 
and  f  the  co-efficient  of  resistance  for  the  passage 
through  the  orifice  F.  But  since  obstacles  are  to 
be  overcome  on  passing  through  Ft  and  JP2,  we 

then  have  to  put  v  =     f  -  Hi  --  ,  and  to  substitute  for  f,  and 
* 


£3,  the  co-efficients  of  resistance  corresponding  to  the  contractions  JFX 
and  jP2.  If  we  represent  the  transverse  sections  of  the  vessels  CD, 
BC  and  *#£,  by  G,  Gx  and  G2,  we  may  further  put  (§  338): 


hence  also : 

v  = 


412 


COMPOUND    VESSELS. 


Fig.  470. 


Exactly  the  same  relations  take  place  in  the  compound  apparatus 

of  discharge  represented  in  Fig. 
470,  except  only  that  the  friction 
of  the  water  in  the  tube  of  com- 
munication CE  has  perhaps  to  be 
taken  into  account.  If  I  is  the 
length,  and  d  the  width  of  this 
tube,  but  fj  the  co-efficient  of  fric- 
tion, and  V}  the  velocity  of  the 
water  in  the  tube  of  communica- 
tion, we  then  have  the  height 
which  the  water  loses  in  passing 


from 


GL: 


or,  since  the  velocity  is  to  be  put  : 


a? 


If  this  height  be  deducted  from  the  whole  head  of  water  A,  there  will 
remain  the  head  of  water  in  the  second  vessel  kz  =  h  —  h9  and  hence 
the  velocity  of  efflux:  .  _ 

"~ 


l9 


Fig.  471. 


This  determination  is  very  simple 
with  the  apparatus  represented  in 
Fig.  471,  because  the  transverse 
sections  <?,  t?;,  C?2,  of  the  cisterns 
may  be  made  indefinitely  great  with 
respect  to  the  transverse  sections  of 
the  orifices  F9  F19  F9.  Hence  the 
first  difference  of  level  QH9  or  height 
due  to  the  resistance  in  passing 
through  : 


and  likewise  the  second  difference  of  level  Ox  Hv  or  the  height  due 
to  the  resistance  in  passing  through 


where  «,  «,,  a2?  represent  the  co-efficients  of  contraction  for  the  orifices 
F9  Fx  and  JP3*     It  accordingly  follows  that: 


and  the  quantity  of  discharge : 
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It  is  easy  to  perceive  that  compound  reservoirs  of  efflux  deliver  less 
water,  under  otherwise  similar  circumstances,  than  simple  ones. 

Example.  If  in  the  apparatus,  Fig.  470,  the  whole  head  of  water  or  depth  of  the  centre 
of  the  orifice  jF  below  the  surface  of  water  of  the  first  cistern  is  6  feet,  the  orifice  8 
inches  broad  and  4  inches  deep,  the  tube  connecting  both  reservoirs  10  feet  long,  12 
inches  broad,  and  6  inches  deep,  what  discharge  will  this  reservoir  give  ?  The  mean 


width  of  the  tube  =  4  '  1  '  °'5 
2  .  1,5 


fit,  hence      = 


3  '  1Q 


I 


:  15 5  let  us  now  put  the  co- 


efficient of  friction  ft  as  0,025,  and  it  follows  that  f  j  .  -.5=  0,025  .  15 

d 


0,375 ;  if  the 


co-efficient  of  resistance  for  entrance  into  prismatic  tubes  be  here  put  0.505,  we  obtain 

1  +  (I—  lY  +  £tl=  1  +  0,505  +  0,375  «  1,88.     As  fJ!^0'64'  8'4 
\at  /  d  Ft  12.6 

1,88  .  0,28453 


0,2845, 


the  co-efficient  of  resistance  for  the  entire  connecting  tube  =  1,88  .  0,28453  =  0,152,  and 
the  co-efficient  of  resistance  for  the  transit  through  JF1,  =  0,07,  we  then  obtain  the  velocity 

of  efflux:  v  = j^V6        ^  8,02  v/ 6   _  ^^  feet     The    oontracted    section    is 

Vl,07  +  0,152       \/  1,222 
0,64  .  1  .  J  =  0,32  square  feet,  hence  the  discharge  ==  0,32  .  17,77  =  5,68  cubic  feet. 

§  344.  Piezometers. — The  loss  of  pressure  which  water  suffers  in 
conduit  pipes  from  contractions,  friction,  &c.,  may  be  measured  by 
columns  of  water,  which  are  sustained  in  vertically  placed  tubes, 
which,  when  used  for  this  purpose,  are  called  piezometers. 

If  v  is  the  velocity  of  the 

water   at  a  place  jB,  Fig.  Fi£-  472- 

472,  where  a  piezometer 
is  applied,  I  the  length,  d 
the  width  of  the  portion  of 
tube  JIB,  h  the  head  of 
water  or  the  depth  of  the 
point  B  below  the  surface 
of  water ;  if,  further,  ?  is 
the  co-efficient  of  resist- 
ance for  entrance  from  the 
reservoir  into  the  tube,  and 
fj  the  co-efficient  of  fric-  . 
tion,  we  then  have  for  the  height  of  the  piezometer  measuring  the 
pressure  at  J5, 


z  =• 


If  the  length  of  a  portion  of  the  tube  BC  »  I 
we  then  have  the  height  of  the  piezometer  at  C : 

35* 


and  its  fall 
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s1  =  A  4-  AI  — 
and  hence  the  difference  of  these  two  heights : 


hence,  inversely,  the  height  of  the   portion  of  tube  SC9  due  to  the 
resistance  : 

£  L  .  —  =  h^  +  z  —  z1  =  the  fall  of  the  portion  of  tube 

d     2g 
plus  the  difference  of  the  heights  of  the  piezometers. 

From  this  it  is  seen  that  piezometers  are  applicable  to  the  mea- 
surement of  the  resistance  which  the  "water  has  to  overcome  in  con- 
duit pipes*  If  a  particular  impediment  is  found  in  the  tubes  ;  if,  for 
instance,  some  small  body  is  found  fixed  there,  this  will  immediately 
be  shown  by  the  falling  of  the  piezometer,  and  the  amount  of  the 
resistance  produced,  expressed.  The  resistances  which  are  caused 
by  regulating  apparatus,  such  as  cocks,  slides,  &c.,  may  be  likewise 
expressed  by  the  height  of  the  piezometer.  The  piezometer,  for  ex- 
ample, stands  lower  at  JD  than  at  C,  not  only  in  consequence  of  the 
friction  of  the  water  in  the  portion  of  water  CD,  but  also  in  conse- 
quence of  the  contraction  which  the  slide  &  produces  in  this  tube.  If 
for  a  perfectly  opened  slide  the  difference  J\TO  of  the  height  of  the 
piezometer  =  A1?  and  for  the  slide  partly  closed  =  hz9  the  new  differ- 
ence or  depression  h^  —  \  gives  the  height  due  to  the  resistance  which 
corresponds  to  the  passage  of  the  water  through  the  slide.  Lastly, 
the  velocity  of  efflux  may  be  also  estimated  by  the  height  of  the  pie- 
zometer. If  the  height  of  the  piezometer  PQ  ==  z,  the  length  of  the 
last  portion  of  tube  DE  «  /,  and  its  width  =  d,  we  then  have  : 

z  —  f  j  --  .  ^-,  and  hence  v  = 
d     2g 

Example.  If  the  height  of  the  piezometer  PQ  =  z,  Fig.  471,  £  foot,  and  the  length  of 
the  tube  JDJB,  measured  from  the  piezometer  to  the  discharging  orifice,  =  150  feet,  the 
width  of  the  tube  3£  inches,  the  velocity  of  efflux  then  follows  : 


>  B  8502  .      /    J*'5  .    .  .  .  =  8,02  .  0,2415  =  1,937  feet,  and  the  discharge 

•^i 


ZL  .  .  1,937  =  01,274  cubic  feet. 
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CHAPTER    V. 


ON  THE  EFFLUX  OF  WATER  UNDER  VARIABLE  PRESSURE. 

§  345.  Prismatic  Vessels.  —  If  a  cistern  from  "which  water 
through  an  orifice  at  the  side  or  bottom,  has  no  influx  to  it  from  any 
other  side,  a  gradual  sinking  of  the  surface  of  water  will  take  place, 
and  the  cistern  at  last  empty  itself.  If,  further,  the  quantity  of  influx 
Q,  be  greater  or  less  than  the  quantity  of  efflux  &  F  ^/  2  g  k,  the 
surface  of  water  will  then  rise  or  fall  until  the  head  of  water 


—    ---    9  anc*  after  this  the  head  of  water  and  the  velocity  of 


2g  x^ 

efflux  will  remain  unaltered.  Our  problem,  then,  is  to  find  how  the 
time,  the  rise  and  fall  of  the  water,  and  the  emptying  of  vessels  of 
given  form  and  dimensions,  depend  on  each  other. 

The  efflux  from  a  prismatic  vessel  presents  the  most  simple  case 
when  it  takes  place  through  an  opening  in  the  bottom,  and  when 
there  is  no  efflux  from  above  or  below.  If  x  is  the  variable  head  of 
water  FG19  F  the  area  of  the  orifice,  and  G  the  transverse  section  of 
the  vessel  J%C9  Fig.  473,  we  have  then  the  theo- 
retical velocity  of  efflux  v  =  %/  2  g  x9  the  theo- 
retical velocity  of  the  falling  surface  of  the  water 

TT1  TTf  _______ 

v  =  -^  \/  2  gxy  and  the  effective  velocity 


Fig.  473. 


G 


v 


F 


2  gx.     At  the  commencement  : 
G 

x  =  FG  =  k,  and  at  the  end  of  the  efflux  x  s 
therefore,  the  initial  velocity  is  : 


o, 


_ 
G 


2  gh,  and  the  final  velocity  cz  =*  0. 


It  is  seen  from  the  formula  vt 


g  Xy  that  the  motion 


^f  \         "—         S 

of  the  surface  is  uniformly  retarded,  and  the  measure  of  the  retarda- 

/        "jp  v  2 

tion  p  =  (t-fr)  g>  hence  we  also  know  (§  14),  that  this  velocity  ==0, 


G 


and  the  discharge  ceases,  when 

t  —  -  »  **  F 

~  p  ~ 


We  may  also  put : 


2  Gh 


»          y 
V 


I—    —        v       ~o 

and,  according  to  this,  assume  that  double  the  time  is  required  for  the 
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efflux  of  the  discharge  Gh  through  the  orifice  at  the  bottom  F,  under 
a  head  of  water  decreasing  from  A  to  0,  than  under  a  uniform  pres- 
sure. 

As  the  co-efficient  of  efflux  M  is  not  quite  constant,  but  is  greater 
for  a  diminution  of  pressure,  we  must,  therefore,  in  calculations  of 
this  kind,  substitute  a  mean  value  of  this  co-efficient. 

Example.  In  what  time  will  a  rectangular  cistern,  of  14  square  feet  section,  empty 
itself  through  a  round  orifice  at  the  bottom,  of  2  inches  width,  if  the  original  head  ot 
water  amount  to  4  feet  ?  The  time  of  efflux  would  he  theoretically : 

2.14v/~4        __  2  .  14  .  144  .  2  _     8064__  _  3aQ,,  ^  5  min>  2Q  sec. 


At  the  end  of  half  the  time  of  efflux,  the  head  of  water  will  be  =  (4)°.  fi  =  i  .  4  ===  1  ft. 
Now  the  co-efficient  of  efflux,  which  corresponds  to  the  head  of  water  =  1  foot  is  0,613, 


hence  the  effective  time  of  discharge  will  be 


, 
0,613 


521"  =  8  minutes,  41  seconds. 


§  346.    Vessels  of  Communication.  —  Since  for  an  initial  head  of 
-water  A.,  the  time  of  efflux  t.  M    2Gv/J^,  and  for  an  initial  head  of 


2  G 


water  A^this  timeZ2  =  *  **  ^  ^  it  then  follows  by  subtraction,  that 

the  time  within  which  the  head  of  water  passes  from  hli  to  A2,  and  the 

surface  of  water  sinks  At  —  A2  is  : 

t  =  2 G   -        (\/rhl  —  •v/^)?  or  for  the  English  foot  measure: 


0,249 


Inversely,  the  depression  of  the  surface  corresponding  to  a  given 
time  of  efflux  is  s  =  Ax  —  A3,  and  is  given  by  the  formula: 


Pig.  474. 


The  same  formulae  are  further  applicable,  when  a  vessel  CD,  Fig. 

474,  is  filled  by  another  JIB  in  which  the 
water  maintains  a  uniform  height.  If 
the  transverse  section  of  the  tube  of  com- 
munication, or  of  the  orifice  =  F9  the 
transverse  section  of  the  vessel  to  be 
filled  «=  G,  and  the  original  level  G  G^ 
of  the  two  surfaces  of  water  «=»  A,  we  have 
then,  since  here  the  surface  of  water  G^ 
in  the  second  vessel  is  uniformly  retard- 
ed, the  time  of  filling  likewise,  or  the 
time  within  which  the  second  surface  of 
water  comes  to  the  level  HR  of  the  first : 
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2  G 


and  likewise  the  time  in  which  the  height  of  level 
and,  therefore,  the  surface  of  water  ascends  to  : 


2  G 


passes  into  A3, 


Examples.  1.  —  How  much  will  the  surface  of  water  in  the  vessel  of  the  last  example 

and  if  we  assume,  fur- 


GGl 

t  = 


sink  in  two  minutes? 


At  =  4,  t  =  2  .60==  120,  _ 
G 


14  . 


ther,  , 


2  — 


=  0,605,  it  follows  then  /za  = 
0,605  .  8,02  ,  9r  .  120\ 


t  —  /t*  . 


2  g 


144 

**.V 


/ 


2.14.144 
pression  sought  is  s=  4  —  2,393  =  1,607  feet. 

2.  What  time  does  the  water  in  the  18  inch  wide 
tube  CjD,  Fig.  475,  require  to  run  over  if  it  communi- 
cates with  a  vessel  JIB  by  a  short  lj  inch  wide  tube, 
and  the  rising  surface  of  water  G  stands,  at  the  begin- 
ning, 6  feet  below  the  uniform  surface  of  water  Jl,  and 
4^  feet  below  the  head  C  of  the  tube.  It  is : 


Fig.  475. 


F 


=  144  and 


=  0.81,  whence  it  follows  that : 

*•     2'144     (v/T-v/W 
0,81.8,02   ^  ^     '    ; 

-  54,3  sec. 


-—  _     >7^_    288.1,2248 
0,81.  8,02 


Fig.  476. 


If  the  first  vessel  ^2J5,  Fig.  476,  from  which  the  water  runs  into 
the  other,  has  no  influx,  and  its  section  Gl 
also  not  to  be  considered  as  indefinitely 
great  compared  with  the  section  G  of  the 
subsequent  vessel  CD,  we  have  then  to 
modify  the  condition.  If  the  variable  dis- 
tance Gl  Ol  of  the  first  surface  of  water 
from  the  level  HR  at  which  both  surfaces 
stand  at  the  end  of  the  efflux  =  x,  and  the 
distance  GO  of  the  second  surface  of  water 
from  this  same  plane  =  y,  we  have  then 
the  variable  head  of  water  =  x  +  y,  and 
the  corresponding  velocity  of  efflux:  v  = 
quantity  of  water : 

Gjc  =  Gy,  v  = 


(&  +  y}y  and  t&je 


The  velocity  with  which  the  surface  of  water  in  the  second  vessel 
ascends  is  now: 


G 
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consequently  the  retardation  : 


and  the  time  of  efflux : 
*  -^ 


Let  us   substitute  for  x  and  y,  the  initial  height  of  level  A,  and 
therefore  put : 

#  +  ?/  =  A.  or  (1-| i  #  =  ^5 

V  Gj 

and  we  then  obtain : 

y  —  ,  and  the  time  in  which  the  two  surfaces  of 


water  come  to  a  level : 
2  G 


GI 

The  time  within  which  the  level  falls  from  A  to  Aa,  is,  on  the  other 

hand :  

,=  2JGG 


Example.  If  the  section  of  a  cistern  from  which  water  flows  is  10  square  feet,  and  the 
section  G  of  the  recipient  cistern  4  square  feet;  if,  further,  the  initial  level  h  of  the  two 
surfaces  amounts  to  3  feet,  and  the  cylindrical  tube  of  communication  is  1  inch  wide, 
then  the  time  in  which  the  water  comes  in  both  vessels  to  the  same  level  is : 
t  2  .  10  .  4  .  y/3"     _     320  .  72  .  y/ 3~  _ 

0,82  .  8,02  .  *       14    ~~    °>82  '  8>02  '  7  «•  = 
'        4  "  144 


Fig.  477. 


§  348.  Notches  in  a  Side. — If  water  flows  through  the  notch  or  cut 

DE  of  a  prismatic  cistern  JIJ3C,  Fig. 
477,  to  which  there  is  no  influx,  the 
time  of  efflux  may  then  be  estimated  in 
the  following  manner.  Let  us  represent 
the  transverse  section  of  the  cistern  by 
G,  the  breadth  EF  of  the  notch  by  i, 
and  the  depth  DE  by  A,  and  divide  the 
whole  aperture  of  efflux  by  horizontal 
lines  into  small  slices,  each  of  the 

breadth  b  and  depth  —     At  a   constant 


n 


pressure  the  discharge  per  second  will 
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-  s~i   *L 

be,  Q  =  §  p  b  *S2g  h3,  if  we  divide  this  into  the  area  _  of  a  stra- 

n 

turn  of  water,  we  shall  then  obtain  the  time  of  efflux  *  = 

% 
which  we  may  write  : 


2  t*  nb  <S  2g 

Now,  to  obtain  the   time  of  efflux   t  for   a  quantity  of  water    G 
(h  —  AJ,  or  to  determine  the  time  in  which  the  head  of  water  above 

the  line  DE  =  k  sinks  to  X>E1  =  h19  let  us  make  Ax  =  —  A,  and 

n 

therefore  A2  to  consist  of  m  parts,  and  let  us  now  substitute  for  h       ^, 
successively  : 


f  *  r  >  (^  * 


and  finally  add  the  results  obtained.     In  this  manner  we  shall  obtain 
the  time  required: 


/*A\- 
\n/         J 


n 


or,  from  the  "Ingenieur,"  Arithmetic,  §  28: 

i  —     \ 3    _|,    1  3     _J_     ]_y 


2  ^  n      i  6  ^/2g- 


2  p  b  <S  2  gh 

3/~i 
^jr 


b 

3 


Let  Ax  ssa  0,  we  have  then  — ~=,  and  therefore  also  t  =  oo ;  an  in- 

v/A1  . 

definite  time,  therefore,  is  required  for  the  water  to  run  down  to 
the  sill. 
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Example.  If  the  water  flows  through  a  notch  in  a  side,  of  8  inches  in  breadth,  from  a 
reservoir  110  feet  long  and  40  feet  broad,  what  time  will  it  require  to  pass  from  a  head 
of  water  of  15  inches  to  one  of  6  inches? 

3  .  1 10  . 40  (       1 __        1       \          19800 

p  .  8,02 


19800 


'0,5          v/1,25 
(1,4142  —  0,8944)  = 


19800  .  0,5198         1283 


8,02 
If  we  assume  the  co-efficient  (A  • 


-ss sec. 


1283 
0,6 


8,02  p 
0,60,  the  effective  time  of  efflux  will  be 


=  2138  sec.  =  35  min.  38  sec. 


Remark.  We  may  put  for  a  rectangular  lateral  opening,  approximatively : 


and  JF  and  G  represent  the  transverse  sections  of  the  opening  and  of  the  vessel,  a  the 
depth  of  the  opening,  hl  the  head  of  water  at  the  commencement,  Aa  that  at  the  end  of 

the  efflux.     If  At  =  ^,  the  opening  becomes  a  notch,  and  we  must  then  apply  the  pro- 
per formula. 

§  349.   Wedge  and  Pyramidal-shaped  Vessels. — If  the  cistern  of 
discharge  J1BF,  Fig.  478,  forms  a  horizontal  triangular  prism,  the 

time  of  efflux  may  be  found  in  the  follow- 
Fig.478.  ing    manner.     Let  us    divide  the    height 

CE  =  h  into  n  equal  parts,  and  carry  hori- 
zontal planes  through  the  points  of  divi- 
sion; let  us  then  decompose  the  whole 
quantity  of  water  into  equally  thick  strata 
of  equal  length  J1T>  =  /,  and  of  breadths 
diminishing  downwards.  If  the  breadth 
of  the  upper  stratum  JBD  =  b,  we  have 
then  the  breadth  of  another  stratum  DJB^ 
«s  x  above  the  orifice  JP,  lying  at  the  lower 

&./.*„  Al£.      But  now  the 

n  n 


which  stands-  about  CEl 

edge,  Ja  =  ~  69  and  its  volume 
/t 


discharge  referred  to  a  unit  of  time  is:  Q=s=  p  F  +/  2  g  x,  hence 


then  the  small  time  in  which  the  surface  of  water  sinks  about  - 

71 

2  gx  =  -  --  --  ^~  .  x.  Finally,  since  the  sum 


is  * 


—  #-T-/ct  F  - 


n 


n 


are 


of  all  the  x^  from  x  =  -  to  x  .  5* 

n  n 

we  have  the  time  for  the  discharge  of  the  entire  prism  of  water: 

A  7  1  A  7  1  -    -    - 


n 


I 


F  < 
V 


-,  if  F  represents  the  whole  quantity  of  water  and  c  the 


initial  velocity  of  efflux.     Here  the  water,  therefore,  requires  J  more 
time  than  if  the  velocity  of  efflux  c  were  uniform. 
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If  the  vessel  J2BF,  Fig.  479,  forms  an 
erect  paraboloid,  we  then  have  for  the  ratio 
of  the  radii  KM  =  y  and 

CD  =s=  b  :  ^  ss        ^  ?  and  hence  the  ratio  of 


Fig.  479. 


the  principal  sections 


- 

Gr 


-,  conse- 
h 


quently  G1 


Gx 

~ 


stratum  of  water 


and   the    contents  of  a 
n      h         Gx 


n 


The  perfect  accordance  of  this 


expression  with  that  foundflfor  the  triangular  prism,  admits  of  our  here 


putting  t  =  | 


t- 


Gh 


m  or,  as  V  =  \  G  h  (§  118),  also 


The  formula  may  be  used  in  many  other  cases  for  the  approximative 
determination  of  the  time  of  efflux,  especially  for  that  of  the  emptying 
of  reservoirs.  It  is  especially  true  in  all  cases  "where  the  horizontal 
sections  increase  as  the  distances  from  the  bottom. 

If,  lastly,  a  vessel  J1BF  be  pyramidal,  Fig.  480,  then  G1:G  =  x2i  h2, 

and  hence  G,  =:  — ~  further  the   contents  of 
1         h* 

C*  7)  C*v^ 

the  stratum  H,  R.  :      *    ==  ,  and  the  time 

*  *•  M  nn.1* 

for  its  discharge : 


Fig.  480. 


n 


nh 


G 


nh 


But  as  the  sum  of  all  the  x  %  taken  from    x 


n 


nh        /h\  |     n2         2  „  A 

=   (-)        -   -r-   =    §  Kb*       J 

n        \n/          | 


it  follows  that  the  time  for  the  emptying  of  the  whole  pyramid  is : 
G  -  3 


t 


or  if  J  Gh  be  put  =  V,  then  will  t 


V 

*  Fc 

this  efflux  the  initial  velocity  of  flow  decreases  gradually  from 
c  to  zero,  the  time  of  efflux  is  then  £th  greater  than  if  the  velocity  c 
remained  uniform. 

Example.  In  what  time  will  a  pond,  whose  surface  has  an  area  of  765000  square  feet, 
empty  itself,  if  there  be  a  conduit  15  feet  below  the  surface,  and  at  the  deepest  place, 
which  forms  a  channel  15  inches  wide  and  50  feet  long?  Theoretically,  the  time  of 

36 
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« 
efflux  is  t  =  § 


765000.15 


200848  sec. 


-TT.  8,02^/15 

But  now  the  co-efficient  of  resistance  for  entrance  into  the  channel,  inclined  about  45°, 
is,  £  =  0,505  -f-  0,327  (see  §  323)  =  0,832,  and  the  resistance   of  the    conduit  due  to 

friction  =  0.025  -L  .  —  =s  0,025  __  .  —  =  _  ;  hence,  the  complete  co-efficient  of  efflux 

<*     2g  £       2g        2# 

ibr  the  channel  is: 

^  .  —  _         __  —  -  .--  0,594,  and  the  time  of  efflux  demanded: 

x/  1  +  0,832  -f-  1         V"  2,832 
t  =  200848  -r-  0,594  =  338128  =  93  hours,  55  minutes,  28  seconds. 


Fig.  481. 


§  350.  Spherical  and  Obelisk-shaped  Vessels.  —  By  means  of  the 
formula  of  the  last  paragraph,  we  may  now  find 
the  times  of  efflux  for  many  other  vessels,  such 
as  spherical,  pontoon-shaped^  pyramidal,  &c. 
For  the  emptying  of  a  spherical  segment  JlBy 
Fig.  481,  we  obtain  : 


4 

* 


therefore,  for  the  emptying  of  a  full  sphere,  where  h  =  2  r, 

16  ^  r2  y/Tr 


and  for  that  of  half  a  sphere  where  ; 

,  ,         14 


15 


Here  the  horizontal  stratum 


x 


/-o  \ 

x  (2  r  —  x)  .  - 

H 


^  corresponding  to  the  depth 

r  hx         rtha?   ^_       ^ 

,  therefore  : 


n 


n 


as  the  first  part  of  this  expression  agrees  with  the  formula  for  the 
emptying  of  a  prismatic,  and  the  second  part  for  the  emptying  of  a 
pyramidal  vessel,  if  we  put  first  2  rtr  h  in  place  of  bZ9  and  secondly 
^  h?  in  place  of  G,  we  shall  obtain  by  means  of  the  difference  of  the 
times  of  emptying  of  a  prismatic  and  pyramidal  vessel,  found  in  the 
former  paragraph  : 

<-  f  .       " Gh 


the  time  also  of  the  emptying  of  a  spherical  segment. 

The  above  formula  may  be  likewise  applied  to  the  case  of  an 
obelisk  or  pontoon-shaped  vessel  JZCD^  Fig.  482,  since  this  is  com- 
posed  of  a  parallelopiped,  two  prisms,  and  a  pyramid.  Let  b  be  the 
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breadth  at  top  JlD,  and  6X  the  breadth  ^  Fig.  482. 

DI  at  bottom,  Z  the  length  at  top  AB,  and 
Zx  the  length  at  bottom  ^Bi9  and  lastly, 
h  the  height  of  the  vessel,  we  have  then 
for  the  area  of  the  surface  ACi  6/=  b^ 

+  A!  (I—  «  +  *i  (*  —  *»)  +  (*  —  *i)  (* 

—  &.),  of  which  61Z1  belongs  to  the  parallel- 

epiped Jl&EG,  b,  (1  —  lJ  +  /!  (&—  6X) 
to  the  two  prisms  CFB^C^  and  AFB^/1^ 

and  (Z  —  ZJ  (&  —  ij  to  the  pyramid  BF 
jBj.  But  now  the  time  of  efflux  for  the 
parallelepiped,  whose  base  is  b-J^  is  t^  = 

7^  tkat  for  t^e  two  triangular  prisms 


and,  lastly,  for  the  pyramid: 


hence  the  time  of  discharge  for  the  whole  vessel  is : 
==[30  bj±+ 10  &x  (Z— ZJ  + 10  Zx  (5—6J  +  6  (l—lj  (b—bj 
=  [3bl+8b1lI 


If  ±^  --  ,  we  have  then  a  truncated  pyramid  to  consider.     Let 

/j  / 

the  one  base  bl  =  G,  and  the  other  b^  =  G1?  we  then  obtain: 


It  would  be  easy  to  show  that  this  formula  holds  true  also  for  every 
trilateral  or  multilateral  pyramid. 

ExampU.  An,  obelisk-shaped  water-cask  is  5  feet  long,  and  3  feet  broad  at  top,  and  at 
the  depth  of  4  feet,  that  is,  at  the  level  of  a  short  horizontal  discharge-tube,  1  inch  in. 
width,  and  3  inches  in  length,  it  is  4  feet  long  and  2  feet  broad,  what  time  will  be  re- 
quired for  the  water  in  the  full  cask  to  sink  2J  feet  ?  The  time  for  emptying  is,  p  being 
takect  =  0,815: 

*2)3 


153   .4.4.  144 


15.0,815.—  .  (^ 
2304 


. 153  .  *™**  =  153  *  7,481  =  1145  sec.     As  the 

15.0,815  .8,02  v  12,225  .  8,02  w 

level  4  — 2^=  1J  feet  above  the  tube  Z=Zt  +  f  =  4|  and  6=  ^+  f  =2|  feet,  hence 
the  time  for  emptying  if  the  vessel  be  filled  only  up  to  this  level,  is: 


,t==[8.  4. 


3. 


.  V 


(2.  V  +  4  . 


13l>672 
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4,5779  —  602,76  sec.     The  difference   of  the  times^  found  gives  the  time  in  which  the 
surface  of  water  originally  at  the  top  of  the  vessel  sinks  2^  feet. 

§  351.   Irregular  Vessels. — When  we  have  to  find  the  time  of  efflux 
for  an  irregularly  formed  vessel  HFR,  Fig.  483,  we  must  apply  Simp- 
Fig-.  4S3. 

n 


son's  rule  as  a  method  of  approximation.  If  we  divide  the  whole 
mass  of  water  into  four  equally  thick  strata,  and  the  heads  of  water 
G,  G15  G2,  G3?  G4,  corresponding  to  the  horizontal  slices,  represented 
by°  ^0>  X>  h^  h3,  h4,  the  time  of  efflux  will  be  given  by  Simpson's  rule 


In  assuming1  six  strata: 


The  discharge  in  the  first  case  is : 

4  Gt  +  2  G2  +  4  G3  + 

r2G2+4G3  +  $ 


in  the  second  : 


When  the  form  and  dimensions  of  the  vessel  of  efflux  are  not  known, 
we  may  then  calculate  very  nearly  the  discharge  by  the  heads  of  water 
noted  in  equal  intervals  of  time.  Let  t  be  one  such  interval,  we  have 
then  for  apertures  at  the  bottom  and  sides  : 


and  for  divisions  or  notches  in  a_side  : 
Q—  |/*i«%/2 


Example.  In  -what  time  will  the  surface  of  water  in  a  pond  sink  6  feet,  if  the  sluice 
forms  a  half  cylinder,  18  inches  -wide,  9  inches  deep,  and  60  feet  long,  and  the  surfaces 
of  water  have  the  following  areas  ? 

G0,  at  20      feet  head  of  water,  =  600000  square  feet. 


"  18,5 

GM  "  17,0  "  " 

<?3>  «  15,5  "  " 

G4,  «  14,0  "  " 

F  =  *  .  f|)3  =  55  =  038836  square  feet. 

8  32 

entrance  =  0,832,  and  that  for  the  friction: 


495000 
=410000  " 

==  325000 
s=  265000  « 

Let  the  co-efficient  of  resistance  for  the 


0,025  .       =  0,025  .  60  .  1,091  =  1,6356,  then  is  the  co-efficient  of  efflux 
d 


(A. 


v'l  +  0,832  +  1,6365 


3,4685 


;  0,537, 
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and  p  F  v/  2  g  =  0,537  .  0,8836  .  8,02  =  3,8O54.     Now 
600000 


495000 


v/20 


«  .  „  99440,  -        =  «  82550, 

%/  15,5 


^_  _  2650QQ  =  70830 ;  hence,  then,  the  time  of  efflux  follows  : 

-  6  (134170  +  4  .  115090  +  2  .  99440  +  4  .  82550  +  70830) 

12  .  3,8054 

1394440          15694o  sec.,  ™  43  hours,  35  min.  40  sec. 


7,6108 

The  discharge  is: 
Q  B  ft  (600000  +  4  .  495000  +  2  .  410000  +  4  .  325000  +  265000) 

=   4965Q°°    SB  2482500  cubic  feet. 
2 

§  352.  Influx  and  Efflux.  —  If  the  vessel  during  the  efflux  from 
below  has  an  influx  to  it  from  above,  the  determination  of  the  time  in 
which  the  surface  of  water  rises  or  falls  a  certain  height  becomes 
more  complicated,  so  that  we  must  be  satisfied  generally  with 
but  an  approximate  determination.  If  the  discharge  per  second  Q1 
is  >•  ^  F  «/  2gh9  then  there  is  a  rise,  and  if  Qx  <  ^  F  </  2gh,  a  fall 
of  the  surface.  Moreover,  a  state  of  permanency  occurs  whenever  the 

head  of  water  is  increased  or  decreased  by  k  ==  —  /J^L\  .     The 

J  2g\^F} 

time  *-,  in  which  the  variable  head  of  water  x  increases  by  the  small 
amount  f  ,  is  given  by  the  equation 

~ 


and,  on  the  other  hand,  the  time  in  which  it  sinks  the  height  k,  by 


Hence  we  have  in  the  first  case  *  = *  ,    and   in    the 

Qa — pF*S2gx 

second  *  = _ J^L „     By  the  application  of  Simpson's  rule 


we  then  obtain  the  time  of  efflux,  during  which  the  lowering  surface 
passes  from  G0  to  G19  G2  .  *  .,  and  the  head  of  water  from  h0  to  hl9 
hn  .  .  . 


P.  F 

or,  more  simply,  if  we  represent 

-  4  _o    _  ,  i  _   ,        _s_    , 


Jfr    -1 

^/A  —  >/fcJ 


36* 
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If  the  vessel  is  prismatic,  and  has   a  uniform  transverse  section  G, 
we  then  have  :  _ 


.  hyp.  log. 


y,<  ^  l  —  ^ 

the  time  in  which  the  head  of  water  passes  from  h  to  Ar      Since  for: 


it  follows  that  the  condition  of  permanency  takes  place  indefinitely 
late. 

The  following  formula   is  the  result  of  investigation  for  a  wier  or 
notch  in  a  side. 

.  log. 


(h_+  Vhk  +  k) 


jri- 


(2 


+  %/&)  (2  v/^  + 
*.    represents    the   hyperbolic 


where   k  = 

t>  V  2  g 
logarithm,  and  arc  (tang.  =  y)  the  arc  whose  tangent  =  y. 

According   as   k  is          A,    and    the    inflowing    quantity   of    water  : 


QX        §  /*  &  V2  g-  ^3,  there  is:  a,  rise  or  fall  of  the  fluid  surface.      The 

condition  of  permanency  occurs,  when  Ax  =  ky  and  the  time   corre- 
sponding becomes  oo. 

Example.  In  what  time  will  the  "water  in  a  rectangular  tank  12  ieet  long  and  6  feet 
broad  rise  from  0  to  2  feet  above  the  edge  of  a  notch  %  foot  broad,  if  5  cubic  feet  of  -water 
flow  in  per  second4?  We  have  here  h  =  Oj  hence,  more  simply: 


-  484' 


as  10,242  (7,961  —  1,781)  =  10,242  .  6,18  ==  63,29  sec. 

§  353.  Locks.  —  A  very  useful  application  of  the  doctrines  hitherto 

treated  of  may  be  made  to 
the  filling-  and  emptying  of 
canal  locks.  We  distinguish 
two  kinds  of  navigation 
locks,  single  and  double. 
The  single  lock,  Fig.  484, 
consists  of  a  chamber  J3, 
which  is  separated  by  the 
upper  gate  HP  from  the 
upper  reach  *#,  and  by  the 
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lower  gate  RS  from  the  lower  reach  C.     The  double  lock,  Fig.  485, 

on  the  other  hand,  con- 

sists   of  two  chambers,  Fig.  485. 

with  the  upper  gate  KL, 

the  middle  one  HF,  and 

the  lower  one  RS. 

Let  the  mean  horizon- 
tal transverse  section  of 
a  simple  lock  chamber 
=  G,  the  distance  of  the 
middle  of  the  sluice  in 
the  upper  gate  from  the 

upper  surface  HR  of  the  upper  reach  =  h^  and  from  that  of  the  lower 
reach  =  hz,  and,  lastly,  the  area  of  the  aperture  or  sluice  opening 
=  F9  we  then  obtain  the  time  of  filling  up  to  the  middle  of  the 

aperture  £x  =  —  —  -          ,  and  the   time   for  filling  the  remaining 


space,  where  a  gradual  diminution  of  the  head  of  water  takes  place, 

2  Gk, 

£&  =  —  —  —  =  —  j-  ;    consequently,   the    time    for    filling   the    single 
P  jr  ^/2g/i1 

sluice  is  ; 


If  the  aperture  in  the  lower  gate  is  entirely  under  water,  then  while 
emptying,  the  head  of  water  gradually  decreases  from  \  +  A3  to  zero, 
hence  the  time  for  emptying  or  running  off*  is  : 
t=  2  G  Vh^  +  4 
^  F  ^~ 


If,  on  the  other  hand,  a  part  of  the  aperture  stands  above  the 
lower  water,  we  then,  have  two  discharges  to  take  into  account  ;  the 
one  flowing  above  and  the  other  below  the  water.  Let  the  height  of 
the  part  of  the  aperture  above  the  water  =  a^  and  that  under  the 
water  =  a2,  the  breadth  of  the  aperture  =  6,  we  then  obtain  the 
time  of  efflux  from  the  expression  : 
t  _  _  2  G  (ft,  +  hj  __ 


k.+  A3_  .J 


In  double  locks,  the  head  of  water  gradually  decreases  in  the 
chamber  which  is  closed  from  the  upper  reach,  during  the  discharge 
into  the  second  chamber.  If  G  is  the  horizontal  transverse  section 
of  the  first  chamber,  and  the  original  head  of  water  h^  in  this  chamber 
sinks  to  x,  whilst  the  water  in  the  second  chamber  rises  to  the  'middle 

of  the  aperture  of  the  sluice,  we  have  then  the  corresponding  time 

2  Q.  _  _  ,v 

—  \/x\     Now  the  quantity  '  of  water 
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c* 

G  fa  —  x)  =  G^,  hence  x  =  hl  --  ^  Aa,  and 


The  time  in  which  the  water  rises  as  high  in  the  second  as  m  the 
first  chamber,  and  in  which,  therefore,  it  comes  to  the  same  level  m 
both,  may  be  found  from  §_347  : 


= 

2  ~          . 
and  the  whole  time  for  filling: 


Example  What  time  is  required  for  the  filling  and  running  off  of  the  following  single 
lock  chamber?  The  mean  length  of  the  lock  =  200  feet,  mean  breadth  =  24  feet, 
therefore  G  =  200  .  24  =  4800  square  feet,  distance  of  the  centre  of  the  aperture  of  the 
sluice  in  the  upper  gate  from  the  two  surfaces  of  water  5  feet,  breadth  of  both  apertures 
2J  feet,  height  of  the  aperture  in  the  upper  gate  4  feet,  and  of  that  in  the  lower  gate 
(entirely  under  water)  5  feet.  Let 
t  =  (2  a,  +  ^_g,  h  5  h^  =  sjGs=ss  4800,  M  e=  0,615,  F  =  4  .  2J  =  10, 


=  8,02,  we  then  obtain  the  time  of  filling: 

t  a-a        3.5.  4800       _  14400       _  _  652jg5  seconds.     If  we  substitute  in  the 


6,15  .  8,02  y/F          1,23  .  8,02 
formula  t  =  *  G  \/hi  +_  h*   G  =  4800,  A,  +  Afl  =*  10,  JF  ==  5  .  2J  =  12,5,  we   then 

^  J1  ^/2  g- 
obtain  the  time  for  eixiptying  of  the  sluice  : 

2  .  4800  y/lQ       _  491  78  sec.  „  g  mjn.  21,78  sec. 


0,615  .  12,5  .  8S02 


CHAPTER    VI. 

ON  THE  EFFLUX  OF  AIR  FKOM  VESSELS  AND  TUBES. 

§  354.  Efflux  of  Still  Jlir.  —  Condensed  air  does  not  flow  from 
vessels  quite  in  accordance  with  the  law  which  regulates  the  flow  of 
water,  because  an  expansion  takes  place  during  its  discharge,  which 
is  not  the  case  with  water.  But  in  order  to  discover  a  similar  law  for 


t?2 
air  and  other  gases,  let  us  make  the  mechanical  effect  Qy  —  ,  which  a 

2g 

quantity  of  air  Q  of  the  density  y  requires  to  pass  from  a  state  of  rest 
into  that  of  the  velocity  v,  equal  to  the  mechanical  effect  Q  p  hyp. 

log.  (—)  found  in  §  298,  which  the  same  quantity  of  air  produces 
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when  it  passes  from  a  greater  pressure  p1  to  a  less  p.  If,  therefore, 
PJ  be  the  elastic  force  of  air  enclosed  in  a  vessel,  v  its  velocity  of 
efflux  for  the  tension  of  the  external  air,  and  y  its  density,  then 


—  =   Qp  hyp.  log.  (  ¥±-  \  therefore,  the  height  due  to  the  velo- 
2g  \p  / 


city: 


and  the  velocity  itself: 


-  2'3026        *>*• 


t>    -      \2gJt.  hyp.  log.   (li 

When   the  tensions  p  and  p±   differ  little  from   each  other,  when 
Pi  —  P  *s   "-  rV  Pt  then  we  may  put  : 


hyp.  log.  ¥±  -s 
p 


+ 


1     ^\  =  Pi 


hence 


But  the  height  of  an  external  column  of  air  which  is  in  equilibrium 
by  its  weight  with  the  pressure^  —  p  (§  294),  is  h  =  ^x    -P  ;  hence  we 


_ 

may  put  the  velocity  of  efflux  v  =  ^/2  ghy  and  a  perfect  analogy  with 
the  efflux  of  water  will  hereby  subsist.  For  high  pressure  this  for- 
mula is  not  of  course  sufficient,  for  in  this  case  : 


hyp.  log.   (?i.\ 
\p/ 


at  least. 


p/  p 

Hence,  then,  more  accurately: 


\    p 


or  if  we  represent  the  height  of  the  barometer  by  6,  p  =  6  y,  and 


If  the  discharging  orifice  F  of  the  vessel 
J3B,  Fig.  486,  is  accurately  and  smoothly 
rounded,  the  particles  of  air  then  flow  in 
parallel  lines,  and  hence  the  quantity  of  air 
flowing  through  the  orifice  in  each  second, 
and  measured  by  the  height  of  the  external 
barometer,  is : 


Fi£-  486- 


Q  ™  Fv 


F    l  — 


or  more  accurately: 


•  F^Zgbhyp.  log. 


§  355.  The  above  formulae  do  not  admit  of  .direct  application,  be- 
cause we  cannot  measure  the  internal  or  the  external  pressure  by  the 
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length  b+h,  and  b  of  the  columns  of  air.  These  pressures  are  gene- 
rally measured  by  columns  of  water  or  mercury.  As  regards  the 

quotient  £i-  =*      +   ,  it  is  immaterial  whether  b  and  h  be  expressed  in 

P  b 

columns  of  air,  water,  or  mercury,  because  each  reduction  of  b  and  h 

leaves  the  fraction  —it-  constant,  except  that  the  quotient  £  =  6,  is 

b  7 

still  dependent  on  the  temperature  of  the  effluent  air,  and  varies  for 
different  kinds  of  gas.  For  atmospheric  air  (§  301),  if  p  represent 
the  pressure  of  air  on  one  square  centimetre,  and  y  the  weight  of  a 
cubic  metre  of  air,  and  t  the  temperature  in  degrees  centigrade,  we 
have 

^      1+0,00367.;  on  h  other  hand  f    st 

y       1,2572   ' 
p  _  1  +  0,00367  t 

Y  ~    0,7857 

If  we  substitute  these  values  in  the  general  formula  for  v9  we  shall 
obtain  for  atmospheric  air  : 


v  =  395     1(1  +  0,00367  .  t)  hyp.  log.  (^^)  metres, 


or  —  being  small: 
6 

v  =  395 


(1  +  0,00367  .  t}~-  metres,  and  for  steam 
b 


v=*  500,6    1(1  +  0,00367  .  f)  hyp.  log.  (b^k)  metres. 

The  theoretical  discharge  as  estimated  under  the  external  pressure 
is  Q  =  Fv,  but  if  this  is  to  be  estimated  at  the  internal  pressure,  we 

must  then  make  Q1p1=  Qp,  hence  Q^  JL  Q  —       "     Reduced  to  the 

Pi  b+h 

temperature  of  zero,  the  quantity  discharged  is  : 

+*  therefore,  for  atmospheric  air 


\ 

X 


+ 

.  t 


1  +  0,00367  .  t 

If  equal  masses  of  air  of  different  temperatures  issue  from  different 
orifices  J^and  Fl  at  the  same  tension,  we  then  have  : 
f\  ^      11+0,00367^ 
F   ~  \fl  +0,00367  t  * 
If,  for  example,  t  =  0  and  ^  =  150°  C.,  we  then  have: 

FI  =  v/1,5505  .  F  =  1,245  F. 

If,  therefore,  a  blast  furnace  is  to  be  supplied  with  heated  air  of 
150°,  we  must  ^  apply  nozzle  pipes,  which  have  a  one-fourth  greater 
transverse  section  at  the  discharging  orifice  than  if  cold  air  were  to 
be  used. 
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For  Prussian  measure,  and  centigrade  scale  of  temperature : 


v  =  1258 


(1  +  0,00367  t)  hyp.  log.  (— ~),  and  for  steam 


v  «.  1595   .      I  (1  +  0,00367  f)  hyp.  log. 


For  English  measure,  and  Fahrenheit's  scale  of  temperature: 
1295  . 


(1  -1-  0,00204  t)  hyp.  log.  -»  and  for  steam 


v  =  1642  .      |  (1  +  0,00204  f)  hyp.  log.  /6  "f  h\. 

Example.  In  a  large  reservoir,  air  at  120°  C,,  temperature  is  enclosed,  which  corresponds 
to  the  height  of  a  mercurial  manometer  of  5  inches,  whilst  the  external  barometer 
stands  at  27,2  inches;  what  quantity  of  air  will  flow  from  this  through  a  round  aperture 
1-J  inch  wide?  It  is: 

hyp.   log.   (^±-5)  ==  hyp.  log.  (HI)  =  hyp.  log.  32,2  —  hyp.   log.  27,2  =  5,77455 
—  5,60580  =  0,16875,  hence  the  velocity  of  efflux  is:  _ 


_ 
v  =  1258  .  v/  (1  +  0,00367  .  120)  0,16875  ==  1258  ,  v/  1,4404  .  0,16875  =  620,2  Prussian 

feet.  Now  the  area  of  the  orifice  =  —  (j-)Q=     w     =  0,01227  square  feet  j  hence  it  follows 

4  256 

that  the  discharge  Q  =  0,01227  .  620,2  =  7,61  cubic  feet.     Estimated  at  the   interior 

272 

pressure,  it  is  BBS  .  7,61  =  6,43  cubic  feet,  and  reduced  to  the  mean  height  of  the 

o22 

barometer,  28  inches  and  0°  temperature  (30  English  inches  and   32°  temperature  F.), 
the  quantity  discharged  is: 

r=  7,61  .   272   .  _  -  _  _  5,13  cubic  feet. 
280       1,4404 

§  356.  Efflux  of  Jlir  in  Motion.  —  The  formula  of  efflux  given: 
suppose  the  pressure  pl  or  the  height  of  the  manometer  fi  to  be  mea- 
sured at  a  place  where  the  air  is  at  rest,  or  has  a  very  slight  motion, 
but  if  pl  or  h^  is  measured  at  a  place  where  the  air  is  in  motion,  if, 
for  instance,  the  manometer 

J\f1  communicates  with  the  air  Flg"  487' 

in  a  conducting  tube  CF,  Fig. 
487,  we  shall  then  have  to 
take  into  account  the  vis  viva 
of  the  arriving  air.  If  now  c 
be  the  velocity  of  the  air  pass- 
ing the  orifice  of  the  manome- 
ter we  shall  accordingly  have 
to  make  : 

Qr  .  £  »   Qr  .   *   +   Qp  hyp.  log.  (l± 
%g  %g  \  p 

or  if  jPbe  the  transverse  section  of  the  orifice,  and  G  that  of  the  tube, 
or  of  the  air  passing  the  orifice  of  the  manometer,  according  to  the 

law  of  Mariotte,  _  —  =»  -£-,  or  GcpI  =  Fvp,  therefore, 
Fv 
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and  the  velocity  of  efflux  in  question : 
N 


v 


2g¥-  hyp.  log. 

r 


1  _ 


\Op 
The  velocity  of  efflux  is,  therefore,  here  exactly  like  that  of  water 

from  vessels,  the  velocity  is  greater,  the  greater  the  ratio  —  of  the 

transverse  section  of  the  orifice  to  that  of  the  tube  or  the  arriving  cur- 
rent of  air.  From  this  it  is  evident,  that  under  otherwise  similar  cir- 
cumstances, the  height  of  the  manometer  p1  is  so  much  the  less  the 
narrower  the  conducting  tube  is,  or  the  greater  the  velocity  of  the  air 
issuing  from  it. 

Examples.  —  1.  A  mercurial  manometer,  placed  upon  an  air  tube  3J  inches  wide,  stands 
at  2  J  inches,  while  tbe  air  flows  from  its  conical  extremity  through  a  round  orifice  2  inches 
in  diameter  ;  with  what  velocity  will  the  current  move  ?  If  the  external  barometer 

stand  at  27^  inches,  we  shall  then  have  —  =  -  Jj  -  ==s  ~27~5"  ^  T?  and 

iL  JL—  (    2    V  .  H  =  16  '  n  =5  44    ;  hence  the  theoretical  velocity  of  efflux  at 

G    pi~  \  3,5  /       T*        49  .  12  147  ' 
a  temperature  of  the  air  10°  C.  : 

^  1,0867.  *£^FCffi  1258^11367.0,087 


VJ  —  (rtfr)"  v/  0,9104 

2.  The  tension  p2  in  the  air  regulator,  where  the  air  is  without  motion,  is  given  by  the 
formula, 


y 
hyp.  log.  (——       "' 


0,087 
therefore,  in  the  present  case,  =  hyp.  log.  27,5  +       91Q4  =  3,3142  +  0,0965  =  3,4107. 

Hence  it  follows  that  jp2==  30,3  inches. 

§  357.  Efflux  under  Decreasing  Pressure. — If  an  air  reservoir  has 
no  influx,  whilst  an  uninterrupted  efflux  goes  on,  the  density  and  ten- 
sion gradually  diminish,  and  hence  the  velocity  of  efflux  becomes  less 
and  less.  We  may  determine  in  the  following  manner  in  what  ratio 
this  diminution  is  to  the  time  and  to  its  discharge. 

Let  Fbe  the  volume  of  the  reservoir,  h0  the  initial  height  of  the 
manometer,  and  hn  the  height  of  the  manometer  at  the  end  of  a 
certain  time  t,  b  the  height  of  the  external  barometer.  Then  the 
quantity  of  air  in  the  reservoir  at  the  commencement  reduced  to 

the  external  pressure  =  -       jj*"   °  >  and  at  the  end  of  the  time  t, 

=  —     ,        -*  and,  consequently,  the  quantity  discharged  in  the  time 
ty  and  at  the  external  pressure  is  : 
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and,  inversely,  the  height  of  the  manometer  corresponding  to  the  dis- 
charge V-n.  is: 


If  we  take  four  intervals,  and  the  initial  height  of  the   manometer 
h0,  and  at  the  end  of  the  time  t  =  A4,  and 
h  —  h 

h^  ssa  h  — — ~: ,  A2  =  hQ  —  J  (hQ  — A*)*  stnd 

4 

hs  =  h0  —  J-  (h0  —  A4),  we  shall  then  obtain  by  Simpson's  rule  the  time 

1  4 


12 


^  U 


.  to-  2  Ayp.  &. 


.        . 


For  moderate  pressures  or  heights  of  the  manometer  : 


consequently     (  hyp.  log.  ( _II — \  =  (\ -A      I-  and 

-\  \0/         \          46/^6 

1       h  -(i 


, 

1  + 


If  we  now  take  n  intervals,  and  therefore  the  discharge  for  one  inter- 
val :  — A  =  — ^  °~— ?  we  shall  then  obtain  the  corresponding  element 
n  nb 

of  time : ^^ 

,  =    V(h~h^  ^^^ 
nb 


A 


7J.6 


\ 

V 


37 
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Now  if  we  substitute  for  A;  h0,  hl9  hz,  .  .  .  .  h»,  we   shall  then  ob- 
tain the  sum  of  all  the 


and  the  sum  of  all  the 

,  h0—hn\  $  =  |(Ao|_Aw  S  \ 

whence  the  sum  of  all  the  small  intervals  of  time,  or  the  whole  time 
in  which  hn  passes  into  hQ9  and  the  quantity  of  air 

V    =    V^     hn^   which  flows  out,  is  : 


\2gbt 

\j  v 


—  v/  V)  +  -         (       V-    /V],  or 


r 

approximately : 


J&cample.  A  50  feet  long  and  5  feet  wide  cylindrical  air-regulator  of  a  blowing 
machine  is  filled  with  air;  the  height  of  its  manometer  h  =  10  inches,  and  the  ther- 
mometer stands  at  6°  C.  If  now  a  flow  of  air  takes  place  in  a  space  where  the  height 
of  the  barometer  is  27  inches,  through  a  1-inch  wide  circular  orifice,  then,  the  question 
arises,  in  what'time  will  the  height  of  the  manometer  fall  to  7  inches,  and  what  will 
he  the  corresponding  discharge?  The  volume  of  the  chamber  is  for  Prussian  measures, — 

zss  ?L  .  59  „  50  s=  1250  .  ~  =  981,75  cubic  feet,   hence   the   discharge,  measured   at  the 
4  4 

(JiQ  —  h   \  -Q «v 
-  )    r=    (     nn  -)  •  981>75  =   109,08   cubic    feet. 
b        /                 \     27.  '  / 

Now      /  %gP_  __  125g  ^  1  +  0,00367  .  t  ==  1258  */  1,02202   =  1272,  and 
-V         v 

JP=  —  C^-V)0  ==  —^—  =  0,005454  square  feet,  hence  the  time  of  efHux  in  question  is 
A.      i  *  575 


0,005454  .  1272    \  ^  $7  ~  W  37 /   V    "^    8  .27 
196375 


_  / 

M   2 


2  .  981,75 

72"  V 

B; 

0,0994  .  1,079==  30,3  seconds. 


5,454.1,272 

§  358.  Co-efficients  of  Efflux. — The  phenomena  of  contraction, 
ieh  we  have  considered  in  the  efflux  of  water  from  vessels,  occur 
also  in  the  efflux  of  air.  If  the  orifice  of  efflux  he  cut  in  a  thin  plate, 
the  air  passing  through  it  has  a  smaller  transverse  section  than  the 
orifice,  and  on  this  account  the  discharge  is  less  than  the  product  Fv 
of  the  transverse  section  F  of  the  orifice  and  the  theoretical  velocity  v. 

Let  _i  be  the  ratio  of  the  transverse  section  F^  of  the  blast  to  that  of 
the  orifice  F,  =  ^,  we  then  have  the  effective  discharge  as  for  water: 
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Ql  «  p  Q  =  F,v  -  pFv  =  f*  Fghyp.  log.      l 


From  the  author's  reduction  of  Koch's  experiments  at  pressures  of 
the  manometer  of  from  -gfa  to  %  of  an  atmosphere,  we  may  take  the 
mean  of  /*  =  0,58. 

The  effective  discharge  in  the  issuing  of  air  through  short  cylindrical 
adjutages,  is  likewise  less  than  that  determined  theoretically  ;  we  have, 
therefore,  to  multiply  this  latter  by  a  number  deduced  from  experi- 
ment, the  co-efficient  of  efflux,  p  in  order  to  obtain  the  former;  only 

here  p  is  not  the  ratio  of  the  transverse  section  —  ^  but  the  ratio  —  1  of 

F  v 

the  effective  velocity  of  efflux  v1  to  the  theoretical  v.  Koch's  experi- 
ments give  for  the  above  pressures,  in  the  flow  of  air  through  cylin- 
drical adjutages,  which  were  nearly  all  six  times  as  long  as  wide,  as 
a  mean  ^  =  0,74. 

Conically  convergent  adjutages,  similar  to  the  nozzles  of  bellows, 
give  a  still  greater  co-efficient  of  efflux;  a  tube  of  6°  lateral  converg- 
ence in  the  experiments  of  Koch,  gave  when  five  times  as  long  as 
wide,  the  mean  co-efficient  &  =  0,85. 

From  this,  therefore,  the  effective  discharge  for  the  flow  of  air 
through  orifices  in  a  thin  plate,  measured  at  the  external  pressure,  is 

Q,  =  751,1  Ffi—*L\     f(l+  0,00367  *)|  cubic  feet  (Eng.)T 
for  efflux  through  short  cylindrical  adjutages: 

Q,  =  958,3  F  /i  _  ?L\     I  (1  +  0,00367  *)  *  cubic  feet, 
and  through  conical  adjutages  of  6°  convergence. 

Q  =  1090,7  F  (l  _  —\     I  (1  +  0,00367  t}  *  cubic  feet.* 

\       4&  /  -\  b 

*'  Experiments  on  the  efflux  of  air  have  been  undertaken  by  Young,  Schmidt, 
Lagerhjelm,  Koch,  d'Aubuisson,  BufF,  and  in  later  time,  by  Pecqueur,  Saint-  Venant,  and 
Wantzel.  For  an  account  of  the  experiments  of  Young  and  Schmidt,  we  may  refer  to 
Gilbert's  "  Annalen,"  vol.  22,  1801,  and  vol.  6,  1S20,  and  to  Poggendorff's  "Annalen," 
vol.  2,  1824;  fbr  those  of  Koch  and  Buff,  to  the  "Studien  des  gottingsclien  Vereines 
bergmannischer  Freunde,"  vol.  1,  1824;  vol.  3,  1833;  vol.  4,  1837,  and  vol.  5,  1838; 
also  in  Poggendorflf's  u  Annalen,"  vol.  27,  1836,  and  vol.  40,  1837.  The  experiments  of 
L-agerhjelm.  are  described  in  the  Swedish  work,  "  Hydrauliska  Forsok  of  JLagerhjelm, 
Forselles  och  Kallstenius,"  1  vol.  Stockholm,  1S18.  iD'Aubuisson's  experiments  are  to 
be  found  in  the  "Annales  des  Mines,"  vol.  11,  1S25;  vol.  33,  1826;  vol.  14,  1827,  and 
likewise  in  his  "Traite"  d'  Hydraulique."  The  latest  experiments  instituted  in  France 
are  reported  in  the  "  Polytechnischen  Centralblatt,"  vol.  6,  1845.  Most  of  these  experi- 
ments were  made  with  very  narrow  orifices,  and,  therefore,  scarcely  answer  the  purpose 
in  practice.  The  experiments  of  d'Aubuisson  and  Koch  deserve  most  consideration  ;  and 
next  to  them,  perhaps,  those  of  Pecqueur:  but  the  most  extensive  are  those  of  Koch. 
The  wished-for  accordance  is  hardly  to  be  met  with  in  the  results  of  all  these  experi- 
ments ;  the  co-efficients  of  efSux  found  by  d'Aubuisson.  vary  considerably  from  those 
calculated  by  Koch.  The  grounds  for  my  placing  the  most  confidence  in  the  co-efficients 
of  Koch,  are  given  in  the  "Allgemeinen  Maschinenencyclopiidie,"  under  the  article 
"  Ausnuz,"  and  in  a  Memoir  of  mine  in  Poggendorff's  "Annalen,"  vol.  51,  1840.  [For 
calculations  of  the  above,  and  all  similar  cases,  the  co-efficient  of  t  for  the  Fahrenheit's 
thermometer  is  0,002039  instead  of  0,00367  ;  (see  above,  p.  346  j)  but  the  degrees  com- 
puted are  actually  t  —  32  on  that  scale.]  —  AM.  E». 
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Example.  If  the  two  orifices  of  a  bellows  together  possess  an  area  of  3  square  inches, 
if,  farther,  the  pressure  of  the  manometer  is  3  inches,  the  external  barometer  27£  inches, 
and  the  temperature  of  the  air  15°,  then  is  the  discharge  : 


==  22,27  . 


1069  .  Tf 
107 


_  _!_)  J 


CH-  0,00367.  15) 


__ 


110 


v/1,055  . 
^    ' 


21,66  v/ 0,1151  =  7,34  cubic  feet. 


§  359.  Flow  through  Tubes. — If  the  air  issues  through  a  long  tube 
GF,  Fig.  488,  it  has  then  the  resistance  of  friction  to  overcome  in 


Fig.  488. 


the  same  manner  as  water;  this  resistance  may  also  be  measured 
by  the  height  of  a  column  of  air,  which  has  for  expression 

I      vz 

Jin  =  f  .  —  .  — ,  where,  as  in  the  conducting  of  water,  v  represents 
d     2g 

the  velocity,  I  the  length,  d  the  width  of  the  tube,  and  f  a  co-efficient 
of  resistance  to  be  determined  by  experiment. 

Numerous  experiments  of  Girard,  d'Aubuisson,  Buff  and  Pecqueur, 
lead  to  the  mean  value  ?  =  0,024.  From  this,  therefore,  the  resist- 
ance generated  by  the  friction  of  air  in  tubes  may  be  measured  by 

the  height  hn  =&  0,024  —  .  —  of  a  column  of  air,  or  by  the  height 

£D 
I         V2 

hn  s=  0,0000023  —  .  —  of  a  column  of  quicksilver,  and  the  manome- 
d     2g 

ter  will  stand  at  this  much  less  height  at  the  end  of  the  conducting 
tube  than  at  the  beginning. 

If  at  the  end  of  a  conducting  tube  of  the  width  d,  the  manometer 
stands  at  A2,  whilst  the  air  flows  through  an  orifice  of  the  width  dy 
then  from  what  precedes,  the  velocity  of  discharge  will  be : 


g  JL  hyp.  log. 


but  if  A1  be  the  height  of  the  manometer  at  the  beginning  of  the  con- 
duit,  we  shall  then  have: 

3L  hyp.  log. 


/     *     )2  MY  +  0,024  I  (AV1  £!, 
\b  +  V   \  d  )  d  \  d  )  J  2g 


because  the  velocity  in  the  tube  =  ^L  v-  hence  in  this  case 

or 
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. 

If,  lastly,  the  height  of  the  manometer  h  is  measured  in  the  reser- 
voir at  the  beginning  of  the  conduit,  where  the  air  may  be  regarded 
as  at  rest,  we  then  have : 


1  +  0,024 


d5 

If,  further,  we  put  the  co-efficient  of  resistance  ?  for  entrance  into 
the  tube,  which  when  ^  =  0,74  amounts  to  0,826,  and,  further,  join 
to  it  the  co-efficient  of  efflux  p  for  the  outer  adjutage,  we  then  obtain 
for  the  velocity: 


v  = 


1  +  t  +  0,024 


1294/1, 


or 


(1  +  0,00367  *)  hyp.  log. 


i  +  r  +  0,024  L*L. 


feet(Pruss.) 


According  as  the  point  of  the  interior  orifice  lies  5  lower  or  higher 
than  the  point  of  the  exterior  orifice,  we  have  to  add  +  s  to  the  quan- 
tity under  the  radical  in  the  denominator.  Moreover,  other  hindrances 
may  present  themselves  in  the  tube,  such  as  curvatures,  contractions, 
and  widenings,  &c.  Satisfactory  experiments  on  these  obstacles  do 
not  exist,  but  we  may  assume  with  great  probability  that  these  resist- 
ances are  not  much  different  from  what  takes  place  in  the  case  of 
water,  because  the  co-efficients  of  efflux,  and  the  co-efficient  of  fric- 
tion are  nearly  the  same  for  air  as  for  water. 

As  long,  therefore,  as  no  further  experiments  are  made  on  this  sub- 
ject,. we  may  avail  ourselves  with  tolerable  s'afety  of  the  co-efficient  of 
resistance  found  for  water  in  investigations  on  the  motion  and  flow  of 
air.  ; 

Example.'  In  the  regulator,  at  the  head  of,  a  320  feet  long  and  4  inch  wide  s=iir-con- 
ductor,  the  mercurial  manometer  stands  at  3,1  inch,  whilst  the  external  barometer  is  at 
27,2  inch  j  further,  the  width  of  the  orifice  of  the  conically  contracted  extremity  of  the 
conductor  is  2  inches,  and  the  temperature  of  the  air  20°  C.,  what  quantity  of  air  will 
this  conductor  deliver  ?  It  will  be  : 

1  +  £  +  0,024  !**  «=  1,826  +  0,024  .  252.  ,  (|)*  «  1,826  +  0,024  '.  32°  '  3  =  1,826 

,     .  ds  5  lo 

+'  1,44=  3,266  }  further,  (1  +  0,00367  f)  hyp.  fog, 


\ 

37* 
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=  (1  4-  0,00367  .  20)  kyp.bg.  A30'3)  =  1,0734  .  (5,7137—5,6058) 

=  1,0734.0,1079  =  0,1158;   if  now,  further,  we  introduce  the  co-efficient  of  efflux,  (*  == 
0,35,  we  shall  then  obtain  the  velocity  of  flow: 

1258. 0,85  y/OjiSS        aol  3  f         and  last,yj  the  disohalge: 


V"3,266 
Trd^  TT 

T-'-T 


201,3 
36 


:  4,39  cubic  feet  (Prussian). 


CHAPTER    VII. 

ON  THE  MOTION  OF  WATER  IN  CANALS  ANP  RIVERS, 

§  360.  Running  Water. — The  doctrine  of  the  motion  of  water  in 
canals  and  rivers,  forms  the  second  main  division  of  hydraulics. 
Water  flows  either  in  a  natural  or  in  an  artificial  bed.  In  the  first 
case,  it  forms  streams,  rivers,  brooks  ;  in  the  second,  canals,  cuts, 
drains,  &c.  In  the  theory  of  the  motion  of  flowing  water,  this  distinc- 
tion is  of  little  moment. 

The  bed  of  a  river  consists  of  the  bottom  and  the  two  banks  or  shores. 
The  transverse  section  is  obtained  by  a  plane  at  right  angles  to  the 
direction  of  motion  of  the  flowing  water.  Its  perimeter  is  that  of  the 
transverse  section,  which  again  consists  of  the  air  and  the  water  sec- 
tion. A  vertical  plane  in  the  direction  of  the  flowing  water  gives  the 
longitudinal  section  or  profile.  By  the  slope  or  declivity  of  flowing 
water  is  understood  the  angle  of  inclination  of  its  surface  to  the  hori- 
zon. The  fall,  which  is  the  vertical  distance 
of  the  two  extreme  points  of  a  definite  length 
of  the  fluid  surface,  serves  to  assign  the 
angle  for  a  definite  length  of  the  flowing 
stream.  For  the  length  of  course,  ^D=  /, 
Fig.  489,  JBC  is  the  bottom  of  the  channel, 
DH=  h  the  fall,  and  the  angle  DJ1H—  $, 

the  slope  sin.  8  =*  -,  =    absolute  fall  per 
if 

unit  of  length.* 

§  361.  Different  Velocities  in  the  Transverse  Section, — The  velocity 
of  water  in  one  and  the  same  transverse  section  is  very  different  at 

*  The  fall  of  brooks  and  rivers  is  very  various.  The  Elbe,  for  example,  for  the 
extent  of  a  German  mile  from  the  Upper  Elbe  to  Podiebrad,  has  a  fall  of  57  feet,  from 
thence  to  Leitmeritz  9  feet,  from  there  to  Muhlberg  a  mean  of  5,8,  and  from  thence  to 
Magdeburg  2,5  feet.  Mountain  brooks  have  a  fall  of  from  40  to  400  feet  per  German 
mile.  For  further  particulars,  see  "  Vergleichende  hydrographische  Tabellen,"  &c.,  von 
Stranz.  Canals  and  other  artificial  water  conduits  have  much  smaller  falls.  Here  the 
absolute  fall,  at  most,  is  0,001,  often  0,0001,  and  even  less.  More  on  this  subject  will 
be  given  in  the  Second  Part. 


Fig.  489. 
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different  points.  The  adhesion  of  the  water  to  its  bed,  and  the  cohe- 
sion of  the  particles  to  each  other,  cause  those  lying  nearer  to  the  sides 
of  the  bed  to  suffer  some  constraint  in  their  motion,  and  hence,  to  flow 
more  slowly  than  the  more  remote.  For  this  reason  the  velocity  di- 
minishes from  the  surface  downwards  to  the  bed,  and  is  least  near  the 
side  or  at  the  bottom.  The  greatest  velocity  is  found  for  straight 
rivers,  generally  in  the  middle,  or  at  that  part  of  the  free  surface  of 
the  water  where  there  is  the  greatest  depth.  The  place  where  the 
water  attains  its  maximum  velocity  is  called  the  line  of  current^  and 
the  deepest  part  of  the  bed,  the  mid-channel. 

The  upper  surface  does  not  form  an  exact  horizontal  line,  because 
the  elements  lying  on  the  surface  of  water,  flow  on  with  different  ve- 
locities with  respect  to  each  other,  they  there- 
fore exert  on  each  other  different  pressures  ;  Fis-  49°- 

the  quicker  ones  a  less,  and  the  slower  a 
greater  pressure,  and  thus  for  the  maintenance 
of  relative  equilibrium,  the  quicker  elements 
superpose  themselves  on  the  slower.  If  v  and 
vl  are  the  velocities  of  two  elements  JWand  Jl, 
Fig.  490,  then  according  to  the  doctrine  of  hydraulic  pressure  (§  307) 
the  difference  of  level  of  the  two  elements  is  : 


2g       2g  2g 

This   difference   of  level   is   always  very   small.      If,   for   example, 
v1  =  0,9  «,  and  v  =  5  feet,  we  then  have  this 

=  (1—0,81)  —  =  0,19  .  0,0155  .  25  =  0,0736  feet  =  0,88  inches 

? 

(Eng.).     For  this  reason  the  water  stands  highest  in  the  current,  and 
lowest  at  the  banks* 

In  bends,  the  current  is  generally  near  the  concave  bank. 
§  362.  Permanent  Motion  of  Water.  —  The  mean  velocity  of  water 
in  a  transverse  section  is,  according  to  §  308  : 

_    Q  _  quantity  of  water  per  second 

F  area  of  section 

The  mean  velocity  besides  may  be  further  calculated  from  the  velo- 
cities CL,  c2,  c3,  &c.,  of  the  separate  portions  of  the  section,  and  from 
the  areas  F17  F^  F39  &c.  It  is  namely:  ^ 

Q  .  F&  +  Fzc2  +  F3c3  -F  .  .  .  , 
and  hence  also  : 


Besides  the  mean  velocity,  the  mean  depth  of  water  has  to  be  intro- 
duced, that  is,  the  depth  a  which  a  section  must  have  at  all  points 
that  it  may  have  the  same  area  as  it  actually  has  with  the  variable 
depths  aiy  az,  #3,  &c.     Hence,  therefore, 
_  F  _      area  of  section 

b         breadth  of  section  * 
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If  the  separate  parts  of  the  breadth  b19  69,  &3,  have  the  correspond- 
ing mean  depths  a»  ct2,  a3,  &c.,  Fig.  491,  we  then  have  : 

_F  =  a1&1  +  aj)^  +  .  .  .  , 
Fig.  491.  and  hence  also: 

z..i,  +  #A>  +  -  • 


a 


Lastly : 


and    if   the   portions 
equal  size, 


"2^2    '    •  • 
b  ,   63,  &c.,  be   of 


ai  ci  +  a%  C2 


ai     +     #2    +     '     '  , 

A  river  or  brook  is  in  a  state  of  permanency  when  an  equal  quan- 
tity of  water  flows  through  each  of  its  transverse  sections  in  an  equal 
time;  when,  therefore,  Q  or  the  product  Fc  of  the  area  of  the  section 
and  the  mean  velocity  throughout  the  whole  extent  of  the  stream  is  a 
constant  number.  Hence  this  simple  law  comes  out:  in  the  perma- 
nent motion  of  water >  the  mean  velocities  in  two  transverse  sections  are 
to  each  other  inversely  as  the  areas  of  these  sections. 

Examples. — 1.  At  the  section  of  a  canal,  ABCD,  Fig.  491,  it  was  found  that  the 
Portions  of  the  breadth  -          -          -          6t  =  3,1  feet,  b2  =  5,4  feet,  b3  =  4,3  feet 

Mean  depth a,  =  2,5     «     a2  =  4,5     «      as  =  3,0    || 

Corresponding  mean  velocities         -          -          cl  =  2,9      "      C2  =  3,7     "     cs  =3,2 
Hence  the  area  of  these  profiles  F  =  3,1  .  2,5  +  5,4  .  4,5  +  4,3  .  3,0  =  44,95  square 
feet,  and  the  discharge : 
Q  =  3,1  .  52,5  . 2,9  -f-  5,4  .  4,5  .  3,7  -f-  4,3  .  3,0  .  3,2  ==  153,665  cubic  feet,  and  the  mean 

velocity  c  =  _  ==  , =  3.419  feet. 

F  44,95 

2.  When  a  cut  is  to  conduct  4,5  cubic  feet  of  water  with  a  mean  velocity  c  of  2  feet,  we 

must  then  give  to  it  a  transverse  section  of  — ±  =  2,25  square  foot  area. — 3.  Jf  one  and 

the  same  stream  has  a  mean  velocity  of  2jr  feet  at  a  place  560  feet  broad  and  9  feet 
mean  depth,  it  will  then  have,  at  a  place  320  feet  broad  and  7,5  feet  mean  depth,  the  ' 
mean  velocity 

c  «     56°  "  9     .  2,25  =  -55!  «  4,725  feet. 
320  .  7;5  120 

§  363.  Mean  Velocity. — If  we  divide  the  depths  of  water  at  any 
point  of  a  flowing  stream  into  equal  parts,  and  raise  ordinates  upon 
them  corresponding  to  the  velocities,  we  shall  then  obtain  a  scale  of 
the  velocity  of  the  curi^nt  JIB,  Fig.  492,  Although  it  may  be  granted 

that  the  law  of  this  scale,  or  of  the  difference 
of  velocity 'is  expressed  by  some  curve,  as 
according  to  Gerstner  by  an  ellipse,  yet  it  is 
allowable,  without  fear  of  any  great  error,  to 
substitute  for  this  a  straight  line,  or  assu'rne 
that  the-  velocity  diminishes  uniformly  with 
the  depth,  because  the  diminution  of  velocity 
downwards  is  always  very  small.  From  the 
experiments  of  Ximenes,  Briinnings,  and  Funk, 
the  mean  velocity  in  a  perpendicular  cm  =  0,915  c0,  where  c0  repre- 


Fig.  492. 
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sents  the  velocity  at  the    surface,  or  the   maximum  velocity.      The 
velocity,  therefore,  diminishes  from  the  surface  to  the  middle  M. 

by  c0—  Cm  =  (1  —  0,915)  c0  =  0,085  c0, 

and,  consequently,  the  velocity  below  or  at  the   foot  of  the  perpendi- 
cular may  be  put 

cu  =  c0  —  2.  0,085  c0  =  (1—0,170)  c0  =  0,83  c0. 
If,  now,  the  whole  depth  =  a,  we  then  have,  by  assuming  a  straight 
line  for  the   scale  of  the  velocities,  the   corresponding  velocity  for  a 
depth  ^3JV*  =  x,  below  the  water 


0,17*) 
a  / 


a 

Further,  let  c0,  cl9  c2,  .  .  .  be  the  superficial  velocities  of  a  whole 
transverse  profile  of  not  very  variable  depth,  we  have  then  the  corre- 
sponding velocities  at  a  mean  depth:  0,915  c0,  0,915  c15  0,915  c2, 
and  hence  the  mean  velocity  in  the  whole  profile: 


0,915 


n 

Lastly,  if  we  assume  that  the  velocity  diminishes  from  the  line  of 
current  towards  the  banks,  as  it  does  according  to  the  depth,  we  may 
then  again  put  the  mean  superficial  velocity 


n 
and  so  obtain  the  mean  velocity  in  the  whole  profile : 

c  =  0,915  .  0,915  .  c0  =  0,837  .  c0, 

i.  e.  from  83  to  84  per  cent,  of  the  maximum  velocity,  or  of  that  of 
the  line  of  current. 

Prony  deduced  from  Du  Buat's   experiments   conducted  with  very 
small  channels,  and  for  these  cases  perhaps  more  correctly: 


Co  metre  =  (22L±*L\  c0  feet  English. 
°  U0,25  +  cj    °  5 


o 
3,153  +  c        °  U0,25 

For  medium  velocities  of  3  feet  it  hence  follows  that  cm  =  0,81  c0. 

Example.  In  the  line  of  current  of  a  brook  the  Telocity  of  the  water  is  4  feet,  and 
the  depth  6  feet,  we  have  then  the  mean  velocity  at  a  corresponding  perpendicular 
cm  =  0,915  .  4  =  3,66  feet,  and  that  at  the  bottom  =='0,83  .  4  =  3,32  feet;  further,  the 
velocity  2  feet  below  the  surface  is  v  =  (1  —  0,17  .  f  )  4  c=  (1  —  0,057)  4  =  3,772  feet; 
lastly,  the  mean  velocity  throughout  the  profile  is,  c  =  0,837  .  4  =  3,348  feet,  and  ac- 

cording to  Prony,  c  ==  .U'5Q    .  4  =      46       _  3.29  feet.* 
13,97  13,97 

§  364.  The  Best  Form  of  Transverse  Sections.  —  The  resistance 
•which  the  bed  opposes  to  the  motion  of  the  water  in  virtue  of  its  ad- 
hesion, viscosity,  or  friction,  increases  with  the  surface  of  contact  be- 
tween the  bed  and  the  water,  and  therefore  with  the  perimeter  p  of 
the  water  profile,  or  of  the  portion  of  the  transverse  section  which 
comprises  the  bed.  But  as  more  filaments  of  water  pass  through  a 


*  This  and  the  following  subjects  have  been  fully  treated  of  under  the  article  <4Bewe- 
gung  des  Wassers,"  in  the  "  AUgemeinen  MaschinenencyclopILdie.1"  New  experiments 
and  new  views  may  be  found  in  the  ibUowing  writings:  Lahmeyer"s  "  JErJalmmgsresul- 
tate  iiber  die  JBewegung  des  Wassers  in  Fluszbetten  und  Kanalen."  Brunswick,  1845. 
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profile,  the  greater  its  area  is,  so  this  resistance  of  a  filament  increases 
also  inversely  as  the  area,  and  hence  on  the  whole  as  the  quotient 

-^-  of  the  perimeter  of  the  water  profile,  and  the  area  of  the  whole 
F 

transverse  profile. 

That  the  resistance  of  friction  of  a  running  stream  or  river  may  be 
the  smallest  possible,  we  must  give  to  its  transverse  section  that  form 
for  which  the  perimeter  p  for  a  given  area  is  a  minimum,  or  the  area 
for  a  given  perimeter  a  maximum.  In  enclosed  conduits,  as,  for  ex- 
ample, pipes,  p  is  the  entire  perimeter  of  the  figure  formed  by  the 
transverse  profile.  Now  of  all  figures  having  an  equal  number  of 
sides,  the  regular  figure,  and  again,  of  all  regular  figures  that  which 
has  the  greater  number  of  sides,  has  for  the  same  area  the  least  peri- 
meter; hence  for  enclosed  conduits,  the  co-efficient  of  friction  comes 
out  the  less,  the  nearer  its  transverse  profile  approaches  to  a  regular 
figure,  and  the  greater  its  number  of  sides ;  and  the  circle,  which  is  a 
regular  figure  of  an  infinite  number  of  sides,  is  in  this  case  the  profile 
•which  corresponds  to  the  minimum  of  friction.  We  must,  therefore, 
in  estimating  this  resistance  of  friction,  leave  out  of  our  consideration 

in  the  quotient  -^~  the  upper  side  or  surface  in  contact  with  the  air. 
if 

The  rectangular  and  trapezoidal  sections  are  those  generally  applied 
to  canals,  cuts,  water- courses,  &c.     A   horizontal 
line  EF,  Fig.  493,  passing  through  the  centre  M 
of  the  square  J2C,  divides  as  well  the  area  as  also 
the  perimeter  into  two  equal  parts,  hence  it  follows 
that  what  is  true  for  the   square  is  also  correct  for 
these  halves,  and,  accordingly,  of  all  rectangular 
transverse  profiles,  the   half  square   J1E,    or  that 
which  is  twice  as  broad  as  it  is  deep,  corresponds 
to  the   least  resistance   of  friction.     The   regular 
hexagon  JlCE,  Fig.  494,  may  be  likewise  divided 
by  a  horizontal  line  CF  into  two  equal   trapeziums,  each   of  which, 
like  the  entire  hexagon,  has  the  greatest   relative  area,  and,  conse- 
quently, of  all  trapezoidal  profiles,  half  the   regular  hexagon  or  the 
trapezium  J1BCF  with  the  angle  of  slope  J1FM  =  BCM  of  60°  is  that 


Fig.  493. 


Fig.  494* 


Fig.  495. 


Fig.  496. 


which,  when  applied,  gives  the  least  resistance  of  friction.  Half  the 
regular  octagon  J1DE,  Fig.  495,  half  the  regular  decagon,  and,  lastly, 
the  semi-circle  J1DB>  Fig.  496,  afford  under  given  circumstances 
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the  most  advantageous  transverse  profiles  for  canals.  The  trape- 
zoidal, or  half  the  regular  hexagon,  gives  a  still  less  resistance  than 
half  the  square  or  rectangle,  the  ratio  of  whose  sides  is  1  to  2,  because 
the  hexagon  has  a  less  relative  perimeter  than  the  square.  Half  the 
regular  decagon  gives  a  still  less  friction,  and,  in  general,  the  mini- 
mum of  friction  corresponds  to  the  semi-circle.  The  profiles  of  chan- 
nels of  wood,  stone  or  iron  only,  are  made  semi-circular  and  rectan- 
gular; the  profiles  of  canals,  on  the 'other  hand,  which  are  cut  and 
bricked,  are  constructed  of  the  trapezoidal  figure.  Other  figures,  in 
consequence  of  difficulties  in  the  execution,  are  not  easily  applicable. 
§  365.  In  the  case  where  a  canal  is  not  walled  up,  but  dug  out  of 
loose  earth  or  sand,  the  angle  of  60°  slope  is  too  great,  and  the  rela- 
tive slope  cotg.  60°  =  0,57735  too  small,  because  the  banks  would 
not  have  a  sufficient  stability;  we  are,  therefore,  tinder  the  necessity 
of  applying  the  trapezoidal  profile,  for  which  the  inclination  of  the 
sides  to  the  base  must  be  still  less  than  60°,  perhaps  scarcely  45° 
or  even  less.  For  a  trapezoidal  profile 
jiBCD,  Fig.  497,  which  has  a  perimeter 
and  area  equal  to  that  of  half  the  square, 
the  relative  slope  =  |,  and  the  angle  of 
slope  hardly  36°  52'.  If  the  height  BE  be 
divided  into  three  .equal  parts,  the  base  BC 
will  then  have  two  of  them,  the  parallel  line 
J1D  ten,  and  each  of  the  sides  J3B  =  CD 
=  five  parts.  In  many  cases  the  slope 


497. 


is    made 
sometimes   it  is 


belongs  an  angle  of  26°  34',  and 
greater. 

In  every  case  the  angle  of  slope  BJ$E 

n  — -  ~^^  ass  cotang.  ©  may  be  regarded  as  a  given 
BE 

quantity  dependent  on  the  nature  of  the  ground  in 
which  the  canal  is  dug,  and  hence  the  dimensidns 
of  the  profile  which  offers  the  least  resistance  have 
only  further  to  be  determined.  Let  the  lower 
breadth  BC  =  6,  the  depth  BE  «  a,  and  the 
slope  =  n,  we  then  obtain  for  the  perimeter : 

JIB  +  BC  +  CD  =  p  =*  b  +  2  *Sa*  +  nV  = 
for  the  area : 
jp=s  ab 


=  2,  to  which 
even  made  still 


©,  Fig.  498,  or  the  slope 


498. 


b  +  2  a  V  1  + 


and  hence,  inversely,  &  = na,  and  the  ratio: 

a 


P 
F 


a 


+  1  —  n). 


If  we  substitute  for  a,  a  +  x,  where  x  is  a  small  number,  we  may 
then  put : 
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.    Now  that  this  value  maybe  greater  not  only  for  a  positive,  but  also 
for  a  negative  value  of  a:,  than  the  first 

|+  ^  (2  ^/^TT—  »), 

it  is  necessary  that  the  member  with  the  factor  x  should  vanish,  and 
therefore  that  JjL  may  become  a  minimum,  we  must  have 

JT 


or  since: 

7  1  F  sin. 


n  =  cotang.  e>  and  %/  n2 


sin.®  2  —  cos.  e 

Hence,  therefore,  the  most  appropriate  form  of  profile  correspond- 
ing to  a  given  angle  of  slope  0,  and  a  given  area  is  determined  by 

|  F  sin.  ©          ,  _         F 
a  =  ^? o  ^  and  b  —  " a  cotang.  e. 


cos.  © 


Example.   What  dimensions  must  be  given  to  the  Transverse  profile  of  a  canal,  whose 
banks  are  to  have  40°  slope,  and  which  is  to  conduct  a  quantity  of  water  Q  of  75  cubic 

feet,  with  a  mean  velocity  of  3  feet?     .F^^-^  —  ^SS  square  feet,  hence  the  depth 


«  -    \'25sin-f°       5    fVgfP  =  3,609  feet,  the  lower  breadth  6  _  _?1  _ 
*J  2  —  cos.  40°          ^/  1,23396  3,609 

3,609  cotang.  40°  =  6,927  —  4,301  =2,626  feet  the  slope  or  cut  of  the  ,banks  =  3,009  . 
cotang.  40°  =  4,301,  the  upper  breadth  =6,927  +  4,301  =  11,228  feet,  the  perimeter  p 
_  A  f  2a  7,218  'X-  r 

—     "*~  sin  &  ===  2)626  +  g^  ^QO   =  3  3,855  feet,  and  the  ratio  determining  the  friction 

$  =  i^L=  0,554, 

§  366.  The  dimensions  of  the  most  suitable  profiles  which  corre- 
spond to  different  angles  of  slope  and  to  a  given  profile  are  to  be  found 
in  the  following  table. 
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Angle  of 
slope. 

© 

Relative 
slope. 

Dimensions  of  transverse  profile. 

Quotient 

P 
F 

Depth  a. 

Lower 
breadth  6. 

Absolute 
slope  Ma. 

Upper 
breadth 
b  +  2na. 

90° 
60° 
45° 
40° 
36°  52' 
35° 
30° 
26°  34' 
Semicircle 

0 
0,577 
1,000 
1,192 
1,333 
1,402 
1,732 
2,000 

0,707  v/J?1 
0,760  v/jF 
0,740  ^/F 
0,722  ^/F 
0,707  V/-.F 
0,697  -y/jF 
0,664  V/.F 
0,636  v/jF 
0,798  v/JF 

1,414  v/JF 
0,877  v"^ 
0,613  v/J1 
0,525  v/^ 
0,471  ^/JF 
0,439  ^/F 
0,356  v/jF 
0,300  v/jF 

0 
0,439  v/JP1 
0,740  v/.F 
0,860  v/jF 
0,943  v/Jf 
0,995  v/F 
1,150  +/F 
1,272  v'JF 

1,414  v/jF 
1,755  v"jF 
2,092  v/JF 
2,246  v'jF 
2,357  ^/F 
2,430  v/JF 
2,656  v/.F 
2,844  */F 
1,596  v'.F 

2,828 

<•*• 

2,632 

^/F 

2,704 

2,771 

V*1 

2,828 

v/^ 

2,870 

v/^ 

3,012 

V/-F 

3,144 

v/^ 

2,507 

v^-P1 

We  see  from  this  table  that  the  quotient  ^-  is  least  for  the  semi- 
circle, namely,  =    — ;   greater  for  the  semi-hexagon,  and  greater 


still  for  the  half  square,  and  the  trapezium  of  ,36°  52',  &c. 

Example.  What  dimensions  must  be  given,  to  a  profile,  which  has  for  an  area  of  40 
square  feet,  a  slope  of  its  banks  of  35°  ?  ^r°^. tjae  Preceding  table,  the  depth  a  =  0,697 
v/40  =4,408,  the  lower  breadth  =0,439  v/40  =  2,777  feet,  the  absolute  slope  =  0,995 
v/40s=r63393  feet,  the  upper  breadth  =  15,363,  and  the  quotient 

J^-SS^0'4538- 

§  367.  Uniform  Motion. — The  motion  of  water  in  beds  is  for  a 
certain  tract  either  uniform  or  variable ;  it  is  uniform  when  the  mean 
velocity  at  all  transverse  sections  of  this  length  remains  the  same,  and 
therefore,  also,  the  areas  of  the  sections  equal;  and  variable,  on  the 
other  hand,  when  the  mean  velocities,  and  therefore,  also,  the  areas 
of  the  sections  vary.  We  shall  treat  first  of  uniform  motion. 

In  the  uniform  motion  of  water  along  the  distance  J1D  =====  /,  Fig. 
489,  the  whole  fall  HD  =  h  is  expended  in  overcoming  the  friction 
of  the  water  in  the  bed,  because  the  water  flows  on  with  the  same 
velocity  with  which  it  arrives,  therefore,  a  height  due  to  a  velocity  is 
neither  taken  up  nor  set  free.  If  we  measure  this  friction  by  the 
height  of  this  column  of  water,  we  may  then  make  the  fall  equal  to 
this  height.  But  the  height  due  to  the  resistance  of  friction  increases 
38 
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with  the  quotient  ^L  \vith  /  and  with  the  square  of  the  mean  velocity 
F 

c  (§  329);  hence  then  the  formula  holds  good  : 
1    h  _  r     1P      & 

1'h-s-F-a£' 

in  which  £  expresses  a  number  deduced  from  experiment  which  may 
be  called  the  co-efficient  of  the  resistance  of  friction. 
By  inversion  it  follows \: 


2.  c  =     f     jP7    .  2gk. 
V  ff  .  lp        * 


In  determining  the  fall,  therefore,  when  the  length,  the  cross  section 
and  the  velocity  are  given,  and  inversely,  in  deducing  the  velocity 
from  the  fall,  the  length  and  the  cross  section,  we  must  know  the  co- 
efficient of  friction  f.  According  to  Eytelwein's  reduction  of  the 
ninety-one  observations  of  Du  Buat,  Brunings,  Funk  and  Waltmann, 
f  a  0,007565,  and  hence 

h  *.  0,007565  .  j£  .  —. 
F      2g 

If  we  put  g  =  9,809  metres  or  31,25  feet  (32,2  feet  English),  we 
have  for  the  metrical  measure 

h  =  0,0003856  12.  .  c2  and  c  =  5,09     I—, 
F  -\  pi 

and  for  the  foot  measure  : 

A—  0,00011726  ^  .  c2  and  c=92,35     \IL  English  measure. 
F  ^  pi 

For  conduit  pipes  -|?  ==   ^       .  =  —  ,  hence  this  formula  gives  for 

pipes  h  =  0,03026  --  .  ^-,  whilst  we  have  found  more  correctly  for 

"       s 
these  (§  331)  for  mean  velocities 

h  =  0,025  L  .  ^!. 
d     %g 

The   friction,  therefore,  as   might  be  expected,  is  greater  in  the  beds 
of  rivers  than  in  metallic  conducting  pipes. 

Examples.  1.  What  fall  must  be  given  to  a  canal  of  the  length  /  =  2600  feet,  lower 
breadth  6  =  3  feet,  tipper  breadth  b^  =  7  feet,  and  depth  a  =  3  feet,  if  it  is  to  conduct 
a  quantity  of  water  of  40  cubic  feet  per  second  ?  It  is  : 


p=  3  +  2  v/sqrj*  «  10,211,^^  _  15  aml  c  ^        ^ 


sought,  A  =  0,OOOH73  .  J60°-i51Q'2U   .  (1)=  _   0,305.^211,64    _  1?47 

What  quantity  of  water  does  a  canal  5800  feet  long,  having  a  3  feet  fall.  5  feet  deep  4 
feet  lower  and  12  feet  upper  breadth  ?     Here  : 


hence  the  velocity 

c-93,35    /—       *  •         _J.8jgg_  -  -9S-35       -92-35  =    3l24    feet 

^0,42015.5800         ^0,14005.5800        ^/  812,29          28,5 
and  the  quantity  of  water  Q  =  ^c  =  40  .  3,24  =  129,6  cubic  feet,  English  measure. 
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§  368.  Co-efficients  of  Friction. — The  co-efficient  of  friction  for 
rivers,  brooks,  &c.,  the  mean  value  of  which,  in  the  foregoing  para- 
graphs, we  have  taken  at  0,007565,  is  not  constant,  but,  as  in  pipes, 
increases  somewhat  for  small  and  diminishes  for  great  velocities. 
We  have,  therefore,  to  put: 


The  author  of  the  work  alluded  to  in  §  363,  finds  from  255  experi- 
ments, the  greater  part  of  them  undertaken  by  himself,  for  the  Prussian 

measure  £  =  0,007409  A  +  °>Q299  \ ,  and  hence  it  follows  for  the 
metre  £  =  0,007409  A  +  Q>00939  V 

and  for  English  measure  007409  /I  +  °>0308  \ 

It  is  manifest  that  these  formulae,  for  a  velocity  c  =  1J  feet,  give 
again  the  above  assigned  mean  co-efficient  of  resistance  £  =  0,007565. 
The  following  useful  table  of  the  co-efficients  of  resistance  in  the  me- 
trical measure  serves  for  facilitating  calculation. 


Velocity  c. 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

Meter. 

Co-efficient  of  resistance 

?=:0,00 

811 

776 

764 

758 

755 

753 

751 

750 

749 

i 

Velocity  c. 

1 

1,2 

1,5 

2 

3 

Meter. 

Co-efficient  of  resistance 

C  =  0,00 

748 

747 

746 

744 

743 

The  following  table  serves  for  the  Prussian  or  English  measure : 


Velocity  c. 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1 

1* 

2 

3 

5 

10ft. 

Co-efficient  of 
resistance 

f  »  0,00 

815 

797 

785 

778 

773 

769 

766 

763 

759 

752 

749 

745 

743 

These  tables  find  their  direct  application  in  all  cases  where  the 
velocity  c  is  given  and  the  fall  to  be  found,  and  where  the  formula 
No.  1  of  the  former  paragraph  is  applicable.  But  if  the  velocity  c  is 
unknown,  and  its  amount  to  be  determined,  these  tables  will  then  only 
admit  of  a  direct  application,  when  we  have  already  an  approximate 
value  of  c.  We  may  set  to  work  in  the  simplest  manner  by  deter- 

I  wh 

mining  c  approximately  by  the  formula  c  =  50,9     I — ~~ ,  and  from 

N  P* 
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this  a  value  of  ?,  taken  from  the  table,  and  the  value  so  obtained  put 
into  the  formula 


2g       £      lp 

From  the  velocity  c9  the  quantity  of  water  is  then  given  by  the 
formula  Q  =  _Fc. 

If,  lastly,  the  quantity  and  the  fall  are  given,  and,  as  is  often 
requisite  in  the  construction  of  canals,  it  be  required  to  determine 

the  transverse  section,  we  may  put  ±-~  =  —  —  (see  Table,  §  366)  and 

F       v'  F 

c  =  —  into  the  formula  h  =  0,007565  -J?  .  --  ,  and  write,  therefore, 
F  F     2g 

h  —  0,007565        ^2,  and  accordingly  determine: 
$ 

i^\*,  i.  e.9  for  the  metre  F  =  0,0431   (m  [ 
2  gh  J  \      h, 

or  the  English  foot  measure  F=*  0,0268  (m    ®  \^.    Hence  it  follows, 

approximately,  that  c  ==  —  ;  if  we  take  a  correspondent  value  of  f  from 

.Z*1 

of  the  tables,  more  accurately  F  =  (  £  .  —  —  —  p  ;    and    hence, 

\         2gn  / 

more  exact  values  for  c  ==  ~,  p  =  m  <S  F,  as  also  for  a,  6,  &c. 

JF1 

Examples.  —  1.  "What  fall  does  a  canal  1500  feet  long,  2  feet  lower  and  8  feet  upper 
breadth.,  and  4  feet  depth,  require  to  give  a  discharge  of  70  cubic  feet  per  second  7  It  is 

p  =  2  4-  2v/4a-|-3a  =  12,  JP1  =  5  .  4=  20,  c  =  Z£  =  3,5,  hence  £  =  0,00748,  and 

2O 

As=  0,00748  .  35QQ  '  12  .  .Ml  —  6,732.  0,1902  =  1,28  ft.  (Eng.)—  2.  What  discharge  does 
a  brook  40  feet  broad,  4£  feet  mean  depth,  and  46  feet  water  profile,  if  it  has  a  fell  of  10 

inches  for  a  length  of  750  feet  ?    It  is  about  c  r=  92,35  .     /4Q  -  4'5  '  10  =  —  ^^-  —.  6,089 

*J  46  .  750  .  12        v/  230 
feet,  and  hence  {  s=s=  0,00745*     Hence  we  obtain,  more  correctly: 


one 


g 

the  corresponding  discharge  is  Q  =  4,5  .  40  .  6,1  19  =:  1  101  cubic  feet,  (Eng.)  —  3.  A  trench 
3650  feet  long  is  to  be  cut,  which  for  a  total  fall  of  1  foot  is  to  carry  off  a  discharge  of  12 
cubic  feet  per  second,  what  dimensions  are  to  be  given  to  the  transverse  profile,  if  it  is  to 
preserve  a  regular  semi-hexagonal  figure?  Here  m  =  2,632  (see  Table,  §  366),  henee, 

approximately.   F  =*=  0,0268  (2,632   .  3650  .  144)^  =  7,665  square  feet,  and  c  =      12 

7.065 
=  1,539  feet.     Hence  f  is  to  be  taken  =  0,00758,  and 


JF=*     0,00758  .  2,632  .  =  7,67  square  feet.     Therefore  the  depth  must 

N  o,44        / 

be  made  :  a  =  0,760  ^/  F  =  2,104  feet,  the  lower  breadth  =  0,877  <./  JF  =  2,428,  and 
the  upper  breadth  =  2  .  2,428  ==  4,846  English  feet. 

§  369.    Variable  Motion.  —  The  theory  of  the  variable    motion  of 
water  in  beds  of  rivers  may  be  reduced  to  the  theory  of  uniform  mo- 
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tion,  provided  the  resistance  of  friction  for  a  short  length  of  the  river 
may  be  considered  as  constant,  and  the  corresponding  height,  in  like 

manner,  as  =  ?  .J?  .  ^-.     But,  besides  this,  regard  must  be  had  to 

the  vis  viva  of  the  water,  which  corresponds  to  a  change  of  velocity. 

Let  JIB  CD,  Fig.  499,  be   a  short  ex- 
tent of  river,  of  the  length  J1D  =  Z,  the  FiS-  499. 


fall  DH 


and  let  v0  be  the  velocity 


of  the  arriving,  and  v1  that  of  the  depart- 
ing water.  If  we  apply  the  rules  of 
efflux  to  an  element  D  of  the  surface,  we 
shall  obtain  for  its  velocity  viy 


as  regards  an  element  E  below  the  surface,  it  is  true  that  on  the  one 
side  it  has  a  greater  height  of  pressure  JIG-  =  EH;  but  as  the  down- 
stream water  reacts  with  a  pressure  DE,  there  remains  for  it  only 
the  fall  DJEZ"s=  EH  —  ED9  as  pressure  inducing  motion,  and  so,  for 
this  or  any  other  element,  the  formula: 


75 


7} 


answers 


and  if,  further,  the   resistance   due   to   friction   be  added,  we   then 
obtain  : 


where  p,  F  and  v  are  the  mean  values  of  the  wetted  perimeter,  trans- 
verse section,  and  velocity.  If  F0  is  the  area  of  the  upper,  and  -Fx 
that  of  the  lower  section,  we  may  then  put : 

F  =  5>-± — L,  and  Q  *»  F0  v0  ==  JF\  v» 
£ 

whence  it  follows  that : 

=  jLrY— Y* /-^Yn  =  (— ~\  s*. 

~~  2p-  I   \F  )          \F  )  J         \FZ       F2)  2& 

iS    •"••   *      1 '  xo'     "•*  v      1  0  '         o 


2# 


2.  Q 


FO  + 


O 

The  corresponding  fall  h  may  be  calculated  'by  means  of  the  for- 
mula 1,  from  the  quantity  of  water,  the  length  and  transverse  section 
of  a  river  or  canal;  and,  inversely,  the  quantity  of  water  from  the 
fall,  the  length  and  the  transverse  section,  by  formula  2.  To  obtain 
greater  accuracy,  we  may  make  the  calculation  for  several  short  por- 
tions of  the  river,  and  take  the  arithmetical  mean.  If  the  total  fall 

38* 
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only  is  known,  we  must  substitute  this  at  once  for  h  in  the  last  for- 
mula, and  put 

i  i 


__ 

2  p    2 

"  * 


where  Fn  denoted  the  area  of  "the  last*  section,  and  in  place  of 


the  sum  of  all  similar  values  of  the  separate  lengths  of  the  river. 

Example  A  brook  has  for  a  distance  of  300  feet  a  fall  of  9,6  inches,  the  mean  peri- 
meter of  its  water  profile  is  40  feet,  the  area  of  the  upper  transverse  profile  70,  that  of 
the  lower  60  square  feet;  what  quantity  of  water  does  this  brook  discharge?  It  is 

8,02  y/0,8  _  _  __ 


7}173  _  -a-         77173     -  --,  354,43  cubic  feet.     The  mean  velo- 

v/0,0000731  +  0,0003365        ^0,0004096 

locitr  is         2Q        -a-  708?8  =  5.452    feet:   hence,  more   accurately,  f  must  be  taken 

J          _F0  +  F          130 
s=s  0,00745  in  place  of  0,007565,  and  therefore  more  nearly: 

rf  -f  r~f  O 

Q  BBS  —  *   •  -=  =  357,5  cubic  feet    If  the  same  brook,  with  the  same 

v/0,0000731  -h  0,0003314 

head  of  water,  had  for  a  length  of  450  feet,  a  fall  of  11  inches,  and  if  its  upper_trans- 
verse  profile  had  an  area  of  50  and  its  lower  of  60  square  feet,  and  the  mean  perimeter 
of  the  profile  measured  36  feet,  we  should  then  have: 

_  8,02  y/  0,9  167  __ 

=     /      1       "^"T       .    nnn-TI      450  .  36 

J-60^  --  5Q^+0'00745  '        110 

as  8,02     /  _  2^1^Z  _  =  308  cubic  feet. 
*J  0,0001222+  0,0007436 

The  mean  of  these  two  values  is  Q  =  357  '  5  +  3Q8  =  332,75  cubic  feet. 

2 

§  370.  In  order  to  obtain  a  formula  for  the  depth  of  water,  let  the 
upper  depth  =  aQ  and  the  lower  =  al9  the  slope  of  the  bed  ==  a,  con- 
sequently the  fall  of  the  bed  =  /  sin,  a.  We  then  obtain  the  fall  of  the 
water  h  =  a0  —  a±  +  I  sin.  a,  and  there  results  the  equation  : 

^ft-J?)*-*  -]  i, 


hence  / 


" 


The  length  ^  which  corresponds  to  a  difference  a0  —  a>i  of  the  depth 
of  water,  may  be  determined  by  this  formula*  But  if  the  reverse  pro- 
blem is  to  be  solved,  we  must  do  it  by  the  method  of  approximation, 
and  first  determine  the  distances^  and  12  corresponding  to  the  assumed 
depressions  a0  —  a19  and  av  —  a2,  and  from  these  calculate  by  a  propor- 
tion, the  depression  corresponding  to  a  given  distance  /.* 

*  See  "Ingenieur,"  Arithmetik,  §  16,  v. 
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The  formula  is  further  capable  of  simplification  when  the  breadth 
b  of  the  running  water  is  constant,  or  may  be  considered  as  such. 
In  this  case  we  put  : 

0*        F?  —  F*     Q*        (F0—FJ  (F0  +  FJ      v* 
2g  ~ 


/J  ___  1_\  0*  = 
\F»         F*)2g 


_  («.-«,)  K  +  «J  .  V  approximately 

1V1       .          V  ^ 

and  likewise: 


2  (a°-gi)  .  V 


, 

H~)  hence 


dh 

and  hence 


aob 


a 

The  difference  (a0  —  a1)  of  the  depth  corresponding  to  a  given  extent 
Z  may  be  calculated  directly  by  this  formula. 

Example.  In  a  horizontal  trench,  5  feet  broad  and  800  feet  long,  it  is  desired  to  carry 
off  a  20  cubic  feet  discharge,  and  to  let  it  flow  in  at  a  depth  of  2  feet,  what  depth  will 
the  water  at  the  end  of  the  canal  have  ?  Let  us  divide  the  whole  length  into  two  equal 
portions,  and  determine  from  the  last  formula  the  fall  for  each  of  them. 

Here    the  sin,  a  =  03  I  =  -  =  400,  and  b    ==  5  ;  for  the    first   portion    v    = 

Of) 

=  2,  hence  £  =  0,00752j  also  aQ  =5  2  ;  since  p  ==  8  J,  it  follows  that  a0  —  at  = 


0,00752  .  ^  .  -±\ 

10      2g\.40Q: 


-  2         4 

~     " 


0,1692  feet.    Now,  for  the  second  half,  a,  = 


2 —  0,1 692  =1,8308,  and  ^  =  8,2,^: 
second  portion: 

/0,00752 .     8'2     . 


2g      \ 
1 / 


20 
—  — 


2,1848,  and   the  depression  of  the 


1,8308 

whole  depression  =  0,1692  +  0,2173  s=  0,3865,  and  the  depth  of  water  at  the  lower 
end  SB  2  — -  0,3865  =  1,6135. 

§  371.  Floods. — When  the  depth  of  water  in  rivers  and  canals 
varies,  variations  in  the  velocity  and  discharge  take  place  likewise, 
A  greater  depth  of  water  not  only  involves  a  greater  section,  but  also 
a  greater  velocity,  and  hence,  for  two  reasons,  a  greater  quantity  of 
water,  and  likewise  a  diminution  of  the  depth  of  water,  gives  a  dimi- 
nution of  the  section  and  the  velocity,  and-  hence  also  a  decrease  of 
the  discharge.  If  the  original  depth  =  a,  and  any  increased  depth 
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=  a  ,  the  upper  breadth  of  the  canal  =  6,  then  the  augmentation  of 
the  section  may  be  put  =  b  (at  —  a),  and  hence  the  section  afterwards 
a  —  a.  F,  =  F+  b  (a.  —  a),  it  also  follows  from  this  that 


-J1  approximately  =  1  +      ^~^- 

If  further  p  be  the  original,  pl  the   increased   perimeter  of  the  water 
profile,  and  ©  the  angle  of  slope  of  the  banks,  then 

„   =  p  +  2C?i=L£),  hence  ^  -  1  -f  2K-<*),  and 
1  p  sin.  ©  p      _  p  sin.  ® 

a          i         f  p         -,        #1  —  a 
--  --  L_ 


~*T  a*  —  a          i         f 

£i_  =  1  a.  z*  -  ,  as  also 
p  sin.  0  \ 


_ 
p  sin.  0  \  Pi  p  szn.  0 

Now  the  velocity  with  the  first  depth  of  water  is 

c=92,35     1—,  and  with  the  second  c1=  92,35     l^i  .  A» 

>f  ^  \  A       * 

hence  we  may_put  :    _ 

—          _ 


tfi  _    f         f^. 

T~V^     NPi 


therefore  the  relative  change  of  velocity : 


ty  : 
b 


c 
On  the  other  hand,  the  ratio  of  the  discharge  is : 


and  the  relative  increase  : 


Less  accurately,  but  in  many  cases,  especially  in  broad  canals  with 

little  slope,  we  may  put  F  =  a6,  and  neglect  —  :  -  ,  whence  it  fol- 

p  sin.  €> 

lows  more  simply  that  : 


L_  =—  J  _J 9  and 


Q        -*'         a 

-Prom  ^At^,  therefore,  the  relative  change  of  velocity  is  |-,  and  the 
relative  change  in  the  quantity  of  water  |,  that  of  the  relative  change 
in  the  depth  of  water. 

Examples. — 1.  When  the  head  of  water  increases  T^  of  its  original  amount,  the  velo- 
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city  is   then   ^,  and  the   quantity   ^  greater   than  its  original  value. — 2. — When  the 

depth  diminishes  8  per  cent.,  the  velocity  then  diminishes 

4,  and  the  quantity  12  per  cent. — 3.  From,  the  more  cor-  Fig.  500. 

rect  formula  : 


Q  \2F        p  sin.  ©V 

a  scale  of  the  depth  of  water  JOf,  Fig.  500,  may  be  con- 
structed, on  which  the  discharge  of  a  canal  corresponding 
to  any  depth  jSTi,  may  be  read  off,  when  the  quantity  of 
water  for  a  certain  mean  depth  is  once  known.  If  b  =  9 
feet,  &!  =  3,  a  3=5  3,  and  ©  =  45°,  we  then  have  F  = 

(9  +  3)  3  _   lg  gquare  ftj  p  __  3  _^  2     3  ^J.-.  11,435  and  sin.  0  =  v^  =  0,707, 
hence : 


\    ,     .  ___ 

~)  ^       ^  ~~ 


Q  \2  .  IS  11,485  .  0,707 

(ax  —  a).     If  the  quantity  corresponding  to  a  mean  head  of  water  Q 

we  then  have  Qt  =  40  +  40  -  0,627  (ax  —  a)  =  40  - '     a±        a 


40  cubic  feet, 
If  at  —  a  =:  0,04 


0,04 

feet  sss  5,76  lines,  it  follows  that  Q±  =  41 ;  al  —  a  =  0,08  feet  =  1 1,52  lines,  we  then 
have  Qt  =  42  cubic  feet ;  if,  further,  a,  —  a  =  —  0,04,  then  is  Qt  =  39  cubic  feet,  &c. 
A  scale,  therefore,  whose  intervals  are  LM  =  LN  =  5,76  lines,  gives  the  discharge 
accurately  to  a  cubic  foot.  Of  course  the  accuracy  is  the  less,  the  more  the  head  of  water 
differs  from  a  mean  value. 

Remark.  The  conducting  and  carrying  off  of  water  in  canals,  as  well  as  the  subject  of 
weirs  and  dams,  will  be  fully  treated  of  in  the  Second  Part. 


CHAPTER    VIII. 


HYDROMETRY,  OB.  THE  DOCTRINE  OF  THE  MEASUREMENT  OF  WATER. 


§  372.  Gauges. — The  quantity,  which  a  stream  discharges  in  a 
certain  time,  is  determined  either  by  a  gauge,  by  an  apparatus  of 
efflux,  or  by  an  hydrometer.  The  most  simple  way  of  measuring 
water  is  by  the  guage,  i.  e.  by  the  use  of  a  graduated  vessel,  but  this 
method  is  only  applicable  to  small  Fi  501 

discharges,  carried  off  by  pipes 
or  small  brooks,  or  drains.  The 
gauge  vessel  is  generally  made  of 
wood,  and  of  a  rectangular  form, 
and  to  increase  its  strength  is  bound 
round  with  iron-hooping.  The 
water  is  conducted  into  it  by  a 
trough  EFy  Fig*  501,  at  whose  ex- 
tremity there  is  a  double  valve  GH9 
by  which  the  water  may  be  made 
to  flow  at  will  into  the  vessel  J1C, 
or  by  the  side  of  it.  To  obtain  the 
exact  depth  of  the  body  of  water  in  the  vessel,'  a  scale  KL  is  fur- 
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ther  applied.     If  before   measurement,  the  index  Z  be  moved  down 
to  the  surface  of  the  water,  already  in  the  vessel,  and  merely  covering 
the  bottom,  and  the  head  of  water  read  off  from  the  scale,  we  shall 
obtain  the  height  ZZX  of  the  gauged  water  by  subtraction  of  this  from 
the  head  of  water  which  the  scale  indicates  when  the  index  hand  Zx 
is  brought  into   contact  with  the  surface  of  water  at  the  end  of  the 
observation.     Before  measurement,  the  valve  must  be  so  placed  that 
the  water  may  flow  off  outside  the  vessel.     When  we  are  convinced 
that  the  efflux  in  the  trough  is  in  a  state  of  permanency,  and,  watch 
in  hand,  have  noted  a  certain  moment,  the  valve  must  then  be  turned, 
so  that  the  water  may  run  into  the  gauge  vessel,  and  after  it  is  either 
partly  or  entirely  filled,  a  second  interval  is  noted  by  the  watch,  and 
the  valve  again  brought  into  its  first  position.     From  the  mean  sec- 
tion F  of  the  vessel,  and  the  depth  ZZ^  =  a  of  the  body  of  water,  the 
whole  quantity  =  Fa  may  be  estimated,  and   again  from  the  time  of 
filling  t,  given  by  the  difference  of  the  times  observed,  the  quantity 

7^7 

of  water  per  second  Q  =  — . 

t 

Remark.  To  determine  a  variable  quantity  of  efflux  at  each  period  of  the  day,  we  may 

make  use  of  the  apparatus  represented 

Fig.  502.  in  Fig.  502,  as  applicable  especially  in 

salt  -works.  There  are  here  two  gauge 
vessels,  .4  and  JB,  which  alternately  fill 
and  empty  themselves,  and  the  water 
which  is  conducted  by  the  pipe  F  passes 
through  a  short  pipe  O<?,  which  is 
rigidly  connected  with  a  lever  £)J£,  re- 
volving about  C.  When  one  vessel  •£ 
becomes  filled,  the  water  then  flows 
through  a  short  tube  H  into  the  little 
vessel  M,  this  draws  the  lever  down 
again  on  one  side,  and  the  pipe  CG 
conies  into  such  a  position  that  the 
water  is  conducted  into  B.  The  draw- 
ing up  of  the  valves  O  and  P  takes 
place  by  means  of  strings  passing  over 
pulleys,  whose  extremities  are  con- 
nected with  the  lever,  and  sustained  by 

iron  balls,  which  impart  a  final  impulse  to  the  descent  of  the  lever.  The  vessels  Jfefand 
.ZVhave  small  efflux  orifices,  by  which  they  empty  themselves  after  each  reversion  of  the 
lever.  An  apparatus  is  besides  applied,  by  which  the  number  of  strokes  may  be  read  ofF 
at  any  time. 

§  373.  Efflux  Regulators. — Small  and  medium  discharges  are  very 
frequently  determined  by  means  of  their  flow  through  a  definite  orifice, 
and  under  a  known  head.  From  the  area  F  of  the  orifice,  the  head 
of  water  hy  and  the  efflux  co-efficient  ^,  the  discharge  per  second 
Q  =  p  F  ^/  2  gh  is  given.  The  Poncelet  orifices  are  those  best 
adapted^  for  this  purpose,  because  the  co-efficients  of  efflux  of  these 
under  different  heads  of  water  are  known  with  great  accuracy  (§  316), 
still  they  are  applicable  only  to  certain  medium  discharges.  The  author 
availed  himself  of  four  such  orifices  for  his  measurements,  one  of  five, 
one  often,  one  of  fifteen,  one  of  twenty  centimetres  depth,  but  all  of 
twenty  centimetres  width.  These  orifices  are  cut  out  of  brass  plate, 
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Fig.  503. 


and  fixed  to  a  wooden  frame  J1C,  Fig.  503,  which  is  fastened  by  four 
strong  iron  screws  to  each  wall.  In  many  cases, 
indeed,  greater  orifices,  the  co-efficients  of  efflux 
for  which  are  not  so  accurately  determined,  and 
sometimes  wiers  must  be  used,  which  admit  gene- 
rally of  a  still  less  accuracy.  In  all  cases,  how- 
ever, the  rule  holds  good,  that  we  must  endeavor 
to  get  as  complete  and  perfect  a  contraction  as 
possible,  and  for  this  reason  must  give  to  the 
orifice,  if  it  is  in  a  thick  plate,  a  slope  outward.  The  corrections 
which  must  be  applied  for  incomplete  and  partial  contraction,  have 
been  sufficiently  distinguished  in  paragraphs  319,  320,  &c.  To  mea- 
sure the  water  of  a  brook  we  must  set  the  frame  with  its  orifice,  and 
wait  for  the  moment  when  the  head  of  water  is  permanent.  For  the 
measurement  of  the  head  of  water  we  must  avail  ourselves  of  the 
index  scale,  Fig.  500,  or  of  the  movable  scale  EF,  Fig.  505.  If  we 
would  note  the  efflux  directly  from  the  apertures  of  sluices,  it  is  better 
to  fix  before  hand  a  pair  of  brass  scales  BC  and  DE,  Fig.  504,  with 

Fig.  504.  Fig.  505. 


their  indices  F  and  G  to  the  slide,  and  to  the  sluice-board  J9,  in  order 
to  read  off  more  safely  the  height  of  the  aperture.  It  is  generally 
better  for  the  purpose  of  measuring  water,  to  put  on  a  new  sluice- 
board  with  its  guide,  and  with  the  requisite  slope  outwards.  The 
simplest  means  of  measuring  water  in  a  channel,  consists  in  putting 
in  a  board  C-D*,  with  its  upper  edge  sloped  off,  Fig.  505,  and  measur- 
ing the  fall  produced  by  it.  If  the  channel  is  long,  and  there  is  little 
rise,  it  is  generally  some  time  before  the  condition  of  permanency  takes 
place,  and  it  is  for  this  reason  good,  before  measurement,  to  put  on  a 
second  board,  so  as  to  impede  the  efflux  of  water  for  a  long  time,  in 
order  to  accelerate  the  rise  to  a  height  corresponding  to  a  state  of  per- 
manency. 

To  measure  the  quantity  of  water  of  a  brook? 
we  may  dam  it  up  with  posts  and  boards 
as  in  Fig.  506,  and  let  the  water  C  run  off 
through  an  aperture,  or  we  may  avail  our- 
selves of  a  simple  overfall  or  wier,  but  of 
this  we  shall  treat  in  the  second  part. 

§  374.  But  as  it  is  often  long  before  a 
state  of  permanency  occurs  in  water  dammed 
up  by  this  construction,  we  may  adopt  with 


Fig.  506. 
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advantage  the  following  method,  first  proposed  by  Prony.  \\  e  may 
first  close  entirely  the  aperture  by  a  sluice-board,  and  let  the  water 
rise  to  some  height,  or  as  high  as  circumstances  will  admit,  then  draw 
it  sdr*r  up  that  more  water  may  flow  in  than  out,  and  measure  the 
heads  of  water  at  equal  and  very  short  intervals  ;  lastly,  the  aperture 
of  the  sluice  must  be  again  perfectly  closed,  and  the  time  t  in  which 
the  water  rises  to  the  first  height,  further  noted.  In  each  case,  then, 
during  the  whole  time  of  observation  t+tl9  as  much  water  flows  m  as 
out,  and  hence  the  quantity  flowing  in,  in  the  time  t+t^  may  be  ex- 
pressed by  the  quantity  flowing  out  in  the  time  #z.  If  the  heads  of 
water  during  the  depressions  are  A0,  hl9  hz,  A3,  and  £4,  we  have  then 
the  mean  velocity  of  efflux  : 


and  if  the  area  of  the  aperture  =  F,  we  have  then  the  quantity  of 
efflux  in  the  time  t: 

J,  and  the 


L< 

quantity  flowing  in  per  second  : 


JSxampte.  To  measure  the  water  of  a  brook  used  for  the  driving  of  a  water-wheel, 
which  has  been  dammed  up  "by  a  sluice,  Fig.  506,  after  opening  the  rectangular  aper- 
ture, the  following  is  observed:  the  original  head  of  water  is  2  feet,  after  30"  1,8  feet, 
after  60"  1,55  feet,  after  90"  1,3  feet,  after  120"  1,15  feet,  after  150"  1,05  feet,  and  after 
180"  0,9  feet,  breadth  of  the  aperture  2  feet,  depth  £  foot,  time  of  rising  to  the  first  height 
with  closed  aperture  ss±  1  10".  The  mean  velocity  of  efflux  is  : 

Q  r»o  _^  •-  _—  .  - 

«>*=-—-  0/5"  4-  4^1,8  +  2^1,55+4^1,3+2^1,15+4^1,05  +  <sU*5)  = 

0,440  (1,414  +  5,364+  2,490  +  4,561+2,145  +  4,099  +  0,949)  =  0,440  .  21,022  = 
9,248  feet;  but  now  JP  =  2  .£  —  1  square  foot,  hence  it  follows  that  the  theoretical  dis- 
charge is  =s  9,248  cubic  feet.  If  the  co-efficient  of  efflux  is  taken  =  0,61,  we  finally  ob- 
tain the  quantity  of  water  sought: 

Q  =  °>61  •   38°  .  9,248  =3,5015  cubic  feet,  (English.) 
*        180+110      ' 

§  375.  The  "  Pouce  d'Eau,"  or  Water-Inch.  —  To  measure  small 
discharges,  we  avail  ourselves  of  the  flow  through  round  1  inch  wide 
orifices,  in  a  thin  plate,  under  a  given  pressure.  The  discharge  given 
through  such  an  aperture  under  the  least  pressure,  or  when  the  sur- 
face is  only  a  line  above  the  uppermost  position  of  the  orifice,  is  called 
an  inch  of  water.  The  French  assume  for  the  water-inch  (old  Paris 
measure)  15  pints,  or  19,1953  cubic  metres  of  water  in  the  24  hours  ; 
therefore  in  1  hour  0,7998,  and  in  1  minute  0,0133  cubic  metres;  yet 
older  data,  by  Mariotte,  Couplet,  andBossut,  vary  not  a  little  from  the 
above.  According  to  Hagen,  an  inch  of  water  (Prussian  measure) 
delivers  in  24  hours  520  cubic  feet,  therefore,  in  a  minute,  0,3611 
cubic  feet.  The  double  water  modulus  of  Prony,  which  corresponds 
to  an  orifice  of  2  centimetres  diameter,  with  a  pressure  of  5  centi- 
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Fig.  507. 


metres,  and  discharges  20  cubic  metres 
of  water  in  24  hours,  has  not  been  adopt- 
ed. The  apparatus  by  which  water  is 
measured  by  the  inch  is  represented  in 
Fig.  507.  The  water  to  be  measured 
flows  through  the  tube  Jl  into  a  box ; 
from  this  it  passes  through  holes  below 
in  the  partition  CD  into  the  box  E,  and 
from  this  through  a  horizontal  row  of 
round  orifices  F,  of  exactly  1  inch  width, 
and  cut  in  tin  plate,  into  the  reservoir  G. 
That  the  surface  of  water  may  stand  a 

line  above  the  heights  of  these  orifices,  it  is  necessary  that  there  be  a 
sufficient  number  of  them,  and  that  a  part  of  them  be  closed  by  stop- 
pers. For  great  discharges  the  whole  water  is  divided,  and  in  this 
way  a  part,  only  one-tenth,  is  measured.  This  division  may  be  ac- 
complished easily,  by  first  conducting  the  water  into  a  reservoir,  with 
a  certain  number  of  orifices  at  the  same  level,  and  only  to  receive 
the  quantity  delivered  by  one  orifice  in  the  apparatus  represented 
above. 

Remark  1.  We  may  apply  also  cocks  and  other  regulating  apparatus  to  the  measure- 
ment of  water,  if  we  know  the  co-efficient  of  resistance  for  each  position.  If  h  is  the 
head  of  water,  F  the  transverse  section  of  the  pipe,  and  p.  the  co-efficient  of  efflux,  for 
a  cock  quite  opened,  we  then  have  the  discharge  Q  =  p.  F  ^/  "&  g  h,  as  inversely, 

/t*  =  =r=r  and  — -  s=  (  — - )    -  2  g  h.     If  now  we  put  the  co-efficient  of  resistance 

corresponding  to  a  position  of  the  cock,  and  taken  from  the  tables  already  given  =  £.  we 
then  have  the  corresponding  discharge : 


Q 


For  convenience  sake,  we  may  construct  for  ourselves  a  table,  so  that  we  can  find  at  a 
glance  the  discharge  corresponding  to  a  position  of  the  cock,  or  the  position  of  the  cock 
corresponding  to  a  given  discharge.  If,  for.  example,  f*  =  0,7  and  F  =  5  square  inches, 
we  have  then : 

0          0,7  .  4  .  12  .  8,02 


=  269,5 
269,5 


0,49 


.  cubic  inches, 


V"  1  +  0,49  .  C 

or  if  h  is  constantly  1  foot,  Ql  = 

v/  1  +  0,49  £ 
5°,  10°,  15°,  20°,  25°,  &c.,  the  co-efficients  of  resistance,  0,057;  0,293;  0,758;    1,559; 


— .    If  now  the  positions  of  the  cock  are  at 


Fig.  508. 


Fig.  509. 
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3,095,  the  discharges  corresponding  to  these  are:    265,8;    252;   230,1;    202,8;    169,9 
cubic  inches.  . 

Remark  2.  To  regulate  the  flow  through  an  orifice  D,  Fig.  508,  we  may  apply  a  weir 
J3  that  the  excess  of  water  from  the  pipe  A  may  flow  over,  and  that  a  constant  pressure 
may  be,  maintained  in  the  reservoir  DJS,.  That  there  may  be  no  loss  of  water,  a  cock  or 
a  valve  A^  Fig.  509,  is  applied,  which  is  regulated  by  a  float  K  acting  upon  a  lever,  so 
that  as  much  water  only  flows  in  through  B  as  flows  out  through  F. 

§  376,  Floating  Bodies. — The  discharge  of  large  brooks,  canals, 
and  rivers,  can  be  determined  only  by  an  hydrometer  indicating  the 
velocity.  Of  such  instruments  floating  bodies  are  the  most  simple. 
We  may  use  any  floating  body  for  this  purpose,  but  it  is  better  to 
have  bodies  of  a  moderate  size,  which  are  only  a  little  specifically 
lighter  than  water.  Substances  of  about  ^  of  a  cubic  foot  content 
are  large  enough.  Very  large  ones  do  not  easily  assume  the  velocity 
of  water,  and  very  small  ones  again,  especially  when  much  above  the 
water,  are  easily  disturbed  in  their  motion  by  accidental  circum- 
stances, sometimes  by  the  air  on  the  surface  of  the  fluid.  Often, 
plain  pieces  of  wood  are  sufficient;  it  is  better,^  how  ever,  if  they  have 
a  coating  of  some  bright  varnish,  and  better  still  if  the  floats  are  hol- 
low, such  as  glass  flasks,  tin  balls,  &c.,  because  these  may  be  filled 
at  will  with  water.  Swimming  balls  are  most  frequently  used.  They 
are  from  4  to  12  inches  diameter,  and  made  of  brass,  and  painted 
over  with  some  light  oil-color,  to  make  them  more  visible  to  the  eye, 
and  have  an  opening  with  a  neck,  that  they  may  be 
Fig.  510.  filled  with  water  and  stopped.  A  floating  ball,  such 
as  */2,  Fig.  510,  gives  only  the  velocity  at  the  surface, 
and  often  only  that  of  the  main  current;  but  by  sus- 
pending two  balls  one  to  the  other,  Jl  and  j£,  Fig. 
511,  we  may  determine  the  velocity 
•6n.  at  different  depths.  In  this  case,  the 

^1  one  ball  J3,  which  swims  under  water, 
is  quite  filled  with  the  fluid ;  the  other, 
however,  which  swims  on  the  surface, 
is  only  filled  just  enough  to  make  it 
float  a  little  above  the  surface.  Both 
balls  are  connected  with  each  other 
by  a  string  or  wire,  or  by  a  light  wire 
chain.  The  velocity  c0  of  the  surface 
is  first  determined  by  the  single  ball, 
and  then  the  mean  velocity  of  the  two 
observed  by  the  connection  of  balls. 
If,  now,  the  velocity  at  the  depth  of  the  second  ball  be  denoted  by  cx, 


we  may  then  put  c 


and  hence,  inversely,  cx  **=  2  c  — 


0' 

Whilst  now  both  balls  are  connected  with  one  another  by  longer  and 
longer  wires,  we  may,  in  this  manner,  find  the  velocities  at  greater 
depths.  The  mean  velocity  c  of  a  perpendicular  is  otherwise  given 
if  the  second  ball  is  allowed  to  swim  a  little  above  the  bottom,  and  c 
is  made  =  2  cx  —  ca;  still  more  accurately,  however,  if  for  cx  the 
mean  of  all  the  velocities  observed  in  a  perpendicular  be  taken. 
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To  find  the  mean  velocity  in  a  perpendicular,  the  floating  staff  Ji.^ 
Biy  represented  in  Fig.  512,  is  used.  This  is  particularly  convenient 
for  measurements  in  canals  and  cuts  when  it  is  composed  of  short 
pieces  screwed  together.  The  floating  staff  which  the  author  uses  is 
composed  of  15  hollow  portions,  each  1  decimetre  in  length.  That 
this  may  swim  pretty  nearly  upright,  the  lowermost  piece  is  loaded 
with  shot,  so  that  the  top  just  rises  above  the  water.  The  number 
of  pieces  composing  the  staff,  depends,  of  course,  on  the  depth  of  the 
canal. 

Both  with  the  floating  staff  as  well  as  the  connection  of  balls,  it  may 
be  observed  that  the  velocity  at  the  surface,  when  the  motion  of  the 
water  in  beds  is  unimpeded,  is  greater  than  at  the  bottom,  because  the 
top  of  the  staff  swirns  in  advance  of  the  bottom,  and  the  upper  ball  in 
advance  of  the  lower.  In  contraction  only,  for  example,  when  the 
water  is  dammed  up  by  piles,  &c.,  does  the  contrary  take  place. 

Remark.  As  a  rule,  especially  with  large  and  floating  bodies,  as  ships,  &c.,  the  velocity 
of  the  swimming  body  is  somewhat  greater  than  that  of  the  water:  not  so  much  because 
these  bodies  in  swimming  float  down  an  inclined  plane  formed  by  the  surface  of  the 
water,  but  because  they  take  none,  or  scarcely  any,  part  in  the  irregular  intimate  motion 
of  the  water;  still,  the  variation  for  small  floating  bodies  is  so  slight  that  it  may  be 
neglected. 

§  377.  The  velocity  of  a  floating  ball  is  found  by  noting  the  time 
t  with  a  good  seconds  watch,  or  a  half-second  pendulum  (§  247), 
which  it  takes  while  floating  on  the  water  to  describe  a  measured  dis- 
tance s,  marked  out  on  the  banks.  Then  the  required  velocity  of  the 

'  Q 

ball  is  c  as  — .  That  the  time  t  corresponding  to  the  space  de- 
scribed along  the  bank  may  be  accurately  found,  it  is  necessary,  with 
the  assistance  of  a  cross  line  or  lines,  to  erect  at  the  opposite  bank  two 
signal  staves  C  and  D9  perpendicular  at  J3.  and  jB,  Fig.  512.  If  we  place 
ourselves  behind  Jl,  we  may  then  note  the  moment  when  the  float  J5T, 
dropped  in  a  little  above  Jl,  comes  into  the  line  JiC^  and  if  behind  J5, 
we  may  then  also  observe  the  time  by  a  watch  held  in  the  hand,  when 


Fig.  512. 


Fig.  513. 


the  float  reaches  the  line  jBD,  and  we  then  find  by  subtraction  of  the 
times  of  observation,  the  required  time  t  corresponding  to  the  describ- 
ing of  the  space  s.  Besides  the  mean  velocity  c  of  the  water,  the  area 


460 


FLOATING    BODIES. 


F  of  the  transverse  profile  is  further  required  for  determining  the  quan- 
tity of  water  Q=  F  c.  To  find  this  area,  it  is  necessary  to  know  the 
breadth  and  the  mean  depth  of  the  water.  The  depths  are  measured 
by  a  sounding  rod  J1B>  Fig.  513,  having  a  rhomboidal  section,  and  a 
board  B  at  the  foot;  for  greater  depths  we  may  also  use  a  sounding 
chain,  at  whose  extremity  there  is  an  iron  plate,  which,  in  sinking, 
rests  on  the  bottom.  The  breadth  and  the  abscissae  corresponding  to 
the  measured  depths,  or  the  distances  from  the  banks  in  canals  and 
small  brooks  EFG,  Fig.  514,  are  found  by  stretching  across  a  mea- 

Fig.  514,  Fig.  515. 


suring  chain  */2J3,  or  the  placing  of  a  rod  right  across  the  running 
water.  For  broad  rivers  this  is  determined  by  a  measure  table  J\f, 
which  is  placed  at  a  proper  distance  JlO,  from  the  section  EF,  Fig. 
515,  which  is  to  be  measured.  If  ao  is  the  distance  J1O  between  Ji 
and  O,  reduced  to  the  table,  and  if  ao  is  placed  in  the  direction  of 
J%O9  and  thereby  also  the  direction  of  the  breadth  of  made  parallel  to 
the  line  of  breadth  J3F  marked  out,  then  each  line  of  vision  will  in- 
tersect in  the  direction  of  the  points  E,  F,  G,  &c.,  in  the  profile,  the 
corresponding  points  e,  f,  g  on  the  table,  and  ae,  of,  ag,  &c.,  are  the 
distances  JIE,  JIF^  jlG,  &c.,  in  the  reduced  measure.  It  is  not, 
therefore,  necessary  on  putting  in  the  sounding  rod,  and  measuring 
the  depths  by  it,  to  measure  the  distances  of  the  corresponding  points 
of  the  banks,  if  the  engineer  standing  by  the  measure  table  looks  at 
the  sound  on  its  being  put  in,  in  the  line  EF. 

If,  now,  the  breadth  EF,  Fig.  514,  of  a  transverse  profile,  consist 
of  parts  &15  62,  &3,  &c.,  and  the  mean  depths  within  those  parts  «z, 
#3,  and  the  mean  velocities  cv  ' 

the  profile: 

T       ,.     ,  J'-aA+fflA 

the  discharge: 

i    i     ,1      ^  Q  =  a^  ^  a* 
and,  lastly,  the  mean  velocity: 


a 


2, 


c2,  c3,  &c.,  we  have  then  the'  area  of 


F 


+  a2bz  + 


Example.  Tn  a  tolerably  straight  and  uniform  extent  of  river,  we  have  at  the  middle 
points  of  portions  of  the  breadth  : 

rr,      ,       ,                                                 5    feet>        12    feet:  20    feet,        15    feet,        7 

The  depths     -         -         -         -          3       li            6       "  11      "             $       «          4 

The  mean  velocities        -         .          1,9    "             2,3    "  238   **             24"          21 


feet, 
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Hence  we  may  put: 

The  area  of  the  profile  jF=5.  3+ 12. 6+ 20. 11  + 15. 8  +  7. 4  =  455  square  feet. 

The  quantity  of  water   Q  =  15  .  1,9  +  72  .  2,3  +  220   .  2,8  +  120   .  2,4  +  28  .  2,1 

=  1 156,9  cubic  feet.     The  mean  velocity  c  —   1156>9  —  2,54  feet. 

455 

§  378.  The  Tachometer. — The  most  eligible  hydrometer  is  the 
tachometer  of  Woltmann,  Fig.  516.  It  consists  of  a  horizontal  axle 
JlBy  with  from  two  to  five  vanes  F,  placed  at  an  inclination  to  the 
direction  of  the  axis,  and  gives,  when  immersed  in  the  water  and 
held  at  right  angles  to  the  direction  of  motion,  by  the  number  of  its 
revolutions  in  a  certain  time,  the  velocity  of  the  running  water.  To 
read  off  the  number  of  these  revolutions,  the  axle  has  a  few  turns  of 
a  screw  C,  and  these  work  into  the  teeth  of  a  wheel  D,  upon  whose 
lateral  surfaces  numbers  are  engraved,  which  give,  by  means  of  an 
index,  the  number  of  revolutions  of  the  wheel.  But  to  be  able  to 
register  a  great  number  of  revolutions  upon  the  axle  of  this  toothed 

Fig.  516. 


wheel,  there  is  a  pinion  which  works  into  the  teeth  of  the  wheel 
J5,  by  which,  like  the  hands  of  a  watch,  several  multiple  revolutions 
may  be  read  off.  If,  for  example,  each  of  the  two  toothed  wheels  has 
fifty  teeth,  and  the  trundle  ten,  then  the  second  wheel  revolves  one 
tooth  whilst  the  first  advances  five  teeth,  or  the  vanes  make  five  revo- 
lutions, if  the  index  of  the  first  wheel  points  to  27  ==  25  +  2,  and 
that  of  the  second  to  32,  the  corresponding  number  of  revolutions  of 
the  vanes  is  accordingly:  =  32  .  5  +  2  =  162.  The  entire  instru- 
ment is  screwed  to  a  staff  having  a  tin  vane  attached,  to  admit  of  easy 
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immersion  in  the  water,  and  of  being  kept  opposed  to  the  current. 
But  that  the  wheelwork  may  only  revolve  during  the  time  of  observa- 
tion, the  axis  is  connected  with  a  lever  GO,  which  is  pressed  down 
by  a  spring,  so  that  the  teeth  of  the  first  wheel  are  thrown  into  gear 
with  the  screw  only  when  the  lever  is  drawn  up  by  a  string. 

The  number  of  revolutions  of  a  wheel  in  a  certain  time,  for  exam- 
ple, in  a  second,  is  not  exactly  proportional  to  the  velocity  of  the 
water,  hence  we  cannot  put  v  =  au,  where  u  is  the  number  of  revo- 
lutions, v  the  velocity,  and  a  a  number  deduced  from  experiments ; 
but  rather:  v  =  v0  +  a  u9  or  more  correctly  v  *=  VQ  +  a  u  +  P  u2  .  .  .  , 
or  still  more  correctly ; 

v  =s  a  u  +  v/t;02  +  j3  «%  where  v0  is  the  velocity,  at  which  the  water 
is  no  longer  able  to  turn  the  wheel,  and  a  and  j3  are  co-efficients  from 
experiment.  The  constants  v0,  a  and  /3,  are  to  be  determined  for 
each  instrument  in  particular.  With  their  assistance  the  velocity  is 
known  from  a  single  observation,  nevertheless  it  is  always  safer  to 
make  at  least  two,  and  to  substitute  the  mean  value  as  the  correct 
one. 

Example.  If  for  a  sail-wheel  t?0  =  0,110  feet,  a.  =  0,480,  and  8  —  0,  therefore  v  ass 
0,1 1  +  0,48  u,  and  we  have  by  an  observation  with  this  instrument  found  the  number 
of  revolutions  210  in.  80",  then  the  corresponding  velocity  is: 

u  =  0,11  +  0,48  .    21Q   =0,11+  1,26  =  1,37  feet. 
feO 

lg*  Remark  1.  The  constants  vQ1  a,  and  B  depend  principally  on  the 

magnitude  of  the  angle  of  impact,  i.  e.,  on  the  angle  which  the  plane 
of  the  vane  makes  with  the  direction  of  motion  of  the  water,  and 
therefore,  also,  with  the  direction  of  the  axis  of  the  wheel.  To 
observe  "with  tolerable  accuracy  small  velocities,  it  is  well  to  have 
a  large  angle  of  impulse,  i.  e ,  one  of  70°.  For  the  rest,  it  is  desira- 
ble to  have  vanes  of  different  sizes  and  with  different  angles  of 
impulse,  and  to  use  the  vane  with  small  angles  of  impulse  for 
great  velocities,  and  a  smaller  one  for  shallow  water. 

Remark  2.  To  find  the  velocity  of  the  surface  of  water,  a  small 
tin  "wheel  may  be  used,  as  represented  in  Fig.  517,  and  its  under 
part  allowed  to  dip  into  the  water.  The  number  of  its  revolutions 
may  be  determined  by  a  system  of  wheels,  as  in  the  tachometer, 

§  379.  To  find  the  constant  or  co-efficient  of  the  tachometer,  it  is 
necessary  to  set  this  instrument  in  a  stream,  whose  velocity  is  known, 
and  to  note  the  corresponding  number  of  revolutions.  Although  as 
many  observations  only  are  required,  as  there  are  constants,  it  is  still 
safer  to  have  as  many  observations  as  possible,  and  especially  for  very- 
different  velocities,  because  we  may  then  apply  the  method  of  least 
squares,  and  thereby  eliminate  the  effect  of  accidental  errors  of  ob- 
servation. The  velocity  of  the  water  may  be  found  by  the  floating 
ball,  or  by  receiving  the  water  in  a  gauge  vessel,  and  dividing  the 
measured  discharge  by  the  transverse  section.  In  using  floating  balls, 
the  air  should  be  still,  and  the  tract  of  water  straight  and  uniform. 
The  tachometer  is  to  be  held  at  several  places  of  the  space  described 
by  the  floating  ball,  and  it  is  also  requisite  for  accuracy,  that  the 
diameter  of  the  ball  should  be  equal  to  that  of  the  tachometer. 

The  second  method  of  determination  has  several  advantages  when 
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the  water  in  which  the  instrument  is  immersed  is  received  into  a 
gauge  vessel.  For  this  purpose,  and  especially  for  adjusting  the 
hydrometer,  it  is  well  if  the  engineer  can  erect  a  proper  hydraulic 
observatory,  consisting  of  a  vessel  of  efflux,  a  gauge  reservoir,  and  a 
channel  of  communication  between  the  two.  With  such  an  arrange- 
ment, we  may  impart  to  the  water  any  arbitrary  velocity,  because  we 
can  not  only  regulate  the  entrance  into  the  channel,  but  also  the 
motion  by  means  of  boards  placed  in  at  pleasure.  During  ob- 
servations we  must  keep  the  tachometer  at  different  parts  of  the 
transverse  section  of  the  channel,  measure  the  depth  of  this  section 
by  a  scale,  and,  lastly,  gauge  the  water  running  through  in  a  definite 
time*  in  the  lower  reservoir  (§  372).  We  obtain  the  area  F  of  the 
transverse  profile  by  multiplication  of  the  mean  depth  with  the  mean 
breadth,  and  the  quantity  of  water  Q  is  found  from  the  mean  trans- 
verse section  G  of  the  gauge  measure,  and  the  height  ($)  of  the  quan- 

Gs 

tity  which  has  flowed  in  during  the  time  by  the  formula  Q  =  —  ;  but 

t 

the  mean  velocity  of  the  water  :  v  =  ~r-  =  —  -  follows  from  Q  and  F. 

F        Fl 

The  corresponding  number  of  revolutions  u  of  the  wheel  is*  the 
mean  of  all  the  revolutions  which  are  obtained  when  the  instrument 
is  immersed  at  different  breadths  and  depths  of  the  measured  profile. 

If  from,  a  series  of  experiments  we  have  found  the  mean  velocities 
vl9  v29  v3y  &c.,  and  the  corresponding  number  of  revolutions,  we  then 
obtain  by  substitution  in  the  formula  v  =  v0  +  a  w,  or  in  the  more 
correct  one  :  v  =  au  +  \Sv02  +  &u2  as  many  equations  of  condition 
for  the  constants  v0,  a,  /3,  as  there  have  been  observations  made,  and 
we  may  from  these  find  the  constants,  if  these  equations  are  divided 
into  as  many  groups  as  there  are  unknown  constants,  and  these  added 
together  for  as  many  equations  of  condition  as  are  requisite  for  deter- 
mining #0,  a,  and  also  /?  when  required. 

Remark.  If  we  adopt  the  more  simp-le-  formula  with  2  constants,  we  may  then,  after 
the  method  of  least  squares,  put  : 

„    _2  W  *  (*>  —  2  Qy)  2  (y>  nnd  2  (a*)  2  (jf)  —  2  (ay)  Z  Q) 


where  x  =  i.  and  y  =  —  ,  and  the  sign  2  represents  the  sum  of  all    successive  similar 
v  v 

values,  for  example,  2  (a;)  =5  --  f  --  -$  ---  [-•••> 


Example.  For  a  small  tachometer,  the  velocities  are  :  0,163;  0>205;  Or2$8;  0,366  j 
0,610  metres,  the  number  of  revolutions  per  second:  0,600  ;  0,835  j  1,467  j  1,805  ;  3,142 
required  to  determine  the  constants  corresponding  to  this  wheel..  Fxom  the-  j 
given  in  the  remark  it  follows,,  that  : 


0.600 
(0,163)"          (0,205)" 
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105,223  .  18,740  —  80,961  .  22,759          129,5 


:  0,060  and 


0  82,846.   105,223  —  (80,96 1)3  2162 

tt  a,-.   368'3   ass  0,1703,  hence  for  this  instrument  the  formula  v  =  0,060  +  0,1703  u. 

If  in  this  -we  put  u  =s  0,6,  we  then  obtain  • 

v  =  0,060  +  0,102  =  0,162  ;  further,  u  =  0,835, 

v  =  0,060  +  0,142  a=  0,202  ;  furtlier,  u  =  1,467, 

v  ssss  0,060  +  0,249  =  0,309,  w  =  1,805, 

v  ==:  0,060  +  0,307  =  0,367 ;  lastly  u  ==  3,142, 

v  =  0,060  +  0,535  =  0,595  ; 
therefore,  the  calculated  values  agree  very  well  with  the  observed. 

§  380*  Pitotfs  Tube. — Other  hydrometers  are  not  so  satisfactory  as 
the  tachometer,  for  they  either  admit  of  less  accuracy,  or  they  are 
more  complicated  in  their  use.  The  most  simple  instrument  of  this 
kind  is  Pitot's  tube.  In  its  simplest  form  it  consists  of  a  bent  glass 
tube  J1BC,  Fig.  518,  which  is  held  in  the  water 
in  such  a  manner  that  its  lower  part  stands  hori- 
zontally, and  is  opposed  to  the  water.  By  the 
percussion  of  the  water,  a  column  of  water  is  sus- 
tained in  this  tube,  which  stands  above  the  level 
of  the  exterior  fluid  surface,  and  the  elevation  DE 
of  this  column  is  greater,  the  greater  the  percus- 
sion or  the  velocity  of  the  water  generating  it ;  this 
elevation  or  difference  of  level  may  hence  serve 
inversely  for  a  measure  of  the  velocity  of  the  water. 
Let  this  elevation  DE  above  the  external  surface 


Fig.  518. 


of  water  =  A,  and  the  velocity  =  v,  then  h 


,  where  /*  is  a 


Fig.  519. 


number  derived  from  experiment,  and  we  have  inversely,  v  =  i*  \/  2gh, 
or  more  simply :  v  =  4,  +/  A.  To  find  the  constant  -4>, 
the  instrument  is  immersed  at  a  place  in  the  water 
where  the  velocity  i>x  is  known  ;  if  the  elevation  is  here 

—  A2,  we  then  have  the  constant  4  =      Vl    ,  which  is 

^  hi 
to  be  applied  in  other  cases,  where  the  velocity  is  to  be 

determined  with  this  instrument. 

To  facilitate  the  reading  off  of  the  height  A,  the  in- 
strument consists  of  two  tubes,  as  shown  in  Fig,  519, 
and  from  the  one  a  small  tube  F  is  directed  against 
the  stream,  from  the  other  two  small  tubes  G  and  Gx 
at  right  angles  to  the  direction  of  the  stream,  both  tubes 
are  connected  with  a  single  cock  H9  by  which  the 
water  can  be  retained  in  them.  When  the  instrument 
is  drawn  out  of  the  water,  we  may  conveniently  read 
off  on  a  scale  attached  to  both  the  tubes,  the  difference 
CD  =  h  of  the  two  columns  of  water.  That  the  water 
in  the  tube  may  not  oscillate  much,  it  is  necessary  to 
make  the  exterior  orifices  of  the  tubes  narrow,  and  that 
the  closing  of  them  may  take  place  quickly  and  safely;  the  cock  is 
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provided  with  an  arm  and  an  even  rod  HK,  which  terminates  above, 
near  the  handle  of  the  instrument. 

§  381.   Hydrometric  Pendulum. — The  hydrometric  pendulum  has 
been   used  in  preference  by  Ximenes,  Michelotti, 
Gerstner  and   Eytelwein  for  the   measurement  of  Fi£*  52°- 

the  velocity  of  running  water.  This  instrument 
consists  of  a  quadrant  j$B9  Fig.  520,  divided  into 
degrees  and  smaller  parts,  and  a  metallic  or  ivory 
ball  K  of  from  two  to  three  inches  diameter,  sus- 
pended by  a  thread  from  the  centre  <7,  the  velocity 
of  the  water  is  given  by  the  angle  JlCE,  at  which 
the  thread  when  stretched  by  the  ball  deviates 
from  the  vertical,  when  the  plane  of  the  instru- 
ment is  brought  into  the  direction  of  the  stream, 
and  the  ball  submerged  in  the  water.  As  the  angle  rarely  amounts 
to  forty  or  more  degrees,  this  instrument  has  often  the  form  of  a  right 
angled  triangle  given  to  it,  and  the  divisions  made  on  its  horizontal 
arm.  For  the  placing  of  the  index  or  zero  line  in  the  vertical,  it  is 
best  to  use  a  spirit  level  on  the  horizontal  arm  of  the  instrument,  or 
the  ball  itself  may  serve  for  this  purpose,  by  letting  it  be  suspended 
out  of  the  water,  and  the  instrument  revolve  until  the  thread  coin- 
cides with  the  zero  line  of  the  division. 

For  velocities  under  four  feet  we  may  use  the  ivory  ball,  but  for 
greater  velocities  the  hollow  metal  ball.  On  account  of  the  constant 
undulations  of  the  ball  in  the  direction  of  the  motion  of  the  water,  as 
also  at  right  angles  to  the  direction  of  the  current,  the  reading  off  is 
somewhat  difficult,  and  leaves  a  good  deal  of  uncertainty,  for  which 
reason  this  instrument  cannot  be  relied  upon  for  the  more  exact 
numbers. 

The  dependence  between  the  angle  of  deviation  and  the  velocity 
of  the  water  may  be  determined  in  the  following  manner  when  the 
ball  is  not  very  deeply  immersed.  From  the  weight  G  of  the  ball 
and  from  the  impulse  of  the  water  P  =  /*  Fv*,  increasing  simulta- 
neously with  the  square  of  the  velocity  v  and  the  section  of  the  ball 
F,  the  resultant  R,  whose  direction  the  thread  assumes,  follows,  and 
is  determined  by  the  angle  of  deviation  j3,  for  which,  the  tang.  $  = 

P         u  Fv*  ,  i  i 

—  —  H_ — ,  hence  also  inversely : 

G  G 

tf  .  G  tmg*  g  ,  and  v  =      \—  .  <S  tang,  p,  i.  e.  v  —  4  v'  tang,  p, 

P  F  ^  p-F 

if  4/  represents  a  co-efficient  derived  from  experiment,  which  must  be 
obtained  before  use,  according  to  the  above-mentioned  instructions. 

§  382.  Rheometer. — The  remaining  hydrometers,  such  as  Lorgna's 
water  lever,  Ximenes's  water  vane,  Michelotti's  hydraulic  -balance, 
Briinning's  tachometer,  Poletti's  rheometer,  are  more  complicated  in 
their  use,  and  not  altogether  to  be  relied  on.  The  principle  of  air 
these  instruments  is  the  same,  they  are  composed  of  a  surface  of  im- 
pulse and  a  balance,  and  the  last  Serves  for  the  purpose  of  giving  the 
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percussion  P  of  the  water  against  the  former,  but  since  this  =  p. 
we  then  have  inversely  : 


f 

X 


-^—  as  4  \/~P9  where  4*  denotes  a  constant  deduced  from  ex- 


Fig.  521. 


periment  dependent  on  the  magnitude  of  the  surface  of  impact  F. 
The  rheometer,  which  was  lately  proposed  by  Poletti,  and  does  not 
materially  differ  from  the  hydrometric  balance 
of  Michelotti,  consists  of  a  lever  JIB,  Fig.  521, 
turning  about  a  fixed  axis  C,  and  an  arm  CD  to 
which  the  surface  of  impulse,  or  according  to 
Poletti,  a  mere  impulse-staff  is  screwed.  To 
maintain  equilibrium  with  the  percussion  of  the 
water  against  the  surface,  the  boxes  suspended 
at  the  extremity  J3.  of  the  lever  are  loaded  with 
weight  or  shot,  and  to  put  the  empty  balance  in 
equilibrium  in  still  water,  a  counterpoise  is 
placed  at  J5,  which  makes  up  the  outermost  end 
of  the  arm  CB.  From  the  weight  put  on  G,  the 
impulse  P  is  found  by  means  of  the  arm  CJ1  =  a 
and  CF—  b  from  the  formula  Pb  —  Gay  whence, 


therefore, 


where 


-.  G,  and  v 
b 


G, 


wein's 


—  ^f    * ^   r — 

is  a  constant  derived  from  experiment. 

ark.  With  respect  to  the  last  hydrometer,  ample  details  will  be  found  in  Eytel- 
wrein  s  "  Handbuch der  Mechanik  fester  Korper  und  der  Hydrauiik;"  further,  in  Gerstner's 
-'  Handfcucb  der  Meclaanik,"  vol.  2  ;  in  Brunning's  "  Treatise  on  the  velocity  of  running 
water;"  in  Venturoli's  "Element!  di  Meccanica  e  dldrauliea,"  vol.  2.  Concerning 
Polettrs  hydrometer,  we  must  refer  to  Dingler's  "Polytechn.  Journal,"  vol.  20,  1826. 
The  hydrometer  described  in  Stevenson's  treatise  on  Marine  Surveying  and  Hydrometry 
is  the  tachometer  of  Woltmann,  see  Dingler's  "Journal,"  vol.  65,  1842. 


CHAPTER   IX. 


ON  THE  IMPULSE  AND  RESISTANCE  OF  FLUIDS. 

§  383.  Impulse  and  Resistance  of  Water. — Water  or  any  other  fluid 
imparts  a  shock  to  a  rigid  body,  when  it  meets  it  in  such  a  manner 
that  its  condition  of  motion  is  thereby  altered.  The  resistance  which 
water  opposes  to  the  motion  of  a  body,  does  not  essentially  differ  from 
impulse.  The  investigation  of  these  two  forms  the  third  principal 
division  of  hydraulics.  We  distinguish  from  each  other: 

1.  The  impulse  of  an  isolated  stream. 

2.  The  impulse  of  a  limited  stream. 

3.  The  impulse  of  an  unlimited  stream. 
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An  impulse  of  the  first  kind  takes  place  when  a  body,  for  instance, 
the  float  board  of  an  over-shot  water-wheel,  is  opposed  to  a  stream  of 
water  issuing  from  a  reservoir;  an  impulse  of  the  second  kind  occurs 
where  water,  in  a  canal  or  in  a  water-course,  impinges  against  a  body 
which  entirely  fills  up  its  transverse  section,  as  for  instance,  against 
the  float  board  of  an  under-shot  wheel ;  the  third  kind,  lastly,  presents 
itself,  when  running  water  strikes  against  a  body  immersed  in  it, 
whose  transverse  section  is  only  a  very  small  part  of  that  of  the  cur- 
rent of  water,  as,  for  instance,  against  the  float  boards  of  a  floating 
mill-wheel. 

We  must  distinguish  the  impulse  of  water  against  a  body  at  rest 
and  against  a  body  in  motion,  and  further,  the  impulse  against  a 
curved  and  against  a  plane  surface,  and  in  this  last  again,  between 
the  perpendicular  and  the  oblique  impulse. 

Let  us  consider  at  once  the  general  case,  namely,  the  impulse  of 
an  isolated  stream  against  a  surface  of  rotation  which  moves  in  its 
proper  axis,  and  in  the  direction  of  motion  of  the  stream. 

§  384.  Impact  of  Isolated  Streams. — Let  BJ2C,  Fig.  522,  be  a  sur- 
face of  rotation,  JiX  its  axis,  and  FA  a 
fluid  stream  meeting  it  in  this  direction.  Fig.  522. 

Let  the  velocity  of  the  water  =  c,  that 
of  the  surface  =  v,  and  the  angle  BTX, 
which  the  tangent  D  T  at  the  extremity 
B  of  the  generating  curve  or  of  each  of 
the  filaments  of  water  BT  leaving  the 
surface,  includes  with  the  direction  of 
the  axis  BE  =  a ;  lastly,  let  us  further 
assume  that  the  water  in  running  off 
from  the  surface  loses  nothing  in  vis  viva 
by  friction.  The  water  strikes  against 
the  surface  with  the  relative  velocity  c — v9  and  hence  leaves  the  sur- 
face with  this,  and  therefore  quits  it  in  the  tangential  directions  2TB, 
TC9  &c.  From  the  tangential  velocity  BD  ==  c  —  v,  and  the  velocity 
of  the  axis  BE  ==  vy  the  absolute  velocity  BG  =  ct  of  the  water  after 
impinging  against  the  surface  is  found  by  the  known  formula : 
cx  ==  x/  (c — v}2  +  2(c — v}  v  cos.  a  +  v2. 

But  now  a  quantity  of  water  Q  is  able  to  produce  by  virtue  of  its 

vis  viva  the  mechanical  effect  —  .  Q  y,  if  its  velocity  c  is  fully  impart- 
ed; accordingly  the  residuary  effect  of  the  water: 

— =  _JL  ,  Qy;  consequently  the  mechanical  effect  distributed  over  the 
2g 

surface  is: 

{&  g  2  £2  £  2 


[c2 (C 1?)2 2  (C V)  V  .  COS.  a #2] 


468 


IMPULSE    AGAINST    PLANE    SURFACES. 
2  c  v 2  V2— 2  (C V)V  COS.  0   o        > 


^ 

x  ( 

v 


C V)  V 

If 


Pt;  =  (1 COS.  a) 

and  the  force  or  the  impulse  of  the  water  in  the   direction  of  its 
axis  is : 


If  the  surface  meets  the  water  with  the  velocity  v,  we  then  have  : 


e 


and  if  this  is  without  motion,  therefore,  v  «=  0,  the  impulse  or  hydrau- 
lic pressure  of  the  axis  comes  out: 

P  =:   (I— COS.  a)  -  .   Qy. 
& 

It  follows  from  this,  that  the  impulse  of  one  and  the  same  mass  of 
water  under  otherwise  similar  circumstances  is  proportional  to  the  rela- 
tive velocity  c  +  v  of  the  water. 

From  the  area  F  of  the  transverse  section  of  the  fluid  stream,  it 
follows  that  the  quantity  discharged  is  Q  =  Fc ;  hence 

and  for  v  =«=  0 : 

P^  (1— cos.*)  —  -Fy. 

i  For  an  equal  transverse  section  of  the  stream,  the  impulse  against  a 
surface  at  rest  increases  therefore  as  the  square  of  the  velocity  of  the 
water. 

§  385.  Impulse  against  Plane  Surfaces. — The  impulse  of  one  and 
the  same  fluid  stream  depends  principally  on  the  angjle  a,  under 
which  the  water,  after  the  impulse,  leaves  the  axis;  it  is  nothing  if 
this  angle  =  0;  and,  on  the  other  hand,  a  maximum,  namely, 

Q  y,  if  this  angle  is  180°,  therefore  its  cosine  —  —  1, 
where  the  water,  as  represented  in  Fig.  523,  leaves  the  surface  in  a 

Fig.  523;  Fig.  524. 


direction  opposite  to  that  in  which  it  impinges.     This  is   generally 
greater  for  concave  surfaces  than  for  convex,  because  the  angle  is  there 
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oblique,   therefore    the    cosine    negative    and    1   —  cos.  a   becomes 


a. 


Most  frequently  the  surface,  as  represented  in  Fig.  524,  is  plane, 
and  hence  a  =  90°,  therefore  cos.  a  =  0,  and  the  impulse 


p  —         r'.  .  Q  y  ;   for  a  surface  at  rest  : 


The  normal  impulse  of  water  against  a  plane  surface  is  therefore 
equivalent  to  the  weight  of  a  column  of  water  which  has  for  base  the 
transverse  section  F  of  the  stream,  and  for  altitude,  twice  the  height 

c2 
due  to  the  velocity  2  h  =  2  .  „ 

The  experiments  made  on  this  subject  by  Michelotti,  Vince,  Langs- 
dorf,  Bossut,  Morosi,  and  Bidone,  have  nearly  led  to  the  same  results 
when  the  transverse  section  of  the  impinged  surface  was  at  least  six 
times  as  great  as  that  of  the  stream,  and  when  this  surface  was  twice 
as  far  from  the  plane  of  the  orifice  as  the  thickness  of  the  stream. 
The  apparatus  which  was  used 

for  this  purpose  consisted   of  a  Flg*  525' 

lever,  similar  to  that  of  Poletti's  ' 
rheometer,  which  received  upon 
one  side  the  impulse  of  the  water, 
and  whilst  its  other  side  was  kept 
in  equilibrium  by  weights.  The 
instrument  which  Bidone  made 
use  of  is  represented  in  Fig.  525. 
J8C  is  the  surface  impinged  on 
by  the  stream  FJ%,  G  is  the 
scale-pan  for  the  reception  of 
the  weights,  D  the  axis  of  rota- 
tion, KL  counter-weights.* 

§  386.  Maximum  Effect  of  Impulse. — The   mechanical   effect  of 
impulse  : 

Pv  ==   (1  COS.  a)  lc        V)  v_    Q  y 

depends  principally  on  the  velocity  v  of  the  impinged  surface;  it  is, 

*  The  latest  and.  #$$at  extensive  experiments  on  the  percussion  of  water  are  those 
of  Bidone.  jSee  &$(&&&$&  de  la  Reale  Accademia  delle  Science  di  Torjfco,"  vol.  40, 
1838.  They  itfe,^  pejsfoi&ned  with  a  velocity  of  at  least  27  feet,  ar>4  <**  l>rass  plates 
of  from  2  to  9  Belief  diameter.  In  genera],  Bidone  found  that  t^e,  f*P*i$ial  impulse 
against  a  plane  surface  w&s  somewhat  greater  than  2  F  h  y^  yet  ttu$  v^uPiatioq  is  perhaps 
to  be  attributed  jEo  ,an  -a&gnaentation  of  the  leverage  whicJU  is  ipaso^iaoed  b£  the  falling 
back  of  tl^e  wa*e*.  See  iSuchernin's  "Recberches  experim.  sur  les  lois  de  la  resistance 
des  fluides."  When  the  impinged  surface  was  quite  near  the  orifice,  Bidone  found  that 
P  wa£  only  1,5  JP  k  y;  wl^en,  further,  the  surface  had  a  transverse  section  equal  to  that 
of  the  stream,  in  which  case  the  water  only  deviated  by  an  acute  angle  *,  then,  after  Du, 
Buat  and  Langsdorf,  JP  was  only  =  F  H  y.  Lastly,  it  has  been  deduced  by  Bidone  and 
others  that  the  impulse  is  in  the  first  moment  nearly  as  great  again  as  the  permanent 
impulse. 
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for  example,  nothing,  not  only  for  v  =  c,  but  also  for  v  =*  0;  hence 
there  is  a  velocity  for  which  the  effect  of  the  impulse  is  a  maximum. 
It  is  manifest  that  it  only  depends  on  (c  —  v)  v  becoming  a  maximum. 
If  we  consider  c  as  half  the  perimeter  of  a  rectangle,  and  v  as  its  base, 
we  have  then  its  height  =  c  —  v  and  its  area  =  (c  —  v)  v*  But  of  all 
rectangles  the  square  is  that  which  has  for  a  given  perimeter  2  c  the 
greatest  area,  hence  also  (c  —  v)  v  is  a  maximum,  when  c  —  v  =  v, 

i.  e.  v  =  £.,  and  we  therefore  obtain  the  maximum  value  of  the  me- 

chanical effect  of  the  impulse  when  the  surface  moves  from  it  with  half 
the  velocity  of  the  water,  and  indeed 

pv  =  (I—  COS.  a)  .  4   .  ^1  .    Qy  «    (1  -  COS.  a)   .  %    QAy. 

If  nowa  =  180°,  and  if,  therefore,  the  motion  of  the  water  be  reversed 
by  the  impulse,  we  then  have  the  effect  equal  to  2  .  \  Qhy  =  Qhy.  But 
if  a  —.  90°,  i.  e.  if  it  impinges  against  a  plane  surface,  this  effect  is 
then  only  |  Qhy,  therefore,  in  the  last  case,  the  half  only  of  the  whole 
disposable  effect,  or  that  which,  corresponds  to  the  vis  viva  of  the 
water,  is  gained  or  brought  to  bear  upon  the  surface. 

-  Examples.  —  1.  Tf  a  stream  of  water,  of  40  square  inches  transverse  section,  delivers  a 
quantity  of  5  cubic  feet  ppr  second,  and  strikes  normally  against  a  plane  surface,  and 
escapes  with  a  1  2  feet  velocity,  the  effect  of  impulse  is  then  : 


5  •  144 
40 


_  12     .  0,031  .  5  .  62.5  =  6  .  0,031  .  312,5 


and  the  mechanical  effect  brought  to  bear  upon  the  surface  Pv  =  58,12  X 
ft.  Ibs.    The  greatest  effect  is  for  v  =  —  =  4  . 


:  58,12  Ibs., 

=  697,44 


9  feet,  and  indeed  : 


2   ~  *         40 

SBB  J  .  18»  ,0,0155  .  5  .  62,5  =  81  .  0,0155  .  62,5  =  784,68   ft.  Ibs.j   the 

784,68   __  87jlg  lbs>_24  jf  a  stream 


9 


corresponding   impulse,  or  hydraulic  pressure 

JFdt,  Fig.  526,  of  64  square  inches  section,  strikes  with  a  40  feet  velocity  against  an  im- 
movable cone,  having  an  angle  of  convergence  JBJIC  =  100°,  then  is  the  hydraulic  pres- 
sure in  the  direction  of  the  stream : 


sss  (1  —  COS,  A)  —  Q,? 

g 

:  (1—0,64279)  .  1  .  24 
Fig.  526. 


10000 
9 


i.  50°)  40  .  0,031 
:  0,35721 


64 


144 
1377,7  =  492 


40  .  62,5 


13  Ibs. 


.  527. 


§  387.  Impulse  of  a  Limited  Stream. — If  we  add  borders 
to  the  perimeter  of  a  plane  surface  BE,  Fig.  527,  which  project  from 
the  side  impinged  upon  by  the  water,  then  will  the  water  deviate 
from  its  direction  at  an  obtuse  angle,  in  a  similar  manner  as  irom 
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concave  surfaces,  and  hence  the  impulse  will  be  greater  than  for  plane 
surfaces.  The  effect  of  this  impulse  depends  principally  on  the  height 
of  the  border  and  the  ratio  of  the  transverse  section  between  the 
stream  and  the  part  confined.  In  an  experiment,  where  the  stream 
was  1  inch  thick,  the  cylindrical  enclosure  3  inches  wide  and  Splines 
deep,  the  water  ran  off  almost  in  a  reversed  direction,  and  the  impulse 

c2 
amounted  to  3,93  —  J^y;  in  every  other  case  this  force  was  less.    In 

£ 

consequence  of  the  friction  of  the  wTater  at  the  surface  and  the  sides, 

c2 
the  theoretical  maximum  value  never  reaches  4  —  F  y. 

%g      Y 

In  the  impulse  of  a  limited  stream  FAB,  Fig.  528,  a  rising  at  the 
edges  takes  place ;  this   rising  occu- 
pies only  a  portion  of  the   perimeter,  Fig-  52S- 
and  extends  itself,  on  the  other  hand, 
simultaneously  to  the  impinged  surface 
and  the  fluid  stream.     The  impinging 
water  takes  the  direction  of  the  un- 
bordered  portion  of  the  perimeter,  and 
here,  therefore,  becomes  deflected  90 
degrees,   whence  the    formula   above 


found  for  the  isolated  stream  P  =  ^  -  1  Q  y  holds  good  ;  yet  this 

g 

may  also  be  deduced  in  the  following  manner.  If  we  assume  that 
the  velocity  c  of  the  arriving  water  by  the  impulse  against  its  surface 
is  changed  into  the  velocity  v  of  the  surface,  we  may  then  also  assume 

that  a  loss  of  mechanical  effect  vc      v)   Q  y  (similar  to  that  in  §  337), 

%S 
expended  in  the  division  of  the  water,  is  connected  with  it.    But  now 

the  effect  due  to  the  vis  viva  of  the  arriving  water  =  JL.  Q  y  and  to  that 

2g    ' 

of  the  water  going  on  =*  —  Q  y,  hence  it  follows  that  the  mechanical 
effect  imparted  to  the  surface  is: 

Pv  =  [c*  —  (c  —  vy  —  v*]  —   Qy  =    (*—*)*»    Qy.* 

%g  g 

§  388.  Obliqw  Impulse.  —  In  oblique  impulse  against  a  plane  sur- 
face, we  must  distinguish  whether  the  water  flows  away  in  one,  two, 
or  in  all  directions  in  the  plane.  If,  as  in  the  impact  of  limited 
water,  the  surface  *#J3,  Fig.  529,  is  confined  at  three  :s%les,  so  that 
the  water  can  run  off  only  in  one  direction,  we  have  then  the  hydraulic 
pressure  against  the  surface  in  the  direction  of  the  stream  f  *=?  (1  cos.  a) 


*   This  formula  will  be  found  applicable  hereafter,  when  we  come  to  the  theory  of 
water-wheels, 
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Fig.  529, 


Fig.  530. 


But  if  the  Impinged  plane  BC,  Fig.  530,  is  only  bordered  on  two 
oppositely  situated  sides,  the  stream  then  divides  itself  into  two  un- 
equal portions;  the  greater  portion  Qa  takes  the  small  deflexion  a, 
and  the  lesser  Q2,  the  greater  deflexion  180  —  a;  hence,  the  whole 
impulse  in  the  direction  of  the  stream  is : 


(1  —  cos.  a)  . 


+    (1    +     COS.    a)    . 


•  V 


e       ~  g 

y  [(1  COS.  a)   Q1  +    (1    +    COS.  a)   QJ. 

Now  the  equilibrium  of  the  two  portions  of  the  stream  requires  that 
the  pressures 

(c        v)  y  ^  —  cos^  ^  Q^  an£  (c        v)  r  (i  _|_  COSf  aj  Q^ 

between  them  should  be  equal;  hence,  also: 

(1  — -  cos.  a)  Qt  =  (1  +  cos.  a)  Q2,  or  since  Qx  +   Q2  =  Q, 

(1  COS.  a)   Q!  ass   (1   +    COS.  a)  (Q  QJ,  i.  e., 

2,  and  Q2  ==   /         cog.  «\   ^ 


so  that  the  whole  impulse  in  the  direction  of  the  stream  is  finally  : 


P  _ 


cot. 


Q, 


i.  e.9  P 


sin.  a2  .  Q  y. 


Besides  the  parallel  impulse  P,  acting  in  the  direction  of  the  stream, 
we  distinguish,  further,  the  lateral  impulse  S,  acting  at  right  angles 
to  the  direction  of  the  stream,  and  the  normal  impulse  JV9  composed 
of  these  two,  and  at  right  angles  to  the  surface.  In  every  case  P 
a»  J\T sin.  a,  and  S ~  N  cos*  a;  hence,  inversely, 

J\r  =  _£L  =  1=£  sin.  a  Qy  and  S  «  c~^  si?z.  2a  .  Qy. 
sew.  a          2g-  2^ 

7%e  normal  impulse^  therefore,  increases  as  the  sine*,  the  parallel 
impulse  as  the  square  of  the  sine  of  the  angle  of  incidence,  and  the  late- 
ral impulse  as  double  the  same  angle.  Lastly,  if  the  inclined  surface 
impinged  on  is  not  bordered,  then  the  water  can  spread  over  it  in  all 
directions;  the  impulse  is  then  greater,  because  of  all  the  angles  by 
which  the  filaments  of  water  are  deflected,  a  is  the  least ;  and  hence, 
each  filament  which  does  not  move  in  the  normal  plane,  exerts  a 
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greater  pressure  than  the  filament  in  this  plane, 
a  portion  Qj  corresponding  to  the  sectors  JiOB 
and  DOE,  Fig.  531,  is  deflected  by  the  angles 
a  and  180°  —  a,  and  another  Q2,  correspond- 
ing to  the  sectors  Ji  OD  and  BOE,\>y  90°,  and 
that  both  portions  exert  a  parallel  impulse,  we 
may  then  put : 


Let  us  assume  tha 


Pig,  531. 


Qz  y  sin. 


-V 


g 


Q2y,  Qlsin.  a2 


s 

=  Q2,  and  Ql  +  Q2=  Q ;  hence  it  follows,  that 
Qj  (1  +  sin.  a2)  =  Q,  and  the  whole  parallel 
impulse  P  = 

(c — v\  2Qysin.v? 2  sin.  a2       c  —  v     ~ 
g    )  1  +sin.  a2~~~  1  +  sin.  a2         g~  '       7* 
Although  this  hypothesis  is  only  approxi- 
mately correct,  it  tolerably  well  agrees,  never- 
theless, with  the  latest  experiments  of  Bidone. 

§  389.  Action  of  an  Unlimited  Stream. — If  a  body  moves  progres- 
sively in  an  unlimited  fluid,  or  if  a  body  is  put  into  a  fluid  wThich  is 
in  motion,  it  then  suffers  a  pressure  which  is  dependent  on  the  form 
and  dimensions  of  this  body,  as  well  as  on  the  density  and  on  the 
velocity  of  the  one  or  the  other  mass,  and  in  the  one  case  is  called  the 
resistance,  and  in  the  other  the  impulse  of  the  fluid.  This  hydraulic 
pressure  arises  principally  from  the  inertia  of  the  water,  whose  con- 
dition of  motion  is  altered  by  striking  against  the  solid  body,  and  also, 
further,  from  the  force  of  cohesion  of  the  particles  of  water,  which  are 
hereby  partially  separated  from  one  another,  or  pushed  aside.  If  a 
body  JiC  moves  against  running  water,  Fig.  532,  it  pushes  away 


Fig.  532. 


Fig.  533. 


before  it  a  certain  quantity  with  an  augmented  pressure.  Whilst  this 
mass  of  water,  by  the  further  advance  of  the  body,  always  increases 
on  the  one  side,  on  the  other  a  constant  flowing*  away  takes  place, 
while  the  particles  lying  near  the  anterior  surface  assume  a  motion 
in  the  direction  of  this  surface.  If  the  moving  mass  of  water  strikes 
against  a  body  at  rest,  Fig.  533,  then  is  there  likewise  an  increased 
pressure  produced  in  front  of  it,  which  causes  the  particles  before  the 
body  to  deviate  from  their  original  direction,  and  to  run  off  at  the 
surface  JlB.  When  these  particles  have  reached  the  limits  of  the 
surface,  they  then  turn  and  flow  away  by  the  lateral  surfaces  until 
they  come  to  the  back,  when  they  then  again  immediately  unite,  but 

40 
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assume  an  eddying  motion.  It  is  manifest  that  the  general  circum- 
stances of  motion  of  the  particles  surrounding  the  body  are  the  same 
in  the  impact  of  moving  water  as  in  the  resistance  of  a  body  moving 
in  water,  except  that  in  the  eddies  a  difference  so  far  takes  place, 
that  with  short  bodies  the  eddy  in  the  latter  case  occupies  a  less  space 
than  in  the  former.  In  both  cases  the  velocity  of  the  particles  in- 
creases more  and  more  from  the  middle  of  the  anterior  surface  to  its 
limits,  attains  its  maximum  at  the  commencement  of  the  lateral  sur- 
faces, where,  for  the  most  part,  a  contraction  takes  place,  gradually 
diminishes  in  '  the  water  which  passes  away  at  the  sides,  and  lastly, 
attains  its  minimum  when  the  water  reaches  the  back  and  passes  into 

a  whirling  motion* 

§  390.  Theory  of  Impulse  and  Resistance.  —  The  normal  pressure 
varies  at  different  points  of  the  body;  it  is  greatest  at  the  middle  of 
the  anterior,  and  least  at  the  middle  of  the  posterior  surface,  and,  next 
to  that,  at  the  parts  of  the  sides  nearest  this;  because,  in  respect  to 
the  body,  there  is  at  the  one  place  rather  a  flow  to,  and  at  the  other  a 
flow  from  these  surfaces.  If  the  body  be  symmetrical,  as  we  shall 
suppose  it  to  he,  with  respect  to  the  direction  of  motion,  then  the  ag- 
gregate pressures  in  this  direction  counteract  each  other,  and  hence 
only  the  pressures  in  the  direction  of  motion  are  to  be  taken  into  ac- 
count. But  now  the  pressures  on  the  posterior  surface  are  opposed 
to  those  on  the  anterior  ;  hence  the  resultant  impulse  or  resistance  of 
the  water  may  be  equated  to  the  difference  of  pressure  of  the  anterior' 
and  posterior  surfaces. 

If  we  cannot  assign  the  amount  of  these  pressures  a  priori,  we  may? 
nevertheless,  from  the  great  similarity  of  the  circumstances  to  the  im- 
pulse of  isolated  streams,  assume  that  at  least  the  general  law  for  the 
impulse  of  unlimited  water  does  not  differ  from  that  of  the  impulse  of 
isolated  streams.  If,  therefore,  F  is  the  area  of  a  surface,  which  is 
impinged  on  by  an  unlimited  current  whose  density  is  y,  with  a  velo- 
city v,  then  the  corresponding  impulse  or  hydraulic  pressure  may  be 

put  P  sss  f  ^L  jFy,  where  f  represents  a  number  deduced  from  expe- 

52g~ 

rimeixt,  dependent  on  the  form  of  the  surface*  But  this  expression  is 
not  only  applicable  to  action  against  the  anterior,  but  also  to  that 
against  the  posterior  surface,  only  that  IB,  this  last,  when  the  water 
has  a  tendency  to  flow  away,  it  consists  of  a  draught  or  negative  pres- 
sure. If  now  Fh  y  is  the  hydrostatic  pressure  (§  276)  against  the 
front  and  back  surface  of  a  body,  the  whole  pressure  against  the  front 

is:  Pa  =  Fhy  +  fj.  —  Fy,  and  that  against  the  back  ;  Pa=  Fh? 

& 

—  g   .  —  jPy,  and  the  resultant  impulse  or  resistance  of  the  water  is 

2# 
then  found  : 

p  -  P,—  PZ  -  fo+sj  .    !  *v  -  f  .  !  Fy,  if  ^  +  r,-=  r- 


general  formula  for  the  impulse  of  unlimited  water  is  applicable  to  the 
percussion  of  the  wind  or  to  the  resistance  of  the  air*     Besides  the 
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difference  of  aerodynamic  pressure  at  the  front  and  back,  there  is  fur- 
ther a  difference  of  aerostatic  pressure,  because  the  air  in  front,  in 
consequence  of  its  greater  elasticity,  has  a  greater  density  (y)  than  that 
at  the  back.  For  this  reason,  in  high  velocities,  as  those  of  cannon- 
balls,  the  co-efficient  of  the  resistance  of  air  is  greater  than  that  of 
water. 

Remark. — The  adhesion  of  a  certain  quantity  of  air  or  water  to  the  body,  is  a  peculiar 
phenomenon  of  the  impulse  or  resistance  of  an  unlimited  medium  (water  or  air),  whose 
influence  is  particularly  remarkable  in  the  variable  motion  of  bodies,  as,  for  example,  in 
the  oscillations  of  the  pendulum.  For  a  ball,  the  air  or  water  adhering  to  the  moving 
body  is  equal  to  0,6  of  the  volume  of  the  ball.  For  a  prismatic  body  moved  in  the  direc- 
tion of  its  axis,  the  ratio  of  this  volume  =  0, 13  -{-  0,705  ^  »  where  I  is  the  length, 

and  F  the  transverse  section  of  the  body.  These  relations,  discovered  by  Du  Buat,  have 
been  fully  confirmed  by  the  later  observations  of  Bessel,  Sabine,  and  Baily. 

§  391.  Impulse  and  Resistance  against  Surfaces. — The  co-efficient 
of  resistance  f ,  or  the  number  with  which  the  height  due  to  the  velo- 
city is  to  be  multiplied  to  obtain  the  height  of  a  column  of  water  mea- 
suring this  hydraulic  pressure,  varies  for  bodies  of  different  figures, 
and  only  for  plates  which  are  at  right  angles  to  the  direction  of  mo- 
tion is  it  nearly  a  definite  quantity.  According  to  the  experiments 
of  Du  Buat  and  those  of  Thibault,  we  may  put  g  =  1,85  for  the  im- 
pulse of  air  or  water  against  a  plane  surface  at  rest,  and,  on  the 
other  hand,  assume,  but  with  less  accuracy,  for  the  resistance  of  air 
or  water  against  a  surface  in  motion  £  =  1,40.  In  both  cases, 
about  two-thirds  of  the  whole  effect  are  expended  on  the  front,  and 
one-third  on  the  back.  The  resistance  which  the  air  opposes  to  a 
surface  revolving  in  a  circle,  has  been  found  by  Borda,  Hutton,  and 
Thibault  to  vary  a  good  deal,  but  may  be  expressed  by  a  mean  of 
f  =»  1,5.  If  the  surface  does  not  stand  at  right  angles  to  the  direc- 
tion of  the  motion,  but  makes  with  it  an  acute  angle  a,  we  may 

then,  with  Duchemin,  substitute  for  f,  — s  &wi*  <*   with  tolerable  cor- 

1  -f-  svn.  a2 
rectness. 

The  impulse  and  resistance  of  unlimited  media  are  also  augmented 
when  the  surfaces  are  hollowed  out  or  have  projecting  edges  at  their 
perimeters,  but  we  have  arrived  at  no  general  results  on  this  subject. 

Example.  If  the  wind  impinges  with  a  20  feet  velocity  against  a  firmly  fixed  wind-mill 
wheel,  which  consists  of  four  wings,  of  which  each  has  an  area,  of  20O  square  feet  and 
75°  inclination  to  the  direction  of  the  -wind,  then  is  the  impinging  force  of  the  wind  in 
its  direction,  or  in  that  of  the  axis  of  the  wheel : 

JP  =  1,85  .     2  (****'  75)*     .  52!  .  4  .  200  .  0,081  as  1,85  .  0,965  ,  6,21  .  800  .  0,083 

1  -f-  (*in.  75)*      2g 
ass  718,4  ft  Ibs.,  when  the  density  of  the  wind  is  (from  §  3O1)  taken  at  0,081  Ibs. 

Remark.  Views,  with  respect  to  the  impulse  and  resistance  of  unlimited  fluids,  entirely 
at  variance  with  these,  are  put  forward  in  the  above-mentioned  work  of  Duchemin.  It 
is  there  maintained,  for  instance,  that  the  impulse  and  resistance  against  the  front  sur- 

-A 

iace  of  a  thin  plate  amounts  to  2  . F  A,  and  is  not  negative  at  the  back,  that  the 

2£ 

n  A 

impulse  =  O,136  J?y,  and  the  resistance  =  0,746  JFy.  It  would  be  too  circum- 
stantial here  to  give  a  detail  of  the  reasons  why  the  author  cannot  agree  with  the  views 
of  Duchemin,  but  more  with  reference  to  this  will  be  found  in.  Poncelet's  "  Introduction 
a  la  m4canique  industrielle,"  2d  edition,  1841. 
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S  392.  Impulse  and  Resistance  to  Bodies.— The  impulse  and  resist- 
ance of  ^ater  to  prismatic  .bodies,  whose  axis  coincides  with  the 
direction  of  motion,  diminishes  when  the  length  of  the  body -IB ^ con- 
siderable. From  the  experiments  of  Du  Buat  and  Duchei"--  **« 
impulse  of  the  front  surface  is  invariable,  and  only  the  effect 
^  r  ,  i  /*_  _  -1^1^  T^  tlni«  r»nrrpsDOnds  tue  CO- 


mpuse  o 
Jhe    back    surface    variable.      To   this    corresponds    the    co-e 

1,186,  for  the  total  effect,  however,  with  the  relative  lengths 

=  0,          1,          2,          3, 


«  length  *  and  the  mean  breadth 

v   .Fof  the  body  f  diminishes,  owing  to  the  friction  of  the  water  at 
thelaSra?  surfaces  of  the  body.     From  the  resistance  of  the  water 
reverse  relations  take  place.     Here,  from  Du  Buat,  for  the  effect  i  on 
the  front  surface,  f,  -  1  invariably  j  for  the  total   effect,  however, 
-with 

~==0,          1,          2,          3, 

?—  1,25  ;  1,28;   1,31  5   1,33,  so  that,  for  a  prism 
which  is  3  times  as  long  as  broad,  the  impulse  is  the  same  as  the 


•pool  c'fiTJf*^ 

The  experiments  undertaken  by  Borda,  Button,  Vince,  Desagml- 
liers,  Newton,  and  others,  with  angular  and  with  round  bodies,  leave 
still  much  uncertainty.  In  what  relates  to  spheres,  it  appears  that 
for  moderate  velocities  the  mean  co-efficient  for  motion  in  air  or 
water  =  0,6.  For  a  greater  velocity  and  for  motion  in  air,  accord- 
ing to  Robins  and  Hutton,  for  the  velocities 

»—  1  5,          25,       100,    200,    300,    400,    500,    600  metr. 

£•  —  0*59;    0,63;  0,67;   O,71;  0,77;  0,88;  0,99;  1,O4;  1,10. 
Duchemin  and  Pfobert  have  given  particular  formulae  for  the  rate  of 
increase  of  these  co-efficients. 

For  the  impulse  of  water  against  a  sphere,  Eytelwein  found 
?  =  0,7886.* 

Example.  If,  according  to  Borda,  we  put  the  resistance  and  Impact  at  right  angles  to 
the  axis  of  a  cylinder  at  half  as  great  as  that  against  a  parallelepiped  which  has  the 
same  dimensions,  we  then  obtain  for  the  resistance  {«»£•.  1,S8  ==  0,64  and  the  impact 
=S=B  J  .  1,47  =  0,735.  If  we  apply  these  values  to  the  human  body,  -whose  section  Has 
an  area  of  some  7  square  feet,  we  then  find  for  the  resistance  and  impulse  of  air  against 
it,  the  values  : 

Jp  =  0,64  .  0,O155  .  7  .  0,081  &  =s  0,00562  ^  and 

P  =  0,735  .  0,0155  .  7  .  0,081  va  «=  O,00646  va.  Hencse  the  resistance  of  aar  for  a 
velocity  of  5  feet  is  only  0,00562  .  25  =  0,1405  Ibs.?  and  the  corresponding  mechanical 
effect  per  second  *=*  5  .  0,1405  «  0,70  ft,  Ibs,  5  for  a  velocity  of  10  feet  this  resistance  is 
four  times,  and  the*  effect  expended  eight  times  as  great,  and  for  a  velocity  of  15  feet, 
the  resistance  is  9  times  and  the>  effect  27  times  as  great  as  for  a  5  feet  velocity.  If  a 
man,  with  a  $  feet  velocity,'  moves  against  wind  having  a  50  feet  velocity,  he  has  then 
a  resistance  0,00646  .  65*  &  19,54  Ibs.  to  overcome,  corresponding  to  the  relative  velo- 
city 50-4-5  =  55  feet,  and  thereby  to  produce  the  mechanical  effect  of  19,54  fc  5  s==  97,7 


ft.,Jbs. 

'  '  *  Poncelet,  in  his  work  above  cited,  and  Duchemln  and  Thihault  in  their  "  Recherches 
experimentales,"  have  treated  very  fully  of  these  circumstances.  In.  the  Second  Fart 
we  shall  treat  of  the  resistance  to  floating  bodies,  especially  to  ships,  &c.,  as  also  the  im- 
pact of  the  wind  o#  wheels.  Sec. 
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§  393.  Motion  in  Resisting  Media.  —  The  laws  of  the  motion  of  a 
body  in  a  resisting  medium  are  rather  complex,  because  "we  have  here 
to  deal  with  a  variable  force,  i.  e.9  one  increasing  with  the  square  of 
the  velocity.  From  the  force  PI  which  urges  the  body  forward,  and 

9*2 

from  the  resistance  P2  =  f  .  —  Jy,  which  the  medium  opposes  to  the 

^ 
motion,  the  motive  force  is: 

P-P,  —  P.-P^—  ff.g-FV, 

but  since  the  mass  of  the  body  =  M  =  —  ,  the  accelerating  force  is  : 

* 


F  1 

or  if  we  represent  —  I-  by  -- 
F  J  w* 


p  =  Fl  —  f  /JL\  "1  ±_i  g.     But  the  velocity  v  is  accelerated  in  the 
L  \w/  J  G 

instant  of  time  *  by  x  =  p  *,  hence: 

*  ==  jl  —  f  /Ji\    I  ^  g-  f,  and  inversely: 


*•    -' 


Now  to  find  the  time  corresponding  to  a  given  change  of  velocity, 
let  us  divide  the  difference  vn  —  #0,  of  the  final  and  initial  velocity 

into  n  parts,  let  any  such  part  v*       v°  =  *,  and  let  us  calculate  the 

n 

velocities  : 

Vl  =    V0   +    *»  V2  =    V0   +    %   *>  V3  =   V0   +    3  ^^   &C'» 

and  substitute  these  values  in  the  formula  of  Simpson.     In  this  man- 
ner, by  taking  four  parts  we  shall  obtain  the  time  sought 

1     t  =  —     v"  —  v 

' 


w/  w 


\W/  \Wj 

Further,  the  small  space  described  in  any  instant  *  (§  19),  is  a  =  we, 
or  since  *  =  ~,  tf  as  ~,  therefore, 

2?  7^ 

y-t 

a  — x          .  .     By  the   application  of  Simpson's  rule,  we 
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shall  now  find  the  space  which  is  described  while  the  velocity  v  passes 
into  that  of  vn  . 


12  - 

wj  \w 


4. 

I- 

\w/ 

Of  course  the  accuracy  is  greater,  when  we  take  six,  eight,  or 
more  parts.  This  formula  takes  into  account  the  variability  of  the 
co-efficients  of  resistance,  which  in  considerable  velocities  is  neces- 
sary. For  the  free  descent  of  bodies  in  air  or  water  PI  =  G,  and  for 
motion  on  a  horizontal  plane  Ptl  =  0,  is  more  correctly  equal  to  the 
frictionjf  G.  Since  this  is  a  resistance,  we  have  then  to  introduce  it 
as  negative  into  the  calculation,  whence 

and  p 


fc..  \  vv    x  — .j        -« 

As  it  cannot  be  a  question  here  of  an  increase,  but  only  of  a  diminu- 
tion of  velocity,  we  have   then  to  substitute  in  the  above  formula 

In  the  case,  where  the  body  is  urged  by  a  force,  by  its  weight  for 
instance,  the  motion  approximates  more  and  more  to  a  uniform  one, 
so  that  after  the  lapse  of  a  certain  time,  it  may  be  considered  as  such, 
although  not  so  in  reality.  The  accelerating  force  JP  =  0,  when 

f   .          ^   F  <V    ^  -   ""rh^m      f"h*ar/»fXr<a     f»    —          ]"& 


7y  m  Pt,  when,  therefore,  v  =      p 


y    TF 

>   Jr  y 

The  velpcity  of  a  falling  body  approximates,  therefore,  to  this  limit 
more  and  more,  without  ever  actually  attaining  it. 

Example.  Piobert,  Morin,  and  Didion  found,  for  a  parachute  whose  depth  was  0,31 
that  of  the  diameter  of  its  opening  f  =  1,94  .  1,37  =  2,66.  Hence,  from  what  height 
in  Prussian  feet  will  a  man,  of  1 50  Ibs.  weight,  be  able  to  descend  with  a  similar  para- 
chute, of  10  Ibs.  weight  and  60  square  feet  transverse  section,  without  acquiring  a  greater 
velocity  than  that  which  he  would  have  acquired  by  jumping  from  a  10  feet  height, 
without  a  parachute?  The  last  velocity  is  v  E=  7,906  ^/  10  =s  25  feet,  the  ibrce  is 
PI  =  G  =  150+  10  =  360  Ibs.,  the  surface  -F  =  60  square  feet,  the  density  y  == 
0,0859,  and  the  co-efficient  of  resistance  £  =  2,66,  hence : 

jL  =    6Q  •r0'Q85g,~  0,000515,  and  £  .  ^  s=  2,66   .  0,000515   .  25a  =  0,85625.     If, 
therefore,  we  take  6  parts,  we  then  obtain  for  these : 

3    —    £    .   JSl    =-    0,97621;    0,90486;    0,78593;  0,61944;   0,40537;    0,14375,  and  for 
wr 

I;  4,268;   9,210;   15,905;  26,910;  51,393,  and  173,913;  from  Simpson's 

rule  the  mean  value  is: 

_:(!  .  0+4  .4,268+2  .  9,210  +  4  . 15,905+2  .26,910+4  .  51,393+1 .  173,913)  -^  3  .  6 

r.oo  40 

—         '      — :  29,58  ;  and  from  this  the  space  of  descent  sought: 


18 

—  times  the  mean  value  of          v —  '_ 

31,25 


times  the  mean  value  of 5 ss=^5"~  °  .  29,58  =  23,6  feet. 
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The  corresponding  time  of  descent  is.  since  the  mean  value  of  . 
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1— 


o>3 


=  (1.0+4  .  1,024  +  2.  1,105+4  .  1,272  +  2  .  1,614  +  4  .2,467+1  .  6,957)-*-  18 


Remark.  For  a  constant  co-efficient  of  resistance,  the  higher  calculus  gives  us : 

and  s  sss 


where  /t*  =     /  2  g  £  f  f.,  y ,  e  being  the  base  of  the  hyperbolic  system  of  powers,  and 
in  the  hyperbolic  logarithm. 

§  394.  Projectiles. — We  have  already  investigated  the  motion  of 
projectiles  in  vacuo  (§  38),  and  found  this  motion  to  be  parabolic;  we 
may  now  obtain  a  more  exact  knowledge  of  motion  in  a  resisting 
medium,  and  consider  that, 

for  instance,  of  a  shot.     In  Fig.  534. 

no  case  is  the  path  ^GJV, 
Fig.  534,  of  a  body  passing 
through  the  air  a  symmetric 
curve  ;  the  portion  GJ\T  in 
which  the  body  descends  is 
rather  shorter,  and,  therefore, 
less  inclined  than  the  portion 
JIG  in  which  the  body  as- 
cends, because  the  resist- 
ance of  the  air  operating  in 
the  direction  of  motion  tends 
always  to  shorten  the  por- 
tions of  its  path  J1C,  CE, 
EG,  &c.,  more  and  more  ; 
if,  therefore,  the  first  portion 
of  the  path  JlC,  for  motion  in  the  air  is  only  a  little  shorter  than  it 
would  be  in  vacuo,  the  last  portion  iJV  is  considerably  shorter  in  the 
first  motion  than  it  is  in  the  last.  The  construction  of  the  path  in  a 
resisting  medium  by  means  of  circles  of  curvature  may  be  accom- 
plised  in  the  following  manner. 

From  the  initial  velocity  v^  and  the  angle  of  elevation  BJlN  «?  ttl 
it  follows  that  the  z  JlBC  =90  —  o1?  and  sin.  JlBC  =  cos.  aiy  from 
§  40  the  radius  of  curvature 


g  cos.  <*], 

hence  with  this  we  may  approximately  describe  the  portion  of  arc  J3.C. 
If  now  we  assume  the  angle  subtended  at  the  centre  j^Ol  C  =  $°19 
therefore  JiC  =  s±  =  rx  $„  we  then  obtain  for  the  succeeding  particle 
of  space  CE  the  angle  of  inclination  a°2  =  a^ —  $>0r  Let  further, 
the  height  of  fall  BC  ==  h19  and  the  measure  of  the  retardation  due 

v  2 
to  the  air's  resistance  ?  .  -^-  F  y  being 


480  PROJECTILES. 

f.  |L  .  §  .  ^*,  therefore  ff  .  ^  -  „, 

from  the  principle  of  mres  vivce,  we  then  obtain  for  the  velocity 
at  the  initial  point  of  the  second  portion  of  arc  : 


hence  „,  = 


Since  now  the  height  of  fall  A,  —  \g**  =  £#  (-^Y,  it  follows  that: 

\si/ 


2 

cos.  a* 


If  we  substitute  these  values  of  a2  and  v2  in  the  equation : 

r  -s E* ,  we  then  obtain  the  radius  of  curvature  O3C*  =  OJE  of 

gcos.a,^ 

the  succeeding  portion  of  arc  CJ£,  and  if  we  assume  an  angle  of  re- 
volution CO2  E  =  <?>2,  it  again  follows  from  this  that  the  angle  of 
inclination  in  the  vicinity  of  E  :  t*3  =*=  a2  <j>2>  and  the  velocity  at  this 
point 


It  is  therefore  easy  to  see  how  the  entire  path  of  the  projectile  maybe 
successively  composed  of  circular  arcs. 

Example.  A  cast  iron  ball,  of  4  inches  diameter,  is  shot  off  at  an  angle  of  elevation  of 
50°  with,  a  velocity  of  1000  feet,  required  its  path,  if  only  approximately,  according  to 
Prussian,  weights  and  measures.  The  radius  of  curvature  of  the  first  portion  of  arc 

is  r.  M    .    y±a    .  ss     1QOQOQQ  _  a-,  49783  ft.     As  the  density  of  the  air  =  0,0859,  and 
1          g  cos.  a        31,25  cos.  50° 

that  of  cast-iron  =  470  Ibs.,  we  have  then  ^  =f  .  *JL  =  £.  3  ',?  '  G>0859*sa  0,0004  11  2g 

2  G  4.470 

.  J;  now  for  t?  =  1000,  {=0,90,  hence  ^t«=  0,0003701.    If  we  take  an  arc  of  1°  only,  we 
then  obtain  the  velocity  at  the  end  of  it:     _ 


1000      /1"-Q>0003701  ,49783  .  0,017453  —  <0,017453  ~  cos. 
V*  ""  W  1+0,0003701  .  49783  .  0,017453 

=  7697  feet. 
and  the  radius  of  curvature  for  a  second  portion  of  arc  : 


For  va=  769,7  feet,  f  =  0,81,  therefore  p.  ==  0,0003331.  If,  therefore,  we  describe  with 
the  last  radius,  an  arc  $>2  s=s  2°T  the  velocity  at  its  ending  point  will  be 

V3  =  769,7     /  1-0,33598-0.002831  _  ^^  ^ 

3  x/  1,33598 

For  a  third  arc  Q3,  the  radius  of  curvature  rs=  13757  feet,  and  if,  therefore,  we  assume 
{  s=  0,75,  V7e  shall  then  obtain  at  the  end  of  a  length  of  arc  of  4°,  the  velocity  v4  = 
398,85  feet.  The  radius  of  curvature  for  a  fourth  arc  may  be  likewise  found  r4  s= 
6960,5  by  assuming  f=:0,72,  and  we  shall  then  obtain  the  velocity  i?5=  288,85  feet, 
at  the  end  of  an  arc  of  8°,  from  which  a  fifth  radius  of  curvature  rs  «  3259  feet  may  be 
calculated.  Proceeding  in  this  manner,  we  shall  obtain,  by  degrees,  the  collective  ele- 
ments for  the  construction  of  the  line  of  projection  in  question. 
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_____  of  forces,  64 
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Crushing,  Table  of  the  modulus  of  resist- 
ance to.  215 
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IX 
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of  the  air,  347 

Depth  of  floatation,  325 

Descent,  free,  of  bodies,  30 
Determination  of  the  centre  of  gravity,  89 
Different  velocities  in  the  transverse  section, 

438 

Discharging  vessels  in  motion,  362 
Division  of  forces,  56 

of  mechanics,  57 

Docks,  floating,  330 
Dynamical  stability,  120 
Dynamics  of  ae'riform  bodies,  58 

of  fluids,  58,  350 

' of  rigid  bodies,  225 

'•  of  solid  bodies,  58 


E. 

Edges,  points  and  knife,  166 
Effect  of  imperfect  contraction,  404 
Efflux,  350,  425 

,  co-efficient  of,  367,  434 

of  air  in  motion,  431 

of  still  air,  428 

• of  water  in  motion,  379 

through  tubes,  382 


,  regulators  of,  454 

under  decreasing  pressure,  432 

,  velocity  of,  351 

,  velocity  of  pressure  and  density,  353 

Elastic  body,  perfect  and  imperfect,  279 

curve,  190 

impact,  281,  288 

pendulum,  276 

Elasticity  and  rigidity,  182 

and  strength,  183 

,  modulus  of,  183 

,  or  spring  force,  57 

Elliptical  beams,  hollow  and,  205 

English,    French,  and  German   measures 
and  weights,  comparative  tables  of,  xv. 

Equality  of  forces,  51 

Equilibrium,  kinds  of,  110 

of  bodies  rigidly  connected,  109 
of  forces  about  an  axis,  112 
in  funicular  machines.,  127 
of  water  in  vessels,  309 

with  other  bodies,.  322 


-  and  pressure  of  air,  338 
Excentric  impact,  302 
Experiments  on  beams,  200 

-  on  friction,  149 

-  of  Rennie,  150 
Eytelwein,  201 

F. 

Pall  of  water,  438 
Flexure  of  bodies,  188 

,  reduction  of  the  moment  of,  194 
Floatation,  depth  of,  325 

oblique,  332 
Floating  bodies,  458 

docks,  330 

'loods,  451 

'low  through  tubes,  436 

fluidity,  304 

Tluid  surface,  the,  306 

vein,  contraction  of,  364 

'orce,  50 

about  an  axis,  equilibrium  of,  112 

,  centre  of  parallel  of,  83 

,  centripetal  and  centrifugal  of  extended 

masses,  246 

,  cohesive,  57 

composition  of,  64 
direction  of  a,  57 
division  of  a,  51,  57 
equality  of,  51 
in  a  plane,  67 
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Force,  in  a  plane,  composition  of,  79 

in  space,  69,  83 

• living,  62 

magnetic,  57 

—  measure  of,  53 

muscular,  57 

• normal,  245 

of  inertia,  57 

of  heat,  57 

parallel  of,  81 

parallelogram  of,  65 

resolution  of,  66 

simple  constant,  58 

Formulae  of  stability,  118 
Free  axes,  254 

descent  of  bodies,  Table  of,  30,  31 

French,  English,  and  German  measures  and 

•weights,  comparative  tables  of,  xv. 
Friction,  axle,  156 

, y  Table  of  co  efficients  of,  (from 

Morin,)  156 

,  co-efficient  of,  147, 447 

',  experiments  on,  149 

,  kinds  of,  346 

,  laws  of,  147 

,  of  cords,  170 

,  of  motion,  152 
-,  of  repose,  Table  of  the  co-efficients 


of  the,  151 

,  pivot,  164 

,  resistance  of,  391 

,  rolling,  168 

-,  the  angle  and  cone  of,  148 


Funicular  machines,  127 
,  polygon,  130 

G. 

Gases,  tension  of,  338 

Gay-Lussac's  law,  346 

Geodynamics,  58 

Geornechanics,  58 

Geostatics,  58 

German,  English,  and  French  measures  and 

weights,  comparative  tables  of,  xv. 
Gerstner,  201 

Graphical  representation,  34 
Gravity,  specific,  55,  334 
Gravity,  57 

,  action  of,  along  constrained  paths, 

259 

,  centre  of,  88 

,  determination  of  the  centre  of,  89 
•  of  lines,  centre  of^  90 

of  plane  figures,  centre  of,  93 

of  curved  surfaces,  centre  of,  97 

Gauges,  453 

Guldinus's  properties,  107 

H. 

Hardness,  287 

Hollow  beams,  196 

and  elliptical  beams,  205 


Horizontal  and  vertical  pressure,  319 
Hydraulic  pressure,  355 
Hydrostatics,  58 
Hydrodynamics,  58 
— — —  balance,  334 
Hydrometers,  335 
Hydrometry,  453 
Hydrometric  sail  wheel,  461 
Hydrometrical  pendulum,  464 


Impact,  doctrine  of, 

of  isolated  streams,  467 

,  elastic,  281 

,  excentric,  302 

,  inelastic,  279,  288 

,  in  general,  278 

,  imperfectly  elastic,  290 

,  oblique,  291 

Imperfectly  elastic  impact,  290 
Imperfect  contraction,  371,  387 

.,  effect  of,  404 


Impulse,  maximum,  effect  of,  469 

and  resistance,  theory  of,  466,  474 

• oblique,  471 

of  a  limited  stream,  470 

—  and  resistance  against  surfaces,  475 

to  bodies,  576 

of  water,  466 


Inclined  plane,  152,  259 

,  theory  of  the,  122 

Inelastic  impact,  279,  288 
Inert  masses,  reduction  oi^  228 
Inertia,  52 

— ,  force  of,  57 

,  moment  of,  227 

,  radius  of,  230 

•,  reduction  of  the  moment  of,  229 


Influx,  velocity  of,  351 
and  efflux,  425 


Intensity  of  a  force,  57 
Irregular  vessels,  424 


Jets  d'Eau,  399 


J. 


K. 


Kinds  of  support,  109 

of  equilibrium,  110 
of  friction,  146 
of  motion,  225 


Knife,  edges  of,  166 
Knots,  127 


Lateral  pressure,  310 
Laws  of  friction,  147 

of  Marietta,  341 

of  Oay-Lussac,  346 

of  statics  of  rigid  bodies,  76 
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Lever,  mathematical,  113 

,  equilibrating,  332 

,  material  or  physical,  113 

,  theory  of  the   equilibrium,  of  the 

113,  163 

Living  forces,  62 
Liquids  of  different  densities,  337 
Loading  beyond  the  middle,  208 
Locks,  426 
Long  tubes,  394 

M. 

Machines,  Attwood's,  241 

'  -,  funicular,  127 
Magnetic  force,  57 
Manometer,  339 
Marietta's  law,  341 
Mass,  53 

,  reduction  of  inert,  228 

Masses,  centrifugal  forces  of  extended,  248 
Mathematical  pendulum,  266 

lever,  113 

Material  pendulum,  266 

Matter,  51 

Maximum  and  minimum  of  contraction,  374 

effect  of  impulse,  469 

Mean  velocity,  440 
Measure  of  forces,  53 
Mechanics,  50 

1  fundamental  laws  of,  50 

'•  division  of,  57 

•  of  solid  bodies,  58 

of  fluid  bodies,  58 

of  air,  58 

— —  of  a  material  point,  58 
Mechanical  effect,  60 

— -,  transmission  of,  73 

Media,  motion  in  resisting,  477 
Metacentre,  328,  332 
Modulus  of  elasticity,  183 

— •  of  working  load  and  strength,  184 

— of  elasticity  and  strength,  186 

of  relative  strength,  201 

Moment  of  inertia,  rotation  and  mass.  225. 

227 

Morin's  experiments,  151 
Motion  in  resisting  media,  477 

,  accelerated,  27 

• and  rest,  25 

,  compound,  37 

,  efflux  of  air  in,  431 

,  in  general,  curved,  46 

,  kind  of,  25,  26,  225 

of  water,  permanent,  439 

,  of  rotation,  22 6 

— — ,  mean  velocity  of  a  variable,  35 

,  parabolic,  43 

,  rectilinear,  225 

,  rolling,  263 

,  simple,  25 

,  uniform,  26,  445 

,  uniformly  variable,  27 

j  variable,  in  particular,  33 


Motion,  variable,  in  water,  44  S 

,  curvilinear,  74 

Mouth  pieces,  382 
Muscular  force,  57 

N. 

Nodes,  127 

Normal  acceleration,  47 

force,  245 

Notches  in  a  side,  418 
Numerical  values,  187 

O. 

Obelisk  shaped  vessels,  spherical  and,  422 
Oblique  impact,  291 

pressure,  207 

floatation,  332 

additional  tubes,  386 

impulse,  471 


Orifice,  triangular  lateral,  359 
rectangular  lateral,  368 
circular  lateral,  3(50 

Oscillation,  time  of,  266 

P. 

Parallelogram  of  the  velocities,  38 
of  accelerations,  42 
of  forces,  65 


Parallelepiped  of  velocities,  41,  119 

,  rectangle  of,  231 
Parallel  forces,  81 

-,  centre  of,  83 


Parabola,  43 
Parabolic  motion,  43 
Particular  cases  of  impact,  2S2 
Partial  contraction,  375 
Pendulum,  hydrometrical,  4G5 
Pendulum,  circular,  266 

,  ballistic,  298 

,  elastic,  276 

Percussion,  centre  of,  299 
"•ermanent  motion  of  water,  439 
'erimeter,  438 
'ermanency,  439 
Phoronomy,  25 
^hysical  lever,  3 1 3 
^iezometers,  413 
Pile  driving,  285 
Pipes,  thickness  of,  320 
pitot's  tube,  464 

ivot  friction,  164 
Plane  of  rupture,  209 

— ,  composition  of  forces  in  a,  79 

— ,  forces  in  a,  67 

— ,  inclined,  153,  259 

— ,  theory  of  the  inclined,  122 
^neumatics,  58 
"*oints  and  knife  edges,  166 
tinted  axles,  165 
"Vrtygon,  funicular,  130 
'oncelet  and  Lesbros,  two  tables  of  co-efli- 
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cients  of  efflux,  through  rectangular  ori- 
fices, 370,  371 

Pontoon,  a,  102 

Pouce  d'EaUj  456 

Pressure,  51 

,  horizontal  and  vertical,  3]  9 

in  a  definite  direction,  315 

•  on  the  axis,  111 

of  bodies  on  one  another,  115 

of  oblique,  207 

•  of  efflux  under  decreasing,  432 

on  curved  surfaces,  317 

Pressures,  principles  of  equality  of,  305 

and  density,  velocities  of  efflux,  353 

,  centre  of,  311 

of  water  in  vessels,  309 

,  hydraulic,  355 

,  lateral,  310 

on  the  bottom,  308 

Principle  of  equality  of  pressures,  305 

•  of  the  vis  viva,  62 

of  virtual  velocities,  85,  124 

Prismatic  vessels,  415 

Prisms  and  cylinders,  232 

Profile  in  river,  438 

Projectiles,  479 

Properties  of  Guldinus,  107 

Pulley,  the,  140 

Pyramidal-shaped  vessels,  wedge,  &c.,  420 

R. 

Radius  of  gyration  or  inertia,  230 
Rectangle  and  parallelepiped,  231 
Rectangular  beams,  193 

lateral  orifices,  368 

Rectilinear  motion,  225 

Reduction  of  the  moment  of  flexure,  194 

•  of  inert  masses,  228 

of  the  moment  of  inertia,  229 

Regulators  of  efflux,  454 

Relative  strength,  183,  199 
Rennie's  experiments,  151 
Rest  and  motion,  25 

Resistance    and    impulse   against  surfaces, 
475 

•  to  compression,  183 
to  torsion,  183 

,  impulse  and,  to  bodies,  476 

,  co-efficient  of.  384 

of  friction,  391 

« and  rigidity,  145 

of  water,  466 

,  theory  of  impulse,  &c,,  474, 
Resolution  of  velocities,  41 

of  forces,  66 

Restoring  power  of  floating  docks,  331 

Resultant,  64 

Rheometer,  465 

Rigid  bodies,  statics  of,  76 

Rigidity  of  chains,  178 

'  and  friction,  145 

of  cords,  179 

Rod,  the  moment  of  inertia  of,  230 


Rolling  motion,  263 

friction,  168 

and  dragging  friction,  169 

Rotary  bodies,  295 
Running  water,  438 
Rupture,  plane  of,  209 

by  compression,  214 

under  compression,  216 


S. 


Sail  wheel,  hydrometric,  461 

Section,    transverse,   different    velocities    in 

the,  438 
Segments,  236 
Short  tubes,  382  . 
Simple  constant  force,  58 
Slope  of  water,  438 
Space,  forces  in,  69,  84 
Specific  gravity,  55,  333 
Sphere  and  cone,  333 

Spherical  and  obelisk-shaped  vessels,  422 
Spring  force,  57 
State  of  aggregation,  56 
Stability,  116,  328 

,  formulae  of,  118 

,  dynamical,  120 

of  floating  docks,  331 


Statical  moment,  78 
Statics  of  solid  bodies,  58 

of  rigid  bodies,  75 

of  fluid,  58,  309 

of  aeriform  bodies,  58 


Strata  of  air,  345 

Stream,  action  of  an  unlimited,  473 

Streams,  impact  and  isolated,  467 

,  impulse  of  a  limited,  470 

Strength  and  elasticity,  183 

modulus  of  working  load  and,  184 

the  moduli  of  elasticity  and  table, 


187. 


•  relative,  199 

modulus  of  relative,  201 

Strong^t  form  of  body,  185 

beams,  203 

form,  beams  of  the,  210 

Support  of  kinds,  109 

T. 

Table  of  co-efficients  of  the  friction  of  re- 
pose, 151 

comparative,  of  "English,  French  and 


German  measures  and  weights,  15 

•  of  motion,  152 


of  co-efficients  of  axle  friction  from, 

Morin,  156 

I.,  the  moduli  of  elasticity  and  strength, 

1'87 

II.,  the  modulus  of  strength  for  the 

flexure  of  bodies,  201 

of  the  modulus  of  resistance  to  crush- 
ing, 215 


486 


INDEX. 


Table  of  co-efficients  of  efflux  through  rect- 
angular orifices,  370 

of  co-efficients  of  efflux  for  wiers,  372 

373  ' 

of  the  co-efficients   of  resistance  for 

trap  valves,  410 

of  the  co-efficients  of  friction,  394 

•  of  the  co-efficients  of  the  resistance  of 


curvature  in  tubes,  398 
of  the  co-efficients  of  resistance  for  the 

passage  of  water  through  a   cock  in  a 

rectangular  tube,  406 

in  a  cylindrical  tube,  406 

through  throttle-valves 


ia  rectangular  and  cylindrical  tubes,  407 
•  showing  the  relations  of  the  motion  to 


the  time  in  the  free  descent  of  bodies, 
31 

of  corrections  of  the  co-efficients  of 

efflux  for  circular  and  rectangular  orifices, 
378 

for  the  Poncelet  wiers, 


381 

for  wiers  over  the  entire 

side,  or  without  any  lateral  contraction, 
381 

—  of  correction  for  imperfect  contraction 
by  efflux  through  short  cylindrical  tubes, 
388 

• of  the  co-efficients  of  efflux,  390 

Tachometer,  461 

Tension  of  gases,  338 

Theory  of  the  inclined  plane,  122 

of  impulse  and  resistance,  474 

— — --—-—~--— —  wedge,  125 
Thickness  of  axles,  the,  213 

of  pipes,  320 

Time  of  oscillation,  266 
Toggle  joint,  note  on,  129 
Torsion,  219 
Traction,  51 

Transference  of  the  point  of  application,  76 
Transmission  of  mechanical  effect,  73 
Transverse    section,   different  velocities  in 
the,  438  * 

— the  best  form  of,  441 

Tredgold,  213 

Triangular  lateral  orifice,  359 
Tricardo,  129 

Trigonometric  expression,  41 
Tubes,  angular,  396 

,  conical,  389 

,  curved,  397 

,  cylindrical,  383 

,  flow  through,  436 

• ,  long,  394 

• ,  oblique  additional,  386 

,  of  Pitot,  464 

,  short,  382 

}  table  of  co-efficients  of  the  resistance 
of  curvature  in,  398 


Twist,  breaking,  223 
U. 

Uniform  motion,  26,  445 
Uniformly  accelerated  motion,  28,  42  S 
variable  motion,  27 


Unit  of  weight,  52 


V. 


Valves,  408 

,  table  of  the  co-efficients  of  resistance 

of  traps,  410 
Variable  motions  in  particular,  33 

motion,  mean  velocity  of  a,  35,  4  IS 


Velocities,  co-efficient  of,  364 
•,  combination  of,  42 
-,  composition  and  resolution  of,  41 
,  in  the  transverse  section  different. 


438 


~,  mean,  440 

-,  parallelogram  of  the,  38 

-,  parallelepiped  on  of,  11 

-,  principle  of  virtual,  85,  124 

-  of  efflux  and  influx,  351,  352 

-,  of  efflux,  pressure  and  density,  353 

-,  virtual,  85 


Vertical  and  horizontal  pressure,  319 
Vessels,  compound,  411 

•  in  motion,  discharging,  302 
•,  irregular,  424 

•  of  communication,  416 
.,  prismatic,  415 

•,  spherical  and  obelisk-shaped,  422 
wedge  and  pyramidal-shaped,  428 


Virtual  velocities,  85 
Vis  viva,  62 

W. 

Water-inch,  456 

,  flow  of,  through  wiers,  372,  373 

in  motion,  efflux  of,  379 

,  permanent  motion  of,  439 

running,  438 

,  slope  of,  438 

Wedge  and  pyramidal-shaped  vessels,  420 

the,  154 

.  theory  of  the,  125 
Wheel,  and  axle,  the,  238 

hydrometric  sail,  401 

and  axle,  the,  142 

carriages,  note  on,  174 


Widening,  abrupt,  401 
Wiers,  372 

— ,  table  of  the  co-efficients  of  efflux,  for 

372,  373 

table  of  corrections  for  the  Poncelet, 
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,  over  the  entire  side,  table  of  correc- 
tions for,  381 
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Some  years  having  elapsed  since  the  original  thirteen  volumes  of  the 
ENCYCLOPAEDIA  AMERICANA  were  published,  to  bring  it  up  to 
the  present  day,  with  the  history  of  that  period,  at  the  request  of  numerous 
subscribers,  the  publishers  have  just  issued  a 

SUPPLEMENTARY    VOLUME    (THE    FOURTEENTH), 
BRINGING  THE  WORK  UP  TO  THE  YEAR  1847. 

EDITED  BY  HENRY  VETHAKE,  LX,.D. 

Vice-Provost  and  Professor  of  Mathematics  in  the  University  of  Pennsylvania,  Author  of 
"A  Treatise  on  Political  Economy." 

In  one  large  octavo  volume  of  over  650  double  columned  pages. 
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ENCYCLOPAEDIA    AMERICANA. 

The  numerous  subscribers  who  have  been  waiting  the  completion  of  this 
volume  can  now  perfect  their  sets,  and  all  who  want 

A  REGISTER  OF  THE  EVENTS  OF  THE  LAST  FIFTEEN 
YEARS,  FOR  THE  WHOLE  WORLD, 

can  obtain  this  volume  separately :  price  Two  Dollars  uncut  in  cloth,  or 
Two  Dollars  and  Fifty  Cents  in  leather,  to  match  the  styles  in  which  the 
publishers  have  been  selling  sets. 

Subscribers  in  the  large  cities  can  be  supplied  on  application  at  any  of  the 
principal  bookstores  ;  and  persons  residing  in  the  country  can  have  their 
sets  matched  by  sending  a  volume  in  charge  of  fnends  visiting  the  city. 

Complete  sets  furnished  at  very  low  prices  in  various  bindings. 

"  The  publishers  of  the  Encyclopaedia  Americana  conferred  an  obligation  on  the  public  when, 
fourteen  years  ago,  they  issued  the  thirteen  volumes  from  their  press.  They  contained  a  wonder- 
ful amount  of  information,  -upon  almost  every  subject  which  would  be  likely  to  occupy  public 
attention,  or  he  the  theme  of  conversation  in  the  private  circle.  Whatever  one  would  %\ibhto 
inquire  about,  it  seemed  only  necessary  to  dip  into  the  Encyclopaedia  Amencana,  and  there  the 
outline,  at  least,  would  be  found,  and  reference  made  to  those  works  which  tieat  at  laige  upon  the 
subject.  It  was  not  stiange,  therefore,  that  the  work  was  popular.  But  m  fouiteon  years,  great 
events  occur.  The  last  fourteen  years  have  been  full  of  them,  and  great  discoveries  have  been 
made  in  sciences  and  the  arts ;  and  great  men  have,  by  death,  commended  their  names  and  deeds 
to  the  fidelity  of  the  biographer,  so  that  the  Encyclopaedia  that  approached  perfection  in  1832, 
might  fall  considerably  behind  m  1846.  To  bung  up  the  work,  and  keep  it  at  the  present  point,  has 
been  a  task  assumed  by  Professor  Vethake,  of  the  Pennsylvania  Umveisity,  a  gentleman  entirely 
competent  to  such  an  undertaking;  and  with  a  disposition  to  do  a  good  woik,  ho  has  supplied  a 
supplementary  volume  to  the  main  work,  corresponding  in.  size  and  arrangements  therewith,  and 
becoming,  indeed,  a  fourteenth  volume.  The  author  has  been  exceedingly  industrious,  and  very 
fortunate  in  discovering  and  selecting  matenals,  using-  all  that  Germany  has  piesented,  and  icsort- 
mg  to  every  species  of  information  of  events  connected  with  the  plan  of  the  woik,  since  the  pub- 
lication of  the  thirteen  volumes.  He  has  continued  articles  that  were  commenced  m  that  work, 
and  added  new  articles  upon  science,  biography,  hi&tory,  and  geography,  so  as  to  make  the  piesent 
volume  a  necessary  appendage  in  completing  facts  to  the  other.  The  publishers  deserve  the 
thanks  of  the  readers  of  the  volume,  for  the  handsome  type,  and  clear  white  paper  they  have  used 
in  the  publication  "—Untied  States  Gazette. 

"  This  volume  is  worth  owning-  by  itself,  as  a  most  convenient  and  reliable  compend  of  recent  His- 
tory, Biography,  Statistics,  &CM  tec.  The  entire  work  forms  the  cheapest  and  probably  now  the 
most  desirable  Encyclopaedia  published  for  popular  use." — New  York  Tribune. 

"  The  Conversations  Lexicon  (Encyclopaedia  Amencana)  has  become  a  household  book  m  all  the 
intelligent  families  in  America,  and  is  undoubtedly  the  best  depository  of  biographical,  historical, 
geographical  and  political  information  of  that  land  which,  discriminatmg:  readers  require." — JSilli- 
mari's  Journal. , 

"  This  volume  of  the  Encyclopaedia  is  a  Westminster  Abbey  of  American  reputation.  What 
names  are  on  the  roll  since  1833 !"— JV.  T.  Literary  World. 

"  The  work  to  which  this  volume  forms  a  supplement,  is  one  of  the  most  important  contributions 
that  has  ever  been  made  to  the  literature  of  our  country.  Besides  condensing  into  a  compara- 
tively narrow  compass,  the  substance  of  larger  works  of  the  same  kind  which  had  preceded  it,  it 
contains  a  vast  amount  of  information  that  js  not  elsewhere  to  be  found,  and  is  distinguished,  not 
less  for  its  admirable  arrangement,  than  for  the  variety  of  subjects  of  which  it  treats.  The  present 
volume,  which  is  edited  by  one  -of  the  most  distinguished  scholars  of  our  country,  is  worthy  to 
follow  in  the  tram  of  those  which,  have  preceded  it.  It  is  a  remarkably  felicitous  condensation 
of  the  more  recent  improvements  m  science  and  tlie  arts,  besides  forming1  a  very  important  addi- 
tion to  the  department  of  Biography,  the  general  progress  of  society,  <kc.f  &c.»~Attany  Argus. 
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CAMPBELL'S  LORD  CHANCELLORS. 

JUST    PUBLISHED. 


LIVES  OF  THE  LORD  CHANCELLORS  AND  KEEPERS  OF  THE 
GREAT  SEAL  OF  ENGLAND, 

FROM  THE  EARLIEST  TIMES  TO  THE  REIGN  OF  KING  GEORGE  IV., 

BY  JOHN  LORD  CAMPBELL,  A.M.,  F.R.S.E, 

First  Series,  forming  three  neat  volumes  in  demy  octavo,  extra  cloth. 
Bringing  the  work  to  the  time  of  Lord  Jeffries. 

THE   SECOND  SERIES  WILL  SHORTLY   FOLLOW  IN  FOUR  VOLUMES  TO  MATCH. 

"  It  is  sufficient  for  us  to  thank  Lord  Campbell  for  the  honest  industry  with  which  he  has  thus  far 
prosecuted  his  large  task,  the  general  candor  and  liberality  with  which,  he  has  analyzed  the  lives 
and  characters  of  a  long  succession  of  influential  magistrates  and  ministers,  and  the  tnanly  style 
of  his  narrative.  We  need  hardly  say  that  we  shall  expect  with  great  interest  the  continuation 
of  this  performance.  But  the  present  series  of  itself  is  more  than  sufficient  to  give  Lord  Campbell 
a  high  station  among  the  English  authors  of  Ins  age." — Quarterly  Review. 

"  The  volumes  teem  with  exciting  incidents,  abound  in  portraits,  sketches  and  anecdotes,  and  are 
at  once  interesting  and  instructive.  The  work  is  not  only  historical  and  biographical,  but  it  is 
anecdotal  and  philosophical.  Many  of  the  chapters  embody  thrilling  incidents,  while  as  a  whole, 
the  publication  may  be  regarded  as  of  a  high  intellectual  order." — Inquirer. 

"A  work  in  three  handsome  octavo  volumes,  which  we  shall  reg-ard  as  both  an  ornament  and  an 
honor  to  our  library.  A  History  of  the  Lord  Chancellors  of  England  from  the  institution  of  the 
office,  is  necessarily  a  History  of  the  Constitution,  the  Court,  and  the  Jurisprudence  of  the  King- 
dom, and  these  volumes  teem  with  a  world  of  collateral  matter  of  the  liveliest  character  for  the 
general  reader,  as  well  as  with  much  of  the  deepest  interest  for  the  professional  or  philosophical 
mmd." — Saturday  Courier. 

"  The  brilliant  success  of  this  work  in  England  is  by  no  means  greater  than  its  merits.  It  is 
certainly  the  most  brilliant  contribution  to  English  history  made  within  our  recollection ;  it  has 
the  charm  and  freedom  of  Biography  combined  with  the  elaborate  and  careful  comprehensiveness 
of  History."— 1ST.  Y.  Tribune. 

MURRAY'S  ENCYCLOPAEDIA  OF  GEOGRAPHY. 


THE  ENCYCLOPEDIA  OF  GEOGRAPHY, 

COMPRISING 

A  COMPLETE  DESCRIPTION   OF  THE   EARTH,  PHYSICAL, 
STATISTICAL,   CIVIL  AND  POLITICAL. 

EXHIBITING 

ITS  RELATION  TO  THE  HEAVENLY  BODIES,  ITS  PHYSICAL  STRUCTURE,  THE 

NATURAL  HISTORY  OF  EACH  COUNTRY,  AND  THE  INDUSTRY, 

COMMERCE,  POLITICAL  INSTITUTIONS,  AND  CIVIL 

AND  SOCIAL  STATE  OF  ALL  NATIONS. 

BY   HUGH    MURRAY,  F.R.S.E.,  &c. 

Assisted  in  Botany,  by  Professor  HOOKER— Zoology,  &c.,  by  W.  W.  SWAINSON— Astronomy,  «fcc., 

by  Professor  WA  LLACE— Geology,  <kc.,  by  Professor  J  AMESON. 

RBVISESD,  WITH    ADDITIONS, 

BY  THOMAS  G.  BRADFORD. 

THE  WHOLE  BROUGHT  UP,  BY   A  SUPPLEMENT,  TO   1643. 
In  three  large  octavo  volumes. 

VARIOUS    STYLES    OF    BINDING-. 

This  great  work,  furnished  at  a  remarkably  cheap  rate,  contains  about 
NINETEEN  HUNDRED  LARGE  IMPERIAL  PAGES,  and  is  illustrated  by  EIG-HTY- 
Two  SMALL  MAPS,  and  a  colored  MAP  OF  THE  UNITED  STATES,  after^  Tan- 
ner's, together  with  about  ELEVEN  HUNDRED  WOOD  CUTS  executed  in  the 
best  style. 
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STRICKLAND'S  QUEENS  OP  ENGLAND. 
A  NEW  AND  ELEGANT  EDITION 

OF 

LIVES    OF    TH  E    QUEENS    OF    EN  GLAND, 

FROM  THE  NORMAN  CONQUEST; 

WITH   ANECDOTES   OF   THETR   COURTS,  NOW  FIRST   PUBLISHED    FROM  OFFICIAL 

RECORDS  AND  OTHER  AUTHENTIC  DOC  OMEN  TS,  PRIVATE  AS  WELL  AS  PUBLIC. 

NEW   EDITION,    WITH    ADDITIONS    AND    CORRECTIONS. 

BY    AGNES    STHIOKLAITB. 

Forming  a  handsome  senes  in  crown  octavo,  beautifully  printed  with  large  type  on  fine  paper,  done 
up  in  ucli  ettia  cinn&on.  cloth,  and  sold  at  a  cheapei  rate  than  former  editions 

Volume  One,  of  nearly  seven  hundred  large  pages,  containing  Volumes 
One,  Two,  and  Three,  oi  the  duodecimo  edition,  and  Volume  Two,  of  more 
than  six  hundred  pages,  containing  Volumes  Four  and  Five  of  the  12mo., 
have  just  been  issued.  The  remainder  will  follow  rapidly,  two  volumes  in 
one,  and  the  whole  will  form  an  elegant  set  of  one  of  the  most  popular  his- 
tories of  the  day.  The  publishers  have  gone  to  much  expense  m  pre- 
paring this  from  the  revised  and  impioved  London  edition,  to  meet  the  fre- 
quent inquiries  for  the  "  Lives  of  the  Queens  of  England,"  in  better  style, 
larger  type,  and  finer  paper  than  has  heretofore  been  accessible  to  leaders 
in  this  country.  Any  volume  of  this  edition  sold  separately, 

A  few  copies  still  on  hand  of  the  Duodecimo  Edition.  Ten  volumes  are 
now  ready.  Vol.  1. — 'Contains  Matilda  of  Flanders,  Matilda  of  Scotland, 
Adelicia  of  Louvaine,  Matilda  of  Boulogne,  and  Eleanor  of  Aqmtaine. 
Price  50  cents,  in  fancy  paper.  Vol.  II. — Beiengdna  of  Navaire,  Isabella 
of  Angouieme,  Eleanor  of  Provence,  Eleanor  of  Castile,  Mai^ucntc  ol 
France,  Isabella  of  France,  Philippa  of  Hainault,  and  Anne  of  Bohemia. 
Price  50  cents.  Vol.  III. — Isabella  of  Valois,  Joanna  of  Navarre,  Katha- 
rine of  Valois,  Margaret  of  Amou,  Elizabeth  Woodvillej  and  Ann  of  War- 
wick. Price  50  cents.  Vol.  IV. — -Elizabeth  of  York,  Kathaune  of  Arragon, 
Anne  Boleyn,  Jane  Seymour,  Anne  of  Cleves,  and  Katharine  Howard. 
Price  65  cents.  Vol.  V. — Katharine  Parr  arid  Queen  Mary.  Price  f>5  cents. 
Vol.  VI, — Queen  Elizabeth.  Price  65  cents.  Vol.  VII. — Queen  Elizabeth 
(continued),  and  Anne  of  Denmark.  Price  65  cents.  Vol.  VIII. — Henrietta 
Maria  and  Catharine  of  Bra^anza.  Price  65  cents.  VoL  IX. — Mary  of 
Modena,  Price  75  cents.  Vol.  X. — Mary  of  Modena  (continued),  and 
Mary  II.  Price  75  cents. 

Any  volume  sold  separately,  or  the  whole  to  match  in  neat  green  cloth, 
JUST  PUBLISHED 
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CONTAINING 

MARY   OF   MODENA,   AND   MARY  II. 

Price  75  cents  m  fancy  paper.— Also,  in  extra  green  cloth. 

"These  volumes  have  the  fascination  of  a  lomance  united  to  the  integrity  of  hibtuiy."—  Times. 

11 A  most  valuable  and  entertaining-  work  " — Chronicle 

''This  mteiesting  and  well-written  work,  in  which  the  severe  truth  of  history  takes  almost  tho 
Mildness  of  romance,  will  constitute  a  valuable  addition  to  our  biogiaphicdl  JULeiatuie  "— Mm nwa 
Sfaatd 

'•A  valuable  contribution  to  historical  knowledge,  to  younft  persons  especially  Jfc  contains  a 
mass  of  every  kind  of  historical  matter  of  intere&t,  which  industry  und  roseaich  could  collect.  We 
have  denvea  ranch  entertainment  and  instruction  fium  the  woik  "• — Athenaeum, 

"  The  execution  of  this  work  is  equal  to  the  coiictipljon.  Great  pains  have  been  taken  to  make 
it  both  interesting'  und  valuable  " — Literary  Gazette 

"  A  chaimnig  work— full  of  interest,  at  once  serious  and  pleasing-. "—Monsieur  Guizot. 

"  A  mo«,c  charnung-  biographical  memoir.  We  conclude  by  expressing-  our  unqualified  opinion, 
thar  we  know  of  no  moie  valuable  contribution  to  modern  history  than,  this  ninth  volume  of  Miss 
StnckUnd's  Lives  of  the  Queens.7'^— Morning  Herald. 
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ROSCOE'S  LIVES  OF  THE  KINGS  OF  ENGLAND, 

TO  MATCH  MISS  STRICKLAND'S  "QUEENS." 

VOLUME    ONE,    CONTAINING-   THE 

LIFE   OF   WILLIAM   THE   CONQUEROR. 

In  neat  royal  duodecimo,  extra  cloth,  or  fancy  paper. 

"The  historical  reader  will  rind  this  a  work  of  peculiar  interest.  It  displays  throughout  the 
most  pains-t-akniff  research,  and  a  style  of  narrative  which,  hus  nil  the  lucidity  and  stien^ih  of 
Gibbon.  It  is  a  work  with,  which,  shedding1  such  a  light  as  we  ure  justified  m  saying  it  will  do 
upon  English  history,  every  library  ought  to  be  provided."  —  Sunday  Times. 

MEMOIRS   OF   THE    LOVES    OF   THE   POETS, 

Biographical  Sketches  of  Women  celebrated  iu  Ancient  and 

Modern  Poetry. 

BY    MRS.    JAMIESON. 
In  one  royal  duodecimo  volume,  price  75  cents. 

FREDERICK  THE   GREAT,   HIS    COURT  AND  TIMES. 

EDITED,  WITH  A1ST    INTRODUCTION,    BY   THOMAS  CAMP- 

BELL, ESQ.,  AUTHOR  OF  THE  "PLEASURES  OF  HOPE." 

Second  Series,  in  two  duodecimo  volumes,  extra  cloth. 

HISTORY    OF    CONGRESS, 

EXHIBITING  A  CLASSIFICATION  OF  THE   PROCEEDINGS  OF  THE  SENATE  ANT>  THE 

HOUSE  OF  REPRESENTATIVES,  FROM  1789  TO  1793,  EMBRACING-  THE  FIRST 

TERM  OF  THE  ADMINISTRATION  OF  GENERAL  WASHINGTON. 

In  one  large  octavo  volume  of  over  700  pages,  price  only  $1.50. 
THE   HISTORY   OP   IRELAND, 

PROM  THE  EARLIEST  ICINGS  OF  THAT  REALM  DOWN  TO  ITS  LATEST  CHIEFS. 
In  two  octavo  volumes,  extra  cloth, 

Mr.  Moore  has  at  length  completed  bis  History  of  Ireland  containing  the  most  troubled  and  inter- 
esting periods  through  which  it,  has  passed.  Those  who  liuve  po&sesbed  themselves  of  the  work  as 
far  as  the  Great  Expedition  against  Scotland  in  15-Jfi,  can  procure  the  second  volume  separate. 

HISTORY  OF  MWAJf^  IN  1815. 

CONTAINING  MINUTE  DETAILS  OF  THE  BATTLES  OF  QUATRE-LRAS,  UONY.  WAVRE 

AND  WATERLOO. 

BY  CAPTAIN   W,   SIBORNB. 
In  one  octavo  volume,  with  Map3  and  Plans  of  Battles,  &c.,  viz.: 

1  Part  of  Belgium,  Indicating1  the  distribution  of  the  armies  on  commencing  hostilities.  2  Field 
of  Quatre-Bras,  at  3  o'clock,  JP.  M.  3.  Field  ol  Quatre-Bras,  at  7  o'clock,  P.  M.  4,  Field  of  T.inny, 
at  a  quarter  past  2  o'clock,  P.  M.  5.  Field  of  Ligny,  at  half  past  8  o'clock,  P  M.  G.  Field  of  Water- 
loo. at  a  qusirter  past  11  o'clock,  A.  M.  7.  Field  of  Waterloo,  at  a  quarter  before  8  o'clock,  P.  M. 
8.  Field  of  Waterloo,  at  5  mmules  pnat  8  o'clock,  P.  M.  9.  Field  of  Wsivre,  at  4  o'clock,  P.  M.,  18th 
June*.  10.  Field  of  Wavrft,  at  4-  o'clock,  A.  M.,  19th  June.  11.  Part  of  France,  on  which,  is  shown 
the  advance  of  the  Allied  Armies  into  the  Kingdom. 

TEXT  BOoST©^^ 

BY  J.  C.  I.  GIESELER,  PROFESSOR  OF  THEOLOGY  IN  GOTTINGKN.     TRANSLATED 

FROM  THE  THIRD  GERMAN  EDITION,  BY  F.  CUNNINGHAM. 

In  three  octavo  volumes,  containing  over  1200  largo  pages. 


OP  IT3STXV33HSA2U   H!  I  S  T  O  H  IT, 

ON  A  NEW  AND  SYSTEMATIC  Pr,AN,  FROM1  THE  EARUHST  TIMES  TO  THE  TREATY 

OF  VIENNA,  TO  WHrn  TS  AliPBD  A  SUMMARY  OF  THE  LKAD1NG 

EVICTS  SINCE  THAT  PERIOD. 

BY    H.    WHITE,    B.A. 

SIXTH    AMERICAN    EDITION,    WITH    ADDITIONS 
BY   JOHN   S.    HART,    A.M. 

In  one  large  royal  12mo.  volume,  neat  extra  cloth. 
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GRAHAME'S   COLONIAL   HISTORY. 
HISTORY  OF  THE   UNITED  STATES. 

FROM   THE   PLANTATION    OF   THE   BRITISH  COLONIES 
TILL  THEIR  ASSUMPTION  OF  INDEPENDENCE. 

SECOND  AMERICAN  EDITIO1ST, 
ENLARGED     AND     AMENDED, 

WITH  A   MEMOIR  BY  PRESIDENT   QUINCY. 

IK    TWO    LARG-E    OCTAVO    VOLUMES,    EXTRA.    CLOTH , 
WITH    A    PORTRAIT. 

This  work  having  assumed  the  position  of  a  standard  history  of  this 
country,  the  publishers  have  been  induced:  to  issue  an  edition  in  smaller  size 
and  at  a  less  cost,  that  its  circulation  maybe  commensurate  with  its  ments. 
It  is  now  considered  as  the  most  impartial  and  trustworthy  history  that  has 
yet  appeared. 

A  few  copies  of  the  edition  in  four  volumes,  on  extra  fine  thick  paper, 
price  eight  dollars,  may  still  be  had  by  gentlemen  desirous  of  procuring  a 
beautiful  work  for  their  libraries. 

"  It  is  univei sally  known  to  literary  men  as,  in  its  oiigmal  form,  one  of  the  earliest  histories  of 
this  country,  and  cortamly  one  of  the  best  ever  written  by  a  foreigner  It  has  been  constantly  and 
copiously  used  by  eveiy  one  who  h.is,  since  its  appearance,  undertaken  tlie  liistoiy  of  this  country 
]ia  the  cour&e  of  the  memoir  prefixed  to  it,  it  is  vindicated  from  the  aspersion*  cast  on  it  by  Mr. 
Bancroft,  who,  nevertheless,  has  derived  from  it  a  vast  amount  of  the  information  and  documentary 
material  of  his  own  ambitious,  able  and  extended  work  It  is  issued  in  two  volumes,  and  cannot 
fail  to  find  its  way  to  every  library  of  any  pretensions  —New  York  Courier  and  JSnqinrer. 

COOPER'S  NAVAL  HISTORY. 
HISTORY  OF  THE  NAVY  OF  THE  UNITED  STATES  OF  AMERICA, 

BY  J.  FENIMORE  COOPER. 

THIRD    EDITION,   WITH    CO  ERECTIONS   AND    ADDITIONS. 

Complete,  two  volumes  in  one,  neat  extra  cloth, 

With  a  Portrait  of  the  Author,  Two  Maps,  and  Portraits  of  PAUL  JONES, 
DALE,  PREBLE,  DECATTJR,  PORTER,  PERRY,  AND  McDoNouon. 


WRAXALL'S  HISTORICAL  MEMOIRS. 
HISTORICAL  MEMOIRS  OF  MY  OWN  TIMES, 

BY   SIR  N.  W.  WRAXALL. 

ONE    NEAT    VOLUME,     EXTRA     C  L  O  T  H  . 

This  is  the  work  for  which,  in  consequence  of  too  truthful  a  portraiture  of  Catherine  If  ,  the 
author  was  imprisoned  and  fined.  Taught  by  this  experience,  his  succeeding  memoirs  he  sup- 
pressed until  after  his  death. 

WRAXALI/S  POSTHUMOUS  MEMOIRS. 
POSTHUMOUS  MEMOIRS  OF  HIS  OWN  TIMES, 

BY  SIR  N.  W.  WRAXALL. 

IN   ONE  VOLUME,   EXTRA    CLOTH. 

This  work  contains  much  secret  and  amusing  anecdote  of  the  prominent  personages  of  the  day, 
which  rendered  its  posthumous  publication  necessary. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

WAIPGLE'S  LETTERS  AND  MEMOIRS, 

THE  LETTERS  OF  HORACE  WALPOLE,  EARL  OF  ORFORD, 

CONTAINING-   NEARLY   THREE    HUNDRED    LETTERS. 

NOW  FIRST  PUBLISHED  FROM  THE  ORIGINALS,  AND  FORMING  AN  UNINTER- 
RUPTED SERIES  FROM  1735  TO  1797. 

In  four  large  octavo  volumes,  with  a  portrait  of  the  Author. 
_™™ 

THE  LETTERS  OF  HORACE  WALPOLE,  EARL  OF  ORFORD, 

TO  SIR  HORACE  MANN,  FROM  1760  TO  1785. 

KOW  FIRST  PUBLISHED  PROM  THE  ORIG-IWAL  MSS. 

In  two  octavo  volumes,  to  match  the  above. 


MEMOIRS  OF  THE  REIGN  OF  KING  GEORGE  THE  THIRD, 

BY   HORACE    WALPOLE. 
NOW  FIRST  PUBLISHED  FROM  THE    ORIG-IKTAI,  MSS. 

EDITED,    WITH    NOTES, 

BY  SIR  DENIS  LE  MARCHANT. 


BROWNING'S  HUGUENOTS, 

HISTORY  OF  THE  HUGUENOTS—A  NEW  EDITION, 

CONTINUED     TO     THE     PRESENT     TIME. 

BY  W.  S.  BROWNING. 
In  one  large  octavo  volume,  extra  cloth. 

"  One  of  the  most  interesting  and  valuable  contributions  to  modern  history." — Gentleman's  Maga- 
zine. 

"  Not  the  least  interesting  portion  of  the  work  has  reference  to  the  violence  and  persecutions 
of  1815.''—  Times. 


INGERSOLL'S   LATE  WAR. 

HISTORICAL   SKETCH   OF   THE   SECOND  WAR   BETWEEN 

THE   UNITED   STATES    OF   AMERICA   AND    GREAT 

BRITAIN,  DECLARED  BY  ACT  OF  CONGRESS, 

JUNE  18,  1812,   AND    CONCLUDED   BY 

PEACE,  FEBRUARY  15,  1815. 

BIT    CHARLES    X.   II^GERSOLTa. 

One  volume  octavo  of  516  pages,  embracing  the  events  of  1812  —  -1813. 

Beautifully  printed,  and  done  up  in  neat  extra  cloth. 


MEMORANDA  OF  A  RESIDENCE  AT  THE  COURT  OF  LONDON, 

COMPRISING  INCIDENTS  OFFICIAL  AND  PERSONAL,  FROM  1819  TO  1825; 

INCLUDING  KEOOTIATIONS  ON  THE  OREGON  dUESTlON,  AND  OTHER  UNSETTLED  RELATIONS 
BETWEEN  THE  tlKITED  STATES  AND  GREAT  BRITAIN. 

BIT  KICK-aRD  HUSH, 

Envoy  Extraordinary  and  Minister  Plenipotentiary  from  the  United  States,  from  1817  to  1825. 
In  one  large  and  beatitiful  octavo  volume,  extra  cloth. 
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N  I  E  B  U  H  R'S     RO  M  E. 
T:HB  MisTOHir  OP  ROBKE, 

BY  B.  G,  NIEBUHR. 

COMPLETE   IN    TWO    LARG-E    OCTAVO   VOLUMES, 
Done  up  m  extra  cloth  ;  or  five  parts,  paper,  pi  ice  $1  00  each. 

The  last  three  parts  of  this  valuable  hook  have  never  before  been  published  HI  this  country,  hav- 
ing only  lately  been  punted  m  Germany,  and  translated  m  Eiig-ljmd  The  two  last  of  these  com- 
prise Professor  Niehuhr's  Lectures  on  the  Utter  part  of  .Roman  Histoiy,  so  long  lost  to  the  world 

"  It  is  an  unexpected  smpnse  and  pleasure  to  the  aclmiiers  of  Niebuhr  —  that  is,  to  all  earnest  stu- 
dents of  aiicieut  history—  to  recover,  as  from  the  giave,  the  lectmes  before  us  "—Eclectic  Review 

""  The  world  has  now  m  Niebuhr  an  impenshable  model  "  —  jEdznbutgh  R&vteto,  Jan  18  11 

"  Here  we  close  OUT  remarks  upon  this  memorable  work,  a  wink  which,  of  all  that  have  appeared 
m  out  aire,  is  the  best  fitted  to  excite  men  of  leaiumg-to  intellectual  activity  from  which  the  most 
accomplished  scholai  may  gather  fresh  stoies  of  knowledge,  to  which  the  most  expenericcd  politi- 
cian may  resort  for  theoretical  and  practical  insti  uction,  and  which  no  pei&on  can  read  as.  it  ouftht 
to  he  read,  \\ithout  feehn?  the  better  and  more  generous  sentiments  of  his  common  human  natme 
enlivened  and  strengthened  "  —  Edinburgh  Romew 

"Tt  is  since  I  saw  you  that  I  ha*e  been  devouring1  with  the  most  intense  admiration  the  Ihncl 
volume  of  iViebuhr  The  cleainess  and  comprehensiveness  of  all  his  military  details  is  a  iif»w 
featuie  in  that  wonderful  mmd,  and  how  inimitably  beautiiul  is  that  buef  account  ot  Teiiu  "—Or. 
Arnold  (Life,  vol  n  ) 

PROFESSOR  RANKE'S  HISTORICAL  WORKS. 

HIST  ©KIT    OF    TUB    POPES  S, 

THEIR  CHURCH  AND  STATE,  IN  THE  SIXTEENTH  AND  SEVENTEENTH  CENTURIES. 
BY    LEOPOLD    RAKTKE- 

TRANSLATED  FftOM  THE  LAST  EDITION"  OF  THE  GERMAN,  BY  WALTER  K.   KELLY,  ESQ  ,  B,  A, 

In  two  parts,  paper,  at  $1  00  each,  or  one  Jaige  volume,  extra  cluth 

"A  book  extiaordmary  for  its  learning  and  impartiality,  and  for  its  just  and  liberal  views  of  the 
times  it  describes  The  best  compliment  that  can  be  jpaid  to  Mr.  Ranke,  is,  th.it  each  sad  e  1ms 
accufced  him  of  partiality  to  its  opponent,  tho  German  Piotestants  complaining  that  his  woik  is 
written  m  too  Catholic  a  spirit  ,  —the  Catholics  dcclai  mg,  that  sen  ei  ally  impaitial  as  he  is,  it  la 
clear  to  perceive  the  Protestant  tendency  of  the  histoiy."  —  London  Times. 


IN  THE   SIXTEENTH   CENTURY  AND   BEGINNING   OF   THE  SEVENTEENTH, 
BY    PROFESSOR    IiEOFOLD    RAHEE. 

TRANSLATED  FROM  THE  LAST  EDITION  OF  THE  GERMAN,  BY  WALTUB  1C.  KELLY,  ESQ. 

Complete  in  one  part,  paper,  price  75  cents. 

This  work  was  published  by  the  author  in  connexion  with  the  "  History  of  the  Popes,"  under 
the  name  of  "  Sovereigns  and  Nations  of  Southern  Em  ope,  m  the  Sixteenth  and  Seventeenth  Cen- 
turies "  It  may  be  used  separately,  01  bound  up  with  that  work,  for  wluch  puipu&e  two  titles  will 
be  laund  in  it. 


OP  TSISS  BLSFOHIW^TJOST  IN" 
BY    PROFESSOR    LEOPOLD    RANKE. 
PAHTS   FIRST,    SECOND    AND    THIRD    NOW    READY. 

TIUNSL4TKD  FROM  THIS   &EOOND  EDITION,  BY   SAR  VBI  AUSTIN. 

To  le  completed  vn.  Five  'parts,  each  part  containing  one  volume  of  the  London  cfation. 
Few  modern  Avriteis  possess  such  qualifications  for  domj?  jushce  to  so  i*-roat  a  subject  ns  Leo- 
pold Jiarike  —  Indefatigable  in  exeittoiifa,  he  revels  in  the  toil  of  ex.unmmsf  archives,  and  state 
papeis  honest  m  pmpose,  he  s,h<ipes  Ins  theones  fiom  evidence;  not  like  D'Aubiarne,  whose 
romance  of  the  Rpfoimation  selects  evidence  to  support  preconceived  theory  RanUe  novel  foiyets 
the  statesinau  in  the  theologian,  or  the  historian  in  the  paitisan  "—Athenaum. 


oasr 

One  volume  I2mo.,  paper,  pi  ice  50  cents, 
STUDIES    OF   THE   LIFE    OF   WOMAN. 

FROM  THE  FRENCH  OF  MADAME  NECKER  BE  SAUSSURK 
In  one  neat  12mo  volume,  fancy  paper.    Price  75  cents. 

THE  EDUCATION  OF  MOTHERS;  OR,  CIVILIZATION  OF 
MANKIND  BY  WOMEN. 

FROM  THE  FRENCH  OF  L.  AJtoE  MARTIN. 
In  one  12mo.  volume,  paper,  price  75  cents;  or  in  extra  cloth. 
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SMALL  BOOKS  ON  GREAT  SUBJECTS. 

&    SERIES    OF    WORKS 

WHICH    DESERVE    THE    ATTENTION   OF   THE    PUBLIC,   PROM  THE   VARIETY  AND 
IMPORTANCE    OF    THEIR    SUBJECTS,    AND   THE   CONCISENESS  AND 

STRENGTH  WITH  WHICH  THEY  ARE  WJR.ITTEN. 
They  form  a  neat  I8mo  series,  m  paper,  or  strongly  done  up  in  three  neat  volumes,  extra  cloth. 

THERE    ARE    ALREADY    PUBLISHED,  ' 
No.  1.— PHILOSOPHICAL  THEORIES  AND  PHILOSOPHICAL  EXPERIENCE. 

2  —ON  THE  CONNEXION  BETWEEN  PHYSIOLOGY  AND  INTELLECTUAL  SCIENCE. 
3.— ON  MAN'S  POWER  OVER  HIMSELF,  TO  PREVENT  OR  CONTROL  INSANITY. 
4.— AN   INTRODUCTION    TO    PRACTICAL    ORGANIC    CHEMISTRY,   WITH   REFER- 

ENCES  TO  THE  WORKS  OF  DAVY,  BRANDS,  LIEBIG,  &c. 

5.— A  BRIEF  VIEW  OF  GREEK  PHILOSOPHY  UP  TO  THE  AGE  OF  PERICLES. 
6.— GREEK   PHILOSOPHY  FROM   THE  AGE   OF   SOCRATES    TO   THE    COMING  OF 

CHRIST. 

7.— CHRISTIAN  DOCTRINE  AND  PRACTICE  IN  THE  SECON7D  CENTURY, 
8.— AN  EXPOSITION  OF  VULGAR  AND  COMMON  ERRORS,  ADAPTED  TO  THE  YEAR 

OF  GRACE  MDCCCXLV. 
9.— AN  INTRODUCTION  TO  VEGETABLE  PHYSIOLOGY,  WITH  REFERENCES    TO 

THE  WORKS  OF  DE  CANDOLLE,  LINDLEY,  &c. 
10.— ON  THE  PRINCIPLES  OF  CRIMINAL  LAW. 
13.— CHRISTIAN  SECTS  IN  THE  NINETEENTH  CENTURY. 
12.— THE  GENERAL  PRINCIPLES  OF  GRAMMAR. 

"  We  are  glad  to  find  that  Messrs.  Lea  &  Blanchard  are  reprinting,  for  a  quarter  of  their  original 
puce,  this  admirable  series  of  little  books,  which  have  justly  attracted  so  much  attention  m  Great 
Britain. " —  Graham's  Magazine. 

"The  writers  of  these  thoughtful  treatises  are  not  labourers  for  hire  ;  they  are  men  who  have 
stood  apart  from  the  throng,  and  marked  the  movements  of  the  crowd,  the  tendencies  of  society, 
its  evils  and  its  errors,  and,  meditating  upon  them,  have  given  their  thoughts  to  the  thoughtful."— 
London  Critic. 

"  A  series  of  little  volumes,  whose  worth  is  not  at  all  to  be  estimated  by  their  size  or  price.  They 
are  written  in  England  by  scholars  of  eminent  ability,  whose  design  is  to  call  the  attention  of  the 
public  to  various  important  topics,  in  a  novel  and  accessible  mode  of  publication." — IV.  Y.  Morning 
News. 

MACKINTOSH'S  DISSERTATION  ON  THE  PROGRESS 
OF  ETHICAL  PHILOSOPHY, 

WITH   A   PREFACE   BY 

THE  REV.  WILLIAM  WHE WELL,  M.  A. 

In  one  neat  8vo.  vol.,  extra  cloth. 

OVERLAND   JOURNEY   ROUND   THE   WORLD, 

DURING  THE  YEARS  1841  AND  1842, 
BY    SIR    GEORGE    SIMPSON, 

GOVEENOR-IN-CHIEP  OF  THE  HUDSON'S  BAY  COMPANY'S  TERRITORIES. 

In  one  very  neat  crown  octavo  volume,  rich  extra  crimson  cloth,  or  in  two 
parts,  paper,  price  75  cents  each. 

"A  more  valuable  or  instructive  work,  or  one  more  full  of  perilous  adventure  and  heroic  enter- 
prise, we  have  never  met  with."— John  Bull. 

'*  It  abounds  with  details  of  the  deepest  interest,  possesses  all  the  charms  of  an  exciting  romance, 
and  furnishes  an  immense  mass  of  valuable  information." — Inquirer. 
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UNITED  STATES  EXPLORING  EXPEDITION. 

THE  NARRATIVE  OF  THE 

UNITED  STATES  EXPLORING  EXPEDITION, 

DURING  THE  YEARS  1838,  '39,  '40,  41,  AND  >42. 
BY    CHARLES     WILKEIS,     ESQ..,    XT.  S.N. 

COMMANDER    OF   THE    EXPEDITION,    ETC. 

PRICE    TWENTY-FIVE    DOLLARS. 

A  New  Edition,  in  Five  Medium  Octavo  Volumes,  neat  Extra  Cloth,  particularly  done 
up  with  reference  to  strength  and  continued  use    containing  TWENTY  Six  HUN- 
DRED PAGES  of  Letter-press      Illustrated  with  Maps,  and  about  THREE 

HUNDRED  SPLENDID  ENGRAVINGS  ON  WOOD. 

PRICE  ONL1T  TWO  D  O  X*  L  A  B.  S  A  VOLITBffE. 
Though  offeied  at  a  price  so  low,  this  is  the  compete  woik,  containing  nil  the  lefter-pie*.s  of  the 
edition  printed  for  Confess,  with  some  mipiovements  suggested  m  ihe  cotiise  of  passing-  tlie  work 
again  through,  the  press.  All  of  the  wood-cut  illw&tratmns  are  jetatned,  and  neatly  «tH  the  nmjis  , 
the  laig-e  steel  plates  of  the  qvuuto  edition  beim?  omilUjtl,  and  neat  *vooil-curs  substituted  ioi  lony- 
seren  steel  via^iettes  It  js  printed  on  fine  papei,  with  larq-e  type,  bound  m  veiy  neat  extia  ciotli, 
and  forms  a  beautiful  vcoik,  with  its  very  numeiout,  tmd  appropriate  embellishments 

The  attention  of  persons  foiming-  libraries  is  especi.illy  dneoted  to  this  woik.  as  prosentmpr  tlie 
novel  and  v.ilu  able  matlei  accunmlated  by  the  Expedition  m  a  che.ip,  convenient,  and  lead,  iblti  fi«m 
SCHOOL  and  other  PUBLIC  LIBRA BIES  should  not  ho  without  it.  as  emh(«lvnisr  the  ict-ults  of 
the  First  Scientific  Expedition  commissioned  by  our  government  to  exploit*  inieiMu  legions 

"We  have  no  hesitation  in  saying  that  it  is  destined  to  stand  among1  the  mo&t  endurms*  monu- 
ments of  our  national  hteratuie  Its  contributions  not  only  to  e\ny  depaituieut  oi  science,  but 
every  depaitment  of  hibtory,  are  immense  ;  and  thcje  is  not  un  nitclligent  num  in  the  rommuinty— 
no  matter  what  may  be  his  taste,  or  his  occupation,  but  will  nud  something  here  to  enlighten,  to 
gratify,  and  to  profit  inm." — Albany  Religious  Spectator 


ANOTHER    EDITION. 
PRICE  TWENTY-FIVE  DOLLARS. 

IN   FIVE   MAGNIFICENT    IMPERIAL    OCTAVO    VOLUMES; 

WITH  AW    ATLAS   OF  IiARG-E   AND   EXTENDED  MAPS. 

BEAUTIFULLY  DONE  UP  IN  EXTEA  CLOTK. 

This  truly  gieat  and  National  Work  is  issued  in  a  style  of  superior  magnificence 
and  beauty,  containing  Sixty-four  large  and  finished  Line  Engravings,  eitihiaciug 
Scenery,  Portraits,  Manneis,  Customs,  &c.,  &c.  Forty-seven  exquisite  Sic30l  Vigmnien, 
worked  among  the  letter-press;  about  T\vo  Hundred  and  Fifty  rtnely-e,\pcuted  Wood- 
cut Illustrations,  Fourteen  large  and  small  Maps  and  Charts*  and  nearly  Twenty-six 
Hundred  pages  of  Letter-press. 

ALSO,  A  FEW  COPIES  STILL  ON  HAND. 

THE   EDITION  PRINTED   FOR   CONGRESS, 

IN  FIVE    VOLUMES,  AND  AN  ATIiAS. 

LARGE  IMPERIAL  QUARTO,  STRONG  EXTRA  CLOTH. 

PRICE     SIXTY    DOLLAR  S. 


JUST  ISSUED, 

THE  ETHNOGRAPHY   AND   PHILOLOGY   OF   THE    UNITED 
STATES    EXPLORING   EXPEDITION, 

UNDER  THE  COMMAND  OF  CHARLES  W1LKES,  ESQ.,  U.  S.  NAVY, 
BY   HORATIO    HALK, 

PHILOLOGIST    TO    THE    EXPEDITION. 

Jh  one  large  imperial  octavo  Tolume  of  nearly  seven  hundred  pages     With  two  Maps,  printed  to 
match  the  Congress  copies  of  the  "  Nariatrve." 

Price  TEN  DOLLARS,  in  beautiful  extra  cloth»  done  up  with  great  strength. 

***  This  is  the  only  edition  printed,  and  but  few  are  offered  for  sale. 

The  remainder  of  the  scientific  works  of  the  Expedition  are  in  a  state  of  rapid  progress  The 
volume  on  Corafs,  by  J.  JX  Dana,  ESQ.,  with  an  Atlas  of  Plates,  will  be  shortly  ready,  to  be  fol- 
lowed by  the  others. 
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DON    QUIXOTE-ILLUSTRATED    EDITION. 

NEARLY   READY. 


DON  QUIXOTE  DE  LA  IANCHA, 

TRANSLATED    FROM  THE  SPANISH  OF 

MIGUEL    DE    CERVANTES    SAAVEDRA, 
BY    CHARLES    JAB.VIS,    ESQ. 

CAREFULLY  REVISED  AND  CORRECTED,  WITH  A  MEMOIR  OF  THE  AUTHOR  AND  A 
NOTICE   OF  HIS  WORKS. 

WITH   NUMEROUS   ILLUSTRATIONS, 

BY    TONY    JOHANNOT. 
In  two  beautifully  printed  volumes,  crown  octavo,  rich  extra  crimson  cloth. 

if      ^ f- '    •     ^     v        ^ 
"^  -*=.— Jl^    1* 


The  publishers  are  happy  in  presenting  to  the  admirers  of  Don  Quixote  an  edition  of  that  work 
in  some  degree  worthy  of  its  reputation  and  popularity.  The  want  of  such  a  one  has  long  been  felt 
in  this  country,  and  in  presenting  this,  they  have  only  to  express  their  hope  that  it  may  meet  the 
numerous  demands  and  inquiries.  The  translation  is  that  by  Jarvis,  which  is  acknowledged  supe- 
rior in  both  force  and  fidelity  to  all  others.  It  has  in  some  few  instances  been  slightly  altered  to  adapt 
it  better  to  modern  readers,  or  occasionally  to  suit  it  to  the  inimitable  designs  of  Tony  Johannot. 
These  latter  are  admitted  to  be  the  only  successful  pictorial  exponents  of  the  wit  and  humor  ot 
Cervantes,  and  a  choice  selection  of  them  have  been  engraved  in  the  best  manner.  A  copious 
memoir  of  the  author  and  his  works  has  been  added  by  the  editor.  The  volumes  are  printed  in 
large  clear  type,  on  fine  paper,  and  handsomely  bound,  and  the  whole  is  confidently  offered  as 
worthy  the  approbation  of  all  readers  ef  this  imperishable  romance. 
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PICCIOLA. 

EDITION1, 


PICCIOLA,  THE   PRISONER   OF   FENESTRELLAj 

OR,    CAPTIVITY    CAPTIVE. 

BY  X.  B.SAIWTISTE. 
A     NEW    EDITION,    WITH     ILLUSTRATIONS. 

In  one  elegant  duodecimo  volume,  lar^o  type,  and  fine  paper;  pnce  in  fancy  covers 
50  cents,  or  m  beautiful  extra  crimson  cloth. 

"  Perhaps  the  most  beautiful  and  touching:  work  of  fiction  ever  written,  with  the  exception  of 
Undine  "  —  Atlas. 

"The  same  pnbhsheis  hnve  shown  their  patriotism,  common  sense,  and  s?ood  taste  by  pnthnff 
forth  their  fouith  edition  of  this  woik,  with  a  set  of  veiy  beautiful  erigiaved  enibellushmeulA  1  licio 
never  was  a  book  which  bettei  deserved  the  compliment  It  js  one  of  ffiuatly^uppnoi  mont  to 
Paul  arid  Vn?iina,  and  we  believe  it  js  destined  to  isuipass  thar  popular  work  oi  St  Pjeuc  in  popu- 
larity It  is  better  suited  to  the  advanced  ideas  of  the  present  age,  and  possesses.  ptit;uli,u  moial 
charms  m  which  Paul  and  Vugiuia  is  deficient.  St  Pieiio'fa  work  ik'uvod  us  pupul.uitv  fioui  its 
bold  attark  on  feudal  prejudices;  Samtiue's  stukes  deeper,  and  assails  the  sofirt  jninlolily  \\mcli 
is  the  bane  of  modern  booiety,  m  its  stionghold  A  thousand  editions  ot  Pn,ciola  will  not  bu  too 
many  for  itfa  merit  "  —  Ladijs  Booh. 

"  This  is  a  little  gem  Of  its  kind  —  a  beautiful  conceit,  beautifully  unfolded  and  applied  The  st\  le 
and  plot  of  this  trulv  charming1  stoiyiequne  no  cuticism  ,  \ve  will  only  expiess  the  wish  Ui.it  UUJMJ 
who  rely  on  works  of  notion  lor  then  intellectual  iood,  may  alwuyt*  nud  those  a*,  puie  in  language 
and  beautiful  in  moral  as  Picciola  "  —  New  York  Reuww 

"  The  piesent  edition  is  got  up  in  beautiful  style,  with  illusfiations,  and  reflects)  ciedit  upon  the 
pubhsheis  We  lecommend  to  those  oi  our  ic.ideis  who  were  not  foituriato  enough  to  moot  \\ith 
Picciola  some  years  ago,  when  it  was  fhst  translated,  and  tin  a  season  all  the  KI^U,  to  lo">f  no  tuuc 
in  piocurnitf  it  now  —  and  to  those  who  lead  it  then,  but  do  riot  possess  a  copy,  tct  embi.ice  t!»e  op- 
poitumty  of  supplying-  themselvos  fiom  the  piesenl  veiy  excellout  edition  "  —  Matwdtuj  Et  ttutw  Pixl 

"A  new  edition  of  this  exquisite  stoiy  has  recently  beon  issued  by  MesMS  Loa  &•  lU.uieh.ml, 
embelli&iiod  and  illusstiatod  in  the  most  elegant  manner  We  uiidei  stand  tliat  I  hf  woik  was  com- 
pletely out  of  punt,  and  a  new  edition  will  then  be  welcomed  It,  contains  u  delightful  loitei  tnuu 
the  author,  giving1  a  painful  uisight  into  the  pei&onal  hi&toiy  of  the  chaiactcis  who  li^uio  m  the 
&toiy."  —  Jblutiuiig  Bulleim 

"  The  most  charming  work  we  have  read  for  many  a  day  '*  —  Riclimond  Enquirer. 


BY   SAMUEL  LOVEil. 
A  new  and  cheap  edition,  with  Illustrations  by  the  Author.    Piice  only  25  cents 
Also,  a  beautiful  edition  in  royal  12mo.,  price  50  cents,  to  match  thy  follow  ing, 
"A  tiuly  In&h,  national,  and  characteristic  btoiy."  —  London  Literary  Gazette. 
"  Mr  Lover  has  here  produced  his  best  work  of  fiction,  which  will  survive  wluni  half  thr*  Ii  ihh 
sketclies  w;th  winch  the  liteiary  world  fieeias  aie  foigotten      The  mteiebt  we  take  m  thtj  \auod 
adveniuie&  of  Rory  is  never  once  suffered  to  abate.     We  welcome  him  with  high  delight,  a^id 
part  fiom,  him  with,  i  egret."  —  London  Sun 

lOVEB'S  IRISH  STORIES. 

LEG-EOSTBS  .A.OTX>  STOHIES  OF  IHELAN  r>. 

BY   SAMUEL   LOVEK. 

IJx  one  very  neat  12mo.  volume,  fine  paper,  ejctia  cloth  or  fancy  paper, 
With  Illustrations  by  the  Author. 

LOVER'S  SONGS  AND   BALLADS, 

INCLUDING  THOSE    OF    THE    "IRISH  EVENINGS/1 

In  one  neat  12rao.  volume,  puce  25  cents. 

IVIARS  TO  2*, 

OR  THE  MEMOIRS  OF  A  STATESMAN  AND  SOLDIER. 

BY  THE   REV.   GEORGE   CROLY, 
Author  of  4*  Salathxey  "  Angel  of  the  Woild,"  &c. 
In  one  octavo  volume,  paper,  price  fifty  cents, 
"A  work  of  high  character  and  absorbing  interest."  —  New  Orleans  See. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

BIOGRAPHY  AND  POETICAL  REMAINS 

OF   THE    LATE 

B.  ST    IVlIT.XjSH    •D-a.^SB 
BY     WASHINGTON     IRVING. 

A  NEW  EDITION,  REVISED. 

POETICAL   REMAINS 

OP    THE    LATE 

KJ9LRX.A.    ID-a  V230S  O3ST. 

COLLECTED  AND  ARRANGED  BY  HER  MOTHER,  WITH  A  BIOGRAPHY  BY 
MISS  SEDGW1CK. 

A    NEW    EDITION,    REVISED 

SELECTIONS  FROM  THE 

WRITINGS  OF  MRS.  MARGARET  M.  DAVIDSON, 

THE  MOTHER  OF  LUCIl'ETIA.  AND  MAHGAEET. 

XVETH  A  PREFACE  BY  MISS  SEDGWICK. 

The  above  three  works  are  done  up  to  match  in  a  neat  duodecimo  form,  fancy  paper,  price  fifty 
cents  each  ;  or  m  extra  cloth. 

THE  LANGUAGE  OF  FLOWERS, 

WITH    ILLUSTRATIVE    POETRY;    TO   WHICH  ARE    NOW  ADDED    THE 
CALENDAR  OF  FLOWERS,  AND  THE  DIAL  OF  FLOWERS. 

SEVENTH    AMERICAN,    FROM    THE    NINTH    LONDON    EDITION. 

Revised   by  the  Editor  of  the   "  Forget-Me-Not." 

jln  one  very  neat  18mo.  volume,  extra  crimson  cloth,  gilt.    With  six  colored  Plates. 

CAMPBELL'S   POETICAL  WORKS, 

THE  ONLY  COMPLETE  AMERICAN  EDITION. 

WITH  A  MEMOIR    OF  THE  AUTHOR   BY  IRVING,  AND  AN 
ESSAY  ON  HIS  GENIUS  BY  JEFFREY. 

In  one  beautiful  crown  octavo  volume,  extra  cloth,  or  calf  gilt  :  with  a  Poi  trait  and  12  Plates. 

KEBLE'S   CHRISTIAN   YEAR, 

EDITED   BY   THE    RIGHT   REV.   BISHOP    DOANE. 

Miniature  Edition,  in  32mo.,  extra  cloth,  with  Illuminated  Title. 

RELIGfQ  MEDICI,  AND  ITS  SEQUEL,  CHRISTIAN  MORALS, 

BY   SIR   THOMAS   BROWNE,   KT., 

WITH  RESEMBLANT  PASSAGES    FROM  COWPER'S   TASK. 
In  one  neat  ]2mo.  volume. 


HEMANS'S  C 

IN    SEVEN   VOLUMES,    KOYAL    12MO.,    PAPER    OR    CLOTH. 

RQGERS'S   PO  EMS, 

ILLUSTRATED, 
IN   ONE    IMPERIAL   OCTAVO  VOLUME,   EXTRA   CLOTH  OR  WHITE   CALF. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

BOY'S  TREASURY   OF    SPORTS. 

THE  BOY'8  TREASURY  OF  SPOUTS,  PASTIMES  AND  SECfiEATIONS. 

WITH    FOUR   HUNDRED    ILLUSTRATIONS, 
BIT   SAiyiTJEL    WILLIAMS. 

Ifa  NOW  KKADY 

In   one  very  neat  volume    bound  in  extra  crimson   cloth;    handsomely  printed   and 

illustrated  with  engravings  in   the  first  stylo  of  art,  and  containing 

about  six  hunched  and  fifty  articles.     A  pieseut  for  all  seasons. 


PREFACE. 

This  illustrated  Manual  of"  Sports,  Pastimes,  and  Recreations,"  has  been  mepared  with  especial 
regard  to  the  Health,  Exeieise,  and  Rational  Enjoyment  of  the  young1  leaueis  to  whom  it  is  ad- 
dressed 

Every  vanely  of  commendable  Recreation  will  bo  found  in  the  following"  p.i£?es  Fnst,  vou  Iinve 
the  little  Toys  of  the  JSTurseiy,  the  Tops  and  Marbles  of  the  Play-ground  ,  and  the  .Balls  of  the 
Plav-ioom,  or  the  smooth  Lawn 

Then,  you  have  a  rmmbe*  of  Pastimes  that  serve  to  gladden  the  fiieside  ,  to  light  up  many  faces 
right  joyfully,  and  make  the  parlour  le-echo  with  intrtn. 

Next,  come  the  Exeicism^  Sports  of  the  Field,  the  Green,  and  the  Play-giound ,  followed  by 
the  noble  and  truly  English  «anip  of  Cncket. 

Gymnastics  aie  next  Admitted;  then,  the  delightful  reci  cation  of  Swimming  ;  and  the  healthful 
sport  ot  Skating 

Aichery,  once  the  pnde  of  England,  is  then  detailed  ;  and  veiy  piopeily  followed  bv  Instructions 
in  the  graceful,  accomplishment,  of  Fencing,  and  the  manly  and  enlivening  OMSK-ISP  ot  Riding. 

Angling,  the  pastime  of  childhood,  bo/hood,  manhood,  arid  old  asje,  is  nt^t  desrnbcd  ,  and  by 
attention  to  the  msti  actions  heie  laid  down,  the  lad  with  a  stick  and  a  string1  may  soon  become  an 
expei  t  Angler 

Keeping  Animals  is  a  favounte  puisuit  of  bovhood  Accoidina:ly,  we  have  described  how  to  rear 
the  Rabbit,  The  Squin el,  the  Doi mouse,  the  Guinea  Pier,  the  Pigoou,  and  tho  Silkwoim.  A  loujy 
chapter  is  adapted  to  the  leaiingr  of  Song  Buds  ,  the  seven  al  varieties  of  which,  and  then  respective 
cas-es,  aie  next  described  And  heie  wo  nuy  hint,  that  kindness  1o  Animals  inv.uinbly  denotes  an 
excellent  disposition  ,  foi.  to  pet  a  little  cieatuie  one  houi,  and  to  tiesit  it  huishly  the  next,  maiKs 
a  caunnoub  if  not  a  ciuel  temper.  Humanity  is  a  jewel,  which  every  boy  should  be  pioud  to  wear 
in  his  breast 

We  now  approach  the  more  sedate  amusements — as  Draughts  and  Choss ;  two  of  the  noblest 
exercises  of  the  ingenuity  oi  the  human  mind  Dominoes  and  Basatelle  follow.  Wilh  a  know- 
ledge of  these  four  game*,  -who  would  puss  a  dull  horn  in  the  dieanest  day  of  wmtei  ,  oi  wlio 
would  sit  idly  by  the  fii  e  t 

Am usements  in  Authmetic,  harmless  Lejreidemam,  or  slei#ht-of-hand,  and  Tricks  with  Cauls, 
•will  delight  many  a  family  cncle,  when  the  business  of  the  day  is  over,  and  I  lie  book  is  laid  aside 

Although  the  present  volume  is  a  book  of  amusements,  Science  has  not  been  excluded  nom  its 
pages  And  why&hould  itbel  when  Science  is  as  onteitannng  as  a  fan3r  tale  The  change's  we 
read  of  in  little  nursery-books  are  not  mcne  amnsiner  than  the  changes  in  Chennstiy,  O|jlics.,  iJlcc- 
tncity,  Maarue'isiu,  &c.  By  un.de t  standing1  these,  you  may  almost  become  a  little  Magician 

Toy  Balloons  and  Paper  Fuewoiks,  (oi  Fireworks  Wftfionf  Fire,)  come  ne\t  Then  lollow  In- 
structions foi  Modelling  in  Card-Bomd;  so  that  you  may  build  for  yourself  a  palace  or  a  cairiage, 
and,  m  shoit,  make  for  yourself  a  httle  papei  woild 

Puzzles  and  Paiadoxes,  Eine^n-J-s  and  Kiddles,  and  Talking  with  fho  Fmffeis,  nf*xt  make  up  plenty 
of  e-^eicise  for  *'  Guess,"  and  **  Guewi  a^ain  "  And  as  you  have  the  "  Keys"  in  your  own  hand,  you 
may  keep  your  fi  lends  in  suspense,  and  maize  youiself  as  myblenous  as  the  Nphynx 

A  ch.ipter  of  i\riscelJuiaefa — useful  and  amusing  secicts — winds  up  the  volume 

The  "  Tieasniv  '  contains  upwaids  of  foui  hundred  Engiavm^s  ,  so  that  it  is  not  only  a  collection 
of  "societs  woith  knowing,"  but  it  is  a  book  of  pictuies,  as  lull  of  pimts  as  a  CluifaUnos  pudding 
is  of  plums 

It  may  be  as  well  to  mention  that  the  "Tieasury"  holds  many  new  games  that  have  never 
befoi  e  been  printed  in  a  book  of  this  kind.  Tho  old  guines  have  been  debcnbcd  airobh.  Thus  it 
is,  altogether,  a  new  book 

And  now  we  take  leave,  wishing  y6u  many  hours,  and  days,  and  weeks  of  enjoyment  over  these 
pa#es,  arid  we  hope  that  you  may  be  as  happy  as  this  book  is  brimful  of  amusement. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

POPULAR    SCIENCE. 

PHILOSOPHY  IN  SPORT,  MADE  SCIENCE  IN  EARNEST, 

BEING  AN  ATTEMPT  TO  ILLUSTRATE   THE   FIRST  PRIN- 

CIPLES OF  NATURAL  PHILOSOPHY,  BY  THE 

AID  OF  THE  POPULAR  TOYS  AND 

SPORTS  OF  YOUTH. 

THE   SIXTH    AND    G-REATLY    IMPROVED    LQNDOH    EDITION. 


In  one  very  neat  royal  18mo.  volume,  with  nearly  one  hundred  illustrations  on  wood. 
Fine  extra  crimson  cloth. 

"  Messrs.  Lea  &  Blunchard  have  issued,  m  a  beautiful  manner,  a  handsome  book,  called  *  Philoso- 
phy m  Sport,  made  Science  in  Earnest  '  Tins  is  an  admirable  attempt  to  illustrate  the  first  ptm- 
ciyles  of  Natural  Philosophy,  hy  the  aid  of  the  popular  toys  and  sports  of  youth.  Useful  informa- 
tion is  conveyed  in  au  easy,  graceful,  yet  dignified  manner,  and  rendered  easy  to  the  simplest  under- 
standing. The  book  is  mi  adrrnrable  one,  and  must  meet  with  universal  favour."  —  .ZV,  Y.  Evening 
Mirror. 

ENDLESS     AMUSEMENT. 

JUST    ISSUED. 


ENDLESS    AMUSEMENT, 

A    COLLECTION    OF 

NEARLY  FOUR  HUNDRED  ENTERTAINING  EXPERIMENTS 
IN  VARIOUS  BRANCHES   OF  SCIENCE, 

INCLUDING 

ACOUSTICS,  ARITHMETIC,  CHEMISTKY,  ELECTRICITY,  HYDRAULICS,  HYDROSTATICS, 

MAGNETISM,  MECHANICS,  OPTICS,  WONDERS  OP  THE  ATR  PUMP,  ALL  THE 

POPULAR  TRICKS  AND  CHANGES  OF  THE  CARDS,  &c.,  <fcc. 

TO    WHICH   IS   ADDED, 

A  COMPLETE   SYSTEM    OF    !»  Y  R  OT  JECfIN  Y, 

OR  THE  ART  OF  MAKING  FIRE-WORKS: 

THE    WHOLE    SO    CLEAULY   EXPLAINED    AS   TO    BE    WITHIN   BEACH 
OF   THE   MOST    LIMITED    CAPACITY. 

WITH    ILLUSTRATIONS. 

FROM    THE    SEVENTH    LONDON    EDITION. 

In  one  neat  royal  18mo.  volume,  fine  extra  crimson  cloth. 

This  work  has  Ions?  supplied  instructive  amusement  to  the  rising  generations  in  England,  and 
will  doubtless  be  hailed  with  pleasure  by  those  of  this  country  who  like  (and  what  boy  does  not) 
the  marvellous  tricks  and  changes,  expeiimouts  and  wonders  afforded  by  the  magic  of  scien.ce  and 
jugglery.  __^_ ~~^^ ^^ 

CHEMISTRY  OF  THE  FOUR  SEASONS, 

SPRING,  SUMMER,  AUTUMN,  AND  WINTER. 

AN    ESSAY,   PRINCIPALLY    CONCERNING    NATURAL    PHENOMENA,   ADMITTING-    OP 
1NTJSKPRETATION  BY  CHEMICAL  SCIENCE,  AND  ILLUSTRATING- 

PASSAGES  OF  SCRIPTURE. 
BY    THOMAS    G-RIPFITHS, 

PROFESSOR  OF  CHEMISTRY  IN  THE  MEDICA.L  COLLEGE  OF  ST.  BARTHOLOMEW'S  HOSPITAL,  ETC. 

In  one  Jorge  royal  12rno*  volume,  with  many  Wood-Cuts,  extra  cloth. 

«  Chemistry  is  assuredly  one  of  the  most  useful  and  interesting  of  the  natural  sciences.  Chemical 
changes  meet  us  at  every  step,  and  during-  every  season,  the  winds  and  the  rain,  the  heat  and-  the 
frosts,  earth  have  their  peculiar  and  appropriate  phenomena.  And  those  who  have  hitherto  re- 
mained insensible  to  these  changes  and  unmoved  amid  such  iemarkabler  and  often  startling1  re- 
suits,  will  lose  their  apathy  upon  reading  the  Chemistry  of  the  *  Four  Seasons,*  and  be  prepared-  to 
enjoy  the  highest  intellectual  pleasures.  Conceived  in  a  happy  spirit,  and  written  with*  taste  and 
elegance,  the  essay  of  Mr.  Gi-i&ths  r.nnnot  ftul  to  receive  the  admiration  of  cultivated  rnmds;  and 
those  who  have  looked  leas  carefully  into  nature's  beauties,  will  find  themselves  led  on  step  by- 
step,  until  they  realize  a  new  intellectual  being1.  Such  works,  we  believe,  exert  a  hapj>y  influence 
over  society,  and  hence  -we  hope  that  the  present  one  may  be  extensively  read." — £li&  Western 
Lancet. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

JOHNSON  AND   LANORETH  ON   FRUIT,   KITCHEN, 
AND   FLOWER  GARDENING. 

A   DICTIONARY    OF   MODERN    GARDENING, 

BY  G-EORG-E    WILLIAM   JOH3NTSOIT,    ESQ. 
Author  of  the  "  Principles  of  Practical  Gardening,"  "  The  Gardener's  Almanac,"  &c. 

WITH   ONE   HUNDRED   AND   EIGHTY   WOOD-CUTS. 

EDITED,  WITH  NUMEROUS  ADDITIONS,  EY  DATED  LANDRETH,  OF  PHILADELPHIA. 

In,  one  large  royal  duodecimo  volume,  extra  cloth,  of  nearly  Six  Hundied  and  Fifty 

double  columned  Pages 

This  edition  has  been  qrcatly  alteied  from  the  orig-mal  Many  articles  of  little  mteiest  to  Ameri- 
cans have  been  cmtailed  or  wholly  omitted,  and  much  new  matter,  with  numeious  illustiaiions, 
added,  especially  with  respect  to  the  varieties  of  fruit  which  exponence  has  shown  to  bo  pocuhaily 
adapted  to  our  climate  Still,  the  editor  admits  that  he  has  only  followed  in  the  path  so  admiiably 
niniked  out  by  Mr  Johnson,  to  whom  the  chief  rnent  of  the  woik  belongs  it,  has  been  an  object 
with  the  editoi  and  pubhshcis  to  increase  its  popular  chai.icter,  theieby "adaptiner  it  to  the  Iruger 
class  of  hoiUcjultuial  readeis  in  this  country,  and  they  trust  it  will  piovo  what  they  have  desired  it 
to  DP,  au  Encyclopedia  of  Gaidemng,  if  not  of  Rxual  Allans,  so  condensed  and  tit  sui>h  a  puce  as  to 
be  within  reach  oi  nearly  all  whom  those  subjects  mteiest. 

"  This  is  a  useful  compendium  of  all  that  description  of  information  which  is  valunblp  to  the 
modem  garderiei  It  quotes  laigely  from  the  best  standard  authois,  louinals.  and  tian&.icfioiis  of 
societies. ,  and  the  laboxns  of  the  Ameiican  editor  have  litted  it  for  the  Dnitcnl  States,  by  imlioious 
additions  and  omissions  The  volume  K  abundantly  illustia-led  with  l^uros  m  tho  lo\l,  embiacmt,' 
a  judicious  selection  of  tho&e  varieties  oi  hints  which  expedience  hati  feho\\n  to  be  \\ell  baited  to  the 
United  States  — SiLlimaji's  Journal 

"  This  is  the  most  valuable  woik  we  have  ever  seen  orx  the  subject  of  pardennw?;  and  no  man  of 
taste  who  ran  devote  even  a  quaiter  of  an  acie  to  hoitirultuie  ou^lit  to  be  without  it.  Jndt-od  la- 
dies who 'meiely  cultivate  floweis  withzn-doors,  will  find  this  book  an  excellent  and  convenient 
coutiselloi  It  contains  one  huridied  and  eighty  uood-cat  initiations,  \\lnch  give  a  dibtjuct  nloa 
of  the  iiuits  anu  gardon-aiiantrenients  they  aie  intended  to  represent 

44  Johnson's Dictionaiy  of  Gardening1,  edited  bv  Landietli,  us  handsomely  punted,  wpll-bomul,  and 
sold  at  a  pi  ice  which  puts  it  witlun  the  reach  oi  all  who  would  be  likely  to  buy  it."— Jttu 

THE    COMPLETE    FLORIST. 


CONTAINING  PRACTICAL  INSTRUCTION  TOR  THE  MANAGEMENT  OF  GRE'RNTTOUSE 

PLANTS,  AND  FOR  THE  CULTIVATION  OF  T1JE  SHRUWKKY— TJTR  Kl.OWEK 

GAEDEN,  AND  THE  LAWN— -WITH  DESCRJPTIOMS  OF  TIlQSti  PLANTS 

AND  T£E£S  MOST  WORTHS  OF  CULTUIOS  IN  EACH 

DEPARTMENT. 

WITH    ADDITIONS    AKTD    AM  E  W  2>  T^CE  3ff  T  S  , 

ADAPTED  TO  THE  CLIMATE  OF  THE  UNITED  STATES. 

In  one  small  volume.    Price  only  Twenty-five  Cents. 


THE  COMPLETE  KITCHEN  AND  FRUIT  GARDENER, 

A  SELECT  MANUAL  OF  KITCHEN  QARDJENUVG, 

AND  THE  CULTURE  OF  FRUITS, 

CONTAINING  FAMILIAR  DIRECTIONS  FOR  THE  MOST  APPROVED  PRACTICE  IN  EACH 
DEPARTMENT,  DESCRIPTIONS  OF  MANY  VALUABLE   FRUITS    AND  A 
CALENDAR  OF  WORK  TO  BE  PERFORMED  EACH    ' 
MONTH  IN  THE  YEAR 

THE  WHOLE  ADAPTED  TO  THE  CLIMATE  OP  THE  "UNITED  STATES- 
In  one  small  volume,  paper.    Pi  ice  only  Twenty-five  Cents 

HTJRAL  REGISTER  AND  AL3VTAKAC,  FOR  1848, 

WITH   NUMEROUS    ILLUSTRATIONS. 


STILL   ON   HAJfD, 
A  FEW  COPIES  OF  THE  REGISTER  FOR  1847, 

WITH  OVER  ONE  HUNDRED  WOOD-CUTS. 

This  work  has  150  lar^e  12mo  pages,  double  columns.    Though  published  nnminllv,  am!  rontam 
Sn  aC'  ""*  pnncipal  part  of  the  matter  »  of  Peimanenl  utility  to  the  hoiMtlSS  and 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

YOUATT   AND    SKINNER'S 

STANDARD  WOKK  ON  THE  HORSE. 

THE    HORSE. 

BY    WILLIAM    YOUATT. 

A   NEW   EDITION,   WITH   NUMEROUS    ILLUSTRATIONS. 
TOGETHER   WITH  A 

HSSTORIT  OF  THE 

A   DISSERTATION   ON 

THE  AMERICAN  TROTTING  HOKSE; 

I  HOW    TRAINED    AND    JOCKEYED. 

AN  ACCOUNT  OF  HIS  REMARKABLE  PERFORMANCES; 

AND 

jfiUNT  33S&A1T  O2T  T5-IS  JLSS  AXR*  TI-IE  Bm&E, 

BY    J.  S.  SKINNER, 

Assistant  Post-JMaster-General,  and  Editor  of  the  Turf  Register. 

This  edition  of  Ycraatt's  well-known  and  standard  work  on  the  Manage- 
ment, Diseases,  and  Treatment  of  the  Horse,  has  already  obtained  such  a 
wide  circulation  throughout  the  country,  that  the  Publishers  need  say  no- 
thing to  attract  to  it  the  attention  and  confidence  of  all  who  keep  Horses  or 
are  interested  in  their  improvement. 

"In  introducing1  this  very  neat  edition  of  Youatt's  well-known  book,  on 'The  Horse/  to  our 
readers,  it  is  not  necessary,  even  if  we  had  time,  to  say  anything  to  convince  them  of  its  worth ;  it 
has  been  highly  spoken  of,  by  those  most  capable  of  appreciating1  its  merits,  and  its  appearance, 
under  the  patronage  of  the  'Society  for  the  Diffusion  of  Useful  Knowledge,'  with  Lord  Brougham 
at  its  head,  affords  a  full  guaranty  for  its  high  character.  The  book  is  a  very  valuable  one*  and  wo 
endorse  the  recommendation  of  the  editor,  that  every  man  who  owns  the  *  hair  of  a  horse,'  should 
have  it  at  his  elbow,  to  be  consulted  like  a  family  physician,  '  for  mitigating1  the  disorders,  and  pro- 
longing- the  life  of  the  most  interesting  and  useful  of  all  domestic  animals.'  "—Farmer's  Cabinet. 

"This  celebrated  work  has  been  completely  revised,  and  much  of  it  almost  entirely  re-written 
by  its  able  author,  who,  from  being  a  practical  veterinary  surgeon,  and  withal  a  great  lover  and 
excellent  judge  of  the  animal,  is  particularly  well  qualified  to  write  the  history  of  the  noblest  of 
quadrupeds.  Messrs.  Lea  and  Blanchard  of  Philadelphia  havo  republi&hcd  the  above  work,  omitting- 
a  few  of  the  first  pagres,  and  have  supplied  their  place  with  matter  quite  as  valuable,  and  perhaps 
more  interesting*  to  the  reader  in  this  country  •  it  being  nearly  100  pages  of  a  geneial  history  of  the 
horse,  a  dissertation  on  the  American  trotting*  horse,  how  trained  and  jockeyed,  an  account  of  his 
remarkable  performances,  and  an  essay  on  the  Ass  and  Mule,  by  J.  S.  Skinner,  Esq.,  Assistant  Post- 
master-General, and  late  editor  of  the  Turf  Register  and  American  Fanner,  Mr.  Skinner  is  one 
of  our  most  pleasing  writers,  and  has  been  familiar  with  the  subject  of  the  horse  from  childhood, 
and  we  need  not;  add  that  he  has  acquitted  himself  well  of  the  task.  He  also  takes  up  the  import- 
ant subject,  to  the  American  breeder,  of  the  Ass,  and  the  Mule.  This  ho  treats  at  length  and  con 
amore.  The  Philadelphia  edition  of  the  Horse  is  a  handsome  octavo,  with,  immerous  wood-cuts." — 
American  Agriculturist. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

FRANCATELLl'S  MODERN   FRENCH   COOKERY. 

THE    ItlOJDEltN     COOK, 

A  PRACTICAL  GUIDE  TO  THE  CULINARY  ART,  IN  ALL  ITS  BRANCHES,  ADAPTED  AS 

WELL  FOR  THE  LARGEST  ESTABLISHMENTS  AS  FOR  THE  USE 

OF  PRIVATE  FAMILIES. 

BY  CHARLES  ELME  FRANCATELLI, 

Pupil  of  the  celebrated  Caieme,  and  late  Moitie  D'Hotel  and  Chief  Cook  to  her  Majesty  the  Queen. 
In  one  large  octavo  volume,  extra  cloth,  with  numerous  illustrations. 

"It  appears  to  be  the  book  of  books  on  cookery,  being-  a  most  comprehensive  tieaUse  on  that  nit 
pi  eservative  and  conservative  The  work  compuses,  in  one  laige  and  elegant  octavo  volume,  1117 
lecipes  for  cookiuff  dishes  ami  desserts,  with  numerous  illustrations  ,  also  bills  of  faie  and  dnoc- 
tious  for  dimieis  iui  eveiy  month  in  the  year,  foi  companies  of  six  persons  to  tnenLj  -eight  —  Nat 
Intelligencer 

"The  ladies  who  read  our  Magazine,  will  thank  us  for  calling  attention  to  this  srejit  work  on  the 
noble  science  of  cooking-,  m  which  eveiybody,  who  has  any  taste,  feels  a  deep  and  abiding  mieie&t 
Fiancatellus  the  Plato,  the  Shakspeare,  or  the  Napoleon  of  lus  dopni  tmeuL  ,  01  pwhaps  the  La 
Place,  foi  his  peifoiinance  beais  tlie  Mime  relation  to  ordinary  cook  books  th.it  the  Alecanique 
Celesle  duet,  to  Da-boll's  Arithmetic  It  is  a  large  octavo,  piofu&ely  illuatiated,  and  contains  ovoiy- 
tlnng-  on  the  philosophy  of  making  dmneis,  &uppei&,  etc  ,  that  is  woilh  knowing  —  Graham's  Magazine 


I2JT  jgLEiEi  ITS 

REDUCED  TO  A  SYSTEM   OF  EASY  PRACTICE   FOR  THE  USE  OF  PRIVATE  FAMILIES. 

IN  A  SERIES  OF  PRACTICAL  RECEIPTS,  ALL  OF  WHICH  ARE  GIVEN 

WITH  THE  MOST  MINUTE  EXACTNESS. 

BY    EJL.IZA    ACTON. 

WITH    NUMEROUS    WOOD-CUT   ILLUSTRATIONS. 

TO  WHICH  IS  ADDED,  A  TABLE  OF  WEIGHTS  AND  MEASURES. 

THE  WHOLE  REVISED  AND  PREPARED  FOR  AMERICAN  HOUSEKEEPEES. 

BY  MRS.    SARAH   J.    HALE. 

From  the  Second  London  Edition.     In  one  laige  12mo.  volume. 

"Miss  Eliza  Acton  may  congratulate  heiself  on  having-  composed  a  woilc  of  g-ieat  utility,  and  one 
that  is  speedily  finding  its  way  to  eveiy  'dresser'  in  the  kingdom  Her  Cookeiy-book  is  unques- 
tionably the  tnosst  valuable  compendium  of  the  art  that  has  yet  been  published  Jt  ation^ly  incul- 
cates economical  principles,  and  points  out  how  good  things  may  be  concocted  wilhout  that  leek- 
le&s  extravagance  which  good  cooks  have  been  wont  to  imagine  the  best  evidence  they  can  sive  of 
skill  in  their  piofe&sion  "—  London  Morning  Post 

THE^Tolv^ 

PLAIN  AND  PRACTICAL  DIRECTIONS  FOR  COOKING  AND  HOUSEKEEPING, 

WITH  UPWARDS  OF  SEVEN  HTJWDRBD  RECEIPTS, 

Consisting-  of  Directions  foi  the  Choice  of  Meat  and  Poultiy,  Preparations  ioi  Cooking,  Makinjr  of 
Broths  and  Sous     Boili         o 


,  ,  ,  ., 

Directions  for  making  Wines 

•WITH    ADDITIONS     AND     A  L  T  E  R  A  T  I  0  N  S  . 

BY   J.    M.    SANDERSON, 

OF  THE  FJRAKKilN  HOUSE. 

In  one  small  volume,  paper     Puce  only  Twenty-five  Cents 

BAKER. 

PLAIN  AND  PRACTICAL  DIRECTIONS 

FOR  MAKING  CONFECTIONARY  AND  PASTRY,  AND  FOR  BAKING 

"WITH  UPWARDS   OF  FIVE  HUNDRED  RECEIPTS, 

Consisting  of  Directions  for  making  all  sorts  of  Preserves,  Sugar  Boiling,  Comfits,  Lozenges 
Ornamental  Cakes,  Ices,  Liqueurs,  Watei  s,  Gum  P.iste  Ornaments,  Syrups,  Jellies  ' 

Marmalades,  Compotes,  Bread  Baking,  Artificial  Yeasts,  Fancy  ' 

Biscuits,  Cakes,  Rolls,  Muffins,  Tarts,  Pies,  &c  ,  &c. 

WITH    ADDITIONS     AND     ALTERATIONS. 

BY    PAR  KIWSON, 

PRACTICAL  CONFECTIONER,  CHESTNUT  STREET. 

In  one  small  volume,  paper.    Price  only  Twenty-five  Cents. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


SCHOOL   BOOKS. 


SCHMITZ  AND  ZUMPT'S  CLASSICAL  SERIES. 

VOLUME    I* 

Co  JUJbH  C.ESARX8 

COMMENTARII    I>E    BELLO    GALLICO. 

WITH  AN  INTRODUCTION,  NOTES,  AND  A  GEOGRAPHICAL  INDEX  IN  ENGLISH, 
ALSO,  A  MAP  OF  GAUL,  AND  ILLUSTRATIVE  ENGRAVINGS. 

In  one  handsome  ISmo.  volume,  extra  cloth. 

This  Series  has  been  placed  under  the  editorial  management  of  two  eminent  scholars 
and  practical  teachers,  DR.  SCHMITZ,  Rector  of  the  High  School,  Edinburgh,  and  DR. 
ZUMPT,  Professor  in  the  University  of  Berlin,  and  will  combine  the  following  advan- 
tages :— 

1.  A  gradually  ascending  series  of  School  Books  on  a  uniform  plan,  so  as  to  constitute  within  a 
definite  number,  a  complete  Latin  Curriculum. 

2.  Certain  ariangements  in  the  rudimentary  volumes,  which  will  insure  a  fair  amount  of  know- 
ledge in  Roman  literature  io  those  \yho  are  not  designed  for  professional  life,  and  who  thei*efore 
will  not  require  to  extend  their  studies  to  the  advanced  portion  of  the  sunes. 

3  The  text  of  each  authoi  will  be  such  as  has  been  constituted  by  the  most  recent  collations  of 
manuscripts,  and  will  be  prefaced  by  biographical  and  critical  sketches  in  English,  that  pupils  may 
be  made  aware  of  the  chniacter  anu  peculiarities  of  the  woik  they  are  about  to  study. 

4.  To  remove  difficulties,  and  sustain  an  interest  in.  the  text,  explanatory  notes  in  English.  will 
be  placed  at  the  foot  of  euch  page,  and  such  comparisons  drawn  as  may  serve  to  unite  the  liistory 
of  the  past  with  the  realities  of  modern  times. 

5.  The  woiks,  generally,  will  be  embellished  with  maps  and  illustrative  engravings,—  accompani- 
ments which  will  greatly  usmst  the  student's  comprehension  of  the  nature  of  the  countries  and 
leading1  circumstances  described. 

6.  The  respective  volumes  will  be  issued  at  a  pnce  considerably  less  than  that  usually  charged  ; 
and  as  the  texts  are  fiom  the  most  eminent  sources,  and  the  whole  series  constructed  upon  a  de- 
terminate plan,  the  piactice  of  issuing  new  and  altered  editions,  which,  is  complained  of  alike  by 
teachers  and  pupils,  will  be  altogether  avoided. 

From  among  the  testimonials  which  the  publishers  have  receix^ed,  they  append  the 
following  to  show  that  thu  design  of  the  series  has  been  fully  and  successfully  carried 

out  ;  — 

Central  High  School,  Plata.,  June  29,  1817. 
Gentlemen  .*-— 

I  have  been  much,  pleased  with  your  edition  of  Caesar's  Gallic  Wars,  being-  part  of  Schmitz  and 
Zumpt's  classical  series  for  schools.  Thft  work  seems  happily  adapted  to  the  wants  of  learners. 
The  notes  contain  much  valuable  information,  concisely  and  accurately  expressed,  and  on  the  points 
that  really  requite  elucidation,  while  at  the  same  time  the  book  is  not  rendered  tiresome  and  ex- 

ensive by  a  ut-eless  anav  of  mere  learning.    The  test  is  one  in  high  repute,  and  your  reprint  of  it 


-  .  , 

is  pleasing  to  the  eye.    I  take  great  pleasure  in  commending:  the  publication  to  the  attention  of 
teachers.    It  will,  I  am  persuaded,  commend  itself  to  all  who  give  it  a  fair  examination. 

Very  .Respectfully,  Your  Obt.  Servt., 

JOHN"  S.  HART, 
To  Messrs.  Lea  &  Blanchard,  Principal  PMla.  High  School. 


Gentlemen.—  J^  28,  1847. 

The  edition  of  "Cesar's  Commentaries,"  embraced  in  the  Classical  Section  of  Chambers's  Edu- 
cational Course,  and  given  to  the  world  under  the  auspices  of  Drs.  Schnntz  and  Zumpt  has  re- 
ceived from  me  a  candid  examination.  I  have  no  hesitation  in  saying,  that  the  design  expressed  in 
the  notice  of  the  publishers,  has  been  successfully  accomplished,  and  that  the  work  is  well  calcu- 
lated to  become  popular  and  useful.  The  text  appears  to  be  unexceptionable.  The  annotations 
embrace  m  condensed  form  such  valuable  information,  as  must  not  only  facilitate  the  research  of 
the  scholar,  but  also  stimnlaie  to  further  inquiry,  without  encouraging  indolence.  This  is  an  im- 
portant feature  in  the  right  prosecution,  of  classical  studies,  which  ought  to  be  more  generally  un- 
derstood and  appreciated.  H.  HAVERSTICK, 

Prof,  of  Ancient  Languages,  Central  High  School,  Phila. 


VOLUME  II* 

P,  VIRGILII  MARONIS  CARMINA, 

NEARLY  HEADY, 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


SCHOOL   BOOKS. 


BIRD'S   NATURAL   PHILOSOPHY. 

NEARLY    READY. 

ELEMENTS  OF  BTATURAI-  PHILOSOPHY, 

BEING  AN  EXPERIMENTAL  INTRODUCTION  TO  THE  PHYSICAL  SCIENCES. 

ILLUSTRATED  WITH  OVER  THREE    HUNDRED   WOOD-CUTS. 

BY    GOLDING    BIRD,   M,D., 

Assistant  Physician  to  Guy's  Hospital. 

FROM  THE  THIRD    LONDON  EDITION. 

In  one  neat  volume. 

"By  the  appearance  of  Dr,  Bnd's  work,  the  student  has  now  all  that  he  can  desire  in  ono  nent, 
concise,  and  well-digested  volume.  The  elements  ot  natuial  philosophy  aie  explained  m  veiy  sim- 
ple language,  and  illustrated  by  numerous  wood-cuts  " — Medical  Gazette. 

ARNOTT'S  PHYSICS, 

ELEMENTS  OF  PHYSICS;  OR,  NATURAL  PHILOSOPHY, 

GENERAL      AND      MEDICAL. 
WRITTEN  FOR  UNIVERSAL  USE,  IN  PLAIN,  OR  NON-TECHNICAL  LANGUAGE 

BY    WIELL   ARNOTT,   JVI.D. 

A   NEW   EDITION,   BY    ISAAC    HAYS,    M.  D. 

Complete  in  one  octavo  volume,  with  nearly  two  hundred  wood-cuts. 

This  standard  work  has  heen  long1  and  favourably  known  as  one  of  the  best  popular  expositions 
of  the  interesting  science  it  treats  ot.  it  is  extensively  used  in  many  of  the  fhst  semmuiies. 

ELEMENTARY  CHEMISTRY,  THEORETICAL  AND  PRACTICAL 

BY    GEORGE    POWNES,  PH.  D., 

Chemical  Lecturer  in  the  Middlesex  Hospital  Medical  School,  &r  f  &c 

WITH    HtJMEROTJS    ILLUSTRATIONS. 

EDITED,  WITH   ADDITIONS, 

BY   ROBERT   BRIDGES,    M.  D., 

Professor  of  General  and  Pharmaceutical  Chemistiy  in  the  Philadelphia  College  of  Pharmacy,  <Szc.,  <fec. 
SECOND    AMERICAN    EDITION. 

In  one  large  duodecimo  volume,  sheep  or  extra  cloth,  with  nearly  two 
hundred  wood-cuts. 

The  character  of  this  work  is  such  as  to  recommend  it  to  all  colleges  and  academies  m  want  of  a 
text-book.  It  is  fully  brought  up  to  the  day,  containing  all  the  late  views  and  di&coveiies  thai;  luivo 
so  entirely  changed  the  face  of  the  science,  and  it  1&  completely  illustrated  wjth  very  numerous 
wood  engravings,  explanatory  of  all  the  different  processes  and  forms  of  apprmil  us.  Though  strict  ly 
scientific,  it  is  written  with  great  clearness  and  simplicity  of  style,  lendeung  it  e?isy  to  be  compie- 
hended  by  those  who  are  commencing  the  &tudv- 

It  may  be  had  well  bound  in  leather,  or  neatly  done  up  in  strong  eJoth.    Its  low  price  places  it 


BREWSTEFTS  OPTICS. 


ELEMENTS   OF  OPTICS. 

BY  SIR  BAVID  BREWSTER. 

WITH   NOTES   AND   ADDITIONS,    BY   A.   D.   BACHE,    LL.D. 

Superintendent  of  the  Coast  Survey,  &c 
In  one  volume,  12mo.,  with  numerous  wood-cuts. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


SCHOOL   BOOKS. 


BOLMAR'S   FRENCH    SERIES. 

New  editions  of  the  following  works,  by  A.  BOLMATL,  forming,  in  con- 
nection with  "Bolmar's  Levizac,"  a  complete  series  lor  the  acquisition  of 
the  French  language. 

A  SELECTION  OF  ONE  HUNDRED  PETIHIIS'S  FABLES, 

ACCOMPANIED    BY    A   KEF, 

Containing  the  text,  a  literal  and  free  translation,  arranged  in  such  a  manner  as  to 
point  out  the  difference  between  the  French  and  English  idiom,  &c.,  in  1  vol.,  I2mo. 

A  COLLECTION   OF  COLLOQUIAL   PHRASES, 

ONT  EVERY  TOPIC  NECESSARY  TO  MAINTAIN  CONVERSATION, 
Arranged  under  different  heads,  with  numerous  remarks  on  the  peculiar  pronunciation 
and  uses  of  various  words;  the  whole  so  disposed  as  conpjderably  to  facilitate  the 
acquisition  of  a  correct  pronunciation  of  the  French,  in  1  vol.,  18mo. 

LES  A  VENTURES  DE  TELEMAQTJE  PAR  FENELON, 

In  1  vol.,  12mo.,  accompanied  by  a  Key  to  the  first  eight  books,  in  1  vol.,  32mo.,  con- 
taining, like  the  Fables,  the  text,  a  literal  and  free  translation,  intended  as  a  sequel 
to  the  Fables.  Either  x'olume  sold  separately. 

ALL  THE  FRENCH  VERBS, 

Both  regular  and  irregular,  in  a  email  volume. 

^nvfirni^^ 

NEARLY  READY. 

PRINCIPLES   OF   PHYSICS    AND   METEOROLOGY, 

BY  J.  MULLEE, 

Professor  of  Physics  at  the  University  of  Frieburg1. 

ILLUSTRATED  TTCTH  NEARLY  FIVE  HUNDRED  AND  FIFTY  ENGRAVINGS  ON  "WOOD,   AND  TWO 
COLORED  PLATES. 

In  one  octavo  volume. 

Thia  Edition  is  improved  by  the  addition  of  various  articles,  and  will  be  found  in 
every  respect  brought  up  to  the  time  of  publication. 

"  The  Physics  of  Mailer  is  a  work,  superb,  complete,  unique  :  the  greatest  want  known  to  Engr- 
lish  Science  could  not  have  been  better  supplied.  The  work  is  of  surpassing1  interest.  The  value 
of  this  contribution  to  the  scientific  records  of  this  country  may  be  duly  estimated  by  the  fact,  that 
the  cost  of  the  original  drawings  and  engravings  alone  has  exceeded  the  sum  of  20QO/L"  —  Eancet* 
March,  1847, 


J6L3NT   ATL-fl.S  OF  ANCIENT  OEOG^H  AFXXIT, 

BY   SAMUEL    BUTLER,    D.D., 

Late  Lord  Bishop  of  Litchfitsld, 

CONTAINING   TWENTY-ONE   COLOURED    HAPS,  AND   A   COMPLETE   ACCENTUATED  INDEX. 

In  one  octavo  Volume,  half-bound. 


GEOGRAPHIC.  ., 

OR,  THE  APPLICATION  OP  ANCIENT  GEOGRAPHY  TO  THE  CLASSICS, 
BY   SAMUEL    BUTLER,  D.D.,  F.R.S, 

REVISED  BY  HIS  SON. 

FIFTH  AMERICAN,  FROM  THE  LAST  LONDON  EDITION", 

WITH   QUESTION'S   ON   THE  MAPS,  BY   JOHN   FROST. 
In  one  duodecimo  volume,  half-  bound,  to  match  the  Atlas. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

SCHOOL  BOOKS. 


WHITE'S   UNIVERSAL   HISTORY. 

LATELY    PUBLISHED, 

OP    O'EriVEB.S.AE 

ON  A   NEW   AND   SYSTEMATIC  PLAN; 

FROM  THE  EARLIEST  TIMES  TO  THE  TREATY  OF  VIENNA,  TO  WTITCTI  IS  APDED   A 

SUMMARY  OF  THE  LEADING  EVENTS  SINCE  THVT  PERIOD,  1<X)K.  THE 

USE  OF  SCHOOLS  AND  PRIVATE  STUDENTS. 

BY   H.   WHITE,   B.A., 

TRINITY    COLLEGE,    CAMBRIDGE. 

WITH  ADDITIONS   AND    QUESTIONS, 

BY    JOHN    S,    HART,   A.M., 

Principal  of  the  Philadelphia  High  School,  and  Professoi  of  Moral  and  Mental  Science,  &c,,  dc. 
In  one  volume,  large  duodecimo,  neatly  bound  with  Maroon  Backs. 

This  work  is  arranged  on  a  new  plan,  which  is  believed  to  combine  the 
advantages  of  those  formerly  in  use.  It  is  divided  into  thicc  parts,  coirc- 
spondirig  with  Ancient,  Middle,  and  Modern  History  ;  which  parts  are  again 
subdivided  into  centuries,  so  that  the  various  events  are  presented  m  the 
order  of  time,  while  it  is  so  arranged  that  the  annals  of  each  country  can  be 
read  consecutively,  thus  combining  the  advantages  ot  both  the  plans  hitherto 
pursued  in  works  of  this  kind.  To  guide  the  researches  of  the  student, 
there  will  be  found  numerous  synoptical  tables,  with  rcinaikw  and  sketches 
of  hteratuie,  antiquities,  and  manneis,  at  the  great  chronological  epochs. 

The  additions  of  the  Amcncan  editor  have  been  principally  confined  to 
the  chapters  on  the  history  of  this  country.  The  series  oi  questions  by  linn 
will  be  found  of  use  to  those  who  prefer  that  system  of  instruction.  For 
those  who  do  not,  the  publishers  have  had  an  edition  prepared  without  the 
questions. 

This  work  has  already  passed  through  several  editions,  and  has  been 
introduced  into  many  of  the  higher  Schools  and  Academies  thioughout  the 
country.  From  among  numerous  recommendations  which  they  have  ie- 
ceived,  the  publishers  annex  the  following  from  the  Deputy  Superintendent 
of  Common  Schools  for  New  York  : 

Secretary's?  Office,  ?  State  of  New  York. 

Department  of  Common  Schools      5  Albany,  Oct,  IMh,  1815. 

Messrs  Lea  4-  Blanchaid. 

Gentlemen-—  i  have  examined  the  copy  of  "White's  Universal  History,"  which  you  were  so 
obliging  as  to  send  me,  and  cfieei  fully  and  fully  concur  in  the  commendations  of  its  value,  as  a  com- 
prehensive and  enlightened  survey  of  the  Ancient  and  Modern  Woild  which  many  of  the  moist  com- 
petent judges  have,  as  I  peiceive,  aheady  bestowed  upon  it  It  apncais  to  me  to  be  admit  ably 
adapted  to  the  purposes  of  our  public  schools  ,  and  I  unhesitatingly  approve  of  ite  introduction  into 
those  semmanes  of  elementary  instruction.  Very  tespectfully,  your  obedient  sei  vaiit, 

SAMUELS    RANDALL, 
Dfputy  Sup&vntcndent  Common  Schools. 

This  work  is  admirably  calculated  for  District  and  other  libraries  :  an  edition  for  that  purpose 
without  questions  has  been  prepared,  done  up  in  strong1  cloth, 

HERSGHELL'S  ASTRONOMY, 


A  TRaSAWISEI   OH? 

BY  SIR  JOHN  F.  W.  HERSCHELL,  F.  E.  S.,  &c, 

WITH  NtiMKRoua  PIATE^  AND  WOOD-GUIS. 

A  NEW  JSMriON,  WITH  A  PREFACE  AND  A  SERUES  OI?  QUESTIONS, 

BY   S,  O,  WALKER. 

In  one  volume,  12mo. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


LAW    BOOKS. 


HILLIARD   ON    REAL   ESTATE. 

NOW  READY. 


THIS  j&JMEBECSAISr  £,AW  OF  REAZi  PROPERTY. 

SECOND   EDITION,  REVISED,    CORRECTED,  AND   ENLARGED. 

BY    FRANCIS    HILLIARD, 

COUNSELLOR   AT   LAW. 

In  two  large  octavo  volumes,  beautifully  printed,  and  bound  in  best  law  sheep. 

This  book  is  designed  as  a  substitute  for  Cruisers  Digest,  occupying  the 
same  ground  in  American  law  which  that  work  has  long  covered  in  the 
English  law.  It  embraces  all  that  portion  of  the  English  Law  of  Real 
Estate  which  has  any  applicability  in  this  country;  and  at  the  same  time  it 
embodies  the  statutory  provisions  and  adjudged  cases  of  all  the  States  upon 
the  same  subject  ;  thereby  constituting  a  complete  elementary  treatise  for 
American  students  and  practitioners.  The  plan  of  the  work  is  such  as  to 
render  it  equally  valuable  in  all  the  States,  embracing,  as  it  does,  the  pecu- 
liar modifications  of  the  law  alike  in  MASSACHUSETTS  and  MISSOURI,  NEW 
YOUK  and  MISSISSIPPI.  In  this  edition,  the  statutes  and  decisions  subse- 
quent to  the  former  one,  which  arc  very  numerous,  have  all  been  incorpo- 
rated, thus  making  it  one-third  larger  than  the  original  work,  and  bringing 
the  view  of  the  law  upon  the  subject  treated  quite  down  to  the  present  time. 
The  book  is  recommended  in  the  highest  terms  by  distinguished  jurists  of 
different  States,  as  will  be  seen  by  the  subjoined  extracts. 

"  The  woik  boforo  us  supplies  this  deficiency  in  a  highly  satisfactory  manner.  It  is  beyond  all 
question  the  best  work  of  the  kind  that  we  now  have,  and  although  we  doubt  whether  this  or  any 
other  work  will  be  likely  to  supplant  Cruise's  Digest,  we  do  not  hesitate  to  say,  that  of  the  two, 
this  is  the  moie  valuable  to  the  American  lawyer.  We  congratulate  the  author  upon  the  success- 
ful accomplishment  of  the  arduous  task  he  undertook,  m  reducing  the  vast  body  of  the  American 
Law  of  Real  Property  to  *  portable  size,'  and  we  do  not  doubt  that  his  labours  will  be  duly  appre- 
ciated by  the  profession."  —  Laio  Reporter,  Aug.,  1846. 

Judge  Story  says  :—  "I  thank  the  work  a  very  valuable  addition  to  our  present  stock  of  juridical 
literature.  It  embraces  all  that  part  of  Mr.  Cruise's  Digest  wluch  is  most  useful  to  American  law- 
yers. But  its  higher  value  is,  that  it  presents  m  a  concise,  but  clear  and  exact  form,  the  substance 
of  American  Law  on  the  same  subject.  1  know  no  work  that  we  possess,  whose  practical  uti&ty  is 
likely  to  be  so  extcjisivcty  felt."  "The  wonder  is,  that  the  author  has  been  able  to  bring:  so  great  a 
mass  into  so  condensed  a  text,  at  once  comprehensive  and  lucid." 

Chancellor  Kent  says  of  the  work  (Commentariea,  vol.  ii,  p.  635,  note,  5th  edition)  :  —  "  It  is  a  work 
of  great  labour  and  intimsic  value," 

Hon  Rufus  Choate  says  :—  "  Mr.  Hilliard's  work  has  been  for  three  or  four  years  in  use,  and  1 
think  that  Mr.  Justice  Story  and  Chancellor  Kent  express  the  general  opinion  of  tbe  Massachusetts 
Bar." 

Professor  Greenleaf  says:  —  "  I  had  already  found  the  first  edition  a  very  convenient  T>ook  of  refe- 
rence, and  do  not  doubt,  from  the  appearance  of  the  second,  that  it  is  greatly  improved." 

Professor  J.  H.  Townsend,  of  Yale  College,  says  :  — 

"  I  have  been  acquainted  for  several  years  with  the  first  edition  of  Mr.  Hilliard's  Treatise,  and 
have  formed  a  very  favourable  opinion  of  it.  1  have  no  doubt  the  second  edition  will  Tpe  found  even 
more  valuable  than  the  first,  and  I  shall  be  happy  to  recommend  it  as  I  may  have  opportunity.  I 
know  of  no  other  work  on  the  subject  of  Heal  Estate,  so  comprehensive  and  so  well  adapted  to  the 
state  of  the  law  in  this  country.'* 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


LAW   BOOKS. 


ADDISON   ON    CONTRACTS. 


A  TREATISE  ON"  THIS  £iA.W  OP  CONTRACTS 
HIG-XSTS  AND  UABXXiXTXES  BX  CCmTRACTXJT. 

BY  C.  G.  ADDISON,  ESQ., 

Of  the  Inner  Temple,  Banister  at  Law. 
In  one  volume,  octavo,  handsomely  bound  in  law  sheep. 

In  this  treatise  upon  the  most  constantly  and  frequently  administered 
branch  of  law,  the  author ,has  collected,  arranged  and  developed  in  an  intel- 
ligible and  popular  form,  the  rules  and  principles  of  the  Law  of  Contracts, 
and  has  supported,  illustrated  or  exemplified  them  by  references  to^  nearly; 
four  thousand  adjudged  cases.  It  comprises  the  Rights  and  Liabilities  of 
Seller  and  Purchaser  ;  Landlord  and  Tenant ;  Letter  and  Hirer  of  Chattels  ; 
Borrower  and  Lender  ;  Workman  and  Employer;  Master,  Servant  and  Ap- 

?rentice ;  Principal,   Agent   and  Surety ;  Husband  and  Wife  :  Partners ; 
oint  Stock  Companies ;   Corporations;   Trustees;  Provisional  Committee- 
men  ;  Shipowners  ;    Shipmasters ;    Innkeepers  ;  Carriers  ;  Infants  ;  Luna- 
tics, &c. 

WHEATQN'S   INTERNATIONAL   LAW,, 


ELEMENTS    OF   JUTTBRN* ATXOM" AI.    &AW. 

•   BY  HENRY  WHEATON,  LL.  D., 

Minister  of  the  United  States  at  the  Court  of  Russia,  &c. 

THIRD  EDITION,  REVISED  AND  CORRECTED. 
In  one  large  and  beautiful  octavo  volume  of  650  pages,  extra  cloth,  or  fine  law  sheep. 

"  Mr.  Wheaton's  work  is  indispensable  to  every  diplomatist,  statesman  and  lawyer,  and  necessary 
indeed  to  all  public  men.  To  every  philosophic  and  liberal  mind,  the  study  must  be  art  attractivef 
and  in  the  hands  of  our  author  it  is  a  delightful  one." — North  American. 

HILL   ON   TRUSTEES. 

A  PRACTICAL  TREATISE  ON  THE  LAW  RELATING  TO  TRUSTEES, 

THEIR  POWERS,  DUTIES,  PRIVILEGES  AND  LIABILITIES, 
BY  JAMES  HILL,  ESQ., 

Of  the  Inner  Temple,  Barrister  at  Law. 
EDITED   BY  FRANCIS   J.  TROUBAT, 

Of  the  Philadelphia  Bar. 
In  one  large  octavo  volume,  best  law  sheep,  raised  bands. 

"  The  editor  begs  leave  to  iterate  the  observation  made  by  the  author  that  the  work  is  intended 
principally  for  the  instruction  and  guidance  of  trustees.  That  single  feature  very  much  enhances 
its  practical  value." 

•    ON  THE  PRINCIPLES  OF  CRIMINAL  LAW. 

In  one  18rao.  volume,  paper,  price  25  cents. 
BEING  PART  10,  OF  «  SMALL  BOOKS  ON  GREAT  SUBJECTS," 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 

LAW   BOOKS. 


TEE  EQUITABLE  JURISDICTION  OP  THE  COURT  OF  CHANCERY, 

COMPRISING- 

ITS  RISE,  PROGRESS  AND  FINAL  ESTABLISHMENT. 

TO  WHICH   IS   PREFIXED,  WITH  A  VIEW  TO  THE  ELUCIDATION"  OF  THE  MAIN  SUB- 

JECT, A  CONCISE  ACCOUNT  OF  THE  LEADING  DOCTRINES   OF  THE   COMMON 

LAW,  AND  OF  THE  COURSE   OF  PROCEDURE  IN  THE  COURTS  OF  COM- 

MON LAW,  WITH  REGARD  TO  CIVIL  RIGHTS;  WITH  AN  ATTEMPT 

TO  TRACE   THKM   TO   THEIR  SOURCES;  AND  IN  WHICH 

THE  VARIOUS    ALTERATIONS    MADE    BY   THE 

LEGISLATURE  DOWN  TO  THE  PRESENT 

DAY  ARE  NOTICED. 

B-5T    GEORGE    S  F  E  3ST  C  E  9   ESQ., 

One  of  her  Majesty's  CounseL 
IN     TWO     OCTAVO     VOLUMES. 

Volume  I.,  embracing  the  Principles,  is  now  ready.  Volume  IL  is  rapidly  preparing  and  -will 
appear  early  m  1848.  it  is  based  upon  the  work  oi  Mr.  Maddock,  "brought  down  to  the  present 
time,  and  embracing  so  much  of  the  practice  as  counsel  are  called  on  to  advise  upon. 


A.    WEW    LAW 

CONTAINING  EXPLANATIONS  OF,  SUCH  TECHNICAL  TERMS  AND  PHRASES  AS  OCCUR 

IN  THE  WORKS   OF  LEGAL  AUTHORS,    IN   THE  PRACTICE   OF  THE   COURTS, 

AND  IN  THE  PARLIAMENTARY  PROCEEDINGS  OF  THE  HOUSE  OF  LORDS 

AND    COMMONS,    TO    WHICH    IS    ADDED,   AN    OUTLINE    OF   AN 

ACTION  AT  LAW  AND  OF  A  SUIT  IN  EQUITY. 

BY    HENRY    JAIYIES    H  O  L  T  BCOITS  £,   ESQ., 

Of  the  Inner  Temple,  Special  Pleader. 
EDITED    FROM    THE    SECOND    AND    ENLARGED    LONDON   EDITION, 

WITH    NUMEROUS    ADDITIONS, 
BY    HENRY   PE3XTING-TON, 

Of  the  Pluladelphia  Bar. 
In  one  large  volume,  royal  12mo.,  of  about  500  pages,  double  columns,  handsomely 

bound  in  law  sheep. 

"  This  is  a  considerable  improvement  upon  the  former  editions,  being:  bound  with  the  usual  law 
bindurig1,  and  the  general  execution  admirable  —  the  paper  excellent,  and  the  printing  clear  and 
beautiful.  Its  peculiar  usefulness,  however,  consists  m  the  valuable  additions  above  referred  to, 
being1  intelligible  and  well  devised  definitions  of  such  phrases  and  technicalities  as  are  peculiar  to 
the  piuctice  in  Die  Courts  of  this  country.  —  "While,  therefore,  we  recommend  it  especially  to  the 
students  of  lu\v,  :is  a  safe  guide  through  the  intricacies  of  their  study,  it  will  nevertheless  be  found 
a  valuable  acquisition  10  the  library  of  the  practitioner  him  self.  "—Alex.  Gazette. 

"  Tliib  work  is  intended  rather  for  the  general  student,  than  as  a  substitute  for  many  abridgments, 
digests,  and  dictionaries  in  use  by  the  professional  man.  Its  object  principally  is  to  impress  accu- 
rately and  distinctly  upon  the  mmd  the  meaning  of  the  technical  terms  of  the  law.  and  as  such 
cun  hardly  fail  to  be  generally  useful.  There  is  much  curious  information  to  be  found  m  it  in  re- 
said  to  the  peculiarities  of  the  yncient  Saxon  law.  The  additions  of  the  American  edition  give 
iuci  eased  value  to  the  work,  and  evince  much  accuracy  and  care,"  —  Pennsylvania  JJaw  Journal. 


A  PRACTICAL  TREATISE  ON  MEDICAL  JURISPRUDENCE. 

BY  ALFRED  S.    TAYLOR, 
Lecturer  on  Medical  Jurisprudence  and  Chemistry  at  Guy's  Hospital,  London. 

With  numerous  Notes  and  Additions,  and  References  to  American  Law, 

BY   R.  E.   GRIFFITH,  MJX 
In  one  volume,  octavo,  neat  law  sheep. 

OP    TOXIC  OXiOG-  "ST. 

IN    OWE    WJBAT    OCTAVO    VOLUME. 

A  NEW  WQ&E,  NOW  READY. 


OUTLINES  OF  A  COURSE  OF  LECTURES  ON  MEDICAL  JURISPRUDENCE. 

IN   ONE   SMALL    OCTAVO   VOLUME. 


LEA  AND  BLANCHARD'S  PUBLICATIONS., 

LAW   BOOKS. 


E  A  S  T'S     REPORTS. 


HSPORTS    OF 

ADJUDGED   AND    DETERMINED    IN    THE    COURT 
OF    KING'S    BENCH. 

WITH  TABLES  OP  THE  NAMES  OF  THE  CASES  AND  PRINCIPAL  HATTERS. 

B"ST    EDWARD    HYDE    EAST,   ESQ., 

Of  the  Inner  Temple,  Barnstei  at  Law. 

EDITED,     WITH     NOTES     A  K  D     REFERENCES, 

BY    G-.  M.    WHARTON,   ESQ., 
Of  the  Philadelphia  Bar. 

In  eight  large  royal  octavo  volumes,  bound  in  best  law  sheep,  raised  bands  and  double 
titles*    Price,  to  subscribeis,  only  twenty-five  dollars. 

In  this  edition  of  East,  the  sixteen  volumes  of  the  former  edition  have 
been  compressed  into  eight  —  two  volumes  in  one  throughout  —  but  nothing 
hns  been  omitted  ;  the  entire  work  will  be  found,  with  the  notes  of  Mr. 
"Wharton  added  to  those  of  Mr.  Day.  The  great  reduction  of  price,  (from 
$72,  the  price  of  the  last  edition,  to  $25,  the  subscription  price  of  this,) 
together  with  the  improvement  in  appearance,  will,  it  is  trusted,  procuio  for 
it  a  ready  sale. 

A  NEW  WORK  ON  COURTS-MARTIAL. 


A  TREATISE  ON  AMERICAN  MILITARY  LAW, 

AND   THE 

PRACTICE  OF    COURTS-MARTIAL, 

WITH  SUGGESTIONS  FOR  THEIR.  IMPROVEMENT. 


BY   JOHN 

UEUTEITANT    UNITED    STATES    ARTILLERY. 

In  one  octavo  volume,  extra  cloth,  or  law  sheep. 

"  This  work  stands  relatively  to  American  Military  Law  in  the  same  position  that  Biackstone's 
Commentaries  stand  to  Common  Law  "—  U.  S.  Gazette. 

CAMPBELL'S   LORD    CHANCELLORS, 


LIVES  OF  THE  LORD  CHANCELLORS  AND  KEEPERS  OF 
THE  GREAT  SEAL  OF  ENGLAND, 

FROM  THE   EARLIEST   TIMES    TO    THE   REIG-N    OF    KING-    GEORGE    IV., 

BY  JOHN  LORD  CAMPBELL,  A.M.,  F.R.S.E. 

FIRST     SERIES, 

In  three  neat  demy  octavo  volumes,  extra  clotht 
BRINGING  THE  WORK  TO  THE  TIME  OP  JAMES  II,,  JUST  ISSUED. 


In  four  volumes,  to  match, 
CONTAINING-  !FROM  JAMES  1L  TO  GEORGE  IV. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


MEDICAL   BOOKS. 


TO   THE   MEDICAL  PROFESSION. 

THE  following  list  embraces  -works  on  Medical  and  other  Sciences  issued 
by  the  subscribers.  They  are  tp  be  met  with  at  all  the  principal  bookstores 
throughout  the  Union,  and  will  be  found  as  low  in  price  as  is  consistent 
with  the  correctness  of  their  printing,  beauty  of  execution,  illustration,  and 
durability  of  binding-  No  prices  are  here  mentioned,  there  being  no  fixed 
standard,  as  it  is  evident  that  books  cannot  be  retailed  at  the  same  rate  in 
New  Orleans  or  Chicago  as  in  Philadelphia.  Any  information,  however, 
relative  to  size,  cost,  &c.,  can  be  had  on  application,  free  of  postage,  to  the 
subscribers,  or  to  any  of  the  medical  booksellers  throughout  the  country. 

LEA  <Sc  BL  AN  CHARD,  Philadelphia. 


DICTIONARIES,   JOURNALS,  &,o, 

AMERICAN  JOURNAL  OF  THE  ME- 
DICAL SCIENCES,  quarterly,  at  $5  a 
year. 

AN  ANALYTICAL,  OOMPEND  of  the 
various  branches  of  Practical  Medicine, 
Surgery,  Anatomy,  Midwifery,  Diseases 
of  Women  and  Children,  Matena  Medica 
and  Therapeutics,  Physiology,  Chemis- 
try and  Pharmacy,  by  John  Neill,  M.  D., 
and  F.  Curney  Smith,  M.  D.,  with  nu- 
merous illustrations  (nearly  ready). 

CYCLOPEDIA  OP  PRACTICAL  MEDI- 
CINE, by  Forhea,  Tweedie,  &c.,  edited 
by  Dunglison,  in  4  super  royal  volumes, 
31.54  double  columned  pages,  strongly 
bound. 

DUNGLISON'S  MEDICAL  DICTION- 
ARY,  Oth  ed.,  1  vol.  imp.  SVG.,  804  large 
pages,  double  columns. 

HOBLYN'S  DICTIONARY  OF  MEDI- 
CAL TERMS,  by  Hays,  1  vol.  large 
IQmo.,  402  pages,  double  columns. 

MEDICAL  NEWS  AND  LIBRARY, 
monthly,  at  $1  a  year. 


ANATOMY, 

ANATOMICAL   ATLAS,   by  Smith  and 
Ilornor,  largo  imp.  8vo.?  650  figures. 


HORNEITS  SPECIAL  ANATOMY  AND 
HISTOLOGY,  7th  edition,  2  vols.  8vo.t 
many  cuts,  1130  pages. 

HORNER'S  UNITED  STATES'  DIS- 
SECTOR, 1  vol.  large  royal  12rno.,rnany 
cuts,  444  pages. 

aUAIN'S  ELEMENTS  OF  ANATOMY, 
by  Sharpey,  many  cuts  (preparing). 

WILSON'S     HUMAN    ANATOMY,     by 

Goddard,  3d  ediuon,  1  vol.Svo.,  235  wood- 
cuts,  (J20  pages. 

WILSON'S  DISSECTOR,  or  Practical  and 
Surgical  Anatomy,  with  cuts,  1  vol. 
12mo.,  444  pages. 


PHYSIOLOGY, 

CARPENTER'S  PRINCIPLES  OF  HU- 
MAN PHYSfOLOGY,  edited  byCJytnor, 
J  vol.  8vo.,  over  300  illustrations,  3d 
edition,  with  many  additions. 

CARPENTER'S  ELEMENTS,  OR  MAN- 
UAL OF  PHYSIOLOGY,  1  vol.  8vo., 
5C6  pages,  many  cuts. 

CARPENTER'S  COMPARATIVE  ANA- 
TOMY AND  PHYSIOLOGY,  revised 
by  the  author,  with  beautiful  engravings 
(preparing). 

CONNECTION  BETWEEN  PHYSIC 
OLOGY  AND  INTELLECTUAL 
SCIENCE,  1  vol.  18mo.,  paper,  25  cts* 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


MEDICAL   BOOKS. 


CYCLOPAEDIA  OP  ANATOMY  AND 
PHYSIOLOGY,  based  on  the  large  work 
of  Todd,  m  two  vols.  large  8vo.,  numer- 
ous cuts  (preparing). 

DUNGLISON'S  HUMAN  PHYSIOLOGY, 
6th  edition,  2  vols.  8vo.,  1350  pages,  and 
370  wood- cuts. 

HARRISON  ON  THE  NERVES,  1  vol. 
8vo.,  292  pages. 

MULLER'S  PHYSIOLOGY,  by  Bell,  1vol. 
Svo.,  886  pages. 

ROGET'S  OUTLINES  OF  PHYSI- 
OLOGY, 8vo  ,  516  pages 

SOLLY  ON  THE  HUMAN  BRAIN,  ITS 
STRUCTURE,  PHYSIOLOGY,  AND 
DISEASES  (pieparing). 

TODD  AND  BOWMAN'S  PHYSIOLO- 
GICAL ANATOMY  AND  PHYSI- 
OLOGY OF  MAN,  with  numerous  wood- 
cuts (publishing  in  the  Medical  News), 
to  be  complete  in  one  volume. 


PATHOLOGY. 

ABERCROMBIE    ON  THE   STOMACH, 

new  edition,  1  vol.  8vo.,  320  pages, 
ABERCROMBIE  ON  THE  BRAIN,  new 

edition,  1  vol.  8vo.,  324  pages. 
ALISON'S     OUTLINES     OF     PATHO- 
LOGY, <fcc.,  1  vol   Svo.,  420  pages. 
ANDRAL  ON   THE   BLOOD,  translated 

by  Meigs  and  Stille,  1vol.  small  8vo.,  120 

pages. 
BERZELIUS  ON  THE  KIDNEYS  AND 

URINE,  Svo.,  ISO  pages. 
BENNET     ON    THE     UTERUS,    1   vol. 

12mo.,  146  pages. 
BUDD  ON  THE  LIVER,  1  vol.  8vo.,  392 

pages,  plates  and  wood-cuts. 
BILLING'S  PRINCIPLES,  1  vol.  Svo.,  304 

pages. 
BIRD  ON   URINARY  DEPOSITS,  Svo., 

228  pages,  cuts. 

BASSE'S  PATHOLOGICAL  ANATO- 
MY, Svo.,  379  pages. 

HOPE  ON  THE  HEART,  by  Pennock,  a 

new  edition,  with  plates,  1  vol.  Svo.,  572 

pages. 
HUGHES      ON      THE      LUNGS      AND 

HEART,  1  vol.  12mo.,  270  pages,  with  a 

plate. 

PHILIP  ON  PROTRACTED  INDIGES- 
TION, Svo.,  240  pages. 

PHILIPS  ON  SCROFULA,  1  vol.  Svo., 
350  pages,  plates. 

PROUT  ONT  THE  STOMACH  AND  RE- 
NAL DISEASES,  1  vol.  Svo.,  466  pages, 
coloured  plates. 

RICORD  ON  VENEREAL,  new  edition, 

1  vol.  Svo.,  256  pages. 
VOG  EL'S  PATHOLOGICAL  ANATOMY 

OF  THE  HUMAN  BODY,  1  vol.  8vo., 

536  pages,  coloured  plates. 
WALSHE  ON  THE  LUNGS,  1  vol.  12mo«, 

310  pages. 


WILSON    ON    THE   SKIN,    1  vol.   Svo., 
370  pages  ;  a  new  edition. 
Same  Woi  k,  with  coloured  plates. 

WILLIAMS'  PATHOLOGY,  OR.  PRIN- 
CIPLES OF  MEDICINE,  1  vol.  Svo., 
384  pages. 

WILLIAMS  ON  THE  RESPIRATORY 
ORGANS,  by  Clymer,  1  vol.  Svo.,  500 
pages. 


PRACTICE  OF  MEDICINE. 

ASHWELL  ON  THE  DISEASES  OP 
FEMALES,  by  Goddard,  1  vol.  8vo.f  520 
pages. 

BARTLETT  ON  THE  HISTORY,  DIAG- 
NOSIS AND  TREATMENT  OF  TY- 
PHOID, TYPHUS,  HILIOUS  REMIT- 
TENT,  CONGESTIVE  AND  YELLOW 
FEVER,  a  new  and  extended  edition  of 
his  former  work  (nearly  ready). 

BENEDICT'S  COMPENDIUM  OF 
CHAPMAN'S  LECTURES,  1  vol.  Svo., 
258  pages. 

CHAPMAN  ON  THORACIC  AND  AB- 
DOMINAL VISCERA,  &c.(  3  vol.  S\o., 
384  pages. 

CHAPMAN  ON  FEVERS,  GOUT, 
DROPSY,  &c.  &CM  1  vol  8vo  „  450  pages. 

COLOMBAT  DE  L'ISERE  ON  FE- 
MALES, translated  and  edited  by  Meigs, 
1  vol.  8vo.,  720  pages,  cuts. 

COATES'  POPULAR  MEDICINE,  a  now 
edition,  brought  up  to  the  day,  many 
cuts  (preparing-). 

CONDIE  ON  THE  DISEASES  OF  CHIL- 
DREN, 2d  edition,  1  vol.  8vo.,  058  pages. 

CHURCHILL  ON  THE  DISEASES  OF 
FEMALES,  by  Huston,  4th  edition,  1 
vol.  8vo  ,  G04  pages. 

CHURCHILL  ON  THE  MANAGEMENT 
AND  MORJS  IMPORTANT  DISEASES 
OF  INFANCY  AND  CHILDHOOD 
(prepanng). 

CLYMER  AND  OTHERS  ON  FEVERS, 
a  complete  woik,  in  I  vol.  8vo.,  000 
pages. 

DEWEES  ON  CHILDREN,  9th  edition, 
1  vol.  8vo.,  548  pages. 

DEWEES  ON  FEMALES,  8th  edition,  1 
vol.  Svo.,  532  pages,  with  plates. 

DUNGLISON'S  PRACTICE  OF  MEDI- 
CINE, 2d  edition,  52  volumes  8vo.,  1323 
pages. 

ESQ,UIROL  ON  INSANITY,  by  Hunt, 
8vo.,  496  pages. 

MEIGS  ON  FEMALES,  in  a  series  of 
Letters  to  Ins  Class,  with  cuts  (a  new 
work,  nearly  ready). 

THOMSON  ON  THE  SICK  ROOM,  <fcc., 
1  vol.  large  li'mo.,  360  pages,  cuts. 

WATSON'S  PRINCIPLES  AND  PRAC- 
TICE OF  PHYSIC,  3d  improved  edition, 
by  Condie,  1  very  largo  vol.  Svo,,  over 
1000  pages,  strongly  bound. 


LEA  AND  BLANCHARD'S  PUBLICATIONS. 


MEDICAL    BOOKS. 


SURGERY, 

BRODIE  ON  URINARY  ORGANS,  1  vol. 

8vo.T  214  pages. 

BRODIE  ON  THE  JOINTS,  1  vol.  8vo. 
216  pages. 

BRODIB'S  LECTURES  ON  SURGERY, 
1  vol.  Svo.,  350  pages. 

BRODIE'S  SELECT  SURGICAL  WORKS 
1  vol.  8vo.,  780  pages. 

CHELIUS'  SYSTEM  OF  SURGERY,  by 
South  and  Norris,  in  3  large  8vo.  vols,, 
over  2000  pages,  well  bound. 

COOPER  ON  DISLOCATIONS  AND 
FRACTURES,  1  vol.  8vo.,500  pp.,  many 
cuts. 

COOPER  ON  HERNIA,  1  vol.  imp.  8vo., 
428  pages,  plates. 

COOPER  ON  THE  TESTIS  AND  THY- 
MUS  GLAND,  1  vol.  imp.  8vo.,  many 
plates. 

COOPER  ON  THE  ANATOMY  AND 
DISEASES  OF  THE  BREAST,  SUR- 
GICAL PAPERS,  &c.  <fcc.,  1  vol.  impe- 
rial Svo.,  plates. 

DRUITT'S  PRINCIPLES  AND  PRAC- 
TICE OF  MODERN  SURGERY,  3d  ed., 
1  vol.  8vo.,  534  pages,  many  cuts. 

DURLACHER  ON  CORNS,  BUNIONS, 
&.C.,  12mo.,  134  pages. 

DISEASES  AND  SURGERY  OF  THE 
EAR,  a  new  and  complete  work  (pre- 
paring). 

FERGUSSON'S  PRACTICAL  SURGERY 
]  vol.  8vo.,  2d  edition,  G40  pages,  many 
cuts. 

GUTHRIE  ON  THE  BLADDER,  8vo., 
150  pages. 

HARRIS  ON  THE  MAXILLARY  SI- 
NUS, 8vo.,  1G6  pages. 

JONES1  (WHARTON)  OPHTHALMIC 
MEDICINE  AND  SURGERY,  by  Hays, 
1  vol.  royal  12mo.,  529  pages,  many  cuts, 
and  plates,  plain  or  coloured. 

LISTON'S  LECTURES  ON  SURGERY, 
by  Mutter,  1  vol.  8vo.,  560  pages,  many 
cuts. 

LAWRENCE  ON  THE  EYE,  by  Hays, 
new  edition,  much  improved,  863  pages, 
many  cuts  and  plates. 

LAWRENCE  ON  RUPTURES,  i  vol. 

8vo.,  480  pages, 

MALGAIGNE'S  OPERATIVE  SUR- 
GERY, with  illustrations  (preparing). 

MILLER'S  PRINCIPLES  OF  SURGERY, 
1  vol.  Svo.,  526  pages. 

MILLER'S  PRACTICE  OF  SURGERY, 
1  vol.  8vo.,  490  pages. 


MAURY'S  DENTAL  SURGERY,  1  vol. 
Svo.,  286  pages,  many  plates  and  cuts. 

ROBERTSON   ON  THE  TEETH,  1  vol. 
Svo.,  230  pages,  plates. 

SARGENT'S  MINOR  SURGERY,  1  vol. 
12moM  with  cuts  (preparing). 


MATERIA   MED1CA   AND   THERA- 
PEUTICS, 

DUNGLISON'S  MATERIA  MEDICA 
AND  THERAPEUTICS,  a  new  edition, 
with  cuts,  £  vols.  Svo  ,  986  pages. 

DUNGLISON  ON  NEW  REMEDIES,  5th 
ed.,  1  vol.  Svo.,  653  pages. 

ELLIS'  MEDICAL  FORMULARY,  8th 
edition,  much  improved,  1  vol.  Svo.,  272 
pages. 

GRIFFITH'S  MEDICAL  BOTANY,  a 
new  and  complete  work,  1  large  vol. 
Svo.,  with  over  350  illustrations,  704 
pages. 

GRIFFITH'S  UNIVERSAL  FORMU- 
LARY AND  PHARMACY,  a  new  and 
complete  work,  1  vol.  large  Svo.  (at 
press). 

PEREIRA'S  MATERIA  MEDICA  AND 
THERAPEUTICS,  by  Carson,  2d  ed., 
2  vols.  Svo.,  1580  very  large  pages,  nearly 
300  wood-cuts. 

ROYLE'S  MATERIA  MEDICA  AND 
THERAPEUTICS,  by  Carson,  1  voL 
Svo.,  689  pages,  many  cuts. 

STILLE'S  ELEMENTS  OF  GENERAL 
THERAPEUTICS,  a  new  work  (pre- 
paring). 

UNIVERSAL  DISPENSATORY,  with 
many  wood-cuts,  1  vol.  large  Svo.  (pre- 
paring). 


OBSTETRICS. 

CHURCHILL'S  THEORY  AND  PRAC- 
TICE OF  MIDWIFERY,  by  Huston,  2d 
ed.,  1  vol.  Svo.,  520  pages,  many  cuts. 

DEWEES'  SYSTEM  OF  MIDWIFERY, 
llth  edition,  1  vol.  8vo,,  6CO  pages,  with 
plates. 

RIGBY'S  SYSTEM  OP  MIDWIFERY,  1 

vol.  Svo,,  492  pages. 

RAMSBOTHAM  ON  PARTURITION, 
with  many  plates,  1  large  vol.  imperial 
8vo.T  new  and  improved  edition*  520 
pages. 


LEA  AJSTD  BLAN  CHARD'S  PUB  LI  CATIONS, 

MEDICAL    BOOKS. 


CHEMISTRY  AND  HYGIENE, 

BRIG  HAM  ON  MENTAL  EXCITE- 
MENT, &CM  1  vol.  12mo.,  204  pages. 

DUNGLISON    ON    HUMAN    HEALTH, 

2d  etijtion,  8voM  464  pages. 

FOWNE'S  ELEMENTARY  CHEMIS- 
TRY FOR  STUDENTS,  by  Budges,  2d 
edition,  1  vol  royal  l2tno.,  400  large 
pages,  many  cuts. 

GRAHAM'S  ELEMENTS  OF  CHEMIS- 
TRY, 1  large  voi,  Svo  (new  and  mi- 
proved  edition  at  pi  ess),  many  cuts. 

MAN'S  POWER  OVER  HIMSELF  TO 
PREVENT  Oil  CONTROL  INSANITY, 

18mo,,  paper,  puce  25  cents, 

PRACTICAL  ORGANIC  CHEMISTRY, 
18mo,,  paper,  25  cts, 

SIMON'S  CHEMISTRY  OF  MAN,  Svo., 
730  pages,  plates. 


MEDICAL   JURISPRUDENCE,    EDUCA- 
TION, &,c. 

BARTLETT'S  PHILOSOPHY  OF  MEDI- 
CINE, 1  vol.  Svo,,  312  pages. 

DUNGLISON'S  MEDICAL  STUDENT, 
2d  edition,  12mo  ,  332  pages. 

TAYLOR'S  MEDICAL  JURISPRU- 
DENCE, by  Guffith,  1  vol.  Svo.,  540 
pages. 

TAYLOR'S  MANUAL  OF  TOXICO- 
LOGY, edited  by  Griffith  (at  press). 

T  R  A  I  L  L '  S  M  ED  1C  AL  JURISPRU- 
DENCE, 1  vol.  Svo. ,234  pages. 


NATURAL    SCIENCE,  &o. 

ARNOTT'S  ELEMENTS  OF  PHYSICS, 
new  edition,  I  vol.  Svo.,  484  pages,,  many 
cuts. 

ANSTED'S  ANCIENT  WORLD—POPU- 
LAR GEOLOGY,  with  numerous  illus- 
trations (nearly  ready). 

BIRD'S  NATURAL  PHILOSOPHY,  from 
anew  London  edition,  1vol. royal  12mo., 
many  cuts  (at  pi  ess). 

BREWSTER'S  TREATISE  ON  OPTICS, 
1  vol.  12mo.,  423  pages,  many  cuts. 

BABBAGE'S  "  FRAGMENT,"  1  vol.  Svo  , 
250  pages. 

BUCKLAND'S  GEOLOGY  AND  MINE- 
RALOGY, 2  vola.  Svo.,  with  numerous 
plates  and  maps. 


BRIDGEWATER  TREATISES,  with 
many  plates,  cuts,  maps,  <$CCM  7  vols. 
8vo.,  3287  pages. 

CARPENTER'S  ANIMAL  PHYSIOLO- 
GY, with  300  wood-cuts  (preparing). 

CARPENTER'S  POPULAR  VEGETA- 
BLE PHYSIOLOGY,  1  vol.  royal  12mo., 
many  cuts. 

DANA  ON  CORALS,  1  vol.  roy.il  4to  , 
with  an  atlas  of  plates,  being  vols  8  and 
0  of  U  States  EipJoung  Expedition  (at 
pi  ess). 

DE  LA  BECHE'S  NEW  WORK  ON 
GEOLOGY,  with  wood-cuts  (preparing). 

GRIFFITHS'  CHEMISTRY  OF  THr, 
FOUR.  SEASONS,  1  vol.  royal  12mo., 
4ol  pages,  many  cuts. 

IIALE'S  ETTINOGRAPriY  AND  PHI- 
LOLOGY OF  THE  CJ.  S.  KXPr.ORLlVG 
EXPEDITION,  in  1  huge  imp  4to  vol. 

HERSCHELL^S  TREATISE  ON"  ASTRO- 
NOMY, 1  voj  l-3tno  ,  417  pagos,  n amor- 
ous plates  and  cuts. 

INTRODUCTION  TO  VEGETABLE 
PHYSIOLOGY",  founded  on  thrj  \voiks 
of  JDo  Caiidolle,  Lnvilcy,  &;«  ,  IHmo. 

KTJtliY  ON  ANIMALS,  plates,  1  vol.  8vo., 
52U  pages. 

KTK.BY  AND  SPENCE  S  RNTOJMO- 
LOGY,  1  vol.  Svo,  000  lingo  paffos  ; 
plates),  plain  01  coloincMl. 

METCALF  ON  CALORIC,  1  vol.  large 
Svo.  (piopauug) 

MULLER1S  PREWCTl>Ll3fl  OF  PHYSICS 
AND  jMKTEOROLOGY,  with  fivo  hun- 
dred and  fifty  VkOo<l-cut«*,  and  t\vo  co- 
loured platen  (nt-aily  icady). 

PHILOSOPHY  IN  SPORT  MADE  SCI- 
J3NCE  IN"  EARNEST,  IvoJ.  royal  18«io., 
430  pages,  many  cuts. 

ROGET'S  ANIMAL  AND  VEGETABLE 
PHYSIOLOGY,  wuh  400  cuts,  2  vols. 

Svo.,  872  pages. 

TRIMMER'S  GEOLOGY  AND  MINE- 
RALOGY, 1  vol.  8vo.,  528  pages,  many 
cuts. 


VETERINARY    MEDICINE, 

CLATJER  AND  SKINNER'S  FARRIER, 
1  vol.  12mo,T  220  pages. 

YOUATT'S  GREAT  WORK  ON  THE 
HORSE,  by  Skinner,  1  vol.  8vo.,  448 
pages,  many  cuts 

YOUATT  AND  OLATER'S  CATTLE 
DOCTOR,  1  vol  12inoM  2£2  pages,  cuts. 

YOtTATT  ON  THE  DOG,  by  Lewis,  I 
voK  demy  Svo.,  403  pages,  beautiful 
plates. 

YOUATT    ON    THE    FIG,  1  vol. 

pngos,  beautiful  plates. 
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